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�p2`�;2 /2MbBiv Q` K�;M2iBx�iBQM p�`B2b �b � 7mM+iBQM Q7 i2KT2`�im`2X h?2b2 [m�MiBiB2b rBHH

mbm�HHv #2 �M�HviB+ 7mM+iBQMb Q7 i?2 i2KT2`�im`2- #mi Q++�bBQM�HHv i?2`2 KB;?i #2 � T?�b2

i`�MbBiBQM r?2`2 i?2 /2T2M/2M+2 Bb MQM@�M�HviB+X

h?2`2 �`2 irQ TQbbB#BHBiB2b 7Q` i?2 M�im`2 Q7 i?2 T?�b2 i`�MbBiBQMX AM i?2 }`bi +�b2- i?2

irQ T?�b2b QM 2Bi?2` bB/2 Q7 i?2 i`�MbBiBQM K�v +Q2tBbi �i i?2 i`�MbBiBQM TQBMi- r?2`2 i?2

T`QT2`iB2b Q7 i?2 bvbi2K +?�M;2 /Bb+QMiBMmQmbHv �b QM2 KQp2b 7`QK QM2 T?�b2 iQ i?2 Qi?2`X

h?2b2 �`2 i2`K2/ /Bb+QMiBMmQmb Q` }`bi@Q`/2` i`�MbBiBQMbX AM +QMi`�bi- �i +QMiBMmQmb Q` +`BiB@

+�H T?�b2 i`�MbBiBQMb- i?2 irQ T?�b2b #2+QK2 B/2MiB+�H �b i?2v `2�+? i?2 i`�MbBiBQM- �M/ 2tBbi

�b � bBM;H2 ?QKQ;2M2Qmb bi�i2 �i i?2 +`BiB+�H TQBMiX h?2 /Bz2`2M+2 BM +2`i�BM i?2`KQ/vM�KB+

[m�MiBiB2b BM i?2 irQ T?�b2b Ubm+? �b i?2 K�;M2iBx�iBQMV ;Q2b iQ x2`Q bKQQi?Hv- �M/ i?2

+Q``2H�iBQM H2M;i? Q7 i?2 bvbi2K /Bp2`;2bX

R



*?�Ti2` RX AMi`Q/m+iBQM

�b �M 2tTHB+Bi 2t�KTH2- +QMbB/2` i?2 AbBM; KQ/2H

H = −J
∑

⟨ij⟩

σz
i σ

z
j URXRV

>2`2- i?2 S�mHB K�i`B+2b �`2 /2}M2/ QM i?2 bBi2b Q7 � H�iiB+2 �M/ +�M i�F2 i?2 p�Hm2b σz
i = ±1X

h?2 >�KBHiQMB�M Bb BMp�`B�Mi mM/2` i�FBM; �HH i?2 σz
i → −σz

i bBKmHi�M2QmbHvX

AM irQ Q` KQ`2 bT�iB�H /BK2MbBQMb- i?Bb bvbi2K 2t?B#Bib � +QMiBMmQmb T?�b2 i`�MbBiBQM �i

bQK2 }MBi2 i2KT2`�im`2 TcX 6Q` T > Tc- i?2 bvbi2K Bb � T�`�K�;M2i rBi? MQ M2i K�;M2iB@

x�iBQM- r?BH2 7Q` T < Tc- i?2 bvbi2K �+[mB`2b � M2i K�;M2iBx�iBQM M =
∑

i⟨σz
i ⟩ r?B+? ;Q2b

iQ x2`Q bKQQi?Hv �b T BM+`2�b2b iQ TcX

Ai Bb BMi2`2biBM; iQ MQi2 i?�i i?2 K�;M2iBx�iBQM- �HQM; rBi? Qi?2` i?2`KQ/vM�KB+ [m�M@

iBiB2b- #2?�p2 �b TQr2` H�rb M2�` i?2 +`BiB+�H TQBMiX .2}MBM; t = (T − Tc)/Tc- QM2 }M/b

M ∼ (−t)β URXkV

r?2`2 β ≈ .33 BM i?`22 /BK2MbBQMbX �b �MQi?2` 2t�KTH2- i?2 bT2+B}+ ?2�i C #2?�p2b �b

C ∼ |t|−α URXjV

r?2`2 α ≈ .11 BM i?`22 /BK2MbBQMbX PM2 K�v �HbQ /2}M2 � +?�`�+i2`BbiB+ H2M;i? 7Q` +Q``2@

H�iBQMb BM i?2 bvbi2K #v +QMbB/2`BM; i?2 H2M;i? b+�H2 ξ Qp2` r?B+? i?2 irQ@TQBMi +Q``2H�iBQM

7mM+iBQM /2+�vb 2tTQM2MiB�HHv BM i?2 T > Tc T?�b2- ⟨σz
i σ

z
j ⟩ ∼ exp(−|i− j|/ξ)- �M/ QM2 }M/b

i?�i i?Bb H2M;i? b+�H2 /Bp2`;2b �b

ξ ∼ t−ν URX9V

7Q` ν ≈ .63 BM i?`22 /BK2MbBQMbX

h?2 2K2`;2M+2 Q7 TQr2` H�rb �i i?2 +`BiB+�H TQBMi Bb � K�MB72bi�iBQM Q7 b+�H2 BMp�`B�M+2X

�b i?2 +Q``2H�iBQM H2M;i? /Bp2`;2b- i?2 KB+`Qb+QTB+ H2M;i? b+�H2b Q7 i?2 bvbi2K MQ HQM;2`

/2i2`KBM2 i?2 /2T2M/2M+2 Q7 i?2`KQ/vM�KB+ [m�MiBiB2b QM i2KT2`�im`2X h?Bb H2�/b iQ i?2

k



*?�Ti2` RX AMi`Q/m+iBQM

T?2MQK2MQM Q7 mMBp2`b�HBiv, B7 r2 �Hi2` i?2 AbBM; >�KBHiQMB�M URXRV iQ BM+Hm/2 KQ`2 +QK@

THB+�i2/ BMi2`�+iBQMb- Bi rBHH MQi +?�M;2 i?2 p�Hm2b Q7 i?2 +`BiB+�H 2tTQM2Mib �b HQM; �b i?2

�//2/ BMi2`�+iBQMb `2bT2+i i?2 b�K2 bvKK2i`B2b �b i?2 Q`B;BM�H KQ/2H �M/ �`2 bm{+B2MiHv

b?Q`i@`�M;2/X

lMBp2`b�HBiv Bb � TQr2`7mH #2+�mb2 i?2 BM/2T2M/2M+2 Q7 i?2 +`BiB+�H 2tTQM2Mib QM i?2 KB@

+`Qb+QTB+ /2i�BHb Q7 i?2 BMi2`�+iBQMb K2�Mb i?�i i?2b2 +`BiB+�H 2tTQM2Mib b?QmH/ �TTHv iQ `2�H

2tT2`BK2Mi�H bvbi2Kb- DmbiB7vBM; i?2 mb2 Q7 � bBKTHB}2/ H�iiB+2 KQ/2H iQ /2b+`B#2 i?2 i`�M@

bBiBQMX 1tT2`BK2Mib K�Mv /Bz2`2Mi bvbi2Kb- 7`QK mMB�tB�H K�;M2iB+b iQ i?2 HB[mB/@p�TQ`

i`�MbBiBQM BM ~mB/b bm+? �b r�i2`- /BbTH�v +`BiB+�H 2tTQM2Mib +QMbBbi2Mi rBi? i?2 �#Qp2 p�Hm2b

(R)X 6`QK i?2b2 +QMbB/2`�iBQMb- � i?2Q`2iB+�H 7`�K2rQ`F r�b /2p2HQT2/ r?B+? 2tTH�BMb i?2

2K2`;2M+2 Q7 b+�H2 BMp�`B�M+2 �M/ �HHQrb � +QKTmi�iBQM Q7 +`BiB+�H 2tTQM2MibX

RXk 6B2H/ i?2Q`v �M/ i?2 `2MQ`K�HBx�iBQM ;`QmT

AM i?2 }2H/@i?2Q`2iB+ G�M/�m@:BMx#m`;@qBHbQM UG:qV �TT`Q�+? iQ +`BiB+�H T?2MQK2M� (k- j)-

QM2 /2b+`B#2b i?2 bvbi2K Q7 BMi2`2bi mbBM; � HQ+�H +Q�`b2@;`�BM2/ Q`/2`@T�`�K2i2` }2H/ φ(x) BM

i?2 pB+BMBiv Q7 i?2 +`BiB+�H TQBMiX h?2 Q`/2` T�`�K2i2` Bb �bbmK2/ iQ #2 x2`Q BM i?2 /BbQ`/2`2/

T?�b2 #mi MQM@x2`Q BM i?2 Q`/2`2/ T?�b2- bQ BM i?2 AbBM; KQ/2H r2 rQmH/ BK�;BM2 i?2 }2H/

φ(x) iQ #2 � b+�H�` /2b+`B#BM; i?2 HQ+�H K�;M2iBx�iBQMX q2 BK�;BM2 r2 +QmH/ Q#i�BM i?Bb #v

bmKKBM; i?2 bTBMb �`QmM/ bQK2 HQ+�H `2;BQM,

φ(x) ∼
∑

xi∈x
σz
i URX8V

q2 i?2M r`Bi2 i?2 T�`iBiBQM 7mM+iBQM �b

Z =

∫

a

Dφ(x)e−βH[φ(x)] URXeV

j



*?�Ti2` RX AMi`Q/m+iBQM

r?2`2 i?2 >�KBHiQMB�M βH[φ(x)] Bb /2i2`KBM2/ #v r`BiBM; /QrM i?2 KQbi ;2M2`�H TQbbB@

#H2 7mM+iBQM�H Q7 i?2 Q`/2` T�`�K2i2` φ(x) r?B+? Bb +QMbBbi2Mi rBi? i?2 bvKK2i`B2b Q7 i?2

T`Q#H2KX 6Q` i?2 AbBM; KQ/2H- r2 rQmH/ `2[mB`2 i?�i i?2 >�KBHiQMB�M Kmbi #2 HQ+�H �M/

bvKK2i`B+ mM/2` φ(x) → −φ(x) �M/ x → −x- bQ

βH[φ(x)] =

∫
ddx

[
1

2
(∇φ)2 + s

2
φ2 +

u

4!
φ4 +

v

6!
φ6 + · · ·

]
URXdV

q2 ?�p2 +?Qb2M i?2 mMBib Q7 φ(x) iQ b2i i?2 +Q2{+B2Mi Q7 1
2 (∇φ)

2 iQ 1X h?2 2HHBTb2b rBHH �HbQ

+QMi�BM ?B;?2` Q`/2` ;`�/B2Mib BM i?2 }2H/X q2 ?�p2 �HbQ `2T`2b2Mi2/ i?2 T�`iBiBQM bmK BM

i?2 b+?2K�iB+ MQi�iBQM
∫
a Dφ(x)- r?2`2 a bB;MB}2b bQK2 bK�HH H2M;i? b+�H2 T�`�K2i`BxBM; i?2

+?QB+2 Q7 `2;mH�`Bx�iBQM M22/2/ iQ K�F2 i?2 +QMiBMmmK }2H/ i?2Q`v }MBi2X

�i }`bi bB;?i- bBM+2 i?2 +QmTHBM;b �M/ `2;mH�`Bx�iBQM Q7 i?Bb i?2Q`v �`2 �HKQbi +QKTH2i2Hv

�`#Bi`�`v- i?Bb i?2Q`v �TT2�`b iQ H�+F �Mv [m�MiB}�#H2 T`2/B+i�#BHBivX >Qr2p2`- r?2M r2

bim/v i?2 HQr@2M2`;v #2?�pBQ` Q7 i?Bb i?2Q`v mM/2` i?2 `2MQ`K�HBx�iBQM ;`QmT r2 }M/ i?�i

B7 r2 +QMbB/2` i?2 MQMHBM2�` i2`Kb iQ BMBiB�HHv #2 bK�HH UbQ r2 �`2 T2`im`#BM; �`QmM/ i?2

:�mbbB�M i?2Q`vV- �HKQbi �HH Q7 i?2 BMi2`�+iBQMb �`2 B``2H2p�MiX AM T�`iB+mH�`- B7 r2 �TTHv

� b+�H2 i`�Mb7Q`K�iBQM x → x′ = x/b iQ i?2 i?2Q`v URXe@RXdV- r2 }M/ i?�i i?2 +QmTHBM;b

`2MQ`K�HBx2 �b

u′ = b4−du

v′ = b6−2dv

XXX URX3V

iQ H2�/BM; Q`/2`- �M/ i?2 ?B;?2`@Q`/2` BMi2`�+iBQMb /2+�v rBi? �M 2p2M bi`QM;2` b /2T2M/2M+2

7Q` d ≤ 3X

h?2b2 `2bmHib bT2HH bQK2 /B{+mHiv 7Q` i?2 }2H/ i?2Q`2iB+ �TT`Q�+?- �b i?2 [m�`iB+ MQM@

HBM2�`Biv ;`Qrb 7Q` �Mv }t2/ bT�iB�H /BK2MbBQM H2bb i?�M 9- BMp�HB/�iBM; T2`im`#�iBQM i?2Q`vX

>Qr2p2`- B7 QM2 rQ`Fb /B`2+iHv �i d = 4- i?2 }`bi 2z2+i Q7 BMi2`�+iBQMb Bb iQ +�mb2 u iQ #2

9



*?�Ti2` RX AMi`Q/m+iBQM

B``2H2p�Mi- b+�HBM; iQ x2`Q HQ;�`Bi?KB+�HHv,

u′ =
u

1 + αu ln b
(d = 4) URXNV

r?2`2 α > 0X h?Bb H2/ qBHbQM �M/ 6Bb?2` (9) iQ +QMbB/2` � bBKmHi�M2Qmb 2tT�MbBQM BM #Qi?

u �M/ ϵ = 4− d- r?2`2 � b+�H2 i`�Mb7Q`K�iBQM #2+QK2b

u′ = u

[
bϵ +

1

1 + αu ln b

]
≈ u (ϵ ln b− αu ln b) URXRyV

PM2 }M/b i?�i i?2`2 Bb �M BMi2`�+iBM; }t2/ TQBMi �i u∗ = ϵ/α r?B+? +�M #2 T2`im`#�iBp2Hv

+QMi`QHH2/X h?Bb �HHQrb � +QKTmi�iBQM Q7 i?2 b+�HBM; /BK2MbBQMb Q7 QT2`�iQ`b- r?B+? �`2 bBK@

THv `2H�i2/ iQ i?2 +`BiB+�H 2tTQM2Mib +QMbB/2`2/ �#Qp2X 1ti`�TQH�iBM; `2bmHib 7Q` i?Bb i?2Q`v

iQ ϵ = 1 ;Bp2b ;QQ/ �;`22K2Mi rBi? 2tT2`BK2Mib �M/ MmK2`B+b QM i?2 i?`22@/BK2MbBQM�H AbBM;

KQ/2H (R)X h?2 ϵ 2tT�MbBQM 7Q`Kb i?2 #�bBb 7Q` K�Mv +QKTmi�iBQMb BM i?Bb i?2bBb- �b Bi Bb QM2

Q7 i?2 72r BMi2`�+iBM; +`BiB+�H TQBMib r?B+? +�M #2 �++2bb2/ T2`im`#�iBp2Hv mbBM; }2H/ i?2Q`v

K2i?Q/bX

�b �M �bB/2- r2 MQi2 i?�i M2�`Hv 2p2`v }2H/ i?2Q`v rBi? #Qi? b+�H2 BMp�`B�M+2 �M/ `Qi�iBQM�H

BMp�`B�M+2 TQbb2bb2b �M 2p2M H�`;2` +QM7Q`K�H bvKK2i`v- �M/ �`2 i?mb +QM7Q`K�H }2H/ i?2Q`B2b

U*6hbVX AM irQ /BK2MbBQMb- +QM7Q`K�H bvKK2i`v Bb TQr2`7mH 2MQm;? iQ 2t�+iHv bQHp2 K�Mv

*6hb (8)X G2bb Bb mM/2`biQQ/ BM ?B;?2` /BK2MbBQMb- #mi `2+2Mi rQ`F 2tTHQBiBM; +QM7Q`K�H

bvKK2i`v ?�b H2/ iQ BMi2`2biBM; M2r `2bmHib BM bQK2 BMi2`2biBM; BMi2`�+iBM; *6hb bm+? �b i?2

j. AbBM; KQ/2H (e- d)X

RXj Zm�MimK T?�b2 i`�MbBiBQMb

q2 MQr +QMbB/2` T?�b2 i`�MbBiBQMb r?2`2 [m�MimK T?vbB+b TH�vb � +`m+B�H `QH2 BM i?2 +`Bi@

B+�H ~m+im�iBQMbX q2 MQi2 i?�i r?BH2 K�Mv T?�b2 i`�MbBiBQMb BMpQHp2 T?�b2b r?B+? `2[mB`2

[m�MimK K2+?�MB+b 7Q` i?2B` /2b+`BTiBQM- i?2 +`BiB+�H i?2Q`v /2b+`B#BM; i?2b2 i`�MbBiBQMb �i

8



*?�Ti2` RX AMi`Q/m+iBQM

}MBi2 i2KT2`�im`2 Bb Q7i2M /2b+`B#2/ mbBM; +H�bbB+�H bi�iBbiB+�H K2+?�MB+b- �b i?2 H2M;i? b+�H2

�bbQ+B�i2/ rBi? i?2`K�H ~m+im�iBQMb /QKBM�i2b +HQb2 2MQm;? iQ i?2 +`BiB+�H TQBMiX

�b i?2 +`BiB+�H i2KT2`�im`2 /2+`2�b2b- ?Qr2p2`- [m�MimK K2+?�MB+b #2;BMb iQ #2 BKTQ`i�Mi

BM /2b+`B#BM; i?2 +`BiB+�H ~m+im�iBQMbX PM2 r�v iQ ?2m`BbiB+�HHv b22 i?2 2z2+i Q7 [m�MimK

K2+?�MB+b Bb iQ MQi2 i?�i r?2M ! ̸= 0- r2 +�M /2}M2 � M2r +?�`�+i2`BbiB+ iBK2 b+�H2

τ =
!

kBTc
URXRRV

6Q` iBK2 b+�H2b Km+? HQM;2` i?�M τ - r2 +�M B;MQ`2 [m�MimK 2z2+ib �M/ mb2 i?2 +H�bbB+�H

i?2Q`v Q7 /vM�KB+ +`BiB+�H T?2MQK2M� (3)X >Qr2p2`- �b Tc ;Q2b iQ x2`Q i?Bb M2r iBK2 b+�H2

/Bp2`;2b- �M/ r2 2Mi2` i?2 `2;BK2 Q7 [m�MimK +`BiB+�H T?2MQK2M� r?2`2 /vM�KB+ �M/ bi�iB+

~m+im�iBQMb #Qi? /Bp2`;2X

J�Mv Q7 i?2 M2r T`QT2`iB2b BM?2`2Mi iQ [m�MimK +`BiB+�H TQBMib /2`Bp2 7`QK i?2 BMi2`TH�v Q7

/vM�KB+b �M/ bi�iB+b BKTHB2/ #v i?2 �#Qp2 �`;mK2MiX AM T�`iB+mH�`- `2+�HH i?�i i?2 T�`iBiBQM

7mM+iBQM Q7 � K�Mv@#Q/v [m�MimK bvbi2K Z = Tr e−βĤ K�v #2 r`Bii2M BM i2`Kb Q7 �M

BK�;BM�`v@iBK2 62vMK�M T�i? BMi2;`�H

Z =

∫
Dφ(τ, x) exp

{
−1

!

∫ !β

0

dτddx L[φ(τ, x)]
}

URXRkV

rBi? L[φ(τ, x)] �M �TT`QT`B�i2Hv +?Qb2M G�;`�M;B�M /2MbBivX h?Bb i�F2b i?2 7Q`K Q7 � +H�bbB+�H

:BMx#m`;@G�M/�m i?2Q`v BM d + 1 bT�iB�H /BK2MbBQMb- b?QrBM; �;�BM i?�i [m�MimK T?�b2

i`�MbBiBQMb ?�p2 bBKBH�` T`QT2`iB2b iQ +H�bbB+�H T?�b2 i`�MbBiBQMb BM QM2 2ti`� /BK2MbBQM /m2

/vM�KB+ ~m+im�iBQMbX h?2 `2H�iBQM #2ir22M [m�MimK T?�b2 i`�MbBiBQMb BM d /BK2MbBQMb

�M/ +H�bbB+�H T?�b2 i`�MbBiBQMb BM d + 1 /BK2MbBQMb Bb [mBi2 ;2M2`�H- �M/ BM K�Mv +�b2b Q7

BMi2`2bi QM2 +�M /B`2+iHv mb2 `2bmHib 7`QK i?2 ?B;?2`@/BK2MbBQM�H +H�bbB+�H T?�b2 i`�MbBiBQM

(N)X AM T�`iB+mH�`- B7 � [m�MimK T?�b2 i`�MbBiBQM Bb GQ`2Mix BMp�`B�Mi �i HQr 2M2`;B2b- Bib T�i?

BMi2;`�H rBHH `2b2K#H2 � `Qi�iBQM�HHv BMp�`B�Mi +H�bbB+�H bvbi2K BM QM2 2ti`� bT�+2 /BK2MbBQMX

e



*?�Ti2` RX AMi`Q/m+iBQM

ggc

T

Ordered Phase

Disordered Phase

6B;m`2 RXjXR, � TQbbB#H2 T?�b2 /B�;`�K 7Q` � bvbi2K rBi? � [m�MimK +`BiB+�H TQBMiX h?2 T�`�K2i2` g
/`Bp2b [m�MimK ~m+im�iBQMb r?BH2 i?2 i2KT2`�im`2 T /`Bp2b i?2`K�H ~m+im�iBQMbX h?2`2 Bb � +`QbbQp2`
7`QK [m�MimK +`BiB+�H #2?�pBQ` iQ +H�bbB+�H +`BiB+�H #2?�pBQ` �b QM2 �TT`Q�+?2b i?2 /Qii2/ HBM2 �i }MBi2
i2KT2`�im`2X

h?2 T`QiQivTB+�H 2t�KTH2 Q7 � [m�MimK +`BiB+�H bvbi2K Bb i?2 i`�Mbp2`b2 }2H/ AbBM; Uh6AV

KQ/2H- ;Bp2M #v i?2 >�KBHiQMB�M

H = −J
∑

⟨ij⟩

σz
i σ

z
j − h

∑

i

σx
i URXRjV

h?2 }`bi i2`K Bb B/2MiB+�H iQ i?2 +H�bbB+�H AbBM; KQ/2H Q7 1[X URXRV- r?BH2 i?2 b2+QM/ i2`K Bb

� i`�Mbp2`b2 K�;M2iB+ }2H/ r?B+? F22Tb i?2 bvKK2i`v σz → −σz- #mi �+ib iQ /2bi`Qv i?2

72``QK�;M2iB+�HHv TQH�`Bx2/ ;`QmM/ bi�i2X h?Bb /`Bp2b � [m�MimK T?�b2 i`�MbBiBQM �i bQK2

+`BiB+�H hc- �M/ � `2MQ`K�HBx�iBQM ;`QmT �M�HvbBb Q7 i?2 `2bmHiBM; [m�MimK }2H/ i?2Q`v H2�/b

QM2 iQ b?Qr i?�i i?2 +`BiB+�H 2tTQM2Mib �`2 BM i?2 b�K2 mMBp2`b�HBiv +H�bb �b i?2 +H�bbB+�H

AbBM; KQ/2H BM d + 1 /BK2MbBQMb (N)X h?2 T?�b2 /B�;`�K Q7 i?Bb bvbi2K BM d ≥ 2 i�F2b i?2

7Q`K b?QrM BM 6B;m`2 RXjXRX

d



*?�Ti2` RX AMi`Q/m+iBQM

RX9 ai�iB+ Q#b2`p�#H2b mMB[m2 iQ [m�MimK +`BiB+�H

TQBMib

:Bp2M i?2 K�TTBM; 7`QK [m�MimK iQ +H�bbB+�H +`BiB+�H T?2MQK2M�- K�Mv mMBp2`b�H Q#b2`p�#H2b

K�v #2 BKK2/B�i2Hv Q#i�BM2/ 7`QK i?2 i?2Q`v Q7 +H�bbB+�H +`BiB+�H T?2MQK2M�X >Qr2p2`- i?2

bT2+B�H `QH2 Q7 i?2 iBK2 �tBb BM i?2 T�i? BMi2;`�H H2�/b iQ bQK2 M2r Q#b2`p�#H2b BM i?2 [m�MimK

i?2Q`v r?B+? ?�p2 MQ K2�MBM;7mH �M�HQ;m2 BM � +H�bbB+�H +QMi2tiX Jm+? Q7 i?2 M2r T?vbB+b �i

[m�MimK +`BiB+�H TQBMib Bb `2H�i2/ iQ i?2 `2�H@iBK2 /vM�KB+b- 2bT2+B�HHv �i }MBi2 i2KT2`�im`2-

r?B+? `2[mB`2b �M �M�HviB+ +QMiBMm�iBQM Q7 i?2 BK�;BM�`v@iBK2 i?2Q`v #�+F iQ `2�H iBK2 (N)X

AM i?Bb i?2bBb r2 rBHH QMHv #2 bim/vBM; bi�iB+ Q#b2`p�#H2b- �M/ r2 rBHH �HKQbi �Hr�vb rQ`F

�i T = 0X >Qr2p2`- i?2 bTHBiiBM; Q7 bT�+2iBK2 BMiQ bT�iB�H �M/ i2KTQ`�H TB2+2b rBHH biBHH #2

BKTQ`i�Mi iQ mb- �b r2 rBHH #2 bim/vBM; i?2 ;HQ#�H T`QT2`iB2b Q7 i?2 HQr@HvBM; bi�i2b BM i?2

>BH#2`i bT�+2X "2HQr r2 ;Bp2 � #`B27 QmiHBM2 Q7 i?2 bi�iB+ Q#b2`p�#H2b Q7 BMi2`2biX

RX9XR 6BMBi2@bBx2 2M2`;v bT2+i`mK

PM2 Q7 i?2 KQbi bi`BFBM; T`2/B+iBQMb Q7 [m�MimK K2+?�MB+b Bb i?2 [m�MiBx�iBQM Q7 2M2`;v

H2p2Hb BM #QmM/ bvbi2KbX q?2M r2 TH�+2 � [m�MimK +`BiB+�H bvbi2K BM � }MBi2 pQHmK2- r2

bBKBH�`Hv Q#i�BM � [m�MiBx2/ 2M2`;v bT2+i`mK- #mi i?2 `2bmHiBM; bT2+i`mK rBHH MQr i�F2 �

mMBp2`b�H 7Q`KX 6Q` � GQ`2Mix BMp�`B�Mi [m�MimK +`BiB+�H TQBMi-

En =
!c
L
ξn URXR9V

r?2`2 c Bb i?2 MQM@mMBp2`b�H +?�`�+i2`BbiB+ p2HQ+Biv b+�H2- L Bb bQK2 H2M;i? b+�H2 �bbQ+B�i2/

rBi? i?2 pQHmK2 Q7 i?2 bvbi2K- �M/ i?2 ξn �`2 � b2i Q7 mMBp2`b�H MmK#2`b r?B+? /2T2M/ QM

i?2 +`BiB+�H i?2Q`v �M/ i?2 b?�T2 Q7 i?2 }MBi2 pQHmK2 Q7 BMi2`2biX

PM2 +�b2 r?B+? ?�b #22M bim/B2/ T`2pBQmbHv Bb i?2 }MBi2@bBx2 bT2+i`mK Q7 � +QM7Q`K�H }2H/

i?2Q`v QM � bT?2`2 rBi? `�/Bmb RX h?2M 1[X URXR9V ?QH/b rBi? L = R- �M/ i?2 MmK#2`b ξn

3



*?�Ti2` RX AMi`Q/m+iBQM

�`2 BM QM2@iQ@QM2 +Q``2bTQM/2M+2 rBi? i?2 b+�HBM; /BK2MbBQMb Q7 i?2 QT2`�iQ`b Q7 i?2 *6h

(Ry)X

q2 rBHH #2 BMi2`2bi2/ BM i?2 }MBi2@bBx2 2M2`;v bT2+i`mK QM i?2 iQ`mbX Pm` BMi2`2bi Bb

irQ@7QH/X 6B`bi- i?2 iQ`mb Bb #v 7�` i?2 2�bB2bi i`�MbH�iBQM@BMp�`B�Mi ;2QK2i`v iQ rQ`F rBi? BM

MmK2`B+�H bBKmH�iBQMb Q7 H�iiB+2 KQ/2Hb- bQ +QKTmi�iBQMb QM i?2 iQ`mb �`2 B/2�H 7Q` B/2MiB7vBM;

+`BiB+�H #2?�pBQ` b22M BM MmK2`B+bX a2+QM/- i?2 MQMi`BpB�H iQTQHQ;v Q7 i?2 iQ`mb rBHH �HHQr

i?2 bT2+i`mK iQ T`Q#2 i?2 T`2b2M+2 Q7 2tQiB+ T?�b2b rBi? iQTQHQ;B+�H Q`/2`X am+? T?�b2b

�`2 /2b+`B#2/ #v 2K2`;2Mi ;�m;2 /2;`22b Q7 7`22/QK- �M/ +QM};m`�iBQMb r?2`2 � ;�m;2 ~mt

rBM/b �`QmM/ i?2 +v+H2b Q7 i?2 iQ`mb rBHH /`�K�iB+�HHv �Hi2` i?2 HQr@2M2`;v bT2+i`mKX

RX9Xk :`QmM/ bi�i2 2Mi�M;H2K2Mi 2Mi`QTv

hrQ `2;BQMb Q7 � [m�MimK bvbi2K �`2 b�B/ iQ #2 2Mi�M;H2/ B7 i?2`2 �`2 +Q``2H�iBQMb #2ir22M

i?2K- Q` 2[mBp�H2MiHv B7 i?2 r�p2 7mM+iBQM 7Q` #Qi? `2;BQMb +�MMQi #2 r`Bii2M �b � T`Q/m+i

Q7 BM/2T2M/2Mi r�p2 7mM+iBQMbX 6Q` i?2 ;`QmM/ bi�i2 Q7 � K�Mv@#Q/v [m�MimK bvbi2K rBi?

HQ+�H BMi2`�+iBQMb- QM2 ;2M2`B+�HHv 2tT2+ib i?�i M2�`#v TQBMib �`2 2Mi�M;H2/ rBi? 2�+? Qi?2`-

#mi `2;BQMb r?B+? �`2 7�` 7`QK 2�+? Qi?2` +QKT�`2/ iQ � KB+`Qb+QTB+ b+�H2 �`2 BM/2T2M/2MiX

>Qr2p2`- BM � +`BiB+�H bvbi2K r?2`2 i?2 +Q``2H�iBQM H2M;i? /Bp2`;2b- r2 K�v 2tT2+i HQM;@`�M;2

2Mi�M;H2K2MiX

q2 K�F2 i?Bb KQ`2 [m�MiBi�iBp2 #v BMi`Q/m+BM; i?2 2Mi�M;H2K2Mi 2Mi`QTvX q2 +QMbB/2`

/BpB/BM; i?2 iQi�H bvbi2K BMiQ irQ `2;BQMb A �M/ B Ub22 6B;m`2 RX9XRV- �M/ i?2M +�H+mH�i2

i?2 `2/m+2/ /2MbBiv K�i`Bt �bbQ+B�i2/ rBi? QM2 Q7 i?2 `2;BQMb-

ρA = TrB ρ URXR8V

r?2`2 ρ = |0⟩⟨0| Bb i?2 /2MbBiv K�i`Bt 7Q` i?2 ;`QmM/ bi�i2X h?2M i?2 2Mi�M;H2K2Mi 2Mi`QTv

N



*?�Ti2` RX AMi`Q/m+iBQM

6B;m`2 RX9XR, h?2 /BpBbBQM Q7 � bvbi2K BMiQ irQ T�`ib 7Q` +QKTmiBM; i?2 2Mi�M;H2K2Mi 2Mi`QTvX

Bb i?2 pQM L2mK�MM 2Mi`QTv Q7 i?2 `2/m+2/ /2MbBiv K�i`Bt-

SA = −Tr ρA ln ρA URXReV

h?2 HQ+�H BMi2`�+iBQMb �+`Qbb i?2 #QmM/�`v `2bmHib BM � i2`K T`QTQ`iBQM�H iQ i?2 T2`BK2i2`

Q7 i?2 #QmM/�`v- |∂A|- #mi BM � *6h r2 ;2M2`B+�HHv }M/ �M 2ti`� i2`K

SA =
|∂A|
a

− γ URXRdV

h?2 +QMi`B#miBQM γ /2T2M/b QM i?2 *6h- �M/ Bb QMHv � 7mM+iBQM Q7 i?2 b?�T2 Q7 i?2 `2;BQMX

h?Bb mMBp2`b�H i2`K ?�b �TTHB+�iBQMb BM +QMbi`�BMBM; `2MQ`K�HBx�iBQM ;`QmT ~Qrb (RR)- �M/

+�M �HbQ #2 +QKTmi2/ BM MmK2`B+b QM H�iiB+2 KQ/2HbX >Qr2p2`- 72r �M�HviB+ `2bmHib 2tBbi

7Q` BMi2`�+iBM; *6hb- bQ mM/2`bi�M/BM; KQ`2 �#Qmi *6h 2Mi�M;H2K2Mi +QmH/ H2�/ iQ KQ`2

BMi2`2biBM; �TTHB+�iBQMb �M/ `2bmHibX

Ry



*?�Ti2` RX AMi`Q/m+iBQM

RX9Xj AKTm`BiB2b BM [m�MimK +`BiB+�H bvbi2Kb

� HQ+�HBx2/ BKTm`Biv BMi2`�+iBM; bi`QM;Hv rBi? � [m�MimK +`BiB+�H bvbi2K rBHH ?�p2 MQMi`BpB�H

/vM�KB+ +Q``2H�iBQMb +QMi`QHH2/ #v Bib BMi2`�+iBQMb rBi? i?2 #mHFX AM i2`Kb Q7 i?2 BK�;BM�`v

iBK2 T�i? BMi2;`�H URXRkV- i?2 BKTm`Biv 2tBbib QM � yYR /BK2MbBQM�H HBM2 BMi2`�+iBM; rBi?

i?2 d + 1 /BK2MbBQM�H #mHFX AM i?Bb +�b2- i?2 bvbi2K K�v �HbQ #2 BMi2`T`2i2/ +H�bbB+�HHv BM

i2`Kb Q7 � +`BiB+�H bvbi2K BMi2`�+iBM; rBi? � HQ+�HBx2/ HBM2 /272+iX >Qr2p2`- i?2 [m�MimK

BMi2`T`2i�iBQM Bb KQ`2 �K2M�#H2 iQ TQi2MiB�H 2tT2`BK2Mi�H �TTHB+�iBQMb- �b i?2 #mHF +`BiB+�H

i?2Q`v Bb `2�HBx2/ r2HH@+QMi`QHH2/ +QH/@�iQK 2tT2`BK2Mib r?B+? K�v #2 �#H2 iQ `2�HBx2 � HQ+�H

BKTm`Biv TQi2MiB�H (Rk)X q2 �HbQ +�H+mH�i2 i?2 mMBp2`b�H }MBi2@i2KT2`�im`2 +QKT`2bbB#BHBiv

Q7 i?2 bvbi2K- r?B+? /Q2b MQi ?�p2 � bBKTH2 BMi2`T`2i�iBQM BM i2`Kb Q7 i?2 +Q``2bTQM/BM;

+H�bbB+�H i?2Q`vX

RX8 P`;�MBx�iBQM Q7 i?2bBb

h?2 `2bi Q7 i?Bb i?2bBb /2i�BHb i?2 2tTHB+Bi }2H/@i?2Q`2iB+ +QKTmi�iBQM Q7 K�Mv M2r mMBp2`b�H

[m�MiBiB2b �bbQ+B�i2/ rBi? [m�MimK +`BiB+�H TQBMibX q2 bmKK�`Bx2 Qm` }M/BM;b ?2`2X

*?�Ti2`b k- j- �M/ 9 �`2 �HH +QM+2`M2/ rBi? i?2 +QKTmi�iBQM Q7 i?2 }MBi2@bBx2 bT2+i`mK Q7

BMi2`�+iBM; [m�MimK +`BiB+�H TQBMib QM i?2 iQ`mbX AM *?�Ti2` k r2 /2i�BH i?2 iQ`mb bT2+i`mK

7Q` i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v U*6hV mbBM; i?2 ϵ 2tT�MbBQMX q2 b?Qr i?�i

i?Bb T`Q#H2K K�Tb iQ }M/BM; i?2 bT2+i`� Q7 � b2`B2b Q7 bi`QM;Hv@+QmTH2/ [m�MimK K2+?�MB+�H

>�KBHiQMB�Mb r?B+? Kmbi #2 bQHp2/ MmK2`B+�HHvX *?�Ti2` j /2`Bp2b i?2 qBHbQM@6Bb?2` iQ`mb

bT2+i`mK BM i?2 H�`;2 N HBKBi- r?B+? K�v #2 Q#i�BM2/ KQ`2 2�bBHv �M/ i?mb �HHQrb bQK2

2t�+i +?2+Fb QM +2`i�BM #2?�pBQ` bm+? i?2 +`QbbQp2` Q7 i?2 bT2+i`mK BMiQ M2�`#v T?�b2bX

*?�Ti2` 9 Bb +QM+2`M2/ rBi? i?2 iQ`mb bT2+i`mK 7Q` � +H�bb Q7 /2+QM}M2/ [m�MimK +`BiB+�H

TQBMib r?B+? /2b+`B#2 +QM}M2K2Mi i`�MbBiBQMb BM Z2 bTBM HB[mB/bX �7i2` `2pB2rBM; i?2b2

i`�MbBiBQMb- r2 ;Bp2 `2bmHib mbBM; #Qi? i?2 ϵ �M/ H�`;2 N 2tT�MbBQMb- �M/ r2 ;Bp2 /2i�BHb

QM i?2 +�b2 r?2`2 i?2 i`�MbBiBQM Bb #2ir22M � Z2 bTBM HB[mB/ �M/ �MiB72``QK�;M2iB+ Q`/2`X

RR



*?�Ti2` RX AMi`Q/m+iBQM

S�`iB+mH�` 7Q+mb Bb TH�+2/ QM i?2 �#BHBiv iQ /2i2+i M2�`#v iQTQHQ;B+�H Q`/2` �M/ bvKK2i`v

#`2�FBM; 7`QK i?2 bi`m+im`2 Q7 i?2 HQr@2M2`;v bT2+i`mKX AM �HH i?`22 +?�Ti2`b r2 /Bb+mbb

+QMM2+iBQMb #2ir22M Qm` +�H+mH�iBQMb �M/ MmK2`B+�H bBKmH�iBQMb QM H�iiB+2 KQ/2Hb- �M/ BM

K�Mv +�b2b r2 +QKT�`2 2tTHB+BiHv rBi? `2bmHib Q#i�BM2/ rBi? 2t�+i /B�;QM�HBx�iBQMX

AM *?�Ti2` 8 r2 /Bb+mbb i?2 2Mi�M;H2K2Mi 2Mi`QTv Q7 i?2 qBHbQM@6Bb?2` *6h BM i?2 H�`;2 N

HBKBiX q2 Q#i�BM � ;2M2`�H K�TTBM; #2ir22M i?2 qBHbQM@6Bb?2` 2Mi`QTv �M/ i?2 2Mi�M;H2K2Mi

2Mi`QTv Q7 7`22 b+�H�` }2H/b rBi? � K�bb ;�T /2i2`KBM2/ #v i?2 T`QT2`iB2b Q7 i?2 BMi2`�+iBM;

*6hX q2 mb2 i?Bb K�TTBM; iQ ;Bp2 i?2 qBb?2`@6Bb?2` 2Mi�M;H2K2Mi 2Mi`QTv 7Q` b2p2`�H +�b2b

Q7 BMi2`2bi- b?QrBM; BM bQK2 +�b2b i?�i i?2 2Mi�M;H2K2Mi 2Mi`QTv +�M mM/2`;Q � H�`;2 /2+`2�b2

mM/2` � `2MQ`K�HBx�iBQM ;`QmT ~QrX Pm` `2bmHib +�M �HbQ #2 mb2/ iQ K�T i?2 2Mi�M;H2K2Mi

2Mi`QTv Q7 i?2 :`Qbb@L2p2m *6h iQ i?�i Q7 7`22 .B`�+ 72`KBQMbX

*?�Ti2` e bim/B2b i?2 +`BiB+�H #2?�pBQ` Q7 � HQ+�HBx2/ BKTm`Biv �i i?2 kYR /BK2MbBQM�H

bmT2`~mB/@JQii BMbmH�iQ` i`�MbBiBQMX JQiBp�i2/ #v `2bmHib b22M BM MmK2`B+�H bBKmH�iBQMb-

r2 /2p2HQT � +`BiB+�H [m�MimK }2H/ i?2Q`v /2b+`B#BM; i?2 +QmTHBM; #2ir22M #mHF +`BiB+�H

KQ/2b �M/ i?2 BKTm`Biv /2;`22 Q7 7`22/QKX q2 bim/v i?Bb }2H/ i?2Q`v mbBM; i?2 ϵ 2tT�MbBQM

�M/ }M/ �M BMi2`�+iBM; }t2/ TQBMi �bbQ+B�i2/ rBi? i?2 BKTm`BivX q2 +�H+mH�i2 KmHiBTH2

+`BiB+�H 2tTQM2Mib �i i?Bb M2r mMBp2`b�HBiv +H�bb �b r2HH �b i?2 mMBp2`b�H +QMi`B#miBQM iQ i?2

+QKT`2bbB#BHBiv �i }MBi2 i2KT2`�im`2X *QKT�`BbQM Bb K�/2 rBi? MmK2`B+bX

Rk



*?�Ti2` k

aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM@

7Q`K�H 7B2H/ i?2Q`v QM i?2 iQ`mb, ϵ@

2tT�MbBQM

kXR AMi`Q/m+iBQM

h?2 B/2MiB}+�iBQM Q7 [m�MimK +`BiB+�H #2?�pBQ` Bb �M BMi2`2biBM; T`Q#H2K BM +QM/2Mb2/ K�ii2`

�M/ bi�iBbiB+�H K2+?�MB+bX � K�DQ` �bT2+i Q7 i?Bb Bb i?2 2K2`;2M+2 Q7 mMBp2`b�H HQr@2M2`;v

#2?�pBQ` BM i?2 pB+BMBiv Q7 � +QMiBMmQmb [m�MimK +`BiB+�H TQBMi- r?B+? Bb +QMi`QHH2/ #v �

+QM7Q`K�H }2H/ i?2Q`v U*6hV BM i?2 b+�HBM; HBKBiX

AM i?Bb +?�Ti2` r2 2tTHQ`2 i?2 }MBi2@bBx2 2M2`;v bT2+i`mK Q7 i?2 qBHbQM@6Bb?2` *6h- �HbQ

FMQrM �b i?2 +`BiB+�H PUNV KQ/2H- BM (d+1) bT�+2iBK2 /BK2MbBQMbX PM2 +�b2 r?2`2 i?2 bi`m+@

im`2 Q7 i?2 bT2+i`mK Bb r2HH@mM/2`biQQ/ Bb r?2M i?2 bvbi2K Bb QM i?2 d@/BK2MbBQM�H bT?2`2

SdX AM i?Bb +�b2- +QM7Q`K�H BMp�`B�M+2 BKTHB2b i?2 bi�i2@QT2`�iQ` +Q``2bTQM/2M+2- r?B+? bi�i2b

i?�i i?2 2M2`;v bT2+i`mK i�F2b i?2 7Q`K En = c∆n/R r?2`2 c Bb i?2 KQ/2H@/2T2M/2Mi bT22/

Q7 HB;?i- R Bb i?2 `�/Bmb Q7 i?2 bT?2`2- �M/ i?2 ∆n �`2 i?2 b+�HBM; /BK2MbBQMb Q7 i?2 QT2`�iQ`b

Q7 i?2 *6h BM �M BM}MBi2 pQHmK2 (Ry- Rj)X h?2b2 b+�HBM; /BK2MbBQMb �`2 2ti`2K2Hv +QM@

Rj



*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

bi`�BM2/ #v +QM7Q`K�H BMp�`B�M+2- �M/ i?2 QT2`�iQ` bT2+i`mK Q7 K�Mv BMi2`2biBM; *6hb ?�b

#22M K�TT2/ Qmi mbBM; K2i?Q/b bm+? �b 2t�+i `2bmHib �p�BH�#H2 BM irQ bT�+2iBK2 /BK2MbBQMb

(8) �M/ i?2 +QM7Q`K�H #QQibi`�T (e- d- R9ĜRe)X

h?2 bi�i2@QT2`�iQ` +Q``2bTQM/2M+2 ?�b T`Qp2M iQ #2 p2`v mb27mH BM bim/vBM; (1 + 1)@

/BK2MbBQM�H +`BiB+�H TQBMib- r?2`2 MmK2`B+�HHv +QKTmiBM; i?2 bT2+i`mK QM i?2 +B`+H2 Bb `Qm@

iBM2Hv /QM2 iQ �++m`�i2Hv B/2MiB7v +`BiB+�H TQBMib (Rd- R3)X >Qr2p2`- BM ?B;?2` /BK2MbBQMb

i?2 +m`p2/ ;2QK2i`v ?�b T`Qp2M iQ #2 /B{+mHi iQ BKTH2K2Mi �++m`�i2Hv (RNĜkj)X AM HB;?i Q7

i?2b2 /B{+mHiB2b- Bi b22Kb M�im`�H iQ BMbi2�/ bim/v i?2 mMBp2`b�H 2M2`;v bT2+i`mK QM ~�i

;2QK2i`B2b bm+? �b i?2 iQ`mb- r?2`2 i?2 2M2`;v bT2+i`mK biBHH i�F2b i?2 7Q`K En = cξn/L

7Q` bQK2 mMBp2`b�H b2i Q7 +QMbi�Mib ξn /2T2M/2Mi QM i?2 b?�T2 Q7 i?2 iQ`mbX >Qr2p2`- i?2

bi`m+im`2 Q7 i?2 iQ`mb bT2+i`mK Bb MQi bBKTHv `2H�i2/ iQ i?2 QT2`�iQ` +QMi2Mi- bQ QM2 Kmbi

mb2 T2`im`#�iBp2 }2H/ i?2Q`vX

AM i?2 T`2b2Mi +?�Ti2` r2 rBHH mb2 i?2 ϵ@2tT�MbBQM- r?2`2 ϵ = 3−d- iQ +QKTmi2 i?2 +`BiB+�H

2M2`;v bT2+i`mK BM [m�MimK }2H/ i?2Q`vX q2 rBHH �HbQ +QKT�`2 rBi? 2t�+i /B�;QM�HBx�iBQM

U1.V Q7 2tTHB+Bi H�iiB+2 KQ/2Hb rBi? +`BiB+�H TQBMib BM i?2 PURV- PUkV- �M/ PUjV mMBp2`b�HBiv

+H�bb2bX q2 rBHH b?Qr i?�i i?2 MmK2`B+�H +QKTmi�iBQMb b?Qr 2t+2HH2Mi �;`22K2Mi rBi? i?2

ϵ@2tT�MbBQM `2bmHibX "2vQM/ i?�i- r2 rBHH /2KQMbi`�i2 i?�i i?2 +`BiB+�H HQr@2M2`;v iQ`mb

bT2+i`� �`2 BMi`BMbB+�HHv /Bz2`2Mi �KQM; i?2 /BbiBM+i *6hb +QMbB/2`2/ BM i?Bb T�T2`- +?�`�+@

i2`BxBM; i?2 BMi2`T`2i�iBQM Q7 i?2 HQr@2M2`;v +`BiB+�H iQ`mb bT2+i`mK �b � mMBp2`b�H }M;2`T`BMi

Q7 i?2 mM/2`HvBM; *6h �M/ �b � mb27mH iQQH 7Q` BMp2biB;�iBM; [m�MimK +`BiB+�H TQBMib rBi?

/Bp2`b2 K2i?Q/bX

AM a2+iBQM kXk r2 rBHH BMi`Q/m+2 Qm` KQ/2H �M/ K2i?Q/- /Bb+mbbBM; ?Qr iQ i`2�i ~m+im�iBQMb

Q7 i?2 x2`Q KQ/2 MQM@T2`im`#�iBp2Hv mbBM; �M 2z2+iBp2 >�KBHiQMB�M K2i?Q/X a2+iBQM kXj /2@

i�BHb i?2 bi`m+im`2 Q7 i?2 2z2+iBp2 >�KBHiQMB�Mb �M/ ?Qr iQ +QKTmi2 i?2K mbBM; T2`im`#�iBp2

[m�MimK }2H/ i?2Q`v- ;BpBM; 2t�KTH2b 7Q` b2p2`�H BKTQ`i�Mi bT2+B�H +�b2b iQ /2KQMbi`�i2

?Qr i?2 K2i?Q/ rQ`Fb BM ;2M2`�HX AM a2+iBQM kX9 r2 /Bb+mbb ?Qr iQ MmK2`B+�HHv Q#i�BM i?2

bT2+i`mK Q7 i?2 2z2+iBp2 >�KBHiQMB�Mb BM � 72r bT2+B�H +�b2b- �M/ ;Bp2 bQK2 2tTHB+Bi `2bmHib
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*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

7Q` i?2 HQr@2M2`;v bT2+i`mKX AM a2+iBQM kX8 r2 +QKT�`2 Qm` �M�HviB+ `2bmHib iQ MmK2`B+�H

`2bmHib BM b2p2`�H 2tTHB+Bi H�iiB+2 KQ/2Hb- �M/ r2 ;Bp2 +QM+HmbBQMb BM a2+iBQM kXeX

kXk h?2 K2i?Q/

h?2 qBHbQM@6Bb?2` *6h Bb /2b+`B#2/ #v i?2 #�`2 `2�H@iBK2 >�KBHiQMB�M

H =

∫
ddx

(
1

2
Π2

α +
1

2
(∇φα)

2 +
s0
2
φ2
α +

u

4!
φ4
α + Λ

)
UkXRV

r?2`2 i?2 BM/2t α `�M;2b 7`QK 1, ..., N X q2 �`2 mbBM; i?2 MQi�iBQM φ2
α ≡ φα · φα �M/ φ4

α ≡

(φ2
α)

2- bQ i?2 KQ/2H ?�b 7mHH PUNV bvKK2i`vX q2 bmTT`2bb iBK2@/2T2M/2M+2- b2i i?2 bT22/

Q7 HB;?i iQ mMBiv- �M/ MQi2 i?�i }2H/b b�iBb7v i?2 2[m�H@iBK2 +QKKmi�iQ` [φα(x),Πβ(x′)] =

iδαβδd(x− x′)X q2 ?�p2 BM+Hm/2/ � #�`2 ;`QmM/ bi�i2 2M2`;v /2MbBiv Λ- r?B+? Bb M22/2/ iQ

`2MQ`K�HBx2 i?2 ;`QmM/ bi�i2 2M2`;vX h?2 +`BiB+�H TQBMi Bb Q#i�BM2/ #v imMBM; s0 = sc- r?BH2

u �TT`Q�+?2b � }t2/ p�Hm2 u∗X h?Bb Bb � bi`QM;Hv@+QmTH2/ i?2Q`v 7Q` �Mv }MBi2 d < 3 �M/ N -

#mi Bib mMBp2`b�H T`QT2`iB2b +�M #2 +QKTmi2/ �b � TQr2` b2`B2b BM 2Bi?2` ϵ = 3− d Q` 1/N X

q2 �`2 BMi2`2bi2/ BM i?2 }MBi2@bBx2 bT2+i`mK Q7 i?2 �#Qp2 KQ/2H QM � bT�iB�H iQ`mb BM

d = 2- r?B+? Bb T�`�K2i`Bx2/ #v +QKTH2t +QQ`/BM�i2b x = x1 + ix2X q2 mb2 i?2 bi�M/�`/

T�`�K2i`Bx�iBQM Q7 i?2 iQ`mb BM i2`Kb Q7 irQ +QKTH2t T2`BQ/b- ω1 �M/ ω2- �M/ /2}M2 i?2

+QKTH2t KQ/mH�` T�`�K2i2` τ ≡ ω2/ω1 rBi? `2�H �M/ BK�;BM�`v T�`ib /2MQi2/ #v τ = τ1+iτ2X

"2HQr- r2 rBHH Q7i2M ;Bp2 `2bmHib BM i2`Kb Q7 i?2 H2M;i? b+�H2 L ≡ |ω1|X h?2 �`2� Q7 i?2 iQ`mb

Bb ;Bp2M #v A = Im (ω2ω∗
1) = τ2L2X h?Bb ;2QK2i`v Bb TB+im`2/ BM 6B;X kXkXRX

AM i?2 7QHHQrBM; r2 +�H+mH�i2 i?2 bT2+i`mK BM i?2 ϵ@2tT�MbBQM- r?B+? 7Q`+2b mb iQ BMi`Q/m+2

2ti`� /BK2MbBQMb (9)X hQ i?Bb 2M/- r2 +QMbB/2` d/2 +QTB2b Q7 i?2 /2bB`2/ irQ@/BK2MbBQM�H

bT�iB�H ;2QK2i`v- r?B+? `2i�BMb i?2 TQBMi@;`QmT �M/ KQ/mH�` bvKK2i`B2b Q7 i?2 bvbi2K r?BH2

�pQB/BM; i?2 BMi`Q/m+iBQM Q7 �Mv �//BiBQM�H mMT?vbB+�H T�`�K2i2`bX q2 i?2M 2tT�M/ BM ϵ-

�M/ b2i ϵ = 1 iQ Q#i�BM T`2/B+iBQMb 7Q` i?2 d = 2 bvbi2KX
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*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

6B;m`2 kXkXR, h?2 ;2QK2i`v Q7 i?2 iQ`mb QM r?B+? Qm` i?2Q`v Bb /2}M2/X >2`2 r2 ?�p2 /2}M2/ +QK@
TH2t +QQ`/BM�i2b x = x1 + ix2- �M/ r2 /2}M2 i?2 irQ +QKTH2t T2`BQ/b ω1 �M/ ω2X h?2M Qm` ;2QK2i`v
Bb i?2 QM2 TB+im`2/ r?2`2 i?2 TQBMi x �M/ i?2 TQBMi x+ nω1 +mω2 �`2 �bbQ+B�i2/ rBi? 2�+? Qi?2` 7Q`
�Mv n,m ∈ ZX

�b mbm�H- r2 rBHH M22/ iQ 2HBKBM�i2 i?2 #�`2 +QmTHBM;b BM 7�pQ` Q7 }MBi2 `2MQ`K�HBx2/

+QmTHBM;bX "2+�mb2 `2MQ`K�HBx�iBQM Bb 2MiB`2Hv /m2 iQ b?Q`i@/Bbi�M+2 /Bp2`;2M+2b- i?2 }MBi2@

pQHmK2 i?2Q`v QM � K�MB7QH/ rBi? MQ +m`p�im`2 Kmbi ?�p2 B/2MiB+�H `2MQ`K�HBx�iBQM +QMbi�Mib

iQ i?2 BM}MBi2 pQHmK2 i?2Q`v- bBM+2 i?2 QMHv M2r H2M;i? b+�H2 Bb H�`;2 +QKT�`2/ iQ i?2 +miQzX

>2`2 r2 mb2 � KQ/B}2/ KBMBK�H bm#i`�+iBQM b+?2K2 (k9)- r?2`2 /Bp2`;2Mi TQH2b BM ϵ �`2

bm#i`�+i2/ rBi? 2ti`� 7�+iQ`b Q7

Sd+1 =
2

Γ(d/2) (4π)d/2
UkXkV

�ii�+?2/X q2 BMi`Q/m+2 i?2 `2MQ`K�HBx2/ +QmTHBM; g #v

u = Z4
µϵg

Sd+1
UkXjV

AM Qm` +�H+mH�iBQMb- r2 rBHH �Hr�vb b2i g iQ Bib }t2/ TQBMi p�Hm2 BKK2/B�i2Hv �7i2` TQH2b BM ϵ

Re



*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

?�p2 #22M bm#i`�+i2/X q2 �HbQ r`Bi2

s0 = sc + Z2s UkX9V

r?2`2 s Bb � `2MQ`K�HBx2/ imMBM; T�`�K2i2` /2b+`B#BM; `2H2p�Mi T2`im`#�iBQMb �+`Qbb i?2

+`BiB+�H TQBMi �i s = 0X

q2 �`2 �HbQ BMi2`2bi2/ BM i?2 /2T2M/2M+2 Q7 i?2 ;`QmM/ bi�i2 2M2`;v �b � 7mM+iBQM Q7 i?2

;2QK2i`v Q7 i?2 iQ`mb �M/ i?2 imMBM; sX h?Bb `2[mB`2b BMi`Q/m+BM; i?2 +QmMi2`i2`K

Λ = ZΛ
s2Z2

2Sd+1

µϵ
UkX8V

r?B+? `2M/2`b i?2 2M2`;v /2MbBiv }MBi2X AM i?2 �#Qp2 2tT`2bbBQMb- i?2 Z 7�+iQ`b +QMi�BM TQH2b

BM ϵ- �M/ µ Bb �M �`#Bi`�`v 2M2`;v b+�H2X AM T`BM+BTH2 QM2 �HbQ M22/b iQ `2MQ`K�HBx2 i?2 }2H/b

φα- #mi i?2b2 rBHH MQi +QMi`B#mi2 iQ i?2 H2�/BM; Q`/2` 2tT`2bbBQMb bQ r2 B;MQ`2 i?Bb ?2`2X 6Q`

� `2pB2r Q7 i?2b2 /2}MBiBQMb �M/ i?2B` `2H�iBQM iQ L = ∞ Q#b2`p�#H2b- b22 �TT2M/Bt �XRX

h?2 K�BM i2+?MB+�H 72�im`2 Q7 i?2 ϵ@2tT�MbBQM BM � }MBi2 pQHmK2 Bb i?2 BKTQ`i�M+2 Q7 i?2

x2`Q@KQK2MimK KQ/2X aBM+2 i?2 }2H/b �`2 ;�TH2bb �i i?2 }t2/ TQBMi 7Q` ϵ→ 0- i?2 x2`Q KQ/2

;2M2`�i2b BM+m`�#H2 BM7`�`2/ /Bp2`;2M+2b BM T2`im`#�iBQM i?2Q`vX h?2b2 +�M #2 `2H�i2/ iQ i?2

7�BHm`2 Q7 2tT�M/BM; �`QmM/ K2�M }2H/ i?2Q`v- r?2`2 i?2 x2`Q KQ/2 +�M ?�p2 �`#Bi`�`BHv

H�`;2 ~m+im�iBQMb BM i?2 �#b2M+2 Q7 BMi2`�+iBQMbX h?Bb `2bmHib BM � +QMiBMmmK Q7 x2`Q KQ/2

2t+Bi�iBQMb 7Q` i?2 7`22 }2H/ i?2Q`v- r?2`2�b i?2 BMi2`�+iBM; i?2Q`v Kmbi ?�p2 � ;�T �M/ �

/Bb+`2i2 b2i Q7 bi�i2b- bBM+2 i?2 [m�`iB+ i2`K BM i?2 >�KBHiQMB�M rBHH bmTT`2bb ~m+im�iBQMb Q7

i?2 x2`Q KQ/2X h?2`27Q`2- i?2 7`22 }2H/ i?2Q`v rBi? � x2`Q KQ/2 Bb MQi i?2 +Q``2+i bi�`iBM;

TQBMi BM T2`im`#�iBQM i?2Q`vX

�b r�b }`bi `2�HBx2/ #v GɃb+?2` (k8)- �M/ 7m`i?2` /2p2HQT2/ #v Qi?2`b bim/vBM; }MBi2 bBx2

2z2+ib BM +H�bbB+�H +`BiB+�H T?2MQK2M� (ke- kd)- i?2 bQHmiBQM Bb iQ b2T�`�i2 i?2 x2`Q KQ/2 �M/

i`2�i Bi MQM@T2`im`#�iBp2HvX aBM+2 i?2 }MBi2 KQK2MimK KQ/2b ?�p2 �M 2z2+iBp2 ;�T- i?2v

+�M #2 b�72Hv BMi2;`�i2/ Qmi BM � T�i? BMi2;`�H �TT`Q�+?- H2�/BM; iQ �M 2z2+iBp2 �+iBQM 7Q`
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*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

i?2 x2`Q KQK2MimK KQ/2b r?B+? Kmbi #2 i`2�i2/ 2t�+iHvX >2`2 r2 Tm`bm2 � >�KBHiQMB�M

�TT`Q�+? `�i?2` i?�M � T�i? BMi2;`�H �TT`Q�+?- #mi Qm` K2i?Q/ Bb i?2 b�K2 BM T`BM+BTH2X q2

MQi2 i?�i � bBKBH�` `2�H@iBK2 �TT`Q�+? r�b mb2/ iQ bim/v HQr@2M2`;v bT2+i`mK Q7 u�M;@JBHHb

i?2Q`v QM i?2 iQ`mb BM _27X (k3)X

q2 2tT�M/ i?2 }2H/b �M/ i?2B` +QMDm;�i2 KQK2Mi� �b

φα(x) = A
1−d
4 ϕα +

1

Ad/4

∑

k ̸=0

eik·x√
2ωk

(
bα(k) + b†α(−k)

)

Πα(x) = A− d+1
4 πα − i

Ad/4

∑

k ̸=0

√
ωk

2
eik·x

(
bα(k)− b†α(−k)

)
UkXeV

r?2`2 ωk =
√
|k|2 + s0 �M/ k · x = Re(kx∗)X h?2 p�Hm2b Q7 KQK2MimK bmKK2/ Qp2` �`2

/2i2`KBM2/ #v i?2 b?�T2 Q7 i?2 iQ`mb- b22 �TT2M/Bt �XjX Pm` 2tT�MbBQM ?�b #22M +?Qb2M

bm+? i?�i i?2 QT2`�iQ`b ϕα- πα- �M/ bα(k) �`2 /BK2MbBQMH2bb �M/ ?�p2 i?2 +QKKmi�iBQM

`2H�iBQMb

[ϕα, πβ] = iδαβ, [bα(k), b
†
β(k

′)] = δαβδkk′ UkXdV

q2 MQr BMb2`i i?Bb 2tT`2bbBQM BMiQ UkXRV �M/ b2T�`�i2 i?2 >�KBHiQMB�M BMiQ � ǳ7`22Ǵ �M/

ǳBMi2`�+iBQMǴ T�`i- r?2`2 r2 BMbBbi i?�i �HH x2`Q@KQ/2 +QMi`B#miBQMb �`2 BM+Hm/2/ BM i?2

BMi2`�+iBQM T�`i,

H = H0 + V,

H0 = E0 +
∑

k ̸=0

ωkb
†
α(k)bα(k), UkX3V

q2 �`2 /2}MBM; i?2 #�`2 ;`QmM/ bi�i2 2M2`;v

E0 = Ad/2Λ+
N

2

∑

k ̸=0

ωk, UkXNV
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*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

�M/ �M BMi2`�+iBQM >�KBHiQMB�M-

V =
1√
A

{
π2

2
+

1

2
As0ϕ

2 +
uAϵ/2

4!
ϕ4

}

+
1√
A
uAϵ/2

(
δαβ
12
ϕ2 +

1

6
ϕαϕβ

)∑

k ̸=0

χα(−k)χβ(k)

2A1/2ωk

+
1√
A
uAϵ/2

6
ϕα

∑

k,k′ ̸=0

χα(k)χβ(k′)χβ(−k − k′)

(8A3/2ωkωk′ωk+k′)1/2

+
1√
A
uAϵ/2

4!

∑

k,k′,k′′ ̸=0

χα(k)χα(k′)χβ(k′′)χβ(−k − k′ − k′′)

4(A2ωkωk′ωk′′ωk+k′+k′′)1/2
UkXRyV

r?2`2 χα ≡ bα(k) + b†α(−k)- �M/ `2T2�i2/ H�iBM BM/B+2b �`2 bmKK2/X q2 +�M MQr /2p2HQT

T2`im`#�iBQM i?2Q`v BM V X h?2 ;`QmM/ bi�i2 2M2`;v UkXNV rBHH #2 `2MQ`K�HBx2/ �HQM; rBi?

BMi2`�+iBQMb BM Qm` }M�H 2tT`2bbBQMb �M/ 2tT�M/2/ iQ i?2 �TT`QT`B�i2 Q`/2` BM ϵX

aBM+2 i?2 x2`Q KQ/2 /Q2b MQi �TT2�` BM i?2 mMT2`im`#2/ >�KBHiQMB�M- i?2 mMT2`im`#2/

2B;2Mbi�i2b �`2 ;Bp2M #v

H0Ψ[ϕα]|k,α; k′, β; · · · ⟩ = (E0 + ωk + ωk′ + · · · )Ψ[ϕα]|k,α; k′, β; · · · ⟩ UkXRRV

>2`2- i?2 2M2`;B2b �`2 /2i2`KBM2/ #v i?2 6Q+F bi�i2b +`2�i2/ #v i?2 b†α QT2`�iQ`b- #mi bi�i2b

+�M #2 KmHiBTHB2/ #v �`#Bi`�`v MQ`K�HBx�#H2 7mM+iBQM�Hb Q7 i?2 x2`Q KQ/2 Ψ[ϕα]X aQ i?2

mMT2`im`#2/ bi�i2b �`2 BM}MBi2Hv /2;2M2`�i2- #mi i?Bb /2;2M2`�+v Bb #`QF2M BM T2`im`#�iBQM

i?2Q`vX

q2 mb2 � T2`im`#�iBQM 2tT�MbBQM /2p2HQT2/ #v "HQ+? (kN) r?B+? Bb r2HH@bmBi2/ iQ /2�HBM;

rBi? /2;2M2`�+vX h?2 K2i?Q/ BMpQHp2b /2`BpBM; �M 2z2+iBp2 >�KBHiQMB�M rBi?BM 2�+? /2;2M@

2`�i2 bm#bT�+2 r?Qb2 bT2+i`mK ;Bp2b i?2 bTHBiiBM; Q7 i?�i bm#bT�+2X aQ r2 }M/ �M QT2`�iQ`

Heff bm+? i?�i

Heff |α0⟩ = Eα|α0⟩ UkXRkV

RN



*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

r?2`2 |α0⟩ �`2 i?2 b2i Q7 mMT2`im`#2/ /2;2M2`�i2 bi�i2b- �M/

Eα = ϵ0 +O(V ) UkXRjV

�`2 i?2 2t�+i 2M2`;B2b mM/2` i?2 7mHH BMi2`�+iBM; >�KBHiQMB�M- r?2`2 ϵ0 Bb i?2 mMT2`im`#2/

2M2`;v Q7 i?2 bi�i2b |α0⟩X

q2 `2pB2r i?2 /2`Bp�iBQM Q7 "HQ+?Ƕb 2z2+iBp2 >�KBHiQMB�M BM �TT2M/Bt �XkX h?2 K�BM

`2bmHi M22/2/ Bb i?�i i?2 2z2+iBp2 >�KBHiQMB�M �i H2�/BM; Q`/2` Bb ;Bp2M #v

Heff = ϵ0P0 + P0V P0 + P0V
1− P0

ϵ0 −H0
V P0 +O(V 3) UkXR9V

r?2`2 P0 Bb i?2 T`QD2+iBQM QT2`�iQ` QMiQ i?2 /2;2M2`�i2 bm#bT�+2 |α0⟩X h?2 +�H+mH�iBQM Q7

i?2 2z2+iBp2 >�KBHiQMB�M rBHH `2bmHi BM lo /Bp2`;2M+2b /m2 iQ bmKK�iBQMb Qp2` BM}MBi2Hv

H�`;2 KQK2Mi� BKTHB+BiHv +QMi�BM2/ BM 1[X UkXR9V- bQ i?Bb Bb i?2 bi2T r?2`2 i?2 i?2Q`v Bb

`2MQ`K�HBx2/X

6`QK 1[X UkXRRV- r2 +�M BM72` i?2 �+iBQM Q7 Heff QM Qm` /2;2M2`�i2 bm#bT�+2bX �M �`#Bi`�`v

bi�i2 BM � ;Bp2M /2;2M2`�i2 K�MB7QH/ i�F2b i?2 7Q`K

M∑

a=1

Ψa[ϕ] |{ki}⟩a UkXR8V

r?2`2 M Bb i?2 MmK#2` Q7 6Q+F bi�i2b rBi? i?2 b�K2 2M2`;vX h?Bb /2;2M2`�+v #2ir22M

BM2[mBp�H2Mi 6Q+F bi�i2b rBHH #2 /m2 iQ PUNV bvKK2i`v Q` /Bb+`2i2 `Qi�iBQM bvKK2i`vX h?2

2z2+iBp2 >�KBHiQMB�M rBHH i�F2 i?2 7Q`K Q7 �M M ×M K�i`Bt r?B+? �+ib �b

M∑

b=1

Heff,ab Ψb[ϕ]|{ki}⟩b = E Ψa[ϕ]|{ki}⟩a UkXReV

h?Bb 2z2+iBp2 >�KBHiQMB�M rBHH #2 � 7mM+iBQM Q7 π �M/ ϕX .m2 iQ i?2 +QKKmi�iBQM `2H�iBQMb-

i?2 �+iBQM Q7 π QM Ψa[ϕ] Bb πα = −i ∂
∂ϕα

- bQ i?Bb rBHH #2 � b2i Q7 M +QmTH2/ /Bz2`2MiB�H

ky



*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

2[m�iBQMbX AM T`�+iB+2- bvKK2i`B2b Q7 i?2 BMi2`�+iBQM rBHH �HHQr mb iQ +QMbB/2` bK�HH2` #HQ+F@

/B�;QM�H bm#bT�+2b b2T�`�i2HvX 6Q` Qm` KQ/2H- i?2 BMi2`�+iBQM +QMb2`p2b KQK2MimK �M/

PUNV `Qi�iBQMb- r?B+? 7m`i?2` +QMbi`�BMb i?2 7Q`K Q7 Heff �M/ Bib 2B;2Mp2+iQ`bX

kXj *�H+mH�iBQM Q7 i?2 2772+iBp2 >�KBHiQMB�Mb

kXjXR ai`m+im`2 Q7 i?2 2772+iBp2 >�KBHiQMB�Mb

"27Q`2 T`Q+22/BM; rBi? 2tTHB+Bi +�H+mH�iBQMb- r2 }`bi /2b+`B#2 i?2 ;2M2`�H bi`m+im`2 Q7 i?2

2z2+iBp2 >�KBHiQMB�M �M/ Bib /2T2M/2M+2 QM ϵ- �M/ /Bb+mbb i?2 T2`im`#�iBp2 bT2+i`mK Q7 i?2

>�KBHiQMB�M 7Q` bK�HH ϵX q2 ;Bp2 i?Bb /Bb+mbbBQM T`BQ` iQ 2tTHB+Bi +�H+mH�iBQMb #2+�mb2 r2

rBHH b22 i?�i i?2 T2`im`#�iBQM i?2Q`v Bb `2Q`/2`2/ BM i?2 b+�HBM; HBKBi- H2�/BM; iQ � KQ/B}2/

2tT�MbBQM BM 7`�+iBQM�H TQr2`b Q7 ϵX q2 rBHH }M/ i?�i i?2 i2`Kb BM V /Q MQi +QMi`B#mi2

iQ i?2 ϵ@/2T2M/2M+2 Q7 i?2 bT2+i`mK i?�i rQmH/ #2 M�śp2Hv BM72``2/ #v 1[X UkXRyV- bQ Qm`

�M�HvbBb rBHH �B/ mb BM +Q``2+iHv }M/BM; i?2 H2�/BM; +QMi`B#miBQMb r?2M r2 im`M iQ 2tTHB+Bi

+�H+mH�iBQMbX q2 rBHH �HbQ ?B;?HB;?i ?Qr i?2 #2?�pBQ` Q7 i?2 bT2+i`mK +?�M;2b /2T2M/BM; QM

i?2 K�;MBim/2 Q7 i?2 imMBM; T�`�K2i2` sX

>2`2 r2 rBHH +QMbB/2` i?2 2z2+iBp2 >�KBHiQMB�M r?2M i?2 6Q+F bi�i2 Bb MQM@/2;2M2`�i2

UM = 1 BM 1[X UkXReVV- bBM+2 i?2 �M�HvbBb Bb bBKBH�` BM i?2 ;2M2`�H +�b2X 6`QK 1[X UkXR9V- i?2

2z2+iBp2 >�KBHiQMB�M �i H2�/BM; Q`/2` i�F2b i?2 7Q`K

Heff = E0 +
1√
A

[
K
π2

2
+

1

2
Rϕ2 +

U

4!
ϕ4

]
+ · · ·

K = 1 +O(ϵ2)

R = As+ r1ϵ+O(ϵ2)

U =
48π2ϵ

N + 8
+O(ϵ2) UkXRdV

r?2`2 i?2 2HHBTb2b rBHH BM+Hm/2 �//BiBQM�H QT2`�iQ`b r?B+? rBHH MQi �TT2�` mMiBH O(ϵ2)X h?2

+Q2{+B2Mi Q7 2�+? i2`K rBHH #2 � `2;mH�` b2`B2b BM ϵX >2`2 r2 r`Bi2 r1 �b i?2 O(ϵ) +Q2{+B2Mi

kR



*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

Q7 i?2 QT2`�iQ` ϕ2
αX q2 ?�p2 mb2/ i?2 `2H�iBQMb BM �TT2M/Bt �XR iQ b2i i?2 [m�`iB+ +QmTHBM;

iQ Bib }t2/ TQBMiX

aBM+2 r2 �`2 BMi2`2bi2/ BM i?2 +`BiB+�H `2;BK2- r2 }`bi +QMbB/2` i?2 i?2Q`v 7Q` s = 0X AM i?Bb

+�b2- i?2 +Q2{+B2Mib Q7 i?2 [m�/`�iB+ �M/ [m�`iB+ i2`Kb �`2 #Qi? O(ϵ)- #mi i?2 bi`m+im`2 Q7

i?2 bT2+i`mK +�M #2 K�/2 KQ`2 +H2�` #v K�FBM; i?2 +�MQMB+�H i`�Mb7Q`K�iBQM

ϕ→ ϵ−1/6ϕ, π → ϵ1/6π UkXR3V

�7i2` r?B+? i?2 >�KBHiQMB�M Bb ;Bp2M #v

Heff = E0 +
ϵ1/3√
A

[
K
π2

2
+

1

2
Rϵ−2/3ϕ2 +

U/ϵ

4!
ϕ4

]
+ · · · UkXRNV

q2 b22 i?�i r?2M s = 0- i?2 >�KBHiQMB�M i�F2b i?2 7Q`K

Heff = E0 +
ϵ1/3√
A
h(ϵ) UkXkyV

r?2`2

h(ϵ) = k
π2

2
+

1

2
rϕ2 + uϕ4

k = 1 +O(ϵ2)

r = ϵ1/3 (r1 +O(ϵ))

u =
48π2

N + 8
+O(ϵ) UkXkRV

q2 b22 i?�i h(0) Bb � Tm`2 [m�`iB+ �M?�`KQMB+ Qb+BHH�iQ` r?Qb2 bT2+i`mK ;Bp2b i?2 bT2+i`mK

Q7Heff iQ Q`/2` ϵ1/3X 6m`i?2`KQ`2- i?2 H2�/BM; +Q``2+iBQMb �`2 ;Bp2M #v Q#i�BMBM; i?2 bT2+i`mK

Q7 h(ϵ) BM � T2`im`#�iBQM b2`B2b BM ϵ1/3X h?mb- i?2 bT2+i`mK Q7 i?2 qBHbQM@6Bb?2` }t2/ TQBMi �i

bK�HH ϵ ?�b K�TT2/ iQ i?2 bT2+i`mK Q7 � [m�`iB+ �M?�`KQMB+ Qb+BHH�iQ` BM � bi`QM;@+QmTHBM;

2tT�MbBQMX

kk



*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

A7 r2 `2T2�i i?2 �#Qp2 �M�HvbBb 7Q` s ̸= 0- r2 }M/ i?�i i?2 [m�/`�iB+ +Q2{+B2Mi Q7 i?2

`2/m+2/ >�KBHiQMB�M h(ϵ) Bb KQ/B}2/ iQ

r =
As

ϵ2/3
+ ϵ1/3 (r1 +O(ϵ)) UkXkkV

6Q` As ! ϵ2/3- Qm` T`2pBQmb �M�HvbBb MQ HQM;2` ?QH/bX h?2 bT2+i`mK rBHH #2 ;Bp2M #v � r2�F@

+QmTHBM; 2tT�MbBQM �`QmM/ � bBKTH2 ?�`KQMB+ Qb+BHH�iQ` >�KBHiQMB�M T`QpB/2/ As ≫ ϵX h?Bb

Bb b2MbB#H2 #2+�mb2 Qm` 2MiB`2 �TT`Q�+? ?�b #22M #�b2/ QM i?2 ;�TH2bbM2bb Q7 i?2 x2`Q KQ/2-

r?2`2�b � MQMx2`Q s +QMi`B#mi2b � ;�TX 6Q` H�`;2 2MQm;? p�Hm2b Q7 As- r2 /Q MQi M22/

iQ b2T�`�i2 i?2 x2`Q KQ/2- �M/ r2 +QmH/ ?�p2 /QM2 � MQ`K�H 2tT�MbBQM �`QmM/ :�mbbB�M

}2H/ i?2Q`v- r?B+? Bb 2[mBp�H2Mi iQ i?2 r2�F +QmTHBM; 2tT�MbBQM BM i?2 +m``2Mi 2z2+iBp2

>�KBHiQMB�M �TT`Q�+?X h?2 +`QbbQp2` 7`QK � r2�FHv@+QmTH2/ Qb+BHH�iQ` rBi? � T�`iB+H2@HBF2

bT2+i`mK iQ � bi`QM;Hv@+QmTH2/ Qb+BHH�iQ` bB;M�Hb i?2 #`2�F/QrM Q7 T�`iB+H2@HBF2 2t+Bi�iBQMb

�i i?2 [m�MimK +`BiB+�H TQBMiX Ai Bb BMi2`2biBM; i?�i i?Bb Q++m`b �H`2�/v 7Q` �`#Bi`�`BHv bK�HH

p�Hm2b Q7 ϵ- `2~2+iBM; i?2 BKTQ`i�M+2 Q7 BMi2`�+iBQMb BM +QM}MBM; i?2 x2`Q KQ/2X

AM i?2 7QHHQrBM; r2 rBHH �Hr�vb �bbmK2

As = O(ϵ) UkXkjV

Q` bK�HH2`- bQ i?�i r2 K�v mb2 i?2 b�K2 bi`QM;@+QmTHBM; 2tT�MbBQM Q7 h(ε) �i s = 0 �M/

s ̸= 0X

h?2 `2Q`/2`BM; Q7 i?2 T2`im`#�iBp2 2tT�MbBQM `2[mB`2b � KQ/B}2/ �M�HvbBb Q7 Qm` T2`im`@

#�iBQM i?2Q`vX h?Bb +�M #2 KQbi 2�bBHv pBbm�HBx2/ #v `2T`2b2MiBM; i2`Kb BM i?2 2z2+iBp2

>�KBHiQMB�M /B�;`�KK�iB+�HHv- �bbQ+B�iBM; 2ti`� 7�+iQ`b Q7 ϵ−1/6 rBi? 7�+iQ`b Q7 ϕ �MiB+BT�i@

BM; i?2 miBHBiv Q7 i?2 i`�Mb7Q`K�iBQM BM 1[X UkXR3VX qBi? i?Bb BM KBM/- r2 +�M b+?2K�iB+�HHv

`2r`Bi2 i?2 BMi2`�+iBQM >�KBHiQMB�M 1[X UkXRyV �7i2` i?2 +�MQMB+�H i`�Mb7Q`K�iBQM iQ B/2MiB7v

kj



*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

6B;m`2 kXjXR, UG27iV GBM2b `2T`2b2MiBM; i?2 BMb2`iBQM Q7 i?2 QT2`�iQ`b πα- ϕα- �M/ χα(k) ≡ bα(k) +

b†α(−k)X U_B;?iV h?2 p2`iB+2b Q7 i?2 BMi2`�+iBQM >�KBHiQMB�M +QmTHBM; i?2 x2`Q KQ/2b iQ i?2 }MBi2
KQK2MimK KQ/2bX h?2 iQT i?`22 p2`iB+2b `2T`2b2Mi i?2 i?`22 i2`Kb QM i?2 }`bi HBM2 Q7 1[X UkXRyV-
�M/ �TT2�` BM 2p2`v 2z2+iBp2 >�KBHiQMB�MX h?2 #QiiQK i?`22 p2`iB+2b `2T`2b2Mi i?2 H�bi i?`22 HBM2b
Q7 1[X UkXRyV `2bT2+iBp2HvX �b �`;m2/ BM a2+iBQM kXjXR- i?2 H�#2HH2/ TQr2`b Q7 ϵ `272` iQ i?2 Q`/2` �i
r?B+? 2�+? p2`i2t +QMi`B#mi2b iQ i?2 bT2+i`mKX

i?2 BM/BpB/m�H i2`Kb rBi? i?2 +Q``2+i TQr2`b Q7 ϵ,

V =
ϵ1/3√
A

{
π2

2
+

1

2

As0
ϵ2/3

ϕ2 +
uAϵ/2

ϵ1/34!
ϕ4

}
+
ϵ2/3√
A

(
δαβ
12
ϕ2 +

1

6
ϕαϕβ

)
M (2)

αβ

+
ϵ5/6√
A
ϕαM

(1)
α + ϵM (0) UkXk9V

>2`2- i?2M (n) +Q2{+B2Mib BMpQHp2 n 7�+iQ`b Q7 }MBi2@KQK2MimK KQ/2bX qBi? i?Bb 7Q`K Q7 i?2

BMi2`�+iBQM- r2 r`Bi2 /QrM i?2 p2`iB+2b �bbQ+B�i2/ rBi? V BM 6B;X kXjXRX h?2M BM +�H+mH�iBM;

i?2 2z2+iBp2 >�KBHiQMB�M 7`QK 1[X UkXR9V r2 Q`;�MBx2 i?2 ϵ@2tT�MbBQM /B�;`�KK�iB+�HHv

mbBM; i?2b2 p2`iB+2bX AM T`�+iB+2 Bi Bb 2�bB2` iQ rQ`F /B`2+iHv rBi? 1[X UkXRyV iQ +QKTmi2

i?2 2z2+iBp2 >�KBHiQMB�M- #mi i?2 +Q``2+i Q`/2` Q7 2�+? i2`KǶb +QMi`B#miBQM iQ i?2 2M2`;v

bT2+i`mK rBHH #2 ;Bp2M #v i?2 ϵ +Q2{+B2Mi TB+im`2/ BM 6B;X kXjXRX

k9



*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

kXjXk 1772+iBp2 >�KBHiQMB�Mb 7Q` HQr@HvBM; bi�i2b

AM i?Bb b2+iBQM r2 rBHH ;Bp2 i?2 2tTHB+Bi /2`Bp�iBQM Q7 i?2 2z2+iBp2 >�KBHiQMB�Mb 7Q` i?2 HQr2bi@

HvBM; bi�i2b BM i?2 6Q+F bT2+i`mKX q2 rBHH T2`7Q`K i?2 +�H+mH�iBQM 7Q` BM+`2�bBM;Hv +QKTH2t

+�b2b- rBi? 2�+? 2t�KTH2 ?�pBM; �M �//2/ bm#iH2iv +QKT�`2/ iQ i?2 T`2pBQmb +�b2- �7i2`

r?B+? i?2 ;2M2`�H bi`m+im`2 7Q` i?2 2z2+iBp2 >�KBHiQMB�M bTHBiiBM; �M �`#Bi`�`v 6Q+F bi�i2

b?QmH/ 7QHHQrX

6Q+F p�+mmK

q2 #2;BM #v +QMbB/2`BM; i?2 bTHBiiBM; Q7 i?2 6Q+F p�+mmKX h?Bb rBHH ;Bp2 mb i?2 HQr2bi@HvBM;

x2`Q@KQK2MimK bi�i2b- BM+Hm/BM; i?2 2M2`;v ;�TX h?2 mMT2`im`#2/ 2B;2Mbi�i2 Bb

Ψ[ϕ]|0⟩. UkXk8V

aBM+2 P0 = |0⟩⟨0|- i?2 2z2+iBp2 >�KBHiQMB�M rBHH #2 Q7 i?2 7Q`K

Heff,k=0 = hk=0|0⟩⟨0|. UkXkeV

6`QK 1[X UkXReV- i?2 a+?`ƺ/BM;2` 2[m�iBQM �+iBM; QM i?2 mMT2`im`#2/ bm#bT�+2 `2/m+2b iQ

hk=0Ψ[ϕ] = EΨ[ϕ] UkXkdV

r?2`2- mbBM; 1[X UkXR9V- i?2 `2/m+2/ >�KBHiQMB�M hk=0 �i QM2@HQQT Bb ;Bp2M #v

hk=0 = E0 + ⟨0|V |0⟩ − ⟨0|V
(
1− |0⟩⟨0|
H0 − E0

)
V |0⟩. UkXk3V

�i i?Bb TQBMi r2 MQi2 i?�i 2p2`v i2`K �TT2�`BM; BM hk=0 +�M #2 �bbQ+B�i2/ rBi? � /B�;`�KX

h?2 i?`22 i2`Kb BM i?Bb 2[m�iBQM +Q``2bTQM/ iQ /B�;`�Kb rBi? x2`Q- QM2- �M/ irQ p2`iB+2b

`2bT2+iBp2HvX "2+�mb2 i?2 BMi2`�+iBQM V +QMb2`p2b KQK2MimK- 2�+? p2`i2t Kmbi �HbQ 2M7Q`+2

k8



*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

6B;m`2 kXjXk, UG27iV h?2 /B�;`�Kb r?B+? +QMi`B#mi2 iQ i?2 2z2+iBp2 >�KBHiQMB�M �i H2�/BM; Q`/2`X
1�+? `Qr Bb �bbQ+B�i2/ rBi? � i2`K r`Bii2M BM 1[X UkXkNVX U_B;?iV h?2 H2�/BM; irQ@HQQT +QMi`B#miBQM
iQ i?2 2z2+iBp2 >�KBHiQMB�M- r?B+? r2 /Q MQi +�H+mH�i2X

KQK2MimK +QMb2`p�iBQMX h?2 2tT2+i�iBQM p�Hm2b �M/ bmKb Qp2` k BKTHB2b QM2 Kmbi +QMi`�+i

�HH χ(k) T`QT�;�iQ`bX 6BM�HHv- i?2 T`2b2M+2 Q7 i?2 T`QD2+iQ` BM i?2 H�bi i2`K K2�Mb r2 Kmbi

+QMi`�+i i?2 irQ p2`iB+2b- T`2p2MiBM; �Mv /Bb+QMM2+i2/ /B�;`�Kb 7`QK �TT2�`BM;X

q`BiBM; i?2 2z2+iBp2 >�KBHiQMB�M �b

hk=0 =
1√
A
π2
α

2
+ h(0)

k=0 + h(2)
k=0ϕ

2
α + h(4)

k=0ϕ
4
α, UkXkNV

r2 +QHH2+i i?2 QM2@HQQT i2`Kb r?B+? +QMi`B#mi2 iQ i?2 2z2+iBp2 >�KBHiQMB�M BM 6B;X kXjXkX

�i O(ϵ5/3) r2 2M+QmMi2` � MQMi`BpB�H irQ@HQQT /B�;`�K- �HbQ TB+im`2/ BM 6B;X kXjXk- bQ r2

i`mM+�i2 i?2 bT2+i`mK iQ Q`/2` ϵ4/3X

ke



*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

lbBM; 1[X (2.10)- r2 Q#i�BM

h(0)
k=0 = A(3−ϵ)/2Λ+

N

2

∑

k ̸=0

√
|k|2 + s0 +

uAϵ/2

A3/2

N(N + 2)

4(4!)

[
∑

k ̸=0

1√
|k|2 + s0

]2

h(2)
k=0 =

ϕ2

2
τ 1/22 LsZ2 +

uAϵ/2

2τ2L2

(
δαβ
12
ϕ2 +

1

6
ϕαϕβ

)∑

k ̸=0

δαβ√
|k|2 + s

UkXjyV

h(4)
k=0 =

uAϵ/2

√
τ2L

ϕ4

4!
−
(
uAϵ/2

)2

8τ 22L
4

(
δαβ
12
ϕ2 +

1

6
ϕαϕβ

)(
δγδ
12
ϕ2 +

1

6
ϕγϕδ

)∑

k ̸=0

δαγδβδ + δαδδβγ

(|k|2 + s)3/2

�i i?Bb TQBMi- r2 M22/ iQ 2p�Hm�i2 i?2b2 BM}MBi2 bmKb BM 3 − ϵ /BK2MbBQMb- �M/ r2 M22/

iQ `2MQ`K�HBx2 i?2 i?2Q`vX h?2b2 i2+?MB+�H /2i�BHb �`2 i`2�i2/ �i H2M;i? BM i?2 �TT2M/B+2bX

AM �TT2M/Bt �Xj Bi Bb b?QrM ?Qr iQ 2p�Hm�i2 BM}MBi2 bmKb BM �`#Bi`�`v /BK2MbBQM- �M/ BM

�TT2M/Bt �X9 i?2b2 i?`22 2tT`2bbBQMb �`2 2tTHB+BiHv 2p�Hm�i2/- �M/ i?2 +�M+2HH�iBQM Q7 �HH

/Bp2`;2M+2b Bb /2KQMbi`�i2/X q2 Q#i�BM i?2 7QHHQrBM; 2z2+iBp2 >�KBHiQMB�M,

hk=0 = Ek=0 +
1

√
τ2L

(
π2
α

2
+

R

2
ϕ2
α +

U

4!
ϕ4
α

)

Ek=0 ≡
πN

τ2L
f (3−ϵ)
−1/2 (τ, s, µ) +

1
√
τ2L

N(N + 2)

N + 8

ϵ

8
τ2f

(3)
1/2(τ, s, µ)

2

R ≡ τ2L
2s+ 2πϵ

(
N + 2

N + 8

)
τ 1/22 f (3)

1/2(τ, s, µ)

U ≡ 48π2ϵ

N + 8

{
1− τ 3/22 ϵ

4π
f (3)
3/2(τ, s) +

3 (3N + 14)

(N + 8)2
ϵ

}
UkXjRV

h?mb- i?2 HQr2bi bi�i2b BM i?2 bT2+i`mK Q7 i?2 PUNV qBHbQM@6Bb?2` }t2/ TQBMi �`2 ;Bp2M

#v bQHpBM; i?2 [m�MimK K2+?�MB+b T`Q#H2K Q7 �M BbQi`QTB+- N @/BK2MbBQM�H �M?�`KQMB+ Qb@

+BHH�iQ`X >2`2- i?2 bT2+B�H 7mM+iBQMb f (d)
ν (τ, s, µ) �`2 ;Bp2M 2tTHB+BiHv BM 1[MbX U�X89@�X8eV-

�M/ i?2 7mM+iBQM f (3−ϵ)
−1/2 (τ, s, µ) b?QmH/ #2 2tT�M/2/ iQ }`bi Q`/2` BM ϵX

h?2 7mM+iBQMb f (d)
−1/2 �M/ f (d)

1/2 /2T2M/ QM i?2 `2MQ`K�HBx�iBQM b+�H2 µ- r?B+? +�M #2 2HBK@

BM�i2/ #v �TTHvBM; `2MQ`K�HBx�iBQM +QM/BiBQMb QM i?2 s ̸= 0 ;`QmM/ bi�i2 2M2`;v �M/ i?2

2M2`;v ;�TX AM i?Bb T�T2` r2 rBHH MQi 2HBKBM�i2 µ- bBM+2 i?2 BM}MBi2 pQHmK2 [m�MiBiB2b �`2

MQM@�M�HviB+ �`QmM/ i?2 +`BiB+�H TQBMiX >Qr2p2`- Qm` �bbmKTiBQM i?�i s ∼ O(ϵ) �HHQrb mb iQ

kd



*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

b2i s iQ x2`Q BM K�Mv Q7 i?2 i2`KbX q2 7m`i?2`KQ`2 MQi2 i?�i �i i?2 +`BiB+�H TQBMi- s = 0-

i?2 µ@/2T2M/2M+2 /`QTb Qmi �M/ i?2 bT2+i`mK Bb � mMBp2`b�H 7mM+iBQM Q7 τ - N - �M/ ϵX h?2

+Q2{+B2Mib Q7 i?2 >�KBHiQMB�M �`2 KQ/mH�` BMp�`B�Mi �i s = 0- r?B+? 7QHHQrb 7`QK 1[X U�X99V

�M/ i?2 KQ/mH�` BMp�`B�M+2 Q7 A = τ2L2X

�7i2` T2`7Q`KBM; � +�MQMB+�H i`�Mb7Q`K�iBQM bBKBH�` iQ 1[X UkXR3V- i?Bb >�KBHiQMB�M i�F2b

i?2 7Q`K

hk=0 = Ek=0 +
1

√
τ2L

(
U

4!

)1/3(π2
α

2
+

RU−2/3

2
ϕ2
α + ϕ4

α

)
UkXjkV

q2 rBHH T`BK�`BHv rQ`F rBi? i?Bb 7Q`K Q7 i?2 >�KBHiQMB�M BM a2+iBQM kX9X

aBM;H2 T�`iB+H2 6Q+F bi�i2b

q2 MQr +QMbB/2` i?2 bTHBiiBM; Q7 i?2 bBM;H2 T�`iB+H2 bi�i2

Ψα[ϕ]|k,α⟩ UkXjjV

r?2`2 r2 �bbmK2 i?2`2 �`2 MQ KmHiB@T�`iB+H2 6Q+F bi�i2b rBi? i?2 b�K2 KQK2MimK �M/

2M2`;v- bQ r2 QMHv M22/ iQ +QMbB/2` �M N @7QH/ /2;2M2`�i2 K�MB7QH/X h?Bb �bbmKTiBQM b?QmH/

?QH/ 7Q` i?2 bK�HH2bi p�Hm2b Q7 |k|X h?2 2z2+iBp2 >�KBHiQMB�M +�M #2 r`Bii2M �b � K�i`Bt

2[m�iBQM �+iBM; QM i?2 p2+iQ` Q7 7mM+iBQMb Ψα,

N∑

β=1

hk,αβΨβ[ϕ] = EΨα[ϕ] UkXj9V

r?2`2 i?2 2z2+iBp2 >�KBHiQMB�M hk,αβ +�M #2 `2T`2b2Mi2/ #v �M N × N K�i`Bt r?Qb2 +QK@

TQM2Mib �`2

hk,αβ =

(√
k2 + s20 + E0

)
δαβ + ⟨k,α|V |k, β⟩ − ⟨k,α|V

(
1−

∑
α |k,α⟩⟨k,α|

H0 −
√
|k|2 + s− E0

)
V |k, β⟩

UkXj8V

�M/ |k,α⟩ = b†α|0⟩X

k3



*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

6B;m`2 kXjXj, .B�;`�Kb r?B+? +QMi`B#mi2 M2r i2`Kb iQ i?2 2z2+iBp2 >�KBHiQMB�M 7Q` i?2 bTHBiiBM; Q7
� bBM;H2 6Q+F bi�i2X

h?2 i2`Kb BM i?Bb 2[m�iBQM +�M �HbQ #2 ;Bp2M � /B�;`�KK�iB+ `2T`2b2Mi�iBQM, QM2 +�M +QM@

bB/2` �HH /B�;`�Kb rBi? irQ 2ti2`M�H }MBi2@KQK2MimK HBM2b +�``vBM; KQK2MimK kX >Qr2p2`-

i?2 2ti2`M�H KQK2Mi� /Q MQi M22/ iQ #2 +QMi`�+i2/ rBi? i?2 p2`iB+2b BM �Mv Q7 i?2 i2`KbX

�b � +QMb2[m2M+2- r2 Q#i�BM � i2`K

hk,αβ ⊃ hk=0δαβ UkXjeV

bBKTHv #v i�FBM; i?2 /B�;`�Kb BM 6B;X kXjXk �M/ /`�rBM; � /Bb+QMM2+i2/ bQHB/ HBM2 BM i?2KX

AM �//BiBQM iQ i?2b2- r2 rBHH ;2i M2r +QMi`B#miBQMb /m2 iQ i?2 2ti`� /B�;`�Kb TB+im`2/ BM

6B;m`2 kXjXjX PMHv QM2 Q7 i?2b2 /B�;`�Kb +QMi�BMb � HQQT- bQ i?2`2 rBHH QMHv #2 � bBM;H2 M2r

/Bp2`;2M+2 r?B+? Bb +�M+2HH2/ #v i?2 K�bb `2MQ`K�HBx�iBQM Q7 s0 BM i?2 }`bi i2`K Q7 1[X UkXj8VX

�M 2tTHB+Bi +�H+mH�iBQM bBKBH�` iQ i?2 QM2 /QM2 7Q` i?2 6Q+F p�+mmK `2bmHib BM

hk,αβ = (Ek + hk=0) δαβ +
1

√
τ2L

(
Rk

2

(
ϕ2
ηδαβ + 2ϕαϕβ

)
+

Uk

4!

(
δαβϕ

4
η + ϕ2

ηϕαϕβ

))

Ek ≡
√

|k|2 + s+
1

L

(
N + 2

N + 8

)
πϵ√

|k|2 + s
f (3)
1/2(s, τ, µ)

Rk ≡
1

τ2L2

8π2ϵ

(N + 8)

1√
|k|2 + s

Uk ≡ − 1

τ 22L
4

192π4ϵ2

(N + 8)2
1

(|k|2 + s)3/2
UkXjdV

6Q` N > 1- i?Bb Bb �M �MBbQi`QTB+ �M?�`KQMB+ Qb+BHH�iQ`X

kN



*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

hrQ@T�`iB+H2 6Q+F bi�i2b

q2 MQr +QMbB/2` KBtBM; #2ir22M bi�i2b Q7 i?2 7Q`K

Ψαβ[ϕ]|k1,α; k2, β⟩ UkXj3V

q2 ?�p2 |k1,α; k2, β⟩ = S12b†α(k1)b
†
β(k2)|0⟩ r?2`2 r2 `2[mB`2 � "Qb2 bvKK2i`v 7�+iQ`, S12 =

1√
2
B7 k1 = k2 �M/ α = β- �M/ S12 = 1 Qi?2`rBb2X q2 rBHH �bbmK2 i?�i i?2`2 �`2 MQ QM2@

T�`iB+H2 Q` ≥ 3@T�`iB+H2 bi�i2b rBi? Qp2`H�T rBi? i?Bb bi�i2X >Qr2p2`- r2 rBHH +QMbB/2` i?2

+�b2 r?2`2 i?2`2 2tBbib BM2[mBp�H2Mi bi�i2b |k1,α; k2, β⟩- |k3,α; k4, β⟩- bm+? i?�i

√
|k1|2 + s+

√
|k2|2 + s =

√
|k3|2 + s+

√
|k4|2 + s UkXjNV

"2+�mb2 i?2 BMi2`�+iBQM V +QMb2`p2b KQK2MimK- i?2b2 bi�i2b rBHH QMHv KBt B7

k1 + k2 = k3 + k4. UkX9yV

am+? bi�i2b +�M +QMi`B#mi2 iQ i?2 HQr@2M2`;v bT2+i`mK QM i?2 iQ`mbX 6Q` 2t�KTH2- QM i?2

b[m�`2 Uτ = iV iQ`mb i?2 bi�i2b |2π/L,α;−2π/L, β⟩ �M/ |2πi/L,α;−2πi/L, β⟩ �`2 BM2[mBp�@

H2Mi #mi +�M KBtX

h?2 2z2+iBp2 >�KBHiQMB�M Bb MQr +�H+mH�i2/ BM � bBKBH�` K�MM2` iQ i?2 T`2pBQmb irQ +�b2b-

�M/ i?2`2 Bb �M Q#pBQmb /B�;`�KK�iB+ ;2M2`�HBx�iBQM Q7 i?2 T`2pBQmb `mH2bX q2 MQr /`�r

/B�;`�Kb rBi? 7Qm` 2ti2`M�H HBM2b rBi? KQK2Mi� ki- i = 1, ..., 4X q2 i?2M +QMbB/2` �HH TQbbB#H2

+QMi`�+iBQMb rBi? 2Bi?2` x2`Q- QM2- Q` irQ p2`iB+2bX q2 QM+2 �;�BM }M/ � TB2+2 T`QTQ`iBQM�H

iQ hk=0- r?B+? BMpQHp2b i?2 /B�;`�Kb BM 6B;X kXjXk #mi rBi? i?2 7Qm` 2ti2`M�H HBM2b +QMi`�+i2/

�M/ /Bb+QMM2+i2/ iQ i?2 p2`iB+2bX AM �//BiBQM- r2 ;2i +QMi`B#miBQMb r?B+? �`2 bBKTHv i?2

/B�;`�Kb BM 6B;X kXjXj #mi rBi? � bBM;H2 �//BiBQM�H }MBi2@KQK2MimK HBM2 /Bb+QMM2+i2/ 7`QK

i?2 `2biX 6BM�HHv- r2 Q#i�BM i?2 �//BiBQM�H /B�;`�K TB+im`2/ BM 6B;X kXjX9- r?B+? +�M +QMM2+i

jy



*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

6B;m`2 kXjX9, h?2 �//BiBQM�H /B�;`�K r?B+? +QMi`B#mi2b iQ i?2 bTHBiiBM; Q7 i?2 irQ@T�`iB+H2 6Q+F
bi�i2bX

i?2 BM2[mBp�H2Mi bi�i2b +QMbB/2`2/ �#Qp2X h?Bb /Q2b MQi +QMi�BM � HQQT- bQ Bi Bb }MBi2X

�M 2tTHB+Bi +�H+mH�iBQM ;Bp2b

h2k,αβ;µν =

[
δαµδβνδk1k3δk2k4 + δανδβµδk1k4δk2k3

1 + δµνδk3k4

]
hk=0

+
δαµδk1k3δk2k4
1 + δµνδk3k4

[hk3,βν − δβνhk=0] +
δανδk1k4δk2k3
1 + δµνδk3k4

[hk4,βµ − δβµhk=0] UkX9RV

+
1

τ 3/22 L3

4π2ϵ

(N + 8)

(δαβδµν + δαµδβν + δανδβµ)

[(|k1|2 + s)(|k2|2 + s)(|k3|2 + s)(|k4|2 + s)]1/2
δk1+k2,k3+k4

(1 + δk1k2δk3k4δαβδµν)

h?2 }`bi irQ HBM2b Q7 1[X UkX9kV +�M #2 ;Bp2M BM i2`Kb Q7 i?2 i?2 x2`Q@T�`iB+H2 �M/ bBM;H2@

T�`iB+H2 >�KBHiQMB�Mb- r?BH2 i?2 H�bi i2`K Bb M2r �M/ +QMi`B#mi2b � +QMbi�Mi b?B7i BM i?2

2M2`;vX Ai Bb i?2 H�bi i2`K r?B+? +�M KBt irQ bi�i2b mM`2H�i2/ #v PUNV bvKK2i`v- H2�/BM;

iQ � KmHiB/BK2MbBQM�H >�KBHiQMB�M 2p2M r?2M N = 1X

JBtBM; #2ir22M QM2@ �M/ irQ@T�`iB+H2 6Q+F bi�i2b

q2 MQr +QMbB/2` i?2 2z2+iBp2 >�KBHiQMB�M r?B+? +QmTH2b i?2 bi�i2b |k,α⟩ �M/ |k1, γ; k2, δ⟩X

AM Q`/2` 7Q` i?2b2 bi�i2b iQ KBt- r2 M22/

√
|k1|2 + s+

√
|k2|2 + s =

√
|k|2 + s ,

k1 + k2 = k3. UkX9kV

jR



*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

6B;m`2 kXjX8, h?2 /B�;`�K r?B+? +QMi`B#mi2b iQ i?2 2z2+iBp2 >�KBHiQMB�M KBtBM; bBM;H2@T�`iB+H2 �M/
irQ@T�`iB+H2 6Q+F bi�i2bX

q?BH2 i?Bb b2i Q7 2[m�iBQMb Bb p2`v `2bi`B+iBp2- r?2M s = 0 Bi +�M #2 b�iBb}2/ #v +?QQbBM;

k1 �M/ k2 iQ #2 +QHHBM2�`- bQ BM Qm` 2tT`2bbBQMb r?2`2 As " ϵ- r2 �Hr�vb ?�p2 s ≪ |k|2

�M/ i?2b2 bi�i2b rBHH KBtX q2 rBHH �bbmK2 ?2`2 i?�i i?2 QMHv Qi?2` KBtBM; Bb /m2 iQ PUNV

bvKK2i`vX

q2 +�M r`Bi2 i?2 >�KBHiQMB�M KBtBM; i?2b2 irQ bi�i2b �b

⎛

⎜⎝
hk,αβ hα;γδ

(hβ;µν)
† h2k,µν;γδ

⎞

⎟⎠

⎛

⎜⎝
|k, β⟩

|k1, γ; k2, δ⟩

⎞

⎟⎠ = En

⎛

⎜⎝
|k,α⟩

|k1, µ; k2, ν⟩

⎞

⎟⎠ UkX9jV

r?2`2 i?2 /B�;QM�H >�KBHiQMB�Mb �`2 ;Bp2M #v i?2 QM2@T�`iB+H2 �M/ irQ@T�`iB+H2 +�b2b �#Qp2-

�M/ i?2 Qz@/B�;QM�H 2H2K2Mib �`2

hα;γδ = ⟨k,α|V |k1, γ, k2, δ⟩ − ⟨k,α|V
(

1− Pk

H0 −
√

|k|2 + s− E0

)
V |k1, γ, k2, δ⟩ UkX99V

r?2`2 Pk Bb i?2 T`QD2+iQ` QMiQ i?2 /2;2M2`�i2 bm#bT�+2X q2 r�Mi �HH /B�;`�Kb rBi? i?`22

2ti2`M�H HBM2b rBi? KQK2Mi� k- k1- �M/ k3X h?Bb H2�/b iQ i?2 /B�;`�K BM 6B;m`2 kXjX8- r?B+?

Bb }MBi2- ;BpBM;

hα;γδ =
1

√
τ2L

4
√
2π2ϵ

(N + 8)

(δαγϕδ + δαδϕγ + δδγϕα)

((|k|2 + s)(|k1|2 + s)(|k2|2 + s))1/4
UkX98V

jk



*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

h?Bb +QmTHBM; #2ir22M 6Q+F bi�i2b rBi? /Bz2`2Mi T�`iB+H2 MmK#2` Bb �MQi?2` K�MB72bi�iBQM

Q7 i?2 #`2�F/QrM Q7 r2HH@/2}M2/ [m�bBT�`iB+H2b �i � [m�MimK +`BiB+�H TQBMiX

�i i?Bb TQBMi r2 ?QT2 Bi Bb +H2�` ?Qr iQ ;2M2`�HBx2 i?2b2 `2bmHib iQ KQ`2 +QKTHB+�i2/ +�b2bX

�b QM2 KQp2b ?B;?2` BM i?2 bT2+i`mK- KQ`2 /2;2M2`�+B2b #2ir22M 6Q+F bi�i2b �`2 TQbbB#H2

�M/ KQ`2 +QKTHB+�i2/ 2z2+iBp2 >�KBHiQMB�Mb rBHH #2 M22/2/X

kX9 LmK2`B+�H bQHmiBQM Q7 i?2 2772+iBp2 >�KBHiQMB@

�Mb

Ai `2K�BMb iQ }M/ i?2 bT2+i`mK Q7 i?2 2z2+iBp2 >�KBHiQMB�Mb T2`im`#�iBp2Hv BM ϵX h?Bb Kmbi

#2 /QM2 MmK2`B+�HHv- bBM+2 i?2 [m�`iB+ �M?�`KQMB+ Qb+BHH�iQ` ?�b MQ �M�HviB+ bQHmiBQMX :Bp2M

i?�i i?2`2 �`2 K�Mv 2z2+iBp2 >�KBHiQMB�Mb- �M/ 2�+? M22/b iQ #2 bQHp2/ iQ �i H2�bi i?B`/

Q`/2` BM T2`im`#�iBQM i?2Q`v iQ Q#i�BM i?2 ϵ4/3 +QMi`B#miBQM- i?Bb Bb QM2 Q7 i?2 #B;;2bi #�``B2`b

iQ Q#i�BMBM; i?2 bT2+i`mKX

>2`2 r2 b?Qr ?Qr iQ Q#i�BM i?2 bT2+i`mK 7Q` KQbi Q7 i?2 HQr@HvBM; 2z2+iBp2 >�KBHiQMB�Mb

BM i?2 N = 1 +�b2- r?2`2 i?2 >�KBHiQMB�Mb �`2 Q7i2M QM2@/BK2MbBQM�H [m�`iB+ Qb+BHH�iQ`bX 6Q`

N > 1- r2 rBHH +QM}M2 Qm`b2Hp2b iQ bQHpBM; i?2 2z2+iBp2 >�KBHiQMB�M r?B+? bTHBib i?2 6Q+F

p�+mmK- r?2`2 `Qi�iBQM�H BMp�`B�M+2 �HHQrb mb iQ K�T Bi iQ � QM2@/BK2MbBQM�H /Bz2`2MiB�H

2[m�iBQM BM ǳ`�/B�HǴ +QQ`/BM�i2bX

AM �TT2M/Bt �Xd r2 /Bb+mbb Q7 i?2 N = ∞ HBKBi Q7 i?2 ϵ 2tT�MbBQM- r?2`2 r2 +�M bQHp2

i?2 bT2+i`mK Q7 i?2 6Q+F p�+mmK 2z2+iBp2 >�KBHiQMB�M 2t�+iHvX q2 b?Qr �;`22K2Mi rBi?

i?2 `2bmHib Q7 i?2 H�`;2@N 2tT�MbBQM Q7 *?�Ti2` j r?2`2p2` TQbbB#H2X
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*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

kX9XR N = 1

q2 2tTHQBi i?2 7�+i i?�i KQbi Q7 i?2 2z2+iBp2 >�KBHiQMB�Mb 7Q` i?2 HQr@HvBM; bi�i2b +�M #2

r`Bii2M BM i?2 7Q`K Ub22 2X;X 1[X UkXjkVV

Heff = E + uh[r] UkX9eV

r?2`2

h[r] = −1

2

d2

dϕ2
+

r

2
ϕ2 + ϕ4 UkX9dV

>2`2- E Bb � FMQrM 7mM+iBQM Q7 ϵ- �M/

u = u1ϵ
1/3 + u2ϵ

4/3 +O(ϵ7/3)

r = r1ϵ
1/3 +O(ϵ4/3) UkX93V

7Q` bQK2 +QMbi�Mib r1- u1,2 r?B+? /2T2M/ QM i?2 bT2+B}+ 2z2+iBp2 >�KBHiQMB�M BM [m2biBQMX

h?2M r2 M22/ i?2 bT2+i`mK Q7 h[r] BM � TQr2` b2`B2b BM rX �7i2` r`BiBM;

h[r]Ψ[ϕ] = λn(r)Ψ[ϕ], UkX9NV

2tT�MbBQM Q7 i?2 bT2+i`mK BM ϵ +�M #2 r`Bii2M

λn(r) =
∞∑

m=0

cn,mr
m UkX8yV

�bbmKBM; r2 FMQr i?2 +Q2{+B2Mib cn,m r?B+? �TT2�` BM i?Bb 2tT�MbBQM- r2 +�M bBKTHv r`Bi2

/QrM i?2 bT2+i`mK iQ i?2 /2bB`2/ Q`/2`,

En(ϵ) = E + u1cn,0ϵ
1/3 + u1r1cn,1ϵ

2/3 + u1r
2
1cn,2ϵ+

(
u1r

3
1cn,3 + u2cn,0

)
ϵ4/3 +O

(
ϵ5/3
)

UkX8RV
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τ = i κ = 0 κ = 1 κ =
√
2 κ = 2

LE

@yXRk
RXdy
8Xy9

eXk3
3Xde

3XNy
3XNy

RRXkj
RkXkN

RkX88

h�#H2 kX9XR, GQr@HvBM; bT2+i`mK Q7 i?2 +`BiB+�H AbBM; KQ/2H QM i?2 b[m�`2 iQ`mb 7`QK ϵ@2tT�MbBQM-
BM+Hm/BM; i?2 ;`QmM/ bi�i2 2M2`;vX h?2 bi�i2b b?�/2/ ;`�v �`2 Q// mM/2` i?2 ;HQ#�H Z2 bvKK2i`v-
r?BH2 i?2 mMb?�/2/ bi�i2b �`2 Z2 2p2MX >2`2 r2 T�`�K2i`Bx2 i?2 KQK2MimK #v κ = L|k|/(2π)X

6Q`imM�i2Hv- i?2 MmK2`B+�H +�H+mH�iBQM Q7 i?2 +Q2{+B2Mib cn,m ?�b #22M 2ti2MbBp2Hv bim/B2/ BM

i?2 HBi2`�im`2X AM _27X (jy)- h�#H2b d �M/ Ry- i?2 +Q2{+B2Mib cn,m 7Q` m = 1, .., 10- n = 1, ..., 10

�`2 ;Bp2M rBi? �i H2�bi }p2 /B;Bi �++m`�+vX h?mb- 7Q` QM2@/BK2MbBQM�H 2z2+iBp2 >�KBHiQMB�Mb-

i?2 bT2+i`mK +�M #2 Q#i�BM2/X

>Qr2p2`- i?2`2 +�M biBHH #2 KmHiB@/BK2MbBQM�H 2z2+iBp2 >�KBHiQMB�Mb 7Q` N = 1 /m2 iQ KBt@

BM; #2ir22M /Bz2`2Mi 6Q+F bi�i2bX 6Q`imM�i2Hv- i?2 7Q`K Q7 i?2 KBtBM; Bb Q7i2M p2`v bBKTH2X

AM +QKTmiBM; i?2 HQr@HvBM; bT2+i`mK- i?2 }`bi KBtBM; QM2 +QK2b �+`Qbb Bb #2ir22M irQ BM@

2[mBp�H2Mi irQ@T�`iB+H2 bi�i2b- �b /2b+`B#2/ BM a2+iBQM kXjXkX h?2`2- i?2 2z2+iBp2 >�KBHiQMB�M

�+iBM; QM i?2b2 irQ bi�i2b i�F2b i?2 7Q`K

h2k = h2k,1I+ h2k,2σ
x UkX8kV

r?2`2 h2k,2 Bb Q7 Q`/2` ϵ �M/ Bb BM/2T2M/2Mi Q7 i?2 x2`Q KQ/2X AM i?Bb +�b2- r2 +�M /B�;QM�HBx2

i?2 >�KBHiQMB�M #v BMbT2+iBQM- Q#i�BMBM; i?2 2M2`;v bTHBiiBM;

E2k,− = E2k,1 − h2k,2

E2k,+ = E2k,1 + h2k,2 UkX8jV
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*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

r?2`2 E2k,1 �`2 i?2 2M2`;B2b Q7 h2k,1X

6BM�HHv- r2 /Q 2M+QmMi2` i?2 bi�i2b /2b+`B#2/ BM a2+iBQM kXjXk r?B+? KBt i?2 bBM;H2@T�`iB+H2

�M/ irQ@T�`iB+H2 6Q+F bi�i2bX AM i?Bb +�b2- r2 Kmbi MmK2`B+�HHv +�H+mH�i2 i?2 +QMi`B#miBQMX

>Qr2p2`- i?Bb Bb K�/2 2�bB2` #v i?2 7�+i i?�i i?2 Q`/2` ϵ5/6 i2`K �`Bb2b BM }`bi@Q`/2` T2`im`@

#�iBQM i?2Q`v- bQ r2 QMHv M22/ i?2 x2`Qi? Q`/2` r�p2 7mM+iBQMbX h?�i Bb- r2 }`bi MmK2`B+�HHv

+�H+mH�i2 i?2 x2`Qi? Q`/2` r�p2 7mM+iBQMb r?B+? /B�;QM�HBx2 hk �M/ h2k- �M/ i?2M r2 +QKTmi2

i?2 Qp2`H�T ∫ ∞

−∞
dϕΨk[ϕ]Ψ2k[ϕ]h1k2 UkX89V

q2 +�H+mH�i2 i?2 mMT2`im`#2/ r�p2 7mM+iBQM MmK2`B+�HHv mbBM; i?2 b�K2 b?QQiBM; K2i?Q/

/2b+`B#2/ BM �TT2M/Bt �X8 7Q` i?2 N > 1 +�b2X

h?2 HQr@HvBM; bT2+i`mK Q7 i?2 +`BiB+�H AbBM; KQ/2H QM i?2 b[m�`2 iQ`mb Bb ;Bp2M BM h�#H2

kX9XRX

kX9Xk N > 1

>2`2 r2 rBHH 7Q+mb QM i?2 bTHBiiBM; Q7 i?2 6Q+F p�+mmK- r?2`2 i?2 >�KBHiQMB�M Bb �M BbQi`QTB+

N @/BK2MbBQM�H Qb+BHH�iQ`X q2 #2;BM rBi? 1[X UkXjkV,

hk=0 = Ek=0 +
1

√
τ2L

(
U

4!

)1/3(π2
α

2
+

RU−2/3

2
ϕ2
α + ϕ4

α

)
UkX88V

h?2M /2}MBM;

hN [s] = −1

2
∇2

ϕ +
s

2
ϕ2
α + ϕ4

α UkX8eV

�M/ i?2 `2/m+2/ +QmTHBM;b

1
√
τ2L

(
U

4!

)1/3

= u1ϵ
1/3 + u2ϵ

4/3 +O(ϵ7/3)

RU−2/3 = r1ϵ
1/3 +O(ϵ4/3), UkX8dV

r2 Q#i�BM 1[X UkX8RV 2t+2Ti i?2 +Q2{+B2Mib cn,m rBHH /2T2M/ QM N X

je



*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

hQ K�F2 7m`i?2` T`Q;`2bb- r2 i�F2 �/p�Mi�;2 Q7 i?2 7�+i i?�i hN [r] +�M #2 r`Bii2M BM

bT?2`B+�H +QQ`/BM�i2b- �7i2` r?B+? Bi b2T�`�i2b BMiQ � FMQrM �M;mH�` 2[m�iBQM �M/ � QM2@

/BK2MbBQM�H `�/B�H 2[m�iBQMX q2 ;Q iQ ?vT2`bT?2`B+�H +QQ`/BM�i2b

ϕ1 = ρ cos

ϕ1 = ρ sin θ1 cos θ2

ϕ1 = ρ sin θ1 sin θ2 cos θ3

XXX

ϕN−1 = ρ sin θ1 · · · sin θN−2 cos θN−1

ϕN = ρ sin θ1 · · · sin θN−2 sin θN−1 UkX83V

h?2M i?2 G�TH�+B�M +�M #2 r`Bii2M BM i?2 b2T�`�#H2 7Q`K

∇2
ϕ =

N∑

i=1

∂2

∂2ϕi
=

1

ρN−1

∂

∂ρ
ρN−1 ∂

∂ρ
+

1

ρN−1
∇2

SN−1 UkX8NV

r?2`2 ∇2
SN−1 Bb i?2 G�TH�+B�M QM i?2 (N−1)@bT?2`2X q2 rBHH MQi mb2 i?2 +QQ`/BM�i2 `2T`2b2M@

i�iBQM Q7 i?Bb QT2`�iQ`- #mi BMbi2�/ mb2 r?�i Bb FMQrM Q7 Bib bT2+i`mK (jR)X h?2 2B;2Mp2+iQ`b

�M/ 2B;2Mp�Hm2b �`2 ;Bp2M #v

−∇2
SN−1Yℓ,ℓ1,ℓ2,...,ℓN−2(θi) = ℓ (ℓ+N − 2)Yℓ,ℓ1,ℓ2,...,ℓN−2(θi) UkXeyV

r?2`2 i?2 2B;2M7mM+iBQMb +�M #2 ;Bp2M BM i2`Kb Q7 :2;2M#�m2` TQHvMQKB�Hb Q7 i?2 cos θi- �M/
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i?2 BM/B+2b +�M `�M;2 7`QK

ℓ = 0, 1, 2, ...

ℓ1 = −ℓ2,−ℓ2 + 1,−ℓ2 + 2, ..., ℓ2

ℓ2 = 0, 1, 2, ..., ℓ3

ℓ3 = 0, 1, 2, ..., ℓ4

XXX

ℓN−2 = 0, 1, 2, ..., ℓ UkXeRV

h?2 bT2+i`mK /Q2b MQi /2T2M/ QM i?2 i?2 ℓiX h?Bb ;Bp2b � /2;2M2`�+v 7Q` � ;Bp2M 2B;2Mp�Hm2

ℓ Q7

N (ℓ, N) =
(2ℓ+N − 2)(ℓ+N − 3)!

ℓ!(N − 2)!
UkXekV

7Q` N ≥ 3X 6Q` N = 2- i?2`2 Bb QMHv QM2 2B;2M7mM+iBQM 7Q` 2�+? ℓ- #mi i?2 bi�i2b Yℓ �M/ Y−ℓ

�`2 /2;2M2`�i2 Ui?2b2 �`2 bBKTHv i?2 bi�i2b eiℓθ �M/ e−iℓθV- bQ i?2 /2;2M2`�+v Bb

N (ℓ, 2) =

⎧
⎪⎪⎨

⎪⎪⎩

1 ℓ = 0

2 ℓ > 0

UkXejV

6BM�HHv- r2 MQi2 i?�i i?2 2B;2M7mM+iBQMb �`2 BM i?2 bvKK2i`B+ i`�+2H2bb i2MbQ` `2T`2b2Mi�iBQM

Q7 PUNV- �M/ r2 +�M H�#2H i?2b2 `2T`2b2Mi�iBQMb mbBM; i?2 2B;2Mp�Hm2 ℓX

qBi? i?2b2 2B;2M7mM+iBQMb- r2 +�M 2tT`2bb Qm` 7mM+iBQM�Hb �b

Ψ[ϕ] = Rn,ℓ(ρ)Yℓ,ℓ1,ℓ2,...,ℓN−2(θi) UkXe9V

�M/ i?2 2B;2Mp�Hm2 2[m�iBQM #2+QK2b

1

2

(
− 1

ρN−1

∂

∂r
ρN−1 ∂

∂ρ
− ℓ (ℓ+N − 2)

ρN−1
+ rρ2 + 2ρ4

)
Rn,ℓ(ρ) = En,ℓRn,ℓ(ρ) UkXe8V
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*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM
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9Xd9

eXdN
3XjR

RyXjk
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ReXRN
kyX8k

h�#H2 kX9Xk, GQr@HvBM; bT2+i`mK Q7 i?2 +`BiB+�H PUkV KQ/2H QM i?2 b[m�`2 iQ`mb 7`QK ε@2tT�MbBQM-
BM+Hm/BM; i?2 ;`QmM/ bi�i2 2M2`;vX h?2b2 bi�i2b �`2 Q#i�BM2/ 7`QK i?2 2z2+iBp2 >�KBHiQMB�M r?B+?
;Bp2b i?2 bTHBiiBM; Q7 i?2 k = 0 6Q+F p�+mmKX h?2 ℓ = 0 bi�i2b �`2 MQM@/2;2M2`�i2 r?BH2 i?2 ℓ > 0
bi�i2b �`2 irQ@7QH/ /2;2M2`�i2X

>2`2 r2 ?�p2 BMi`Q/m+2/ � `�/B�H [m�MimK MmK#2` n- r?B+? +Q``2bTQM/b iQ i?2 MmK#2` Q7

x2`Qb BM RX q2 ?�p2 `2/m+2/ Qm` T`Q#H2K iQ � QM2@/BK2MbBQM�H 2B;2Mp�Hm2 2[m�iBQM- �M/ r2

rBb? iQ }M/ i?2 bT2+i`mK T2`im`#�iBp2Hv BM rX AM �M�HQ;v rBi? i?2 N = 1 +�b2- r2 r`Bi2 i?Bb

2tT�MbBQM �b

En,ℓ =
∞∑

m=0

cn,ℓ,mr
m UkXeeV

q2 ?�p2 Q#i�BM2/ i?2 +Q2{+B2Mib Q7 i?2 T2`im`#�iBp2 2tT�MbBQM BM r 7Q` N = 2, 3, 4-

ℓ = 0, ..., 4 �M/ n = 0, 1 MmK2`B+�HHvX q2 Q#i�BM2/ i?2b2 #v }`bi bQHpBM; i?2 r = 0 2[m�iBQM

MmK2`B+�HHv 7Q` i?2 r�p2 7mM+iBQM �M/ 2M2`;vX q2 i?2M mb2/ HQ;�`Bi?KB+ T2`im`#�iBQM i?2Q`v

(jk- jj)- r?B+? Bb r2HH@bmBi2/ iQ i?Bb T`Q#H2K #2+�mb2 Bi �HHQrb QM2 iQ }M/ i?2 +Q2{+B2Mib

Q7 i?2 2tT�MbBQM /B`2+iHv 7`QK i?2 mMT2`im`#2/ 2M2`;v �M/ r�p2 7mM+iBQM rBi?Qmi M22/BM;

2t+Bi2/ bi�i2bX q2 /2i�BH i?Bb �TT`Q�+? �M/ ;Bp2 i?2 `2H2p�Mi MmK2`B+�H `2bmHib BM �TT2M/Bt

�X8X lbBM; i?2b2 `2bmHib- i?2 2M2`;v iQ H2�/BM; Q`/2` Bb

En,ℓ(ϵ) = E + u1cn,ℓ,0ϵ
1/3 + u1r1cn,ℓ,1ϵ

2/3 + u1r
2
1cn,ℓ,2ϵ+

(
u1r

3
1cn,ℓ,3 + u2cn,ℓ,0

)
ϵ4/3 +O

(
ϵ5/3
)

UkXedV

q2 ;Bp2 i?2 HQr2bi@HvBM; bi�i2b 7Q` N = 2 �M/ N = 3 �i i?2 +`BiB+�H TQBMi BM h�#H2b kX9Xk
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@yXee

RXd9
kXN8

9X8N
eXky

dX3R
NXeN

RjX98
RdX9d

h�#H2 kX9Xj, GQr@HvBM; bT2+i`mK Q7 i?2 +`BiB+�H PUjV KQ/2H QM i?2 b[m�`2 iQ`mb 7`QK ε@2tT�MbBQM-
BM+Hm/BM; i?2 ;`QmM/ bi�i2 2M2`;vX h?2b2 bi�i2b �`2 Q#i�BM2/ 7`QK i?2 2z2+iBp2 >�KBHiQMB�M r?B+?
;Bp2b i?2 bTHBiiBM; Q7 i?2 k = 0 6Q+F p�+mmKX h?2 bi�i2b ?�p2 /2;2M2`�+v 2ℓ+ 1X

�M/ kX9XjX

kX8 *QKT�`BbQM rBi? MmK2`B+�H +�H+mH�iBQM Q7 +`Bi@

B+�H iQ`mb bT2+i`� 7`QK H�iiB+2 KQ/2Hb

AM i?Bb b2+iBQM r2 +QKT�`2 Qm` �M�HviB+ `2bmHib rBi? i?2 MmK2`B+�H bT2+i`� Q#i�BM2/ mbBM;

2t�+i /B�;QM�HBx�iBQM U1.V QM 2tTHB+Bi H�iiB+2 KQ/2HbX

kX8XR N = 1

q2 }`bi +QMbB/2` i?2 O(1) = Z2 +`BiB+�H TQBMi- �HbQ FMQrM �b i?2 +`BiB+�H AbBM; KQ/2HX h?2b2

`2bmHib r2`2 T`2b2Mi2/ BM _272`2M+2 (j9)- r?B+? +QMi�BMb 7m`i?2` i2+?MB+�H /2i�BHb �#Qmi i?2

MmK2`B+�H +QKTmi�iBQMX LmK2`B+�H +QKTmi�iBQMb r2`2 T2`7Q`K2/ 7Q` i?2 72``QK�;M2iB+ irQ@

/BK2MbBQM�H i`�Mbp2`b2 }2H/ AbBM; Uh6AV KQ/2H-

HTFI = −J
∑

⟨i,j⟩

σz
i σ

z
j − h

∑

i

σx
i UkXe3V

9y



*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

6B;m`2 kX8XR, h?2 /Bz2`2Mi H�iiB+2 ;2QK2i`B2b mb2/ 7Q` i?2 h6A KQ/2HX h?2 `2/ #Qt2b BM/B+�i2 i?2
H�iiB+2 #�bBb +2HHb �M/ i?2 �``Qrb K�`F i?2 "`�p�Bb@p2+iQ`bX h?2 b[m�`2 �M/ b[m�`2@Q+i�;QM H�iiB+2b
Q#2v � C4 `Qi�iBQM�H bvKK2i`vc i?2 i`B�M;mH�`- ?QM2v+QK# �M/ F�;QK2 H�iiB+2b � C6 `Qi�iBQM�H bvK@
K2i`vX

6Q` H�`;2 h/J - i?2 bTBMb �`2 TQH�`Bx2/ �HQM; rBi? i?2 }2H/ h BM i?2 x /B`2+iBQM- �M/ i?2 bvbi2K

?�b � mMB[m2 T�`�K�;M2iB+ ;`QmM/ bi�i2X AM i?2 bK�HH h/J HBKBi- i?2 bvbi2K bTQMi�M2QmbHv

#`2�Fb i?2 Z2 bvKK2i`v σz
i → −σz

i - �M/ i?2 bvbi2K Bb BM � 72``QK�;M2iB+ bi�i2 rBi? � irQ@

7QH/ /2;2M2`�i2 ;`QmM/ bi�i2 BM �M BM}MBi2 pQHmK2X �i bQK2 BMi2`K2/B�i2 MQM@mMBp2`b�H p�Hm2

(h/J)c- i?2`2 Bb � [m�MimK T?�b2 i`�MbBiBQM #2ir22M i?2b2 irQ bi�i2b r?B+? Bb /2b+`B#2/ #v

i?2 N = 1 qBHbQM@6Bb?2` *6h (N)X

h?Bb KQ/2H r�b bBKmH�i2/ QM }p2 /Bz2`2Mi H�iiB+2b- b22 6B;m`2 kX8XRX h?2 H�iiB+2b +QMbB/2`2/

?�p2 2Bi?2` b[m�`2 UC4V Q` ?2t�;QM�H UC6V /Bb+`2i2 `Qi�iBQM�H bvKK2i`v KB+`Qb+QTB+�HHv- #mi

BM i?2 pB+BMBiv Q7 i?2 +`BiB+�H TQBMi r2 2tT2+i i?2b2 iQ ~Qr iQ i?2 b�K2 `Qi�iBQM�HHv@BMp�`B�Mi

*6h BM i?2 A_X h?2 H�iiB+2b �`2 i?2M bim/B2/ rBi? T2`BQ/B+ UiQ`QB/�HV #QmM/�`v +QM/BiBQMb-

r?2`2 7Q` bBKTHB+Biv i?2v �`2 ;Bp2M #QmM/�`v +QM/BiBQMb rBi? i?2 b�K2 TQBMi@;`QmT bvKK2@

i`B2b �b i?2 KB+`Qb+QTB+ H�iiB+2bX AM T�`iB+mH�`- i?2 H�iiB+2b rBi? b[m�`2 bvKK2i`v �`2 TH�+2/

QM � iQ`mb rBi? KQ/mH�` T�`�K2i2` τ = i- r?B+? i?2 H�iiB+2b rBi? ?2t�;QM�H bvKK2i`v �`2

QM � iQ`mb rBi? KQ/mH�` T�`�K2i2` τ = 2πi/3X

AM +QKT�`BM; 1. rBi? �M�HviB+ `2bmHib- r2 Kmbi �HbQ i�F2 BMiQ �++QmMi i?�i i?2 /BbT2`bBQM
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*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

/2T2M/b QM i?2 MQM@mMBp2`b�H p�Hm2 Q7 i?2 bT22/ Q7 HB;?i-

En =
c

L
ξn(τ) UkXeNV

AM i?2 T`2pBQmb b2+iBQMb Q7 i?Bb T�T2` r2 ?�p2 mb2/ mMBib r?2`2 c = 1- #mi BM 2tTHB+Bi H�iiB+2

KQ/2Hb i?2 bT22/ Q7 HB;?i rBHH /2T2M/ QM i?2 KB+`Qb+QTB+ /2i�BHbX 6Q` i?2 h6A KQ/2H- [m�MimK

JQMi2 *�`HQ UZJ*V +QKTmi�iBQMb r2`2 T2`7Q`K2/ 7Q` 2�+? Q7 i?2 H�iiB+2b iQ 2ti`�TQH�i2 i?2

bT22/ Q7 HB;?iX AM T�`iB+mH�`- i?2 2M2`;v bTHBiiBM; 7Q` i?2 HQr2bi Z2 Q// bi�i2b 7Q` � `�M;2

Q7 KQK2Mi� [kmin, kmax] r2`2 +QKTmi2/ �M/ 2ti`�TQH�i2/ iQ i?2 i?2`KQ/vM�KB+ HBKBi- �M/

}iiBM; i?2b2 iQ � HBM2�` bT2+i`mK E(k) = E0 + ck �HHQr2/ � +QKTmi�iBQM Q7 cX JQ`2 /2i�BHb-

BM+Hm/BM; 2tTHB+Bi p�Hm2b 7Q` c/J BM i?2 +`BiB+�H h6A KQ/2H QM i?2b2 }p2 H�iiB+2b- �`2 ;Bp2M BM

_272`2M+2 (j9)X

h?2 `2bi Q7 i?2 HQr@2M2`;v bT2+i`mK Bb +QKTmi2/ mbBM; 1. QM H�iiB+2b Q7 BM+`2�bBM; bBx2-

mT iQ � iQi�H Q7 9y bBi2bX h?2 2M2`;v H2p2Hb �`2 2ti`�TQH�i2/ iQ i?2 i?2`KQ/vM�KB+ HBKBi #v

}M/BM; i?2 �bvKTiQiB+ p�Hm2 Q7 LE �b � 7mM+iBQM Q7 1/LX h?2 MmK2`B+�H �M/ �M�HviB+ `2bmHib

�`2 2tTHB+BiHv +QKT�`2/ BM 6B;m`2 kX8XkX

kX8Xk N = 2

q2 MQr +QMbB/2` i?2 PUkV +`BiB+�H TQBMi- �HbQ FMQrM �b i?2 [m�MimK su KQ/2HX hrQ

/Bz2`2Mi H�iiB+2 KQ/2Hb rBHH #2 miBHBx2/ iQ bim/v i?2 +`BiB+�H bT2+i`mK Q7 i?Bb mMBp2`b�HBiv

+H�bb MmK2`B+�HHvX h?2 }`bi Bb � bTBM@R KQ/2H- S = 1- rBi? bBM;H2@BQM �MBbQi`QTv (j8- je)

HPUkV
1 = −J

∑

⟨i,j⟩

(
Sx
i S

x
j + Sy

i S
y
j

)
− Jz

∑

⟨i,j⟩

Sz
i S

z
j +D

∑

i

(Sz
i )

2 UkXdyV

q2 b2i i?2 2M2`;v b+�H2 #v +?QQbBM; J = 1X 6Q` bK�HH D i?2 bvbi2K Q`/2`b 72``QK�;M2iB+�HHv

BM i?2 x@y bTBM TH�M2- r?BH2 7Q` H�`;2 D i?2 bvbi2K �TT`Q�+?2b � T`Q/m+i bi�i2 Q7 bBM;H2 bTBMb

rBi? Sz = 0X h?2 T?�b2 i`�MbBiBQM Bb 7QmM/ iQ #2 BM i?2 sufPUkV mMBp2`b�HBiv +H�bbX h?2
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*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

0 1
p

2 2
p

5



0

2

4

6

8

10

12

14

16
(E
�

E
0)
⇥
p

N
/c

2⇥ ✏?

⌧ = i - Square

0 1
p

3 2



2⇥ ED

⌧ = 1
2 +

p
3

2 i - Triangular

Z2 even, ED/QMC
Z2 odd, ED/QMC
Z2 even, ✏-exp
Z2 odd, ✏-exp

6B;m`2 kX8Xk, lMBp2`b�H iQ`mb bT2+i`� 7Q` i?2 AbBM; *6h 7Q` i?2 KQ/mH�` T�`�K2i2`b τ = i UH27i T�M2HV
�M/ τ = 1/2 +

√
3/2i U`B;?i T�M2HVX 6mHH bvK#QHb /2MQi2 MmK2`B+�H `2bmHib Q#i�BM2/ #v 1. Q` ZJ*-

r?BH2 2KTiv bvK#QHb /2MQi2 i?2 ϵ@2tT�MbBQM `2bmHibX h?2 /�b?2/ HBM2 b?Qrb � /BbT2`bBQM �++Q`/BM; iQ
i?2 bT22/ Q7 HB;?iX AM i?Bb };m`2- N Bb i?2 iQi�H MmK#2` Q7 H�iiB+2 bBi2bX

T�`�K2i2` Jz +�M #2 imM2/ rBi?BM � `�M;2 �`QmM/ x2`Q iQ +?2+F i?2 bi�#BHBiv Q7 Qm` `2bmHibX

h?2 b2+QM/ KQ/2H r2 +QMbB/2` Bb i?2 bTBM@Rfk su@#BH�v2` KQ/2H (je- jd)X Ai +QMbBbib Q7

irQ mbm�H 72``QK�;M2iB+ su H�v2`b rBi? �//BiBQM�H su +QmTHBM;b #2ir22M i?2KX q2 /2MQi2

� bTBM HQ+�i2/ QM bBi2 i BM i?2 }`bi Ub2+QM/V H�v2` �b Si,1(2)- i?2 KQ/2H Bb i?2M /2b+`B#2/ #v

HPUkV
2 = −J

2∑

n=1

∑

⟨i,j⟩

(
Sx
i,nS

x
j,n + Sy

i,nS
y
j,n

)
+ J⊥

∑

i

(
Sx
i,1S

x
i,2 + Sy

i,1S
y
i,2

)
UkXdRV

q2 QMHv +QMbB/2` TQbBiBp2 +QmTHBM;b J, J⊥ > 0 ?2`2 �M/ b2i Qm` 2M2`;v b+�H2 J = 1X 6Q` H�`;2

J⊥ i?2 bvbi2K Bb /2b+`B#2/ #v � T`Q/m+i bi�i2 Q7 bBM;H2ib QM 2�+? BMi2`H�v2` #QM/- r?2`2�b

� su@72``QK�;M2i Bb 7Q`K2/ BM 2�+? TH�M2 7Q` bK�HH J⊥X h?2 irQ T?�b2b �`2 b2T�`�i2/ #v �

su [m�MimK +`BiB+�H TQBMi �i J⊥ = J c
⊥ = 5.460(1)J (jd)R

hQ +�H+mH�i2 i?2 +`BiB+�H iQ`mb 2M2`;v bT2+i`mK- r2 +QKTmi2 i?2 bT2+i`mK Q7 i?2 >�KBHiQ@
Rh?2 2M2`;v bT2+i`mK Q7 i?Bb KQ/2H Bb +QMb2`p2/ mM/2` +?�M;BM; i?2 bB;M Q7 J → −J r?2M i?2 KQK2Mi�

7Q` Q// Sz H2p2Hb �`2 b?B7i2/ �b k → k + (π,π)X h?2`27Q`2- i?2 +`BiB+�H +QmTHBM; Jc
⊥ Bb B/2MiB+�H 7Q` #Qi?-

72``QK�;M2iB+ �M/ �MiB72``QK�;M2iB+ J = ±1X
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*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

MB�Mb �i +`BiB+�HBiv QM }MBi2@bBx2 iQ`B+ +Hmbi2`b MmK2`B+�HHvX q2 KmHiBTHv i?2 }MBi2@bBx2 bT2+i`�

rBi? i?2 HBM2�` bvbi2K bBx2 L iQ ;2i `B/ Q7 i?2 /QKBM�Mi b+�HBM; �M/ i?2M 2ti`�TQH�i2 i?2b2

bT2+i`� BM 1/N iQ i?2 i?2`KQ/vM�KB+ HBKBiX 6m`i?2` /2i�BHb �#Qmi i?2 MmK2`B+�H �TT`Q�+?

+�M #2 7QmM/ BM _272`2M+2 (j3)X

AM 6B;X kX8Xj r2 T`2b2Mi i?2 MmK2`B+�HHv Q#i�BM2/ +`BiB+�H PUkV iQ`mb 2M2`;v bT2+i`mK BM

i?2 κ = 0 �M/ κ = 1 b2+iQ`bX >2`2 �M/ BM i?2 7QHHQrBM; r2 QMHv b?Qr i?2 HQr2bi 2M2`;v H2p2Hb

7Q` ℓ ≤ 4 r?B+? �`2 BM i?2 7mHHv bvKK2i`B+ `2T`2b2Mi�iBQM `2;�`/BM; i?2 H�iiB+2 TQBMi@;`QmT

bvKK2i`vX q2 �HbQ `2bi`B+i Qm` /Bb+mbbBQM iQ b[m�`2 H�iiB+2b- τ = iX _2bmHib 7Q` i`B�M;mH�`

;2QK2i`v τ = 1
2 +

√
3
2 i �`2 ;Bp2M BM _272`2M+2 (j3)X h?2 bT2+i`mK Bb MQ`K�HBx2/ bm+? i?�i i?2

HQr2bi ;�T BM i?2 ℓ = 0 b2+iQ` Bb b2i iQ ∆εT ≡ ∆ℓ=0 = 1X hQ /2KQMbi`�i2 i?2 bi�#BHBiv Q7 i?2

MmK2`B+�H `2bmHib �M/ i?2 mMBp2`b�HBiv Q7 i?2 bT2+i`mK- i?2 /Bz2`2Mi KQ/2Hb �M/ T�`�K2i2`b

+QMbB/2`2/ 7Q` PUkV mMBp2`b�HBiv �`2 b?QrM rBi? /Bz2`2Mi bvK#QHb �M/ +QHQ`b BM i?2 THQiX

6Q` κ = 0 r2 �HbQ THQi i?2 ϵ@2tT�MbBQM `2bmHib rBi? 2KTiv /B�KQM/b iQ +QKT�`2 i?2K rBi?

i?2 MmK2`B+bX q2 }M/ i?�i i?2v �;`22 `2�bQM�#Hv r2HH �M/ b?Qr � [m�HBi�iBp2Hv B/2MiB+�H

bi`m+im`2X

>2`2 r2 �HbQ MQi2 i?�i i?2 7Qm` `2H2p�Mi }2H/b BM i?2 PUkV *6h (R) +Q``2bTQM/ iQ i?2

HQr2bi ℓ = 1- ℓ = 2 �M/ ℓ = 3 H2p2Hb �b r2HH �b i?2 }`bi 2t+Bi2/ ℓ = 0 H2p2H BM i?2 +`BiB+�H

iQ`mb bT2+i`mK U�HH κ = 0VX AMi2`2biBM;Hv- i?2b2 �`2 i?2 7Qm` HQr2bi bi�i2b BM i?2 bT2+i`mKX

� bBKBH�` K�i+?BM; Q++m`b BM i?2 AbBM; *6h- r?2`2 i?2 irQ `2H2p�Mi }2H/b +Q``2bTQM/ iQ i?2

irQ HQr2bi H2p2Hb BM i?2 +`BiB+�H bT2+i`mK (j9)X Ai K�v #2 � ;2M2`�H 72�im`2 i?�i `2H2p�Mi }2H/b

Q7 i?2 *6h ?�p2 HB;?i �M�HQ;m2b BM i?2 +`BiB+�H iQ`mb bT2+i`mKX

kX8Xj N = 3

AM i?Bb b2+iBQM- r2 bim/v i?2 +`BiB+�H iQ`mb bT2+i`mK Q7 i?2 PUjV *6h MmK2`B+�HHvX hQ /Q bQ-

r2 �;�BM +QMbB/2` irQ /Bz2`2Mi H�iiB+2 KQ/2Hb rBi? � +`BiB+�H TQBMi FMQrM iQ #2 /2b+`B#2/

#v i?2 PUjV mMBp2`b�HBiv +H�bbX h?2 }`bi KQ/2H Bb i?2 T`QiQivTB+�H >2Bb2M#2`; #BH�v2` KQ/2H

99



*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

0 1 2 3 4

`, Sz

0

1

2

3

4

L
�

/�
`=

0

 = 0

0 1 2 3 4

`, Sz

 = 1

ED, bilayer
ED, Jzz = 1.0
ED, Jzz = 0.0
ED, Jzz = �0.5
✏-exp

O2 Square ED – O2 ✏-expansion

6B;m`2 kX8Xj, *`BiB+�H iQ`mb 2M2`;v bT2+i`mK 7Q` i?2 PUkV *6h QM � b[m�`2 ;2QK2i`v τ = i BM i?2
κ = 0 UH27iV �M/ i?2 κ = 1 U`B;?iV b2+iQ`bX h?2 `2bmHib �`2 MQ`K�HBx2/ bm+? i?�i ∆ℓ=0 = 1X 6mHH bvK@
#QHb /2MQi2 1. `2bmHib 7Q` /Bz2`2Mi KQ/2HbfT�`�K2i2`b- 2KTiv #H�+F /B�KQM/b b?Qr i?2 ϵ@2tT�MbBQM
`2bmHib 7Q` i?2 +`BiB+�H PUkV *6h Uκ = 0 QMHvVX ℓ = 0 H2p2Hb �`2 MQM@/2;2M2`�i2- r?BH2 ℓ > 0 H2p2Hb �`2
irQ@7QH/ /2;2M2`�i2 UiBK2b i?2 ;2QK2i`B+�H KmHiBTHB+Biv Q7 κ > 0 H2p2HbVX LQi2 i?�i i?2 1. `2bmHib QMHv
b?Qr H2p2Hb BM i?2 7mHHv bvKK2i`B+ `2T`2b2Mi�iBQM `2;�`/BM; i?2 H�iiB+2 TQBMi@;`QmT bvKK2i`vX G2p2Hb
BM Qi?2` TQBMi@;`QmT `2T`2b2Mi�iBQMb bi�`i iQ �TT2�` �#Qp2 ∆/∆l=0 ! 2 7Q` κ = 0X

(jNĜ9k)X Ai +QMbBbib Q7 bTBM@Rfk QM irQ H�v2`b rBi? M2�`2bi@M2B;?#Qm` >2Bb2M#2`; BMi`�TH�M2

+QmTHBM;b �M/ >2Bb2M#2`; BMi2`TH�M2 +QmTHBM;b QM i?2 `mM;b,

HO(3)
1 = J

2∑

n=1

∑

⟨i,j⟩

(Si,n · Sj,n) + J2
∑

i

Si,1 · Si,2 UkXdkV

Si,n /2MQi2b � bTBM QM bBi2 i BM H�v2` nX q2 b2i 72``QK�;M2iB+ BMi`�TH�M2 +QmTHBM;b J = −1

�M/ �MiB72``QK�;M2iB+ `mM; +QmTHBM;b J2 > 0X 6Q` H�`;2 J2 i?2 ;`QmM/bi�i2 Bb � T`Q/m+i

bi�i2 Q7 bBM;H2ib QM 2�+? `mM;- r?2`2�b i?2 ;`QmM/bi�i2 7Q` bK�HH J2 Bb i?2 /B`2+i T`Q/m+i Q7

>2Bb2M#2`; 72``QK�;M2ib rBi?BM 2�+? TH�M2X h?2 T?�b2b �`2 b2T�`�i2/ #v �M PUjV +`BiB+�H

TQBMiX

h?2 b2+QM/ KQ/2H r2 r�Mi iQ BMp2biB;�i2 ?2`2 Bb � >2Bb2M#2`; KQ/2H QM � k. b[m�`2 H�iiB+2
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*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

rBi? +QHmKM�` /BK2`Bx�iBQM Q7 #QM/b (9j- 99)X h?2 >�KBHiQMB�M 7Q` i?Bb H�//2` KQ/2H Bb

H = J
∑

⟨i,j⟩

Si · Sj + J2
∑

⟨i,j⟩′
Si · Sj UkXdjV

1p2`v b2+QM/ ?Q`BxQMi�H #QM/ QM i?2 H�iiB+2 Bb +?Qb2M iQ #2 BM i?2 7�KBHv ⟨i, j⟩′- bm+? i?�i

i?2b2 /BK2`Bx2/ #QM/b 7Q`K H�//2`b �M/ 2p2`v bTBM Bb T�`i Q7 2t�+iHv QM2 /BK2`Bx2/ #QM/X

q2 b2i �HH +QmTHBM;b �MiB72``QK�;M2iB+ �M/ b2i i?2 2M2`;v b+�H2 J = 1X 6Q` J2/J = 1 � Lû2H

�6J Bb bi�#BHBx2/ QM � b[m�`2 H�iiB+2 �M/ 7Q` H�`;2 J2/J � T`Q/m+i bi�i2 Q7 bBM;H2ib QM i?2

#QM/b ⟨i, j⟩′ Bb 7Q`K2/ �b � ;`QmM/bi�i2X h?2b2 T?�b2b �`2 b2T�`�i2/ #v �M PUjV i`�MbBiBQM

�i i?2 +`BiB+�H +QmTHBM; (J2/J)c = 1.9096(2) (9j)X

0 1 2 3 4 5 6

`, S

0

1

2

3

4

L
�

/�
`=

0

 = 0
ED, bilayer
ED, 2D
✏-exp

O(3) Square ED – O(3) ✏-expansion

6B;m`2 kX8X9, *`BiB+�H iQ`mb 2M2`;v bT2+i`mK 7Q` i?2 PUjV *6h QM � b[m�`2 H�iiB+2 BM i?2 κ = 0 b2+iQ`
Q#i�BM2/ 7`QK i?2 KQ/2Hb 1[X UkXdkV U#Hm2 b[m�`2bV �M/ 1[X UkXdjV Uv2HHQr +B`+H2bVX h?2 `2bmHib �`2
MQ`K�HBx2/ bm+? i?�i ∆l=0 = 1X 1KTiv #H�+F /B�KQM/b b?Qr i?2 ϵ@2tT�MbBQM `2bmHib 7Q` i?2 PUjV
*6hX h?2 H2p2Hb �`2 2l + 1@7QH/ /2;2M2`�i2X LQi2 i?�i i?2 1. `2bmHib QMHv b?Qr H2p2Hb BM i?2 7mHHv
bvKK2i`B+ `2T`2b2Mi�iBQM `2;�`/BM; i?2 H�iiB+2 TQBMi@;`QmT bvKK2i`vX G2p2Hb BM Qi?2` TQBMi@;`QmT
`2T`2b2Mi�iBQMb bi�`i iQ �TT2�` �#Qp2 ∆/∆l=0 ! 2 7Q` κ = 0X

q2 T`Q+22/ bBKBH�` iQ i?2 +�b2 Q7 N = 2 iQ +QKTmi2 i?2 +`BiB+�H iQ`mb 2M2`;v bT2+i`mK

7Q` i?2 PUjV *6h MmK2`B+�HHvX h?2 +`BiB+�H bT2+i`mK Bb b?QrM BM 6B;X kX8X9 iQ;2i?2` rBi?

i?2 ϵ@2tT�MbBQM `2bmHibX q2 �;�BM Q#b2`p2 � /2+2Mi �;`22K2Mi #2ir22M i?2 irQ K2i?Q/b

�M/ [m�HBi�iBp2Hv B/2MiB+�H +`BiB+�H iQ`mb bT2+i`�X G�`;2` /2pB�iBQMb 7Q` i?2 b2+QM/ H2p2H BM
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*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

ℓ = 4 �`2 T`Q#�#Hv `2H�i2/ iQ /B{+mHiB2b BM i?2 2ti`�TQH�iBQM iQ i?2 i?2`KQ/vM�KB+ HBKBi- �b

i?2 �p�BH�#H2 bvbi2K bBx2b �`2 bi`QM;Hv HBKBi2/ 7Q` i?2b2 KQ/2HbX �Hi?Qm;? i?2 +`BiB+�H iQ`mb

bT2+i`� BM i?2 κ = 0 b2+iQ` b22Kb iQ HQQF p2`v bBKBH�` 7Q` i?2 PUkV �M/ PUjV *6hb- i?2B`

/2;2M2`�+v bi`m+im`2 Bb BM?2`2MiHv /Bz2`2MiX 6Q` PUjV i?2 H2p2Hb �`2 (2ℓ+1)@7QH/ /2;2M2`�i2-

r?2`2�b i?2v �`2 k@7QH/ UR@7QH/V /2;2M2`�i2 7Q` ℓ > 0 Uℓ = 0V BM i?2 PUkV *6hX 6m`i?2`

MmK2`B+�H `2bmHib +�M #2 7QmM/ BM _272`2M+2 (j3)X

kXe *QM+HmbBQMb

O(1) O(2) O(3)
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(1x)

(1x)

(1x)

(2x)

(2x)

(2x)

(2x)

(2x)

(2x)

(1x)

(1x)

(3x)

(3x)

(5x)

(5x)

(7x)

(9x) scaling-
dimensions
(literature)
ED
✏-exp
` = 0

` = 1

` = 2

` = 3

` = 4

6B;m`2 kXeXR, *`BiB+�H HQr@2M2`;v iQ`mb bT2+i`� 7Q` i?2 /Bb+mbb2/ PUNV *6hb 7Q` κ = 0 �M/ ℓ ≤ 4
+QKT�`2/ iQ i?2 QT2`�iQ` b+�HBM; /BK2MbBQMb Q7 i?2 *6hb 7`QK _27bX (e- 98)X h?2 bT2+i`� �M/ b+�HBM;
/BK2MbBQMb �`2 MQ`K�HBx2/ #v i?2 ;�T ∆0 iQ i?2 }`bi 2t+Bi2/ bi�i2 rBi? ℓ = 0X 6mHH bvK#QHb /2MQi2
`2bmHib 7`QK MmK2`B+b U1.V- QT2M bvK#QHb b?Qr ϵ@2tT�MbBQM `2bmHibX >�H7@}HH2/ bvK#QHb b?Qr i?2
QT2`�iQ` b+�HBM; /BK2MbBQMb Q7 i?2 +Q``2bTQM/BM; *6hb �b � +QKT�`BbQMX h?2 /Bz2`2Mi bvK#QHb `2T@
`2b2Mi i?2 /Bz2`2Mi p�Hm2b Q7 ℓX h?2 MmK#2`b BM T�`2Mi?2b2b ;Bp2 i?2 /2;2M2`�+v Q7 i?2 H2p2HbX h?2
H2p2H bi`m+im`2 BM+Hm/BM; /2;2M2`�+B2b Bb [m�HBi�iBp2Hv /Bz2`2Mi #2ir22M i?2 /BbiBM+i *6hb �M/ +�M #2
+QMbB/2`2/ �b � mMBp2`b�H }M;2`T`BMi Q7 i?2 *6hX h?2 QT2`�iQ` b+�HBM; /BK2MbBQMb +Q``2bTQM/ iQ i?2
+`BiB+�H 2M2`;v bT2+i`mK Q7 i?2 >�KBHiQMB�Mb QM � bT?2`2X AMi2`2biBM;Hv- i?2 bi`m+im`2 Q7 i?2 QT2`�iQ`
/BK2MbBQMb �M/ i?2 iQ`mb bT2+i`mK �`2 p2`v bBKBH�` 7Q` i?2 HQr H2p2Hb rBi? �M �//BiBQM�H HQr ℓ = 1
H2p2H BM i?2 iQ`mb bT2+i`mKX

AM i?Bb +?�Ti2`- r2 ?�p2 /2KQMbi`�i2/ ?Qr iQ +QKTmi2 i?2 iQ`mb 2M2`;v bT2+i`mK Q7 i?2

qBHbQM@6Bb?2` *6h 7`QK [m�MimK }2H/ i?2Q`v BM i?2 ϵ@2tT�MbBQM- b?QrBM; i?2 2tT2+i2/
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*?�Ti2` kX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, ϵ@2tT�MbBQM

2K2`;2M+2 Q7 � bT2+i`mK /2i2`KBM2/ 2MiB`2Hv #v i?2 mMBp2`b�HBiv +H�bb Q7 i?2 *6h �M/ i?2

bT�iB�H ;2QK2i`v Q7 i?2 iQ`mbX q2 +QKT�`2/ i?Bb iQ i?2 bT2+i`mK Q7 b2p2`�H 2tTHB+Bi H�iiB+2

KQ/2Hb �i i?2B` `2bT2+iBp2 [m�MimK +`BiB+�H TQBMib mbBM; 1.- �M/ ?�p2 b?QrM i?�i i?2 �M�@

HviB+ �M/ MmK2`B+�H +�H+mH�iBQMb �;`22 r2HH rBi? 2�+? Qi?2`- ?B;?HB;?iBM; i?�i i?2 }MBi2@bBx2

bT2+i`mK Bb � mb27mH mMBp2`b�H }M;2`T`BMi 7Q` B/2MiB7vBM; [m�MimK +`BiB+�HBivX AM 6B;X kXeXR r2

b?Qr � +QKT�`BbQM Q7 i?2 +`BiB+�H iQ`mb HQr@2M2`;v bT2+i`� 7Q` N = 1, 2, 3 BM i?2 κ = 0 b2+iQ`

r?B+? bm#bi�MiB�i2b i?Bb BMi2`2biBM; �bT2+i Q7 � mMBp2`b�H }M;2`T`BMiX �//BiBQM�HHv- r2 +QK@

T�`2 i?2 +`BiB+�H iQ`mb bT2+i`� rBi? QT2`�iQ` b+�HBM; /BK2MbBQMb Q7 i?2 +Q``2bTQM/BM; *6hb

7`QK HBi2`�im`2 (e- 98)X q2 MQi2 � [m�MiBi�iBp2 K�i+? #2ir22M i?2 HQr@2M2`;v +`BiB+�H iQ`mb

bT2+i`mK �i κ = 0 �M/ i?2 U`2b+�H2/V QT2`�iQ` /BK2MbBQMbX h?Bb K�i+? K�v #2 � +QBM+B/2M+2-

�b i?2`2 Bb MQ FMQrM K�TTBM; #2ir22M i?2 iQ`mb bT2+i`mK �M/ i?2 QT2`�iQ` /BK2MbBQMX Ai

Bb MQi FMQrM r?�i +QMbiBimi2b i?2 +QKTH2i2 /�i� 7Q` � i?`22@/BK2MbBQM�H *6h- �M/ r?2i?2`

i?2 iQ`mb bT2+i`mK Bb M2r /�i� Q` r?2i?2` Bb +�M #2 `2H�i2/ iQ i?2 b2i Q7 QT2`�iQ` b+�HBM;

/BK2MbBQMbX

q2 ?QT2 i?�i Qm` rQ`F ?�b b?2/ HB;?i QM i?2 M�im`2 Q7 i?2 }MBi2@bBx2 bT2+i`mK BM *6hb

r?2`2 +QM7Q`K�H BMp�`B�M+2 /Q2b MQi H2�/ iQ bBKTH2 �M/ 2t�+i `2bmHib- �M/ i?�i Qm` +�H+mH�@

iBQMb �B/ BM B/2MiB7vBM; +`BiB+�H #2?�pBQ` BM MmK2`B+�H bim/B2b Q7 [m�MimK H�iiB+2 KQ/2Hb #v

BMp2biB;�iBQM Q7 i?2 +`BiB+�H 2M2`;v bT2+i`mKX h?2 K2i?Q/b mb2/ BM i?Bb rQ`F b?QmH/ �HbQ

#2 �TTHB+�#H2 iQ +QKTmiBM; i?2 }MBi2@bBx2 bT2+i`� Q7 Qi?2` *6hb- bm+? �b �M ϵ@2tT�MbBQM

�TT`Q�+? iQ i?2 :`Qbb@L2p2m@umF�r� *6hX
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*?�Ti2` j

aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM@

7Q`K�H 7B2H/ i?2Q`v QM i?2 iQ`mb,

H�`;2@N 2tT�MbBQM

jXR AMi`Q/m+iBQM

AM i?Bb +?�Ti2`- r2 rBHH /2p2HQT i?2 }MBi2@bBx2 bT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/

i?2Q`v QM i?2 iQ`mb mbBM; �M 2tT�MbBQM BM 1/N - r?2`2N Bb i?2 MmK#2` Q7 }2H/bX h?2 bi`m+im`2

Q7 i?Bb 2tT�MbBQM Bb /`�K�iB+�HHv /Bz2`2Mi 7`QK i?2 ϵ 2tT�MbBQM +QMbB/2`2/ BM *?�Ti2` k- �b

i?2 x2`Q KQK2MimK KQ/2 /Q2b MQi TH�v � bT2+B�H `QH2X h?2 1/N T2`im`#�iBQM 2tT�MbBQM

T`Q+22/b BM i?2 bi�M/�`/ 7�b?BQM (k9- 9e)- rBi? i?2 QMHv /Bz2`2M+2 #2BM; i?�i i?2 /B�;`�Kb

�`2 Qp2` /Bb+`2i2 KQK2Mi�X h?2 bT2+i`mK Bb i?2M Q#i�BM2/ #v }M/BM; TQH2b BM i?2 +Q``2H�iBQM

7mM+iBQMbX q2 rBHH b22 i?�i i?2 bBKTHB}2/ 7Q`K Q7 i?2 2tT�MbBQM �i H2�/BM; Q`/2` rBHH �HHQr

�M 2�bv +QKTmi�iBQM Q7 i?2 +QKTH2i2 bT2+i`mK BM i?2 r?QH2 +`BiB+�H `2;BK2- BM+Hm/BM; 7Q`

s ̸= sc- �HHQrBM; mb iQ i`�+F ?Qr i?2 bT2+i`mK 2pQHp2b #2ir22M i?2 irQ T?�b2b QM 2Bi?2` bB/2

Q7 i?2 i`�MbBiBQMX

a2+iBQM jXk rBHH b2i mT i?2 H�`;2 N 2tT�MbBQM- r?BH2 a2+iBQM jXj rBHH /2i�BH ?Qr iQ Q#i�BM

9N



*?�Ti2` jX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, H�`;2@N
2tT�MbBQM

i?2 iQ`mb bT2+i`mK- rBi? /2i�BHb QM ?Qr i?2 bT2+i`mK 2pQHp2b �b QM2 imM2b #2ir22M i?2 irQ

T?�b2bX q2 +QM+Hm/2 BM a2+iBQM jX9- r?2`2 r2 �HbQ /Bb+mbb i?2 `2H�iBp2 miBHBiv Q7 i?2 H�`;2 N

�M/ ϵ 2tT�MbBQMb BM /2b+`B#BM; i?2 qBHbQM@6Bb?2` *6h bT2+i`mKX

jXk :2M2`�H 7Q`K�HBbK

AM i?Bb b2+iBQM- r2 /2p2HQT Qm` 7Q`K�HBbK 7Q` i?2 H�`;2@N 2tT�MbBQM Q7 i?2 +`BiB+�H PU2NV

KQ/2HX 6Q` � `2pB2r Q7 i?2 H�`;2@N 2tT�MbBQM- b22 _27X (9e)X q2 i�F2 i?2 1m+HB/2�M �+iBQM

S =

∫
dτd2x

(
|∂µzα|2 + us|zα|2 +

u

2N

(
|zα|2

)2)
. UjXRV

r?2`2 zα �`2 +QKTH2t }2H/b rBi? α = 1, 2, ..., N X Pm` +?QB+2 Q7 +QKTH2t `�i?2` i?�M `2�H }2H/b

Bb KQiBp�i2/ #v �TTHB+�iBQMb BM *?�Ti2` 9c �HH Q7 i?2 `2bmHib BM i?Bb +?�Ti2` r?B+? /2T2M/ QM

N �`2 �HbQ p�HB/ 7Q` Q// 2N X q2 rBHH T2`7Q`K i?2 H�`;2 N 2tT�MbBQM �i }t2/ u- �M/ imM2 i?2

[m�/`�iB+ +QmTHBM; iQ Bib +`BiB+�H p�Hm2 s = scX am#b2[m2MiHv r2 rBHH i�F2 i?2 u → ∞ HBKBi

BM 2�+? i2`K iQ Q#i�BM i?2 b+�HBM; HBKBiX q2 rBHH �HbQ +QMbB/2` /2pB�iBQMb 7`QK i?2 +`BiB+�H

+QmTHBM; s− scX

h?2 }2H/ i?2Q`v Bb /2}M2/ QM � bT�iB�H iQ`mb T�`�K2i`Bx2/ #v +QKTH2t +QQ`/BM�i2b �b BM

*?�Ti2` k �M/ �TT2M/Bt �Xj- b22 6B;m`2 kXkXRX h?2 iQ`mb Bb /2}M2/ #v irQ +QKTH2t T2`BQ/b

ω1 �M/ ω2- �M �`2� A = Im(ω2ω∗
1)- �M/ r2 /2}M2 i?2 /BK2MbBQMH2bb KQ/mH�` T�`�K2i2`

τ = ω2/ω1 rBi? `2�H �M/ BK�;BM�`v T�`ib /2MQi2/ τ = τ1+ iτ2X q2 rBHH �HbQ /2}M2 i?2 H2M;i?

b+�H2 L ≡ |ω1|X

q2 +�M `2r`Bi2 i?2 T�i? BMi2;`�H UmT iQ �M mMBKTQ`i�Mi +QMbi�MiV �b

Z =

∫
Dzα exp

(
−
∫

d2xdτ

[
|∂µzα|2 +

u

2N

(
|zα|2 +

Ns

2

)2
])

. UjXkV

8y



*?�Ti2` jX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, H�`;2@N
2tT�MbBQM

q2 /2+QmTH2 i?2 [m�`iB+ i2`K #v BMi`Q/m+BM; �M �mtBHB�`v }2H/ λ̃,

Z =

∫
DzαDλ̃ exp

(
−
∫

d2xdτ

[
|∂µzα|2 + iλ̃

(
|zα|2 +

Ns

2

)
+

N λ̃2

2u

])
. UjXjV

h?2 zα +�M #2 BMi2;`�i2/ Qmi- Q#i�BMBM; �M �+iBQM 7Q` λ̃-

Z =

∫
Dλ̃ exp

[
−N Tr ln

(
−∂2τ −∇2 + iλ̃

)
−N

∫
dτd2x

(
λ̃2

2u
+

s

2
iλ̃

)]
. UjX9V

�i N = ∞- r2 b?QmH/ 2tT�M/ �`QmM/ i?2 b�//H2 TQBMi p�Hm2- r?B+? r2 +�HH iλ̃ = ∆2- �M/ Bb

;Bp2M #v
∆2

u
=

s

2
+

1

A
∑

k

∫
dω

2π

1

ω2 + |k|2 +∆2
. UjX8V

�i i?Bb TQBMi r2 imM2 s → sc bm+? i?�i i?2 +Q``2H�iBQM H2M;i? /Bp2`;2b r?2M A → ∞X

6`QK 1[X UjXjV- Bi Bb +H2�` i?�i i?2 +Q``2H�iBQM H2M;i? �i N = ∞ Bb Dmbi i?2 BMp2`b2 Q7 ∆- bQ

sc Bb

sc = −2

∫
dω

2π

d2k

4π2

1

(ω2 + |k|2) = −2

∫
d2k

4π2

1

2k
. UjXeV

q2 +�M �// �M/ bm#i`�+i sc 7`QK 1[X UjX8V r?BH2 i�FBM; i?2 HBKBi u → ∞- �M/ r2 }M/

s− sc =

∫
d2k

4π2

1

k
− 1

A
∑

k

1√
|k|2 +∆2

. UjXdV

h?Bb 2[m�iBQM Bb iQ #2 bQHp2/ 7Q` ∆- vB2H/BM; �M �Mbr2` Q7 i?2 7Q`K ∆ = #/L- r?2`2 # Bb �

mMBp2`b�H 7mM+iBQM Q7 L(s− sc) BM/2T2M/2Mi Q7 i?2 `2;mH�`Bx�iBQM b+?2K2 �i H�`;2 KQK2Mi�X

6`QK i?2 ;2M2`�H i?2Q`v Q7 }MBi2@bBx2 b+�HBM; (ke)- i?2 2M2`;v H2p2Hb b?QmH/ i�F2 i?2 7Q`K

En =
1

L
Xn

[
L1/ν(s− sc)

]
, UjX3V

7Q` bQK2 mMBp2`b�H b2i Q7 7mM+iBQMbXn- bQ Qm` 2tT`2bbBQMb �`2 �TT`QT`B�i2 7Q` ν = 1 �i N = ∞

BM (2 + 1)@/BK2MbBQMbX
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*?�Ti2` jX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, H�`;2@N
2tT�MbBQM

.Bp2`;2Mi bmKb �`2 +QKTmi2/ mbBM; /BK2MbBQM�H `2;mH�`Bx�iBQM- r?B+? b2ib sc = 0X h?2

bmKb �`2 T2`7Q`K2/ BM � bBKBH�` r�v iQ i?2 +QKTmi�iBQMb 7Q` i?2 ϵ 2tT�MbBQM BM �TT2M/Bt �Xj-

2t+2Ti r2 M2p2` M22/ iQ b2T�`�i2 Qmi i?2 x2`Q KQK2MimK KQ/2X .BK2MbBQM�H `2;mH�`Bx�iBQM

rBHH �HbQ `2MQ`K�HBx2 i?2 i?2Q`v �miQK�iB+�HHv- bQ r2 rBHH MQi M22/ iQ BMi`Q/m+2 �Mv +QmMi2`

i2`KbX AM i2`Kb Q7 i?2 bT2+B�H 7mM+iBQMb /2}M2/ BM �TT2M/Bt �XjXR- r2 r`Bi2 i?2 ;�T 2[m�iBQM

�b

g(2)1/2(∆, τ) = −2πL(s− sc), UjXNV

r?B+? Bb bQHp2/ MmK2`B+�HHvX �i i?2 +`BiB+�H TQBMi- s = sc- i?2 ;�T ∆ /2T2M/b QMHv QM i?2

;2QK2i`v Q7 i?2 iQ`mbX q2 MQi2 i?�i ∆ Bb � KQMQiQMB+�HHv BM+`2�bBM; 7mM+iBQM Q7 (s− sc)X

q2 �HbQ }M/ i?2 ;`QmM/@bi�i2 2M2`;vX h?Bb Bb +QKTmi2/ 7`QK i?2 T�i? BMi2;`�H #v i2K@

TQ`�`BHv i�FBM; � }MBi2 H2M;i? BM i?2 iBK2@/B`2+iBQM- 0 < t < T - �M/ i?2M i�FBM; i?2 HBKBi

E0 = − lim
T→∞

1

T
lnZ. UjXRyV

.B`2+iHv i�FBM; iλ̃ = ∆2 �M/ u = ∞- i?Bb Bb ;Bp2M #v

E0 = N
∑

k

∫
dω

2π
ln
(
ω2 + |k|2 +∆2

)
+

Ns

2
A∆2

= N
∑

k

∫
dω

2π
ln
(
ω2
)
+N

∑

k

√
|k|2 +∆2 +

Ns

2
A∆2. UjXRRV

q2 bm#i`�+i i?2 }`bi i2`K- r?B+? Bb BM/2T2M/2Mi Q7 i?2 bvbi2K bBx2 �M/ #QmM/�`v +QM/BiBQMbX

h?2 `2K�BMBM; bmK Bb 2p�Hm�i2/ mbBM; /BK2MbBQM�H `2;mH�`Bx�iBQM-

E0 =
2πN

τ2L
g(2)−1/2(∆, τ) +

N(s− sc)

2
τ2L

2∆2, UjXRkV

r?2`2 i?2 bT2+B�H 7mM+iBQM g(2)−1/2(∆, τ) Bb /2}M2/ BM 1[X U�X9eVX Pm` +?QB+2 Q7 `2MQ`K�HBx�iBQM

?�b b2i E0 = 0 �i s = sc �M/ L = ∞- r?2`2 i?2 i?2Q`v ?�b 7mHH +QM7Q`K�H BMp�`B�M+2X

LQr i?�i r2 ?�p2 i?2 b�//H2 TQBMi p�Hm2 Q7 λ̃ �iN = ∞- r2 +�M `2�/ Qz i?2 1m+HB/2�M@iBK2

8k



*?�Ti2` jX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, H�`;2@N
2tT�MbBQM

T`QT�;�iQ` Q7 zα

G0(k, iω) ≡
∫

d2xdτe−ixk−iωτ ⟨zα(x, τ)z†β(0, 0)⟩ =
δαβ

ω2 + k2 +∆2
. UjXRjV

q2 �HbQ 2tT�M/ BM i?2 ~m+im�iBQMb Q7 λ̃X q`BiBM; iλ̃ = ∆2 + iλ/
√
N - i?2 2z2+iBp2 �+iBQM Bb

Z =

∫
Dλ exp (−S0 − S1) ,

S0 =
1

2A
∑

k

∫
dω

2π

(
Π(k,ω) +

1

u

)
λ2 UjXR9V

rBi?

Π(k, iω) =
1

A
∑

q

∫
dΩ

2π

1

(Ω2 + |q|2 +∆2)((ω + Ω)2 + |k + q|2 +∆2)

=
1

A
∑

q

√
|q|2 +∆2 +

√
|k + q|2 +∆2

2
√

(|q|2 +∆2)(|k + q|2 +∆2)((
√

|q|2 +∆2 +
√

|k + q|2 +∆2)2 + ω2)
UjXR8V

�M/ S1 +QMi�BMb MQMHBM2�` i2`KbX q2 /Bb+mbb S1 �M/ 1/N +Q``2+iBQMb BM �TT2M/Bt �XeX q2

b22 i?�i i?2 λ T`QT�;�iQ` �i N = ∞ Bb

D0(k, iω) ≡
∫

d2xdτeixk+iωτ ⟨λα(x, τ)λ†β(0, 0)⟩ =
1

Π(k, iω) + 1/u
. UjXReV

h?Bb Bb `2H�i2/ iQ i?2 T`QT�;�iQ` Q7 |zα|2X h?Bb Bb KQbi 2�bBHv b22M /B`2+iHv 7`QK i?2 �+iBQM

UjXjV- r?2`2 λ Bb MQi � /vM�KB+�H }2H/X AMi2;`�iBM; Qmi i?2 }2H/ iλ Bb 2[mBp�H2Mi iQ `2TH�+BM;

Bi #v Bib 2[m�iBQM Q7 KQiBQM-

iλ =
u√
N
|zα|2 +

√
N
(us
2

−∆2
)
. UjXRdV

aQ i?2 T`QT�;�iQ` Q7 λ Bb `2H�i2/ iQ i?2 T`QT�;�iQ` Q7 |zα|2 #v

⟨|zα|2(x, τ)|zα|2(0)⟩c = −N

u2
⟨λ(x, τ)λ(0)⟩. UjXR3V
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*?�Ti2` jX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, H�`;2@N
2tT�MbBQM

h?Bb +�M �HbQ #2 p2`B}2/ #v +QmTHBM; � bQm`+2 J iQ |zα|2 �M/ i�FBM; 7mM+iBQM�H /2`Bp�iBp2b

(9d)X

jXj aT2+i`mK

q2 /2b+`B#2 i?2 bT2+i`mK BM i2`Kb Q7 ǳn@T�`iB+H2 bi�i2b-Ǵ r?B+? �`2 +`2�i2/ #v n }2H/b,

b†αb
†
β · · · b

†
γ︸ ︷︷ ︸

n

|0⟩. UjXRNV

q2 /2}M2 b†α rBi? BM/B+2b `mMMBM; 7`QK α = 1, ..., 2N X h?2 bBM;H2@T�`iB+H2 bi�i2b �`2 +`2�i2/

#v � bBM;H2 z }2H/- bQ #v i?2 7Q`K Q7 i?2 z T`QT�;�iQ`- i?2B` 2M2`;v Bb ;Bp2M #v i?2 >�KBHiQMB�M

H0 = E0 +
∑

kα

√
|k|2 +∆2b†α(k)bα(k), UjXkyV

r?2`2 α = 1, ..., 2N X h?2 2M2`;v Q7 i?2 bi�i2 b†α(k)|0⟩ Bb ;Bp2M #v

E1(k) = E0 +
√

|k|2 +∆2. UjXkRV

h?Bb bi�i2 Bb BM i?2 7mM/�K2Mi�H `2T`2b2Mi�iBQM Q7 PU2NV- bQ Bi Bb 2N @7QH/ /2;2M2`�i2 BM

�//BiBQM iQ �Mv /2;2M2`�+B2b #2ir22M p�Hm2b Q7 kX

hrQ T�`iB+H2 bi�i2b rBi? KQK2MimK k i�F2 i?2 7Q`K

b†α(q)b
†
β(k − q)|0⟩ UjXkkV

7Q` �HH +?QB+2b Q7 KQK2MimK qX q2 /2+QKTQb2 i?Bb BMiQ B``2/m+B#H2 `2T`2b2Mi�iBQMb Q7 PU2NV-

r?B+? Kmbi b2T�`�i2Hv ?�p2 /2}MBi2 2M2`;v,

b†αb
†
β = δαβ

(
1

2N
b†γb

†
γ

)
+

(
b†[αb

†
β]

)
+

(
b†(αb

†
β) −

δαβ
2N

b†γb
†
γ

)
≡ δαβS + Aαβ + Tαβ. UjXkjV
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*?�Ti2` jX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, H�`;2@N
2tT�MbBQM

h?2b2 �`2 i?2 bBM;H2i- �MiBbvKK2i`B+ i2MbQ`- �M/ bvKK2i`B+ i`�+2H2bb i2MbQ` `2T`2b2Mi�iBQMb

`2bT2+iBp2HvX aBKTH2 +QmMiBM; b?Qrb i?�i S +`2�i2b QM2 bi�i2- Aαβ +`2�i2b N(2N − 1) bi�i2b-

�M/ Tαβ +`2�i2b (2N − 1)(2N + 2)/2 bi�i2bX LQi2 i?�i B7 q = k − q- i?2 �MiBbvKK2i`B+

`2T`2b2Mi�iBQM rBHH MQi #2 T`2b2MiX

�i i?Bb TQBMi r2 +�M mb2 i?2 �M�HvbBb �#Qp2X �i N = ∞- i?2 z T`QT�;�iQ` i�F2b i?2 7Q`K

Q7 � 7`22 #QbQM rBi? /BbT2`bBQM
√

|k|2 +∆2- bQ QM2 rQmH/ M�śp2Hv 2tT2+i �HH bi�i2b iQ ?�p2

2M2`;v ;Bp2M #v i?2 >�KBHiQMB�M UjXkyVX >Qr2p2`- i?Bb Bb MQi i?2 +�b2 7Q` i?2 bBM;H2i bi�i2-

bBM+2

⟨|zα|2(x, τ)|zβ|2(0, 0)⟩ ∝ ⟨λ(x, τ)λ(0, 0)⟩. UjXk9V

aQ i?2 7�+i i?�i i?�i i?2 T`QT�;�iQ` Q7 λ i�F2b � MQMi`BpB�H 7Q`K �i N = ∞ ?�b i?2 2z2+i Q7

b?B7iBM; i?2 2M2`;v Q7 bBM;H2i bi�i2bX h?2 2M2`;B2b Q7 i?2 bBM;H2i bi�i2b �`2 ;Bp2M #v i?2 TQH2b

BM D(k, iω)- Q` 2[mBp�H2MiHv i?2 x2`Qb Q7 Π(k, iω)X 6`QK 1[X UjXR8V r2 b22 i?�i Π Bb �Hr�vb

+QMp2`;2Mi BM d = 2- bQ r2 +�M bmK i?2 b2`B2b MmK2`B+�HHv iQ }M/ i?2 bBM;H2i 2M2`;B2b- r?B+?

�`2 ;Bp2M #v

Π(k, E(S)
2 (k)) = 0. UjXk8V

AM +QMi`�bi i?2 �MiBbvKK2i`B+ i2MbQ` �M/ bvKK2i`B+ i`�+2H2bb i2MbQ` `2K�BM /2;2M2`�i2 �i

N = ∞- ;BpBM; 4N2 − 1 /2;2M2`�i2 bi�i2b rBi? 2M2`;v

E2(k) = E1(q) + E1(k − q) UjXkeV

7Q` �HH +?QB+2b Q7 i?2 KQK2MimK q- r?2`2 E1(q) Bb i?2 bBM;H2 T�`iB+H2 2M2`;v- 1[X UjXkRVX h?2

+?QB+2 Q7 q +�M �HbQ BM/m+2 �//BiBQM�H /2;2M2`�+B2b 7Q` �Mv ;Bp2M iQi�H KQK2MimK kX AM

�//BiBQM- r2 b�r i?�i B7 q = k− q i?2`2 rBHH #2 MQ �MiBbvKK2i`B+ T�`i- bQ i?2`2 rBHH QMHv #2

� /2;2M2`�+v Q7 (2N − 1)(2N + 2)/2 7`QK PU2NV bvKK2i`vX

:QBM; #2vQM/ i?2 irQ@T�`iB+H2 bi�i2b- r2 2tT2+i i?�i � ;2M2`�H bi�i2 rBHH #2 ;Bp2M #v �M

�TTHB+�iBQM Q7

b†α(k1)b
†
β(k2)b

†
γ(k3)b

†
σ(k4) · · · |0⟩. UjXkdV
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2tT�MbBQM

/2;2M2`�+v κ = 0 κ = 1 κ =
√
2

R y
2N RX8Rk

(2N + 2)(2N − 1)/2 jXyk9(
2N + 2

3

)
− 2N 9X8je

2

(
1 + 2N

2N − 2

)
−
(
3 + 2N

4

)
eXy93

8N eX9ej

2

(
2 + 2N

2N − 2

)
−
(
4 + 2N

5

)
dX8ey

4(4N2 − 1) dXNd8
R 3XRke
8N NXyRj

2

(
3 + 2N

2N − 2

)
−
(
5 + 2N

6

)
NXydk

h�#H2 jXjXR, GQr2bi 2M2`;v bTHBiiBM;bb L(E − E0) �M/ i?2B` /2;2M2`�+v �i s = sc 7Q` H�`;2@N QM i?2
b[m�`2 iQ`mbX h?2 ;`QmM/ bi�i2 2M2`;v Bb ;Bp2M #v E0 = −.329N X >2`2- κ = L|k|/2πX

S�bi i?2 irQ@T�`iB+H2 bi�i2b- i?2 /2+QKTQbBiBQM BMiQ B``2/m+B#H2 `2T`2b2Mi�iBQMb #2+QK2b KQ`2

BMpQHp2/X :2M2`�HHv- i?2 bi�i2b rBHH /2+QKTQb2 BMiQ bBM;H2ib rBi? 2M2`;B2b ;Bp2M #v i?2 x2`Qb

Q7 Π(k, E(k))- �M/ bi�i2b /2b+`B#2/ #v PU2NV i`�+2H2bb i2MbQ`b rBi? 2M2`;B2b ;Bp2M #v #v 6Q+F

bT2+i`mK Q7 1[X UjXkyVX 1ti`� /2;2M2`�+B2b +�M Q++m` /m2 iQ /Bb+`2i2 TQBMi ;`QmT bvKK2i`B2b

Q7 i?2 iQ`mb- �M/ bQK2iBK2b /2;2M2`�+B2b �`2 `2/m+2/ B7 bQK2 Q7 i?2 b†b �`2 BM/BbiBM;mBb?�#H2X

jXjXR 1pQHmiBQM Q7 i?2 bT2+i`mK Q7 � 7mM+iBQM Q7 s− sc

AM i?Bb b2+iBQM- r2 /Bb+mbb i?2 ;2M2`�H bi`m+im`2 Q7 i?2 }MBi2@bBx2 bT2+i`mK �b � 7mM+iBQM Q7

s − sc- r?B+? +�M #2 rQ`F2/ Qmi QM ;2M2`�H T`BM+BTH2b BM i?2 HBKBib s = sc- s ≫ sc- �M/

s ≪ scX q2 b?Qr i?�i Qm` KQ/2H i�F2b i?2 +Q``2+i 7Q`K BM i?2b2 HBKBib #27Q`2 ;BpBM; 2tTHB+Bi

`2bmHib QM i?2 2pQHmiBQM Q7 i?2 �b s− sc Bb p�`B2/X

8e



*?�Ti2` jX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, H�`;2@N
2tT�MbBQM

*`BiB+�H TQBMi

�i +`BiB+�HBiv- s = sc- i?2 bvbi2K �i �M BM}MBi2 pQHmK2 ?�b 7mHH +QM7Q`K�H BMp�`B�M+2- �M/

i?2`2 Bb MQ b+�H2 BM i?2 i?2Q`vX h?2 2t+Bi�iBQM bT2+i`mK 7Q`Kb � ;�TH2bb +QMiBMmmK- E = kX

�b � `2bmHi- r?2M i?2 bvbi2K Bb TH�+2/ QM � iQ`mb- i?2 QMHv TQbbB#H2 /2T2M/2M+2 i?�i i?2

2M2`;v +�M ?�p2 QM i?2 bBx2 Q7 i?2 bvbi2K Bb 1/LX h?2`27Q`2- i?2 [m�MiBiB2b LE rBHH #2

mMBp2`b�H 7mM+iBQMb Q7 τ QMHvX h?Bb /2T2M/2M+2 Bb �miQK�iB+ 7`QK Qm` }MBi2@bBx2 +�H+mH�iBQMb-

r?2`2 i?2 bQHmiBQM iQ i?2 ;�T 2[m�iBQM rBHH ;Bp2 � Tm`2 MmK#2` 7Q` L∆- �M/ �HH 2M2`;B2b

K�MB72biHv ?�p2 1/L /2T2M/2M+2X

.BbQ`/2`2/ T?�b2

AM i?2 /BbQ`/2`2/ T?�b2- s > sc- i?2 bvbi2K /2p2HQTb � ;�T m 2p2M �i L = ∞- �M/ i?2

HQr@2M2`;v 2t+Bi�iBQMb rBHH i�F2 i?2 7Q`K E =
√
|k|2 +m2X AM i?2 b+�HBM; HBKBi- m Bb Q7

Q`/2` (s − sc)ν �M/ ν = 1 �i N = ∞X h?Bb 2M2`;v ;�T BKTHB2b i?�i �HH +Q``2H�iBQMb /2+�v

2tTQM2MiB�HHv Qp2` � H2M;i? b+�H2 1/m ∼ 1/(s− sc)- `2bmHiBM; BM � p2`v r2�F /2T2M/2M+2 QM

}MBi2@bBx2 2z2+ib r?2M i?2 bvbi2K Bb TH�+2/ QM � iQ`mb Q7 bBx2 L- T`QpB/2/ Lm ∼ L(s−sc) ≫ 1X

h?2`27Q`2- r2 2tT2+i i?2 }MBi2@bBx2 bT2+i`mK Q7 i?2 /BbQ`/2`2/ T?�b2 iQ 2pQHp2 iQ i?2 7Q`K

E =
√

|k|2 +∆2 �i BM+`2�bBM; (s − sc)- r?2`2 ∆ = m + O(e−Lm) i�F2b i?2 b�K2 p�Hm2 �b

Bi /Q2b BM �M BM}MBi2 pQHmK2 mT iQ 2tTQM2MiB�HHv bK�HH +Q``2+iBQMb BM L(s − sc)- �M/ i?2

KQK2Mi� k �`2 [m�MiBx2/ �++Q`/BM; iQ i?2 `2[mB`2/ #QmM/�`v +QM/BiBQMbX q2 �HbQ MQi2 i?�i

i?2 i?`2b?QH/ 7Q` bBM;H2i 2t+Bi�iBQMb BM �M BM}MBi2 pQHmK2 Bb 2m- bQ i?2 �#b2M+2 Q7 H�`;2

}MBi2@bBx2 +Q``2+iBQMb bm;;2bib i?�i i?2 irQ@T�`iB+H2 bBM;H2i bT2+i`mK rBHH K2`;2 rBi? i?2

Qi?2` irQ@T�`iB+H2 bi�i2bX

h?2 T`QT2`iB2b Q7 i?2 /BbQ`/2`2/ T?�b2 +�M #2 p2`B}2/ 2tTHB+BiHvX "v i�FBM; i?2 L → ∞

HBKBi Q7 1[X UjXNV- r2 }M/ i?2 2t�+i ;�T BM �M BM}MBi2 pQHmK2-

m = 2π(s− sc). UjXk3V
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*?�Ti2` jX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, H�`;2@N
2tT�MbBQM

ground state
κ = 0 tower
Goldstone states
singlets

-1.5 -1.0 -0.5 0.5 1.0 1.5

5

10

15

20

25

30

6B;m`2 jXjXR, h?2 2pQHmiBQM Q7 i?2 bT2+i`mK LE 7Q` i?2 H�`;2 N PUNV KQ/2H �b � 7mM+iBQM Q7 i?2
imMBM; T�`�K2i2` L1/ν(s − sc) QM i?2 b[m�`2 iQ`mb- τ = iX LQi2 i?�i ν = 1 �i H2�/BM; Q`/2` BM 1/N X
h?2 2M2`;v H2p2Hb �`2 /2}M2/ bQ i?�i E = 0 �i s = sc �M/ L = ∞- �M/ i?2 +m``2Mi THQi b?Qrb
i?2 2M2`;v H2p2Hb 7Q` N = 4X q2 H�#2H i?2 bi�i2b #v i?2B` #2?�pBQ` BM i?2 Q`/2`2/ `2;BQM- /BbiBM;mBb?@
BM; #2ir22M i?2 iQr2`- i?2 :QH/biQM2 KQ/2b- �M/ i?2 bBM;H2i bi�i2bX Pm` +?QB+2 Q7 bi�i2b Bb MQi MQi
2t?�mbiBp2- #mi i?2v ?B;?HB;?i i?2 K�BM 72�im`2b Q7 2�+? `2;BQMX

h?Bb +�M #2 +QKT�`2/ rBi? i?2 ;�T BM � }MBi2 pQHmK2 r?2M s ≫ scX AM i?Bb HBKBi- L∆ Bb

H�`;2 �M/ r2 +�M 2tT�M/ g(2)1/2(∆, τ)- Q#i�BMBM;

∆ = 2π(s− sc) +O
(

1

L2(s− sc)2
e−L2(s−sc)2

)
, s ≫ sc UjXkNV

h?2 2M2`;B2b Q7 i?2 irQ@T�`iB+H2 bBM;H2i bi�i2b +�M #2 MmK2`B+�HHv p2`B}2/ iQ K2`;2 rBi? i?2

Qi?2` irQ@T�`iB+H2 bi�i2b BM i?Bb HBKBiX

P`/2`2/ T?�b2

AM i?2 Q`/2`2/ T?�b2- s < sc- i?2 }MBi2@bBx2 bT2+i`mK /Bz2`b +QMbB/2`�#Hv 7`QK i?2 BM}MBi2

pQHmK2 +�b2X AM �M BM}MBi2 pQHmK2- i?2`2 Bb � /2;2M2`�i2 ;`QmM/@bi�i2 K�MB7QH/ Q7 bi�i2b �i
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*?�Ti2` jX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, H�`;2@N
2tT�MbBQM

x2`Q KQK2MimK r?B+? �`2 `2H�i2/ #v i?2 PU2NV bvKK2i`v- �M/ � T`QT2`Hv T`2T�`2/ bvbi2K

rBHH TB+F � bBM;H2 QM2 Q7 i?2b2 bi�i2b- bTQMi�M2QmbHv #`2�FBM; i?2 bvKK2i`vX h?2 bi�#H2

2t+Bi�iBQMb �#Qp2 i?2 ;`QmM/ bi�i2 +QMbBbi Q7 2N−1:QH/biQM2 KQ/2b rBi? � HBM2�` /BbT2`bBQM-

E = c|k|- +Q``2bTQM/BM; iQ i`�Mbp2`b2 ~m+im�iBQMb Q7 i?2 Q`/2` T�`�K2i2` �#Qmi Bib ;`QmM/

bi�i2 p�Hm2X AM �//BiBQM- i?2`2 rBHH #2 �M mMbi�#H2 +QMiBMmmK Q7 2t+Bi�iBQMb �bbQ+B�i2/ rBi?

i`�Mbp2`b2 ~m+im�iBQMb Q7 i?2 Q`/2` T�`�K2i2` �M/ ~m+im�iBQMb Q7 Bib �KTHBim/2 φ2
α- r?B+?

rBHH #2 KBt2/ #v BMi2`�+iBQMb (9d)X

AM +QMi`�bi- BM � }MBi2 pQHmK2 i?2 ;`QmM/ bi�i2 Kmbi #2 � MQM@/2;2M2`�i2 PU2NV bBM;H2i-

�M/ bTQMi�M2Qmb bvKK2i`v #`2�FBM; Bb BKTQbbB#H2X AMbi2�/ Q7 � ;`QmM/ bi�i2 K�MB7QH/- i?2`2

rBHH #2 � ǳiQr2` Q7 bi�i2bǴ �#Qp2 i?2 ;`QmM/ bi�i2 �i k = 0 rBi? 2M2`;B2b b+�HBM; �b E ∼ 1/A

rBi? i?2 bvbi2K bBx2 (93Ĝ8j)X AM i?2 i?2`KQ/vM�KB+ HBKBi- i?Bb iQr2` ǳ+QHH�Tb2bǴ BMiQ i?2

;`QmM/ bi�i2- �M/ � bvKK2i`v@#`QF2M bi�i2 +�M #2 7Q`K2/ �b �M 2ti2MbBp2 bmT2`TQbBiBQM Q7

bi�i2b BM i?2 iQr2`X

PM2 +�M �M�Hvx2 i?2 ;2M2`�H T`QT2`iB2b Q7 i?2 iQr2` Q7 bi�i2b #v 7Q`KBM; �M 2z2+iBp2

>�KBHiQMB�M 7Q` i?2B` bT2+i`mKX h?Bb +�M #2 /2`Bp2/ #v BMi2;`�iBM; Qmi i?2 }MBi2@KQK2MimK

KQ/2b �M/ }M/BM; �M 2z2+iBp2 >�KBHiQMB�M 7Q` i?2 x2`Q@KQK2MimK +QKTQM2Mi Q7 i?2 }2H/

(ke)X 6Q` � bvbi2K rBi? PU2N) bvKK2i`v- i?2 2z2+iBp2 >�KBHiQMB�M 7Q` i?2 iQr2` i�F2b i?2

7Q`K

Htower = E0 +
L2

κAN (sc − s)
UjXjyV

mT iQ +Q``2+iBQMb BM/m+2/ #v ~m+im�iBQMb Q7 i?2 }MBi2 KQK2MimK KQ/2bX >2`2- Li- i =

1, 2, .., N(2N−1) �`2 i?2 ;2M2`�iQ`b Q7 `Qi�iBQMb BM PU2NV- �M/ κ Bb � +QMbi�Mi r?B+? rBHH #2

MQM@mMBp2`b�H �r�v 7`QK i?2 b+�HBM; HBKBiX h?2 2z2+iBp2 >�KBHiQMB�M 7Q` i?2 iQr2` Bb bBKTHv

�M PU2NV `B;B/ `Qi�iQ`- �M/ i?2 2M2`;v H2p2Hb �`2 ;Bp2M #v

Etower = E0 +
ℓ(ℓ+ 2N − 2)

κN(sc − s)A , ℓ = 0, 1, 2, ... UjXjRV

h?Bb +QMbi`�BMb i?2 H2p2H bT�+BM; #2ir22M bi�i2b BM i?2 iQr2`X AM Qm` T`2b2Mi +�H+mH�iBQM-

8N



*?�Ti2` jX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, H�`;2@N
2tT�MbBQM

r2 i�F2 i?2 N = ∞ HBKBi- �M/ Q#i�BM 2[m�HHv@bT�+2/ 2M2`;v H2p2HbX h?2 2B;2M7mM+iBQMb

Q7 1[X UjXjyV BM i?2 �M;mH�` #�bBb �`2 i?2 ?vT2`bT?2`B+�H ?�`KQMB+b QM S2N−1- r?B+? �`2

i?2 ?B;?2`@/BK2MbBQM�H ;2M2`�HBx�iBQM Q7 i?2 7�KBHB�` bT?2`B+�H ?�`KQMB+b QM i?2 irQ@bT?2`2X

h?2b2 2B;2M7mM+iBQMb �`2 BM i?2 bvKK2i`B+ i`�+2H2bb i2MbQ` `2T`2b2Mi�iBQMb Q7 PU2NV- �M/

i?2B` /2;2M2`�+v Bb ;Bp2M #v

Deg. = 2

(
ℓ+ 2N − 3

2N − 2

)
+

(
ℓ+ 2N − 3

ℓ

)
. UjXjkV

q2 +�M p2`B7v i?2 �#Qp2 bi`m+im`2 BM Qm` KQ/2H #v i�FBM; i?2 HBKBi s ≪ sc BM i?2 ;�T

2[m�iBQM UjXNVX q2 }M/ i?�i i?2 ;�T i�F2b i?2 7Q`K

∆ =
1

A(sc − s)
+O

(
(A(sc − s))−2

)
, s ≪ sc. UjXjjV

h?2 bi�i2b +`2�i2/ Tm`2Hv #v |k| = 0 rBHH 7Q`K �M 2[m�HHv bT�+2/ bT2+i`mK �#Qp2 i?2 ;`QmM/

bi�i2 rBi? i?Bb 1/A /2T2M/2M+2 QM i?2 bvbi2K bBx2- �M/ #v i?2 �M�HvbBb BM a2+iBQM jXj i?2v

rBHH #2 BM i?2 bvKK2i`B+ i`�+2H2bb i2MbQ` `2T`2b2Mi�iBQMb Q7 PU2NV- BM �;`22K2Mi rBi? i?2

�#Qp2 �M�HvbBbX

h?2 bi�i2b +`2�i2/ #v }MBi2@KQK2MimK QT2`�iQ`b rBHH ?�p2 �M 2M2`;v ;Bp2M #v E =

|k| + O(∆2/|k|)- �M/ i`�Mb7Q`K BM 2Bi?2` i`�+2H2bb i2MbQ` Q` bBM;H2i `2T`2b2Mi�iBQMbX h?2b2

+Q``2bTQM/ iQ i?2 :QH/biQM2 KQ/2b BM i?2 BM}MBi2@pQHmK2 bvbi2K- #mi i?2`2 rBHH #2 MQ /Bb@

iBM+iBQM #2ir22M i?2 HQM;Bim/BM�H �M/ i`�Mbp2`b2 ~m+im�iBQMb bBM+2 bvKK2i`v Bb mM#`QF2MX

q2 MQi2 i?�i 2p2M i?2 x2`Q@KQK2MimK bi�i2b +`2�i2/ #v i?2 bBM;H2i QT2`�iQ` �TT`Q�+? i?2

2tT2+i2/ bT2+i`mK 7Q` KmHiB@T�`iB+H2 :QH/biQM2 bi�i2bX

jXjXk _2bmHib

6Q` �M 2tTHB+Bi 2t�KTH2- r2 +QMbB/2` i?2 b[m�`2 iQ`mb- τ = i- r?2`2 #Qi? bT�iB�H /B`2+iBQMb

?�p2 H2M;i? LX S`2+Bb2Hv �i s = sc- i?2 2M2`;v H2p2Hb �`2 � b2i Q7 mMBp2`b�H MmK#2`b iBK2b

1/Lc BM h�#H2 jXjXR r2 ?�p2 ;Bp2M i?2 HQr2bi@HvBM; 2M2`;v H2p2Hb �i i?2 +`BiB+�H TQBMi �M/ i?2B`

ey



*?�Ti2` jX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, H�`;2@N
2tT�MbBQM

iQi�H /2;2M2`�+vX q2 b?Qr i?2 2pQHmiBQM Q7 i?2 bT2+i`mK LE �b � 7mM+iBQM Q7 L(s − sc) BM

6B;m`2 jXjXR- +?QQbBM; bi�i2b r?B+? ?B;?HB;?i BKTQ`i�Mi 72�im`2b Q7 i?2 bT2+i`mKX

jX9 *QM+HmbBQMb �M/ +QKT�`BbQM rBi? ϵ@2tT�MbBQM

AM i?2 H�`;2 N HBKBi- r2 +�M BM T`BM+BTH2 Q#i�BM i?2 2MiB`2 bT2+i`mK �i +`BiB+�HBiv- �M/

2p2M i`�+F ?Qr bT2+B}+ bi�i2b 2pQHp2 #2ir22M i?2B` 2tT2+i2/ #2?�pBQ` BM i?2 /BbQ`/2`2/ �M/

Q`/2`2/ `2;BK2bX h?2 iQr2` Q7 bi�i2b Bb FMQrM iQ #2 � mb27mH iQQH 7Q` /2i2`KBMBM; bTQMi�M2Qmb

bvKK2i`v #`2�FBM; BM MmK2`B+�H bBKmH�iBQMb (8y- 8R)- bQ � bim/v Q7 i?2 +?�M;2 BM Bib bi`m+im`2

�b i?2 bvbi2K Bb imM2/ iQ � +`BiB+�H TQBMi +QmH/ #2 � #2M2}i iQ B/2MiB7vBM; i?2 +`BiB+�H i?2Q`B2b

bi`QM;Hv +Q``2H�i2/ bvbi2Kb U2X;X 7`mbi`�i2/ bTBM bvbi2KbVX 6Q` � bT2+B}+ �TTHB+�iBQM �HQM;

i?2b2 HBM2b- r2 rBHH BMp2biB;�i2 � T?�b2 i`�MbBiBQM BMiQ � T?�b2 rBi? iQTQHQ;B+�H Q`/2` BM

*?�Ti2` 9 �M/ b22 i?�i i?2 T`2b2M+2 Q7 T`QtBK�i2 iQTQHQ;B+�H Q`/2` �Hi2`b i?2 iQ`mb bT2+i`mK

�i +`BiB+�HBiv �M/ 2p2M BM i?2 MQM@iQTQHQ;B+�H T?�b2X

h?2 2�b2 BM Q#i�BMBM; i?2 2MiB`2 bT2+i`mK Bb � /2}MBi2 #2M2}i Q7 i?2 H�`;2 N +�H+mH�iBQM

Qp2` i?2 ϵ 2tT�MbBQM /2i�BH2/ BM *?�Ti2` kX AM i?2 ϵ 2tT�MbBQM- Q#i�BMBM; i?2 bT2+i`mK `2@

[mB`2b MmK2`B+�HHv bQHpBM; +QmTH2/ /Bz2`2MiB�H 2[m�iBQMb r?B+? #2+QK2 BM+`2�bBM;Hv +QKTH2t

7Q` BM+`2�bBM; p�Hm2b Q7 k �M/ N X h?2 T2`im`#�iBp2 bi`m+im`2 Q7 i?2 ϵ 2tT�MbBQM �HbQ +?�M;2b

/`�biB+�HHv �b QM2 imM2b �r�v 7`QK i?2 +`BiB+�H TQBMi- �b i?2 `2H�iBp2 K�;MBim/2b Q7 L(s− sc)

�M/ ϵ rBHH �Hi2` i?2 `2H�iBp2 BKTQ`i�M+2 Q7 BMi2`�+iBQMb Ub22 a2+iBQM kXjXRVX AM +QMi`�bi- i?2`2

Bb MQ i`Qm#H2 rBi? imMBM; �r�v 7`QK +`BiB+�HBiv BM i?2 H�`;2 N 2tT�MbBQMX

>Qr2p2`- i?2 bBKTH2 H2�/BM; Q`/2` `2bmHib Q7 i?2 H�`;2 N 2tT�MbBQM �TT2�` iQ #2 H2bb

+QMbBbi2Mi [m�MiBi�iBp2Hv rBi? +`BiB+�H bT2+i`� Q#i�BM2/ MmK2`B+�HHv 7Q` T?vbB+�HHv `2H2p�Mi

p�Hm2b Q7 N X h?2 bT2+i`mK �i H�`;2 N i�F2b i?2 bBKTH2 7Q`K Q7 7`22 `2H�iBpBbiB+ T�`iB+H2b

rBi? � /BbT2`bBQM
√
k2 +∆2- �M/ i?2`2 �`2 H�`;2 /2;2M2`�+B2b #2ir22M /Bz2`2Mi B``2/m+B#H2

`2T`2b2Mi�iBQMb Q7 PUNVX h?2b2 72�im`2b �`2 �`iB7�+ib Q7 i?2 2tT�MbBQM- �M/ +Q``2+iBQMb BM

1/N b?QmH/ bTHBi i?2b2 /2;2M2`�+B2b �M/ `2bmHi BM � bT2+i`mK r?B+? Bb MQi T�`iB+H2@HBF2X

eR



*?�Ti2` jX aT2+i`mK Q7 i?2 qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v QM i?2 iQ`mb, H�`;2@N
2tT�MbBQM

AM +QMi`�bi- i?2 2M2`;v bT2+i`mK �i H2�/BM; Q`/2` BM i?2 ϵ 2tT�MbBQM �H`2�/v iQQF i?2

7Q`K Q7 � bi`QM;Hv@+QmTH2/ [m�`iB+ Qb+BHH�iQ`- `2bmHiBM; BM � b2i Q7 2M2`;v H2p2Hb r?B+? �`2

MQi 2[m�HHv bT�+2/X h?2 2M2`;B2b Q7 }MBi2 KQK2MimK bi�i2b +�MMQi #2 Q#i�BM2/ #v bBKTHv

#QQbiBM; x2`Q KQK2MimK bi�i2b-∆ →
√
k2 +∆2- b?QrBM; � #`2�F/QrM Q7 GQ`2Mix BMp�`B�M+2X

h?2b2 T`QT2`iB2b �`2 +HQb2` iQ i?2 [m�HBi�iBp2 TB+im`2 Q7 � [m�MimK +`BiB+�H ~mB/ #2BM; 7�` 7`QK

i?2 7`22 T�`iB+H2 HBKBi- �M/ �TT2�` iQ b?Qr ;QQ/ �;`22K2Mi rBi? MmK2`B+b QM +`BiB+�H H�iiB+2

bvbi2Kb Ub22 a2+iBQM kX8VX �b bm+?- r2 2tT2+i i?2 ϵ 2tT�MbBQM iQ #2 #2ii2` 7Q` Q#i�BMBM;

[m�MiBi�iBp2 T`2/B+iBQMb �#Qmi +`BiB+�H bT2+i`� /m2 iQ Bib +�Tim`BM; MQM@T2`im`#�iBp2 �bT2+ib

Q7 i?2 mM/2`HvBM; +QM7Q`K�H }2H/ i?2Q`v- r?BH2 i?2 H�`;2N 2tT�MbBQM Bb #2M2}+B�H BM Q#i�BMBM;

[m�HBi�iBp2 T`2/B+iBQMb bm+? �b i?2 2pQHmiBQM Q7 T�`iB+mH�` bi�i2b #2ir22M T?�b2bX

ek



*?�Ti2` 9

*QM7BM2K2Mi i`�MbBiBQMb BM Z2 bTBM HB[@

mB/b, bT2+i`mK QM i?2 iQ`mb

9XR AMi`Q/m+iBQM

AM i?Bb +?�Ti2` r2 rBHH /Bb+mbb � +H�bb Q7 T?�b2 i`�MbBiBQMb r?B+? Q++m` T`QtBK�i2 iQ Z2

iQTQHQ;B+�H Q`/2`- �M/ bim/v i?2 }MBi2@bBx2 iQ`mb bT2+i`mK Q7 i?2b2 i`�MbBiBQMbX h?Bb Bb �

T�`iB+mH�`Hv BMi2`2biBM; �TTHB+�iBQM Q7 i?2 `2bmHib /2`Bp2/ BM *?�Ti2`b k �M/ j- #2+�mb2 i?2

M2�`#v iQTQHQ;B+�HHv Q`/2`2/ T?�b2 �Hi2`b i?2 M�im`2 Q7 i?2 bT2+i`mK /m2 iQ i?2 MQMi`BpB�H

iQTQHQ;v Q7 i?2 iQ`mbX q2 b?Qr i?�i i?2 iQ`mb bT2+i`mK Bb � mb27mH /B�;MQbiB+ 7Q` #Qi?

i?2 iQTQHQ;B+�HHv Q`/2`2/ T?�b2 �M/ 7Q` [m�MimK +`BiB+�H TQBMib QmibB/2 Q7 i?2 bi�M/�`/

bvKK2i`v@#`2�FBM; T�`�/B;KX

"v /2}MBiBQM- � T?�b2 rBi? ;�TT2/ iQTQHQ;B+�H Q`/2` Bb /2b+`B#2/ #v � iQTQHQ;B+�H [m�MimK

}2H/ i?2Q`v (89- 88)X h?Bb H2�/b iQ � ;`QmM/ bi�i2 /2;2M2`�+v r?B+? Bb b2MbBiBp2 iQ i?2

iQTQHQ;v Q7 i?2 mM/2`HvBM; K�MB7QH/ i?�i i?2 i?2Q`v Bb /2}M2/ QM- �M/ i?2 2tBbi2M+2 Q7

;�TT2/ 2t+Bi�iBQMb +�``vBM; 7`�+iBQM�H [m�MimK MmK#2`b �M/ 7`�+iBQM�H bi�iBbiB+bX *`m+B�HHv-

iQTQHQ;B+�H Q`/2` +�MMQi #2 +?�`�+i2`Bx2/ #v �Mv HQ+�H Q`/2` T�`�K2i2`- bQ i?2 +`BiB+�H TQBMib

r2 +QMbB/2` #2HQr �`2 M2+2bb�`BHv QmibB/2 Q7 i?2 bi�M/�`/ bvKK2i`v #`2�FBM; T�`�/B;KX AM

ej



*?�Ti2` 9X *QM}M2K2Mi i`�MbBiBQMb BM Z2 bTBM HB[mB/b, bT2+i`mK QM i?2 iQ`mb

T�`iB+mH�`- i?2 T?�b2 i`�MbBiBQMb �`2 /2b+`B#2/ �b /2+QM}M2/ [m�MimK +`BiB+�H TQBMib- K2�MBM;

i?2B` 2tTHB+Bi /2b+`BTiBQM `2[mB`2b /2;`22b Q7 7`22/QK +�``vBM; +?�`;2b mM/2` /2+QM}M2/ ;�m;2

}2H/b (8e- 8d)X

h?Bb +?�Ti2` Bb Q`;�MBx2/ �b 7QHHQrbX a2+iBQM 9Xk ;Bp2b � `2pB2r Q7 Z2 iQTQHQ;B+�H Q`/2`

�M/ /2}M2b i?2 +`BiB+�H PUN)∗ +H�bb Q7 +QM}M2K2Mi i`�MbBiBQMbX a2+iBQM 9Xj rBHH ;Bp2 i?2

T`2b+`BTiBQM 7Q` +QKTmiBM; i?2 bT2+i`mK Q7 i?2 +`BiB+�H PUN)∗ KQ/2H QM i?2 iQ`mb- �M/

r2 ;Bp2 2tTHB+Bi `2bmHib 7Q` � +QM}M2K2Mi i`�MbBiBQM #2ir22M irQ T?�b2b rBi?Qmi bvKK2i`v

#`2�FBM;- +QKT�`BM; rBi? MmK2`B+�H bBKmH�iBQMbX a2+iBQM 9X9 /Bb+mbb2b �M 2tTHB+Bi `2�HBx�iBQM

Q7 i?2 +`BiB+�H PU9V∗ KQ/2H �b � KQ/2H 7Q` � T?�b2 i`�MbBiBQM #2ir22M i?2 Z2 bTBM HB[mB/ �M/

MQM@+QHHBM2�` �MiB72``QK�;M2iB+ Q`/2`X h?2 bT2+i`mK Q7 i?2 +`BiB+�H PU9V∗ KQ/2H Bb +QKTmi2/

BM i?2 H�`;2 N 2tT�MbBQM- �M/ � /Bb+mbbBQM Q7 i?2 2pQHmiBQM Q7 i?2 bT2+i`mK �+`Qbb /Bz2`2Mi

T?�b2b Bb ;Bp2M BM /2i�BHX q2 +QM+Hm/2 BM a2+iBQM 9X8X

9Xk Z2 iQTQHQ;B+�H Q`/2` �M/ i?2 PUN)∗ KQ/2Hb

:2M2`�H +QMbB/2`�iBQMb 7`QK [m�MimK }2H/ i?2Q`v �HHQr 7Q` � `B+? 2MmK2`�iBQM Q7 TQbbB#H2

iQTQHQ;B+�H Q`/2`b (89- 88)- #mi BM i?Bb +?�Ti2` r2 rBHH 7Q+mb QM i?2 bBKTH2 +�b2 Q7 Z2 iQTQ@

HQ;B+�H Q`/2` r?B+? �`Bb2b BM K�Mv KQ/2Hb Q7 7`mbi`�i2/ bTBM bvbi2Kb (83Ĝey)X S?�b2b rBi? Z2

iQTQHQ;B+�H Q`/2` +�M 2[mBp�H2MiHv #2 /2b+`B#2/ �b /2+QM}M2/ T?�b2b Q7 � Z2 ;�m;2 i?2Q`v

(eR)X am+? i?2Q`B2b +�M +QMi�BM irQ FBM/b Q7 +?�`;2/ 2t+Bi�iBQMb, � T�`iB+H2 r?B+? Bb 2H2+i`B@

+�HHv +?�`;2/ mM/2` i?2 ;�m;2 }2H/ +�HH2/ i?2 e T�`iB+H2- �M/ � T�`iB+H2 r?B+? Bb � K�;M2iB+

KQMQTQH2 Q7 i?2 ;�m;2 }2H/ +�HH2/ i?2 m T�`iB+H2X

AMi2`2biBM;Hv- i?2 e �M/ m T�`iB+H2b �`2 Kmim�H b2KBQMbX h?Bb K2�Mb i?�i �b QM2 �/B�#�iB@

+�HHv i`�MbTQ`ib i?2 e T�`iB+H2 �`QmM/ i?2 m T�`iB+H2 UQ` pB+2@p2`b�V- i?2 r�p2 7mM+iBQM TB+Fb

mT �M Qp2`�HH KBMmb bB;M- b22 6B;m`2 9XkXRX AM � T?�b2 r?2`2 i?2b2 2t+Bi�iBQMb �`2 /2+QM}M2/-

i?Bb BKTHB2b � ;`QmM/ bi�i2 /2;2M2`�+v QM i?2 iQ`mbX AM T�`iB+mH�`- QM2 +�M +`2�i2 � T�B` Q7 e

T�`iB+H2b �M/ � T�B` Q7 m T�`iB+H2b- �M/ #v rBM/BM; i?2K �HQM; /Bz2`2Mi +v+H2b Q7 i?2 iQ`mb

e9



*?�Ti2` 9X *QM}M2K2Mi i`�MbBiBQMb BM Z2 bTBM HB[mB/b, bT2+i`mK QM i?2 iQ`mb

m ℯ

6B;m`2 9XkXR, h`�MbTQ`i Q7

�M/ i?2M �MMB?BH�iBM; #Qi? T�B`b- QM2 +�M `2�+? �M Q`i?Q;QM�H bi�i2 rBi? i?2 b�K2 2M2`;v

UBM i?2 H�`;2 iQ`mb HBKBiVX "v +?QQbBM; 2Bi?2` QM2 Q` #Qi? Q7 i?2 +v+H2b Q7 i?2 iQ`mb iQ rBM/

QM2 Q7 i?2 T�`iB+H2b �`QmM/- QM2 +�M `2�+? i?`22 Qi?2` /BbiBM+i ;`QmM/ bi�i2b- H2�/BM; iQ �

7Qm`@7QH/ ;`QmM/ bi�i2 /2;2M2`�+v QM i?2 iQ`mbX h?2 T`QT2`iB2b Q7 i?Bb ;`QmM/ bi�i2 +�M #2

2M+Q/2/ #v � iQTQHQ;B+�H }2H/ i?2Q`v (eR)X

q2 MQr +QMbB/2` i?2 +QM/2Mb�iBQM Q7 QM2 Q7 i?2 T�`iB+H2bX q2 +?QQb2 i?2 +QM/2Mb2 i?2

e T�`iB+H2- #mi i?2 b�K2 +QMbB/2`�iBQMb �TTHv 7Q` i?2 mX h?2 MQMi`BpB�H bi�iBbiB+b #2ir22M

i?2 irQ T�`iB+H2b BKTHB2b i?�i i?2 m T�`iB+H2b rBHH +QM}M2 /m2 iQ i?2 e +QM/2Mb�i2X �b QM2

+`2�i2b irQ m T�`iB+H2b �M/ �ii2KTib iQ b2T�`�i2 i?2K #v � H2M;i? L- i?2`2 rBHH #2 � HBM2�`

2M2`;v +Qbi /m2 iQ i?2 K�;M2iB+ ~mt im#2 b2T�`�iBM; i?2K U6B;m`2 9XkXkVX h?Bb Bb bBKTHv i?2

Z2 �M�HQ;m2 Q7 i?2 2M2`;v +Qbi Q7 �M �#`BFQbQp ~mt im#2 BM � bmT2`+QM/m+iQ`- r?B+? b+�H2b

�b i?2 HBM2�` bBx2 Q7 i?2 ~mt im#2X

q2 MQr /2p2HQT i?2 +`BiB+�H }2H/ i?2Q`v 7Q` +QM}M2K2Mi BM � Z2 bTBM HB[mB/ #v +QMbB/2`BM;

e8



*?�Ti2` 9X *QM}M2K2Mi i`�MbBiBQMb BM Z2 bTBM HB[mB/b, bT2+i`mK QM i?2 iQ`mb

6B;m`2 9XkXk, oBbm�H `2T`2b2Mi�iBQM Q7 � T�B` Q7 m T�`iB+H2b #2BM; b2T�`�i2/ BM �M e +QM/2Mb�i2X

i?2 +QM/2Mb�iBQM Q7 � }2H/ φ(x) ∼ eX 6Q` MQr r2 �bbmK2 i?�i i?2`2 �`2 MQ ;HQ#�H bvKK2i`B2b

BM Qm` bvbi2KX aBM+2 i?2 m T�`iB+H2 `2K�BMb ;�TT2/ i?`Qm;? i?2 T?�b2 i`�MbBiBQM- r2 +�M

i�F2 Bib K�bb iQ BM}MBiv BM i?2 b+�HBM; HBKBiX h?2 QMHv `2K�BMBM; T`BM+BTH2 r2 +�M mb2 iQ

r`Bi2 /QrM � }2H/ i?2Q`v Bb Z2 ;�m;2 BMp�`B�M+2, φ ∼ −φX h?Bb H2�/b iQ i?2 b�K2 +`BiB+�H

}2H/ i?2Q`v �b i?2 kYR. AbBM; KQ/2H,

S =

∫
d3x

[
1

2
(∂µφ)

2 +
s

2
φ2 +

u

4!
φ4

]
U9XRV

>Qr2p2`- #2+�mb2 φ → −φ Bb � ;�m;2 i`�Mb7Q`K�iBQM `�i?2` i?�M � bvKK2i`v- i?2`2 Bb MQ

MQiBQM Q7 bvKK2i`v #`2�FBM; 7Q` i?2 s < 0 T?�b2X h?Bb Bb � +QMiBMmQmb T?�b2 i`�MbBiBQM

#2ir22M irQ /BbiBM+i T?�b2b rBi?Qmi �Mv HQ+�H Q`/2` T�`�K2i2`- bQ Bi HB2b QmibB/2 Q7 i?2

G:q T�`�/B;KX h?Bb Bb +�HH2/ i?2 AbBM; mMBp2`b�HBiv +H�bbX q2 MQi2 i?�i �Hi?Qm;? r2 ?�p2

QMHv bF2i+?2/ � /2`Bp�iBQM ?2`2- i?2 +Q``2bTQM/2M+2 #2ir22M i?Bb +`BiB+�H TQBMi �M/ i?2 AbBM;

KQ/2H +�M #2 2bi�#HBb?2/ #v T`2+Bb2 /m�HBiv #2ir22M �M 2tTHB+Bi Z2 H�iiB+2 ;�m;2 i?2Q`v �M/

i?2 AbBM; KQ/2H (ek)- �M/ i?�i i?Bb +`BiB+�H TQBMi Bb bi�#H2 mM/2` T2`im`#�iBQMb �r�v 7`QK

r?2`2 i?2 2t�+i /m�HBiv ?QH/b (ej)X

q2 MQr ;2M2`�HBx2 i?Bb i?2Q`v iQ �HHQr i?2 }2H/ φ iQ i`�Mb7Q`K �b � p2+iQ` mM/2` � ;HQ#�H

PUNV bvKK2i`v- φαX "2+�mb2 Q7 i?2 ;�m;2 2[mBp�H2M+2- i?2 T?vbB+�H bvKK2i`v Q7 i?Bb i?2Q`v

Bb PUN)/Z2X h?2 M�im`�H ;2M2`�HBx�iBQM Q7 i?2 �#Qp2 �+iBQM Bb i?2M Dmbi i?2 qBHbQM@6Bb?2`

ee



*?�Ti2` 9X *QM}M2K2Mi i`�MbBiBQMb BM Z2 bTBM HB[mB/b, bT2+i`mK QM i?2 iQ`mb

*6h-

S =

∫
d3x

[
1

2
(∂µφα)

2 +
s

2
φ2
α +

u

4!

(
φ2
α

)2
]

U9XkV

r?2`2 φ2
α =

∑N
α=1 φαφαX aBM+2 φα +�``B2b � Z2 ;�m;2 +?�`;2- i?Bb Bb i2`K2/ i?2 PUN)∗ KQ/2H

(e9)- �M/ Bi /2b+`B#2b � +QMiBMmQmb T?�b2 i`�MbBiBQM #2ir22M � bi�i2 rBi? Z2 iQTQHQ;B+�H Q`/2`

�M/ � bi�i2 rBi? bTQMi�M2Qmb bvKK2i`v #`2�FBM;X

h?2 Q`B;BM�H `2�HBx�iBQMb Q7 Z2 iQTQHQ;B+�H Q`/2` �TT2�`2/ �b /BbQ`/2`2/ bTBM HB[mB/ T?�b2b

BM 7`mbi`�i2/ K�;M2ib (8N- ey- e8)- r?2`2 i?2 e �M/ m T�`iB+H2b �`2 +QMp2MiBQM�HHv H�#2H2/ �

ǵbTBMQMǶ �M/ � ǵpBbQMǶ `2bT2+iBp2HvX AM i?2b2 bvbi2Kb- i?2 bTBMQM i`�Mb7Q`Kb �b �M alUkV bTBMQ`

mM/2` `Qi�iBQMb- r?BH2 i?2 pBbQM i`�Mb7Q`Kb mM/2` � /Bb+`2i2 bT�+2 ;`QmT Q7 i?2 mM/2`HvBM;

H�iiB+2X � i?2Q`v Q7 � +QM}M2K2Mi i`�MbBiBQM Q7 i?2 Z2 bTBM HB[mB/ /`Bp2M #v i?2 +QM/2Mb�iBQM

Q7 pBbQMb r�b BMBiB�HHv T`2b2Mi2/ BM _27bX (ee- ed)- BM i2`Kb Q7 � 7`mbi`�i2/ AbBM; KQ/2H Q#i�BM2/

7`QK �M ǵQ//Ƕ /BK2` KQ/2Hc i?2 b�K2 i?2Q`v �TT2�`2/ H�i2` BM Qi?2` KQ/2Hb (e9- e3- eN)- �M/

BM `2+2Mi rQ`F (dyĜdk)X h?2 +QM}M2/ bi�i2 H2�/b iQ H�iiB+2 bvKK2i`v #`2�FBM;- �M/ �i i?2

+`BiB+�H TQBMi i?2 /Bb+`2i2 bvKK2i`v mbm�HHv 2MH�`;2b �M/ QM2 Q#i�BMb PUkV∗ U�HbQ +�HH2/ su∗V

+`BiB+�HBivX AM a2+iBQM 9X9 r2 rBHH /Bb+mbb � i?2Q`v (dj- d9) 7Q` i?2 +QM/2Mb�iBQM Q7 bTBMQMb BM

/2i�BHX

6Q` K�Mv Tm`TQb2b- i?2 +`BiB+�H #2?�pBQ` Q7 i?2 PUN)∗ KQ/2H `2b2K#H2b i?�i Q7 i?2 PUNV

KQ/2HX :�m;2 BMp�`B�Mi QT2`�iQ`b bm+? �b φ2 ?�p2 i?2 b�K2 b+�HBM; /BK2MbBQMb �b i?2B` PUNV

+QmMi2`T�`ib- bQ +2`i�BM +`BiB+�H 2tTQM2Mib rBHH #2 B/2MiB+�H iQ i?Qb2 7Q` i?2 qBHbQM@6Bb?2`

}t2/ TQBMiX >Qr2p2`- i?2 b+�HBM; /BK2MbBQM Q7 �Mv ;�m;2 BMp�`B�Mi QT2`�iQ` +�MMQi #2 ;Bp2M

#v φα- bQ �Mv HQ+�H Q`/2` T�`�K2i2` 7Q` � bvKK2i`v@#`QF2M T?�b2 BM i?2b2 KQ/2Hb Kmbi

#2 +QKTQbBi2 BM i?2 }2H/ φα (d8)X h?2 PUN)∗ KQ/2Hb ?�p2 �HbQ #22M b?QrM iQ ?�p2 2ti`�

+QMi`B#miBQMb iQ i?2B` 2Mi�M;H2K2Mi 2Mi`QTv `2H�iBp2 iQ i?2 PUNV KQ/2Hb (de)X 6BM�HHv- i?2

}MBi2 bBx2 bT2+i`� 7Q` i?2b2 KQ/2Hb Bb /BbiBM+i 7`QK i?2 +QMp2MiBQM�H qBHbQM@6Bb?2` +�b2- �b

r2 /Bb+mbb BM /2i�BH 7Q` i?2 `2bi Q7 i?Bb +?�Ti2`X

ed



*?�Ti2` 9X *QM}M2K2Mi i`�MbBiBQMb BM Z2 bTBM HB[mB/b, bT2+i`mK QM i?2 iQ`mb

9Xj aT2+i`mK Q7 i?2 +`BiB+�H PUN)∗ KQ/2H QM i?2

iQ`mb

q2 }`bi +QMbB/2` i?2 PUN)∗ i?2Q`v QM � }MBi2 bBKTHv@+QMM2+i2/ bT�+2- bm+? �b i?2 bT?2`2X

h?2M i?2 Z2 ;�m;2 +QMbi`�BMi bBKTHv K2�Mb i?�i r2 Kmbi QMHv BM+Hm/2 bi�i2b rBi? i?2 +Q``2+i

;HQ#�H Z2 +?�`;2X h?�i Bb- r2 �``�M;2 �HH Q7 i?2 2M2`;v 2B;2Mbi�i2b Q7 i?2 PUNV KQ/2H BMiQ

bi�i2b r?B+? �`2 2p2M �M/ Q// mM/2` i?2 Z2 i`�Mb7Q`K�iBQM φα → −φα-

Ψn,±[−φα(x)] = ±Ψn,±[φα(x)] U9XjV

r?2`2 i?2 Ψn,± �`2 r�p27mM+iBQM�Hb Q7 i?2 }2H/X h?2M r2 ?�p2 irQ +?QB+2b- r2 2Bi?2` QMHv

F22T i?2 bi�i2b Ψn,+ Q` r2 QMHv F22T i?2 bi�i2b Ψn,−X AM i?2 irQ +�b2b- r2 2Bi?2` b�v i?�i

r2 �`2 BM i?2 ǵ2p2MǶ Q` ǵQ//Ƕ b2+iQ` Q7 i?2 Z2 ;�m;2 i?2Q`vX Pm` +?QB+2 7Q` r?B+? b2+iQ` r2

M22/ iQ /2b+`B#2 � ;Bp2M KB+`Qb+QTB+ bvbi2K rBHH /2T2M/ QM i?2 T`2+Bb2 `2H�iBQM #2ir22M i?2

KB+`Qb+QTB+ >�KBHiQMB�M �M/ i?2 2K2`;2Mi Z2 ;�m;2 i?2Q`vX 6Q` 2t�KTH2- BM i?2 bvbi2Kb

+QMbB/2`2/ BM a2+iBQM 9X9 #2HQr- i?2 bvbi2K Bb BM i?2 2p2M UQ//V b2+iQ` Q7 i?2 ;�m;2 i?2Q`v

B7 i?2 iQi�H MmK#2` Q7 ?�H7@Q//@BMi2;2` bTBMb BM i?2 bvbi2K Bb 2p2M UQ//VX

q2 MQr +QMbB/2` i?2 bT2+i`mK QM i?2 iQ`mbX "2+�mb2 Q7 i?2 ;�m;2 2[mBp�H2M+2 φα ∼ −φα-

r2 Kmbi MQr �HHQr i?2 #QmM/�`v +QM/BiBQMb

φα(x+ nω1 +mω2) = ±φα(x) U9X9V

r?2`2 n �M/ m �`2 BMi2;2`b �M/ ω1,2 �`2 i?2 irQ +v+H2b Q7 i?2 iQ`mb Ub22 6B;m`2 kXkXRVX q2

�`2 �HHQrBM; � Z2 ~mt iQ i?`2�/ i?`Qm;? i?2 ?QH2b Q7 i?2 iQ`mbc bm+? ~mt2b /Q MQi �TT2�` BM

i?2 bBKTHv +QMM2+i2/ +�b2 #2+�mb2 i?2v Kmbi rBM/ �`QmM/ pBbQMb- r?B+? r2 �`2 �bbmKBM;

?�p2 � H�`;2 ;�TX

h?mb- i?2 7mHH bT2+i`mK Q7 i?2 PUN)∗ KQ/2H QM i?2 iQ`mb Bb Q#i�BM2/ #v }M/BM; i?2 qBHbQM@

e3



*?�Ti2` 9X *QM}M2K2Mi i`�MbBiBQMb BM Z2 bTBM HB[mB/b, bT2+i`mK QM i?2 iQ`mb

6Bb?2` bT2+i`mK QM i?2 iQ`mb 7Q` �HH TQbbB#H2 #QmM/�`v +QM/BiBQMb U9X9V- b2T�`�iBM; i?2 bi�i2b

BMiQ 2p2M �M/ Q// b2+iQ`b �++Q`/BM; iQ U9XjV- �M/ i?2M +?QQbBM; i?2 bi�i2b +Q``2bTQM/BM; iQ

i?2 b2+iQ` Q7 BMi2`2bi �M/ /Bb+�`/BM; i?2 `2biX h?Bb ?B;?Hv MQMi`BpB�H K�i+?BM; Q7 bi�i2b

`2T`2b2Mib � /`�K�iB+ /Bz2`2M+2 rBi? i?2 MQ`K�H qBHbQM@6Bb?2` bT2+i`mK +QMbB/2`2/ BM i?2

T`2pBQmb +?�Ti2`b- �M/ Bb i?mb Q7 TQbbB#H2 mb2 BM /BbiBM;mBb?BM; bi�i2b M2�`#v iQTQHQ;B+�H

Q`/2` 7`QK bi�i2b M2�`#v i`BpB�H T?�b2b- r?2`2�b +2`i�BM +`BiB+�H 2tTQM2Mib /Q MQi /BbiBM;mBb?

i?2b2 i`�MbBiBQMbX

q2 MQr +QKK2Mi QM i?2 2z2+i Q7 KQ/mH�` i`�Mb7Q`K�iBQMbX JQ/mH�` i`�Mb7Q`K�iBQMb �`2

/Bb+`2i2 /Bz2QKQ`T?BbKb QM i?2 iQ`mb- bQ r2 M22/ i?2 bT2+i`mK iQ #2 BMp�`B�Mi mM/2` i?2

KQ/mH�` ;`QmTX h?Bb ;`QmT Bb ;2M2`�i2/ #v i?2 irQ i`�Mb7Q`K�iBQMb (8)

T : τ → τ + 1

S : τ → −1

τ
. U9X8V

lM/2` i?2b2 i`�Mb7Q`K�iBQMb- i?2 �`2� τ2L2 Bb H27i mM+?�M;2/X hQ b22 ?Qr Qm` bT2+i`mK

i`�Mb7Q`Kb mM/2` i?2b2 QT2`�iBQMb- r2 +�M HQQF �i ?Qr i?2 HQQT bmKb Qp2` i?2 KQK2Mi�

|kn,m|2 BM 1[X U�Xk3V ;Bp2M BM �TT2M/Bt �Xj i`�Mb7Q`KX q2 }M/ i?�i KQ/mH�` i`�Mb7Q`K�iBQMb

K�T #2ir22M i?2 /Bz2`2Mi iQTQHQ;B+�H b2+iQ`b �b 7QHHQrb,

T : (η1, η2) → (η1η2, η2)

S : (η1, η2) → (η2, η1) U9XeV

r?2`2 η1,2 = ±1- �M/ i?2 MQi�iBQM (η1, η2) `272`b iQ r?2i?2` i?2 }2H/ TB+Fb mT � THmb Q` KBMmb

bB;M �`QmM/ i?2 irQ +v+H2bX h?2b2 `2bmHib BKTHv i?�i B7 r2 BM+Hm/2 �Mv Q7 i?2 �MiBT2`BQ/B+

b2+iQ`b- KQ/mH�` BMp�`B�M+2 7Q`+2b mb iQ BM+Hm/2 i?2 Qi?2` irQX AM +QMi`�bi- i?2 7mHHv T2`BQ/B+

b2+iQ` (+1,+1) Bb KQ/mH�` BMp�`B�Mi #v Bib2H7X

q2 MQi2 i?�i KQ/mH�` BMp�`B�M+2 rBHH +�mb2 2ti`� /2;2M2`�+B2b iQ �`Bb2 7Q` bT2+B�H p�Hm2b

Q7 τ X 6Q` 2t�KTH2- i?2 b[m�`2 iQ`mb τ = i b�iBb}2b τ = −1/τ X aBM+2 i?2 7mHH bT2+i`mK Kmbi

eN



*?�Ti2` 9X *QM}M2K2Mi i`�MbBiBQMb BM Z2 bTBM HB[mB/b, bT2+i`mK QM i?2 iQ`mb

#2 BMp�`B�Mi mM/2` S- i?2 (−1, 0) �M/ (0,−1) b2+iQ`b �`2 /2;2M2`�i2X �MQi?2` bT2+B�H +�b2 Bb

i?2 i`B�M;mH�` iQ`mb τ = eiπ/3- r?B+? b�iBb}2b τ = −1/(τ −1)X h?2M i?2 BMp�`B�M+2 Q7 i?2 7mHH

bT2+i`mK mM/2` T −1S K2�Mb �HH i?`22 MQMi`BpB�H b2+iQ`b ?�p2 2t�+iHv /2;2M2`�i2 bT2+i`�X

9XjXR *QKT�`BbQM rBi? MmK2`B+b, AbBM;∗ bT2+i`mK

>2`2 r2 rBHH +QKT�`2 i?2 �M�HviB+ +QKTmi�iBQM Q7 i?2 AbBM;∗ bT2+i`mK rBi? MmK2`B+b T2`@

7Q`K2/ mbBM; 2t�+i /B�;QM�HBx�iBQMX h?2 KB+`Qb+QTB+ >�KBHiQMB�M #2BM; +QMbB/2`2/ Bb i?2

iQ`B+ +Q/2 BM � i`�Mbp2`b2 }2H/-

HTC = −Ja
∑

s

As − Jb
∑

p

Bp − h
∑

i

σx
i

As =
∏

i∈s

σx
i , Bp =

∏

i∈p

σz
i U9XdV

>2`2- i?2 S�mHB K�i`B+2b σ HBp2 QM i?2 HBMFb Q7 � b[m�`2 H�iiB+2- s /2MQi2b � bi�` �M/ p �

TH�[m2ii2 QM i?2 H�iiB+2X 6Q` h = 0- i?Bb Bb i?2 2t�+iHv bQHp�#H2 iQ`B+ +Q/2 >�KBHiQMB�M (dd)

r?B+? /2b+`B#2b � Z2 bTBM HB[mB/ BM i?2 2p2M b2+iQ`X �b QM2 BM+`2�b2b h- i?2 bvbi2K Bb /`Bp2M

i?`Qm;? �M AbBM;∗ +QM}M2K2Mi i`�MbBiBQM BMiQ � i`BpB�H T�`�K�;M2i (d3Ĝ3R)X

LmK2`B+�H bBKmH�iBQMb r2`2 T2`7Q`K2/ 7Q` Ja = Jb = 1 �M/ h = hcX h?2b2 `2bmHib r2`2 }`bi

`2TQ`i2/ BM _272`2M+2 (j9) �HQM; rBi? i?2 +`BiB+�H i`�Mbp2`b2 }2H/ AbBM; bT2+i`mK /2b+`B#2/

BM a2+iBQM kX8X 6m`i?2` /2i�BHb QM i?2 MmK2`B+�H K2i?Q/b mb2/ iQ Q#i�BM i?2 bT2+i`mK K�v

#2 7QmM/ BM #Qi? a2+iBQM kX8 �M/ i?2 Q`B;BM�H `272`2M+2X

� +QKT�`BbQM Q7 i?2 MmK2`B+�H bT2+i`mK rBi? p�Hm2b Q#i�BM2/ 7`QK i?2 ϵ 2tT�MbBQM �`2

b?QrM BM 6B;m`2 9XjXRX h?2 �;`22K2Mi Bb `2�bQM�#Hv ;QQ/- �Hi?Qm;? H2bb bQ i?�M i?2 +`BiB+�H

AbBM; bT2+i`mKX h?Bb Bb bQK2r?�i 2tT2+i2/ 7`QK i?2 T2`bT2+iBp2 Q7 i?2 ϵ 2tT�MbBQM /2i�BH2/

BM *?�Ti2` R- r?2`2 i?2 SfS b2+iQ` ?�b � +QKTH2i2Hv /Bz2`2Mi T2`im`#�iBp2 bi`m+im`2 7`QK i?2

�MiBT2`BQ/B+ b2+iQ`bX Ai Bb QMHv BM i?2 7mHHv T2`BQ/B+ b2+iQ` i?�i i?2 iQ`mb bT2+i`mK `2[mB`2b �

K�TTBM; iQ bi`QM;Hv@+QmTH2/ Qb+BHH�iQ`b �M/ �M 2tT�MbBQM BM ϵ1/3- r?BH2 i?2 Qi?2` b2+iQ`b ?�p2

dy



*?�Ti2` 9X *QM}M2K2Mi i`�MbBiBQMb BM Z2 bTBM HB[mB/b, bT2+i`mK QM i?2 iQ`mb
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6B;m`2 9XjXR, *QKT�`BbQM Q7 i?2 HQr@2M2`;v bT2+i`mK Q7 i?2 iQ`B+ +Q/2 BM � i`�Mbp2`b2 }2H/ rBi? i?2
�M�HviB+ AbBM;∗ bT2+i`mK +QKTmi2/ BM i?2 ϵ 2tT�MbBQMX 6mHH bvK#QHb /2MQi2 p�Hm2b Q#i�BM2/ 7`QK 1.
r?BH2 QT2M bvK#QHb �`2 p�Hm2b Q#i�BM2/ 7`QK i?2 ϵ 2tT�MbBQMX h?2 MQi�iBQM SU�V `272`b iQ r?2i?2`
i?2 #QmM/�`v +QM/BiBQMb �`QmM/ i?2 iQ`mb �`2 U�MiB@VT2`BQ/B+X h?2 BMb2i Bb � xQQK QMiQ i?2 HQr2bi
7Qm` H2p2HbX

� bT2+i`mK ;Bp2M #v MQ`K�H r2�F@+QmTHBM; T2`im`#�iBQM i?2Q`v �M/ �M Q`/BM�`v 2tT�MbBQM

BM ϵX h?2 mM2[m�H 7QQiBM; Q7 i?2 bi`2M;i? Q7 BMi2`�+iBQMb BM i?2 /Bz2`2Mi b2+iQ`b Bb � M�im`�H

bQm`+2 7Q` [m�MiBi�iBp2 /Bb�;`22K2Mi #2ir22M i?2 /Bz2`2Mi b2+iQ`bX

9X9 h`�MbBiBQM 7`QK i?2 Z2 bTBM HB[mB/ iQ �MiB72``Q@

K�;M2iB+ Q`/2`

_2+2Mi MmK2`B+�H bim/B2b (3k- 3j) Q7 i?2 bTBM S = 1/2 �MiB72``QK�;M2i QM i?2 i`B�M;mH�`

H�iiB+2 ?�p2 T`2b2Mi2/ +QMpBM+BM; 2pB/2M+2 7Q` � bTBM HB[mB/ ;`QmM/ bi�i2 BM i?2 T`2b2M+2

Q7 � M2ti@M2�`2bi M2B;?#Q` 2t+?�M;2 BMi2`�+iBQM UJ2VX h?2v �HbQ }M/ �M �TT�`2MiHv +QM@

iBMmQmb i`�MbBiBQM iQ �M �MiB72``QK�;M2iB+�HHv Q`/2`2/ ;`QmM/ bi�i2 �i bK�HH2` J2- rBi? i?2

7�KBHB�` j@bm#H�iiB+2 +QTH�M�` Q`/2` Q7 i?2 i`B�M;mH�` H�iiB+2X >2`2 r2 rBHH �bbmK2 i?�i i?Bb

�MiB72``QK�;M2iB+ bi�i2 Bb i?2 b�K2 �b i?2 +QMp2MiBQM�H bi�i2 /2b+`B#2/ #v i?2 b2KB+H�bbB+�H

bTBM@r�p2 i?2Q`v- �M/ TQbb2bb2b QMHv BMi2;2` bTBM 2t+Bi�iBQMbX aQ i?2 i`�MbBiBQM 7`QK i?2 bTBM
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*?�Ti2` 9X *QM}M2K2Mi i`�MbBiBQMb BM Z2 bTBM HB[mB/b, bT2+i`mK QM i?2 iQ`mb

HB[mB/ iQ i?2 �MiB72``QK�;M2i Bb � +QM}M2K2Mi i`�MbBiBQM- �bbQ+B�i2/ rBi? i?2 +QM}M2K2Mi Q7

?�H7@BMi2;2` bTBM 2t+Bi�iBQMbX

�M �ii`�+iBp2 +�M/B/�i2 7Q` i?2 Q#b2`p2/ bTBM HB[mB/ Bb i?2 Z2 bTBM HB[mB/ (8N- ey- e8- ee)

/2b+`B#2/ BM a2+iBQM 9XkX AM i?2 i2`KBMQHQ;v mb2/ i?2`2- i?2 +QM}M2K2Mi i`�MbBiBQM Bb /`Bp2M

#v i?2 +QM/2Mb�iBQM Q7 bTBMQMb- Q` e T�`iB+H2b- +�``vBM; MQMi`BpB�H [m�MimK MmK#2`b mM/2`

bTBM `Qi�iBQMX � i?2Q`v 7Q` i?2 +QM/2Mb�iBQM Q7 bTBMQMb 7`QK i?2 Z2 bTBM HB[mB/ QM i?2

i`B�M;mH�` H�iiB+2 r�b T`2b2Mi2/ BM _27bX (dj- d9)- �M/ i?Bb i?2Q`v rBHH 7Q`K i?2 #�bBb Q7

Qm` +QKTmi�iBQMb ?2`2X h?2 Q`/2` T�`�K2i2` Q7 i?2 +QTH�M�` �MiB72``QK�;M2i Bb B/2MiB}2/

#v TQBMib QM i?2 aPUjV K�MB7QH/- �M/ bQ i?2 G�M/�m@:BMx#m`;@qBHbQM UG:qV 7`�K2rQ`F

bm;;2bib � }2H/ i?2Q`v #�b2/ QM bm+? �M Q`/2` T�`�K2i2`X >Qr2p2`- i?2 i?2Q`v Q7 _27bX (dj- d9)

Bb � ǵ/2+QM}M2/Ƕ +`BiB+�H i?2Q`v #2vQM/ i?2 G:q T�`�/B;K- �M/ Bb BMbi2�/ 2tT`2bb2/ BM i2`Kb

Q7 � bTBMQM }2H/ r?B+? Bb B/2MiB}2/ #v TQBMib QM alUkV≡ S3X

h?2 +QMM2+iBQM #2ir22M +QTH�M�` K�;M2iB+ Q`/2` �M/ i?2 bTBMQM BM i?2 bTBM HB[mB/ T?�b2

+�M #2 K�/2 2tTHB+BiX q2 r`Bi2 i?2 2tT2+i�iBQM p�Hm2 BM i?2 Q`/2`2/ bi�i2 �b

⟨Sj⟩ = S
[
n1 cos

(
Q⃗ · x⃗j

)
+ n2 sin

(
Q⃗ · x⃗j

)]
U9X3V

r?2`2 i?2 Q`/2`BM; r�p2 p2+iQ` Bb Q⃗ = 4π
(
1/3, 1/

√
3
)
7Q` i?2 b2KB+H�bbB+�H ;`QmM/ bi�i2

Q7 i?2 >2Bb2M#2`; KQ/2H QM i?2 i`B�M;mH�` H�iiB+2X h?2 p2+iQ`b n1,2 �`2 �`#Bi`�`v mT i?2

+QMbi`�BMib

n2
1 = n2

2 = 1, n1 · n2 = 0 U9XNV

.Bz2`2Mi Q`B2Mi�iBQMb Q7 i?2b2 irQ p2+iQ`b �`2 `2H�i2/ #v � `Qi�iBQM K�i`Bt- B/2MiB7vBM; i?2

Q`/2` T�`�K2i2` �b �M 2H2K2Mi Q7 aPUjVX � +QMp2MiBQM�H G:q /2b+`BTiBQM Q7 � i`�MbBiBQM

7`QK i?Bb K�;M2iB+�HHv Q`/2`2/ bi�i2 iQ � T�`�K�;M2iB+ bi�i2 rQmH/ #2;BM rBi? �M 2z2+iBp2

�+iBQM 7Q` i?2 ~m+im�iBQMb Q7 i?2 p2+iQ`b n1,2X >Qr2p2`- i?Bb T?�b2 i`�MbBiBQM rQmH/ /`Bp2 i?2

bvbi2K BMiQ � i`BpB�H ;�TT2/ T�`�K�;M2iB+ bi�i2 rBi? � MQM@/2;2M2`�i2 ;`QmM/ bi�i2- r?B+?

+�MMQi Q++m` BM � bvbi2K rBi? �M Q// MmK#2` Q7 ?�H7@BMi2;2` bTBMb T2` mMBi +2HH bm+? �b i?2

dk



*?�Ti2` 9X *QM}M2K2Mi i`�MbBiBQMb BM Z2 bTBM HB[mB/b, bT2+i`mK QM i?2 iQ`mb

i`B�M;mH�` �MiB72``QK�;M2i (39)X h?2`27Q`2- r2 b22F � /2b+`BTiBQM BM i2`Kb Q7 7`�+iBQM�HBx2/

/2;`22b Q7 7`22/QKX 6QHHQrBM; _27bX (dj- d9)- r2 r`Bi2

n1a + in2a =
2∑

α,β,γ=1

ϵαγzγσ
a
αβzβ U9XRyV

h?Bb T�`�K2i`Bx�iBQM 2tTHB+BiHv bQHp2b i?2 +QMbi`�BMib BM 1[X U9XNV- �M/ Bi +�M #2 +?2+F2/

i?�i i?2 +QKTH2t #QbQMB+ }2H/ zα- rBi? α =↑, ↓- i`�Mb7Q`Kb �b �M S = 1/2 bTBMQ` mM/2`

bTBM `Qi�iBQMbX >Qr2p2`- i?Bb `2T`2b2Mi�iBQM Bb /Qm#H2/@p�Hm2/, QM2 +�M T2`7Q`K � ;�m;2

i`�Mb7Q`K�iBQM- zα(x, τ) → η(x, τ)zα(x, τ)- η = ±1- �i �Mv TQBMi BM bT�+2@iBK2 �M/ Q#i�BM

�M 2[mBp�H2Mi `2T`2b2Mi�iBQM Q7 i?2 T?vbB+�HHv Q#b2`p�#H2 Q`/2` T�`�K2i2`X h?Bb B/2MiB}2b

i?2 Q`/2` T�`�K2i2` bT�+2 �b alUkVfZ2- r?B+? Bb 2[mBp�H2Mi iQ aPUjVX h?Bb /2b+`BTiBQM Bb

+QKTH2K2Mi�`v iQ i?2 +QM}M2K2Mi i`�MbBiBQM /2b+`B#2/ �#Qp2- r?2`2 zα Bb B/2MiB}2/ rBi? i?2

alUkV bTBMQM Q7 i?2 Z2 bTBM HB[mB/X q2 MQi2 i?�i �b i?2 bTBMQM +QM/2Mb2b- i?2 QMHv `2KM�Mi

Q7 i?2 ;�TT2/ pBbQM BM i?2 bTBM HB[mB/ Bb i?2 /Qm#H2@p�Hm2/ M�im`2 Q7 i?2 bTBMQM }2H/X

q2 i?2`27Q`2 r`Bi2 � +`BiB+�H i?2Q`v 7Q` i?2 +QKTH2t #QbQM zα- i�FBM; p�Hm2b BM alUkV-

+QMbBbi2Mi rBi? i?2 �HHQr2/ bvKK2i`B2bX E22TBM; QMHv i2`Kb `2H2p�Mi �i i?2 +`BiB+�H TQBMi-

i?2 mMBp2`b�H G�;`�M;B�M Q7 i?2 i`�MbBiBQM BM kYR /BK2MbBQM�H bT�+2iBK2 Bb

L = |∂µzα|2 + s|zα|2 + u
(
|zα|2

)2
. U9XRRV

h?2 ǵK�bbǶ s ?�b iQ #2 imM2/ iQ � +`BiB+�H p�Hm2 s = sc iQ �++2bb i?2 +`BiB+�H TQBMi- r?BH2 u

�TT`Q�+?2b � MQM@x2`Q p�Hm2 /2i2`KBM2/ #v i?2 qBHbQM@6Bb?2` }t2/ TQBMi (9)X LQi2 i?�i i?Bb

bTBM@Rfk `2H�iBpBbiB+ #QbQM Bb MQi BM +QMi`�/B+iBQM rBi? i?2 bTBM@bi�iBbiB+b i?2Q`2K- #2+�mb2

?2`2 ǵbTBMǶ `272`b iQ � ;HQ#�H ~�pQ` bvKK2i`v- `�i?2` i?�M i?2 BMi`BMbB+ �M;mH�` KQK2MimK

Q7 `2H�iBpBbiB+ T�`iB+H2bX AM i?Bb b2+iBQM r2 rBHH �HHQr i?2 BM/2t α iQ `�M;2 Qp2` 1 . . . N �M/

mb2 i?2 1/N 2tT�MbBQMX .m2 iQ i?2 ;�m;2 +QMbi`�BMi- i?Bb Bb i?2 +`BiB+�H PU2N)∗ /2i�BH2/

BM a2+iBQM 9XkX LQi2 i?�i 1[X U9XRyV BKTHB2b i?2 T?vbB+�H Q`/2` T�`�K2i2` ?�b � b+�HBM;

/BK2MbBQM ;Bp2M #v � +QKTQbBi2 #BHBM2�` BM i?2 bTBMQM }2H/b- bQ i?2 �MQK�HQmb /BK2MbBQM Q7

dj



*?�Ti2` 9X *QM}M2K2Mi i`�MbBiBQMb BM Z2 bTBM HB[mB/b, bT2+i`mK QM i?2 iQ`mb

n1,2 }2H/b rBHH #2 Km+? H�`;2` i?�M i?Qb2 Q7 i?2 bTBMQMb (38)X

q2 MQr /2i2`KBM2 r?2i?2` � ;Bp2M H�iiB+2 �MiB72``QK�;M2i Bb BM i?2 ǵ2p2MǶ Q` ǵQ//Ƕ b2+iQ`

Q7 i?2 Z2 ;�m;2 i?2Q`v- /2i2`KBMBM; r?B+? Q7 i?2 bi�i2b r2 F22T �7i2` b2T�`�iBM; i?2 >BH#2`i

bT�+2 BMiQ b2+iQ`b �b BM 1[X U9XjVX h?Bb Bb /2i2`KBM2/ #v MQiBM; i?�i i?2 K�TTBM; (4.10)

BKTHB2b i?�i i?2 bTBMQMb +�``v S = 1/2- bQ 2p2`v 2t+Bi�iBQM Q7 i?2 2p2M UQ//V b2+iQ` Q7

i?2 ;�m;2 i?2Q`v rBHH +�``v BMi2;2` U?�H7@Q//@BMi2;2`V bTBMX *QMbB/2`BM; i?2 `2�HBx�iBQM Q7

i?Bb KQ/2H �b i?2 HQr@2M2`;v i?2Q`v Q7 � KB+`Qb+QTB+ bTBM >�KBHiQMB�M- r2 FMQr i?�i i?2

2t+Bi�iBQMb Q7 �M �MiB72``QK�;M2i rBi? �M 2p2M UQ//V iQi�H MmK#2` Q7 ?�H7@Q//@BMi2;2` bTBMb

rBHH �HbQ QMHv ?�p2 T?vbB+�H 2t+Bi�iBQMb r?B+? +�``v BMi2;2` U?�H7@Q//@BMi2;2`V bTBMX h?2`27Q`2-

i?2 `2H2p�Mi b2+iQ` Q7 i?2 ;�m;2 i?2Q`v Bb ;Bp2M #v i?2 iQi�H MmK#2` Q7 ?�H7@Q//@BMi2;2` bTBMb

BM i?2 mM/2`HvBM; H�iiB+2 �MiB72``QK�;M2iX

AM i?2 �TTHB+�iBQM iQ i?2 H�iiB+2 �MiB72``QK�;M2i- r2 �HbQ ?�p2 iQ +QMbB/2` i?2 7�+i i?�i i?2

P(2N) bvKK2i`v Q7 L Bb �M 2K2`;2Mi bvKK2i`v Q7 i?2 +`BiB+�H TQBMi- �M/ Bb MQi � bvKK2i`v

Q7 i?2 mM/2`HvBM; >�KBHiQMB�MX aQ r2 ?�p2 iQ +QMbB/2` QT2`�iQ`b r?B+? #`2�F i?2 P(2N)

bvKK2i`vX �HH QT2`�iQ`b r?B+? #`2�F i?2 PU2NV bvKK2i`v /QrM iQ alUNV �`2 B``2H2p�Mi

�i i?2 +`BiB+�H TQBMi- �M/ r2 rBHH +QMbB/2` ?2`2 QMHv i?2 H2�/BM; B``2H2p�Mi QT2`�iQ`X h?Bb Bb

;Bp2M #v (dj- d9)

L′ = γ|z∗α∇zα|2 U9XRkV

"2HQr- r2 rBHH /2b+`B#2 i?2 H2�/BM; T2`im`#�iBp2 2z2+i Q7 γ QM i?2 +`BiB+�H bT2+i`mKX

9X9XR *`BiB+�H P(2N)∗ bT2+i`mK �i H�`;2 N

q2 MQr +QMbB/2` i?2 H�`;2 N HBKBi Q7 i?2 P(2N)∗ KQ/2HX h?Bb Bb p2`v bBKBH�` iQ i?2 +QKTm@

i�iBQM BM a2+iBQM jXj- #mi i?2 }2H/b +�M i�F2 �MiB@T2`BQ/B+ #QmM/�`v +QM/BiBQMb �HQM; 2Bi?2`

/B`2+iBQM Q7 i?2 iQ`mbX q2 i`2�i i?2 7Qm` iQTQHQ;B+�H b2+iQ`b �b b2T�`�i2 /2+QmTH2/ i?2Q`B2bX

h?2 #QmM/�`v +QM/BiBQMb +�M #2 i�F2M BMiQ �++QmMi #v MQiB+BM; i?�i KQK2MimK [m�MiBx�@

iBQM Bb b?B7i2/ #v � ?�H7@BMi2;2` BM i?2 �MiB@T2`BQ/B+ /B`2+iBQMX q2 T�`�K2i`Bx2 i?2 KQK2MimK

d9



*?�Ti2` 9X *QM}M2K2Mi i`�MbBiBQMb BM Z2 bTBM HB[mB/b, bT2+i`mK QM i?2 iQ`mb

(ω1,ω2) (a1, a2)
US-SV (0, 0)
US-�V

(
0, 12
)

U�-SV
(
1
2 , 0
)

U�-�V
(
1
2 ,

1
2

)

h�#H2 9X9XR, h?2 /2}MBiBQMb Q7 a1 �M/ a2 �TT2�`BM; BM U9XRjV 7Q` /Bz2`2Mi #QmM/�`v +QM/BiBQMbX h?2
H27i +QHmKM /2MQi2b r?2i?2` i?2 #QmM/�`v +QM/BiBQMb �`2 T2`BQ/B+ USV Q` �MiB@T2`BQ/B+ U�V BM i?2 ω1

Q` ω2 /B`2+iBQMb `2bT2+iBp2Hv- r?BH2 i?2 `B;?i +QHmKM ;Bp2b i?2 p�Hm2b Q7 a1 �M/ a2 7Q` i?2b2 #QmM/�`v
+QM/BiBQMbX

�b

kn,m = 2π [(n+ a1)k1 + (m+ a2)k2] , n,m ∈ Z, U9XRjV

r?2`2 i?2 ki �`2 /2}M2/ BM 1[X U�XkeV- �M/ i?2 p�Hm2b Q7 a1- a2 �`2 /2i2`KBM2/ #v i?2

#QmM/�`v +QM/BiBQMb- b22 h�#H2 9X9XRX

h?Bb `2/2}MBiBQM Q7 �HHQr2/ KQK2Mi� Bb �HH i?�i Bb M22/2/ iQ `2T`Q/m+2 i?2 +�H+mH�iBQMb

BM jXkX q2 +�M biBHH mb2 i?2 bT2+B�H 7mM+iBQMb /2}M2/ BM i?2 �TT2M/Bt Ur?B+? �`2 /2}M2/ 7Q`

�`#Bi`�`v #QmM/�`v +QM/BiBQMbV- �M/ r2 bQHp2 i?2 b�K2 ;�T 2[m�iBQM 7Q` ∆-

g(2)1/2(∆, τ) = −2πL(s− sc), U9XR9V

�M/ ?�p2 i?2 b�K2 7Q`KmH� 7Q` i?2 ;`QmM/ bi�i2 2M2`;v-

E0 =
2πN

τ2L
g(2)−1/2(∆, τ) +

N(s− sc)

2
τ2L

2∆2. U9XR8V

>Qr2p2`- r2 +�M MQr }M/ i?2 ;�T �M/ i?2 ;`QmM/ bi�i2 2M2`;B2b BM �HH 7Qm` iQTQHQ;B+�H b2+iQ`b

Q7 i?2 i?2Q`v- �M/ r2 rBHH b22 #2HQr i?�i i?2 bTHBiiBM; #2ir22M i?2 ;`QmM/@bi�i2 2M2`;B2b Bb

BKTQ`i�MiX h?2 ;`QmM/@bi�i2 2M2`;B2b �`2 T`QTQ`iBQM�H iQ N - bQ i?2 2M2`;v bTHBiiBM;b BM i?2

P(2N)∗ i?2Q`v rBHH #2 N @/2T2M/2Mi BM i?2 1/N 2tT�MbBQM- mMHBF2 i?2 PU2NV +�b2 Q7 *?�Ti2`

jX h?Bb N @/2T2M/2M+2 Bb � T?vbB+�H T`QT2`iv Q7 � bvbi2K rBi? 2N bTBMQMb- bBM+2 i?2 ;`QmM/

bi�i2 +QM};m`�iBQM Q7 2�+? }2H/ rBi? � irBbi rBHH 2�+? +QMi`B#mi2 2[m�HHv iQ b?B7i i?2 2M2`;v
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*?�Ti2` 9X *QM}M2K2Mi i`�MbBiBQMb BM Z2 bTBM HB[mB/b, bT2+i`mK QM i?2 iQ`mb

.2;X κ = 0 κ = 1
R y
k RXNkR
N jXykjN
R jXyk99
k8 eXy93
ee dXRRR dXRRR
ey dXNd8
R 3XRke
9N NXydk

h�#H2 9X9Xk, 1M2`;v bTHBiiBM;b L(E − E0) �M/ i?2B` /2;2M2`�+B2b �i s = sc 7Q` i?2 O(4)∗ i`�MbBiBQM
7`QK i?2 H�`;2@N 2tT�MbBQM rBi? τ = iX >2`2- κ = L|k|/2πX h?2 ;`QmM/ bi�i2 2M2`;v `2H�iBp2 iQ
L = ∞ Bb LE0 = −1.317X >2`2- r2 `2bi`B+i iQ bi�i2b i?�i �`2 2p2M BM i?2 }2H/b zα- r?B+? +Q``2bTQM/b
iQ �M �MiB72``QK�;M2i rBi? �M 2p2M MmK#2` Q7 S = 1/2 bTBMbX

�#Qp2 i?2 ;`QmM/ bi�i2 Q7 i?2 bvbi2K rBi?Qmi � irBbiX

PM2 +QMb2[m2M+2 Q7 i?2 �MiB@T2`BQ/B+ b2+iQ`b Bb i?�i i?2`2 Bb MQ x2`Q KQ/2- bQ i?2 K�bbH2bb

7`22 T�`iB+H2 bT2+i`mK |k| �H`2�/v ?�b � ;�TX �b � `2bmHi- i?2 b�//H2@TQBMi p�Hm2 Q7 iλ̃ = ∆2

/2i2`KBM2/ i?`Qm;? 1[X U9XR9V +�M i�F2 M2;�iBp2 p�Hm2b- T`QpB/2/
√

|k|2 − |∆2| Bb `2�H 7Q` �HH

TQbbB#H2 p�Hm2b Q7 kX

q2 MQr +QMbB/2` i?2 +QMbi`�BMi Q7 1[X U9XjV- `2[mB`BM; i?�i i?2 r�p27mM+iBQM�H Kmbi #2

2Bi?2` �M 2p2M Q` Q// 7mM+iBQM Q7 i?2 zαX h?2b2 irQ +�b2b +Q``2bTQM/ iQ �M 2p2M Q` Q//

MmK#2` Q7 bTBMb BM i?2 mM/2`HvBM; H�iiB+2 �MiB72``QK�;M2i Q7 BMi2`2biX AM i2`Kb Q7 i?2 `2bmHib

BM a2+iBQM jXj- i?Bb K2�Mb r2 M22/ iQ +�H+mH�i2 i?2 7mHH bT2+i`mK 7Q` �HH Q7 i?2 `2H2p�Mi

#QmM/�`v +QM/BiBQMb- �M/ i?2M b2T�`�i2 i?2 bT2+i`mK BMiQ i?2 bi�i2b rBi? 2p2M T�`iB+H2@

MmK#2` bi�i2b �M/ Q// T�`iB+H2@MmK#2` bi�i2b iQ /2b+`B#2 i?2 irQ TQbbB#BHBiB2bX

9X9Xk 1pQHmiBQM Q7 i?2 bT2+i`mK Q7 � 7mM+iBQM Q7 s− sc

q?2M +QMbB/2`BM; i?2 /2pB�iBQM 7`QK i?2 +`BiB+�H TQBMi- i?2 iQTQHQ;B+�HHv MQMi`BpB�H b2+iQ`b

+Q``2bTQM/ iQ 2ti`� 72�im`2b BM i?2 irQ M2B;?#Q`BM; T?�b2bX AM � Z2 bTBM HB[mB/- i?2 ;`QmM/

bi�i2 QM � iQ`mb rBHH 2t?B#Bi � 7Qm`@7QH/ /2;2M2`�+v mT iQ 2tTQM2MiB�H bTHBiiBM; BM i?2 bvb@

de



*?�Ti2` 9X *QM}M2K2Mi i`�MbBiBQMb BM Z2 bTBM HB[mB/b, bT2+i`mK QM i?2 iQ`mb

.2;X κ = 0 κ = 1/2 κ = 1/
√
2 κ = 1 κ =

√
5/2 κ =

√
2

9 RX8Rk
Re 9X8Re
Re 9X8je
Re eX9ej
Re eXeN9
je dX8ey
jk 3XdRN
Re NXyRj

h�#H2 9X9Xj, 1M2`;v bTHBiiBM;b 7`QK L(E − E0) 7Q` i?2 O(4)∗ i`�MbBiBQM 7`QK i?2 H�`;2@N 2tT�MbBQM
rBi? τ = i �M/ N = ∞X >2`2- κ = L|k|/2π- �M/ r2 `2bi`B+i iQ bi�i2b i?�i �`2 Q// BM i?2 }2H/b zα-
r?B+? +Q``2bTQM/b iQ �M �MiB72``QK�;M2i rBi? �M Q// MmK#2` Q7 S = 1/2 bTBMbX q2 �`2 K2�bm`BM;
i?2 2M2`;B2b rBi? `2bT2+i iQ i?2 HQr2bi 2M2`;v BM i?2 PU4V KQ/2H- LE0 = −1.317- 7Q` +QKT�`BbQM rBi?
h�#H2 9X9XkX

i2K bBx2X AM �//BiBQM- 2t+Bi2/ bi�i2b BM 2�+? iQTQHQ;B+�H b2+iQ` rBHH �HbQ +QMi�BM � 7Qm`@7QH/

/2;2M2`�+v +Q``2bTQM/BM; iQ 2t+Bi�iBQMb BM i?2 #�+F;`QmM/ Q7 /Bz2`2Mi ~mt b2+iQ`b i?`Qm;?

i?2 ?QH2b Q7 i?2 iQ`mbX h?Bb iQTQHQ;B+�H /2;2M2`�+v Bb i?2 QMHv `2KM�Mi Q7 i?2 pBbQM T�`iB+H2-

r?B+? ?�b #22M BMi2;`�i2/ Qmi iQ Q#i�BM i?2 PU2N)∗ KQ/2H- bQ Qm` i?2Q`v QMHv +�Tim`2b i?2

bT2+i`mK �i 2M2`;B2b r2HH #2HQr i?2 pBbQM K�bbX

hQTQHQ;B+�H T?�b2

h?Bb /2;2M2`�+v Bb 2�bBHv p2`B}2/ BM Qm` KQ/2Hc �b b?QrM �#Qp2- i?2 T?�b2 rBi? s > sc

rBHH ?�p2 �M 2M2`;v ;�T 2p2M BM �M BM}MBi2 pQHmK2- r?B+? `2bmHib BM i?2 bT2+i`mK b?QrBM; �

r2�F /2T2M/2M+2 QM #QmM/�`v +QM/BiBQMbX h?Bb rBHH +�mb2 i?2 /Bz2`2Mi iQTQHQ;B+�H b2+iQ`b iQ

#2+QK2 /2;2M2`�i2 mT iQ �M 2tTQM2MiB�H bTHBiiBM; Q7 K�;MBim/2 e−mL r?2`2 m = 2π(s− sc)X

6`QK bQHpBM; 1[X U9XR9V 7Q` s ≫ sc- QM2 }M/ i?�i BM �HH 7Qm` b2+iQ`b i?2 ;�T �TT`Q�+?2b

∆ = m mT iQ 2tTQM2MiB�H +Q``2+iBQMb BM i?2 bvbi2K bBx2- �M/ bBKBH�`Hv i?2 ;`QmM/ bi�i2

2M2`;B2b BM i?Bb HBKBi rBHH #2+QK2 2tTQM2MiB�HHv +HQb2X

dd



*?�Ti2` 9X *QM}M2K2Mi i`�MbBiBQMb BM Z2 bTBM HB[mB/b, bT2+i`mK QM i?2 iQ`mb
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6B;m`2 9X9XR, U*QHQ` QMHBM2V h?2 2pQHmiBQM Q7 i?2 bT2+i`mK LE 7Q` i?2 PU4)∗ KQ/2H �b � 7mM+iBQM Q7
i?2 imMBM; T�`�K2i2` L1/ν(s − sc) QM i?2 b[m�`2 iQ`mb- τ = iX LQi2 i?�i ν = 1 iQ H2�/BM; Q`/2` BM
1/N X h?2 2M2`;v H2p2Hb �`2 /2}M2/ bQ i?�i E = 0 �i s = sc �M/ L = ∞X q2 H�#2H i?2 bi�i2b #v i?2B`
#2?�pBQ` BM i?2 Q`/2`2/ `2;BQM- /BbiBM;mBb?BM; #2ir22M i?2 iQr2`- i?2 :QH/biQM2 KQ/2b- �M/ i?2 bBM@
;H2i bi�i2bX q2 �HbQ /BbiBM;mBb? i?2 7Qm` ǳ;`QmM/ bi�i2bǴ Q7 i?2 /Bz2`2Mi b2+iQ`b Ua1, a2V �++Q`/BM; iQ
h�#H2 9X9XR- i?Qm;? i?2 U�-SV �M/ US-�V b2+iQ`b �`2 /2;2M2`�i2 7Q` i?2 b[m�`2 ;2QK2i`vX h?2b2 bi�i2b
#2+QK2 /2;2M2`�i2 BM i?2 iQTQHQ;B+�H T?�b2- r?BH2 i?2v `2T`2b2Mi Z2 pQ`iB+2b BM i?2 K�;M2iB+ T?�b2X
Pm` +?QB+2 Q7 bi�i2b Bb MQi 2t?�mbiBp2- #mi ?B;?HB;?ib i?2 K�BM 72�im`2b Q7 i?2 T`QtBK�i2 T?�b2bX

d3



*?�Ti2` 9X *QM}M2K2Mi i`�MbBiBQMb BM Z2 bTBM HB[mB/b, bT2+i`mK QM i?2 iQ`mb

J�;M2iB+�HHv Q`/2`2/ T?�b2

AM i?2 K�;M2iB+�HHv Q`/2`2/ T?�b2- s < sc- i?2 �MiBT2`BQ/B+ #QmM/�`v +QM/BiBQMb ?�p2 �M

BMi2`T`2i�iBQM �b pQ`iB+2b Q7 i?2 Q`/2` T�`�K2i2`X h?Bb +�M #2 b22M 7`QK i?2 T�`�K2i`Bx�iBQM

Q7 i?2 Q`/2` T�`�K2i2` BM i2`Kb Q7 i?2 bTBMQM /2;`22b Q7 7`22/QK BM 1[X U9XRyVX �b i?2 bTBMQM

}2H/ mM/2`;Q2b � bKQQi? MQM@+QMi`�+iB#H2 irBbi �`QmM/ � +v+H2 Q7 i?2 iQ`mb- zα → −zα- i?2

T?vbB+�H Q`/2` T�`�K2i2` `2im`Mb iQ Bib Q`B;BM�H +QM};m`�iBQM �7i2` i`�p2`bBM; � iQTQHQ;B+�HHv

MQMi`BpB�H T�i? BM Q`/2` T�`�K2i2` bT�+2X h?2b2 +Q``2bTQM/ iQ pQ`iB+2b �bbQ+B�i2/ rBi? i?2

}`bi ?QKQiQTv ;`QmT- π1(SO(3)) = Z2X LQi2 i?�i #v QMHv �HHQrBM; irBbib BM i?2 Q`/2`

T�`�K2i2` �`QmM/ i?2 iQ`mb- r2 �`2 B;MQ`BM; HQ+�H pQ`i2t +QM};m`�iBQMbX h?Bb bBKTHB}+�iBQM

Bb �M�HQ;Qmb iQ B;MQ`BM; i?2 HQ+�H pBbQM 2t+Bi�iBQMb BM i?2 bTBM HB[mB/ T?�b2- bBM+2 � HQ+�H

pQ`i2t rBHH ?�p2 bQK2 2ti`� 2M2`;v +Qbi /m2 iQ Bib +Q`2X

h?2 2M2`;v +Qbi Q7 � pQ`i2t +�M #2 2biBK�i2/ #v /BK2MbBQM�H �M�HvbBbX PM ;2M2`�H ;`QmM/b-

BM i?2 Q`/2`2/ T?�b2 r2 +�M r`Bi2 i?2 2M2`;v 7mM+iBQM�H 7Q` i?2 T?�b2 θ(x) Q7 i?2 Q`/2`

T�`�K2i2` �b

E =
ρs
2

∫
d2x (∇θα)2 U9XReV

r?2`2 ρs Bb � ǳbTBM biBzM2bbǴ U`2�HHv i?2 biBzM2bb Q7 i?2 +QM/2Mb2/ zα }2H/b `�i?2` i?�M

i?2 T?vbB+�H bTBM Q`/2` T�`�K2i2`V- ;Bp2M #v ρs ∼ N(sc − s) +HQb2 iQ i?2 H�`;2@N +`BiB+�H

TQBMi (dj- d9)X q2 +QMbB/2` � bKQQi? +QM};m`�iBQM Q7 i?2 }2H/ 7`QK zα → −zα �b i?2 Q`/2`

T�`�K2i2` rBM/b �`QmM/ 2Bi?2` +v+H2- r?B+? ?�p2 H2M;i?b |ω1,2|X h?Bb +QMi`B#mi2b � ;`�/B2Mi

Q7 Q`/2` ∇zα ∼ 1/|ω1,2|- �M/ i?2 2M2`;v +Qbi rBHH #2

E ∼ N(sc − s)
A

|ω1,2|2
. U9XRdV

h?2 2biBK�i2 +�M #2 +?2+F2/ �;�BMbi i?2 +m``2Mi KQ/2HX 6Q` s ≪ sc- i?2 bQHmiBQM Q7 Q7 ;�T

2[m�iBQM #2+QK2b

∆2 =
1

A2(sc − s)2
− |kmin|2 U9XR3V

dN
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ground states
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6B;m`2 9X9Xk, U*QHQ` QMHBM2V h?2 2pQHmiBQM Q7 i?2 bT2+i`mK LE 7Q` i?2 PU4)∗ KQ/2H �b � 7mM+iBQM Q7
i?2 imMBM; T�`�K2i2` L1/ν(s−sc) QM i?2 i`B�M;mH�` iQ`mb- τ = eiπ/3X LQi2 i?�i ν = 1 iQ H2�/BM; Q`/2`
BM 1/N X h?2 2M2`;v H2p2Hb �`2 /2}M2/ bQ i?�i E = 0 �i s = sc �M/ L = ∞X q2 H�#2H i?2 bi�i2b #v
i?2B` #2?�pBQ` BM i?2 Q`/2`2/ `2;BQM- /BbiBM;mBb?BM; #2ir22M i?2 iQr2`- i?2 :QH/biQM2 KQ/2b- �M/ i?2
bBM;H2i bi�i2bX LQi2 i?�i i?2 i?`22 b2+iQ`b U�-SV- US-�V- �M/ U�-�V �`2 /2;2M2`�i2 BM i?Bb ;2QK2i`vX
Pm` +?QB+2 Q7 bi�i2b Bb MQi 2t?�mbiBp2- #mi ?B;?HB;?ib i?2 K�BM 72�im`2b Q7 i?2 T`QtBK�i2 T?�b2bX

r?2`2 |kmin| Bb i?2 KBMBKmK p�Hm2 Q7 |k| �HHQr2/ BM � ;Bp2M iQTQHQ;B+�H b2+iQ` UbQ kmin Bb

�Hr�vb x2`Q BM i?2 US-SV b2+iQ`VX aQHpBM; 1[X U9XR8V 7Q` i?2 2M2`;v Q7 � pQ`i2t BM i?Bb HBKBi

;Bp2b

Evortex ≡ E0 − E0,(P,P ) =
NA(sc − s)

2
|kmin|2 s ≪ sc U9XRNV

h?Bb �;`22b rBi? i?2 �#Qp2 2biBK�i2 bBM+2 |kmin|2 ∼ 1/|ω1,2|2 BM i?2 /Bz2`2Mi b2+iQ`bX

_2bmHib

q2 ;Bp2 i?2 `2bmHib 7Q` i?2 HQr@HvBM; PU4)∗ bT2+i`mK QM � b[m�`2 iQ`mb �i +`BiB+�HBiv BM h�#H2b

9X9Xk �M/ 9X9Xj- r?B+? +QMi�BM i?2 2p2M �M/ Q// bTBM `2bmHib `2bT2+iBp2HvX q2 �HbQ ;Bp2 i?2

2pQHmiBQM Q7 i?2 bT2+i`mK �b � 7mM+iBQM Q7 s−sc BM 6B;m`2 9X9XR- +?QQbBM; bQK2 `2T`2b2Mi�iBp2

bi�i2b iQ /2TB+i i?2 M�im`2 Q7 i?2 irQ T?�b2bX

q2 �HbQ +QKK2Mi QM i?2 i`B�M;mH�` iQ`mb- τ = eiπ/3X h?Bb Bb �M BMi2`2biBM; +�b2 #2+�mb2

3y



*?�Ti2` 9X *QM}M2K2Mi i`�MbBiBQMb BM Z2 bTBM HB[mB/b, bT2+i`mK QM i?2 iQ`mb

MmK2`B+�H bBKmH�iBQMb QM i?2 i`B�M;mH�` H�iiB+2 �`2 KQ`2 2�bBHv T2`7Q`K2/ mbBM; i?Bb #QmM/@

�`v +QM/BiBQM- bQ i?2b2 `2bmHib ?�p2 `2H2p�M+2 iQ 7mim`2 bim/B2b QM i?2 J1@J2 >2Bb2M#2`; KQ/2H

r?2`2 i?2 �MiB72``QK�;M2iB+@bTBM HB[mB/ i`�MbBiBQM ?�b #22M `2TQ`i2/X 6Q` i?Bb bT2+B�H p�Hm2

Q7 i?2 KQ/mH�` T�`�K2i2`- Bi im`Mb Qmi i?�i �HH i?`22 MQMi`BpB�H iQTQHQ;B+�H b2+iQ`b �`2 2t@

�+iHv /2;2M2`�i2X h?Bb Bb /m2 iQ i?2 +?QB+2 τ = eiπ/3 #2BM; BMp�`B�Mi mM/2` i?2 KQ/mH�`

i`�Mb7Q`K�iBQM τ → −1/(τ − 1)- b22 i?2 /Bb+mbbBQM #2HQr 1[X U9XeVX AM �//BiBQM- i?Bb iQ`mb

?�b � /Bb+`2i2 bBt@7QH/ `Qi�iBQM�H bvKK2i`v- `2bmHiBM; BM � ?B;?Hv /2;2M2`�i2 bT2+i`mK 7Q`

}MBi2@KQK2MimK bi�i2bX h?2 2pQHmiBQM Q7 i?2 bT2+i`mK 7Q` i?2 i`B�M;mH�` iQ`mb Bb b?QrM BM

6B;m`2 9X9XkX

9X9Xj �MBbQi`QTB+ +Q``2+iBQMb

q2 MQr +QMbB/2` iQ i?2 H2�/BM; B``2H2p�Mi QT2`�iQ` BM Qm` i?2Q`v-

L′ = γ|z∗α∇zα|2. U9XkyV

�bvKTiQiB+�HHv +HQb2 iQ i?2 +`BiB+�H TQBMi- i?Bb i2`K Bb B``2H2p�Mi �M/ rBHH MQi +QMi`B#mi2 iQ

mMBp2`b�H T?vbB+bX >Qr2p2`- i?Bb i2`K Bb /�M;2`QmbHv B``2H2p�Mi #2+�mb2 Bi #`2�Fb i?2 PU2NV

bvKK2i`v /QrM iQ alUNV 7Q` �Mv /2pB�iBQM 7`QK i?2 b+�HBM; HBKBiX h?2`27Q`2- i?2 �+im�H

2M2`;v H2p2Hb 7Q` i?2 i`�MbBiBQM rBHH Q`;�MBx2 BMiQ alUNV KmHiBTH2ib 7Q` �Mv H�iiB+2 KQ/2H-

rBi? � bTHBiiBM; /2i2`KBM2/ #v γX h?2 +Q2{+B2Mi γ Bb MQM@mMBp2`b�H �M/ rBHH #2 /2i2`KBM2/

#v KB+`Qb+QTB+b- bQ BM T`BM+BTH2 QM2 Kmbi }i Bib p�Hm2 iQ � ;Bp2M bT2+i`mKX

q2 #2;BM #v /Bb+mbbBM; i?2 M�im`2 Q7 i?2 bTHBiiBM; BM i2`Kb Q7 `2T`2b2Mi�iBQM i?2Q`vX h?2

`2�H �M/ BK�;BM�`v T�`ib Q7 zα i`�Mb7Q`K iQ;2i?2` �b �M PU2NV p2+iQ`- #mi i?Bb `2T`2b2M@

i�iBQM rBHH i`�Mb7Q`K `2/m+B#Hv mM/2` i?2 alUNV bvKK2i`v Q7 1[X U9XkyVX G�#2HHBM; i?2

B``2/m+B#H2 `2T`2b2Mi�iBQMb #v i?2B` /BK2MbBQM- i?2 bTHBiiBM; Q7 i?2 PU2NV p2+iQ` BMiQ alUNV

`2T`2b2Mi�iBQMb Bb

2N −→ N ⊕N, U9XkRV

3R



*?�Ti2` 9X *QM}M2K2Mi i`�MbBiBQMb BM Z2 bTBM HB[mB/b, bT2+i`mK QM i?2 iQ`mb

r?2`2 N �M/ N �`2 i?2 7mM/�K2Mi�H �M/ �MiB@7mM/�K2Mi�H `2T`2b2Mi�iBQMb Q7 alUNV- r?B+?

r2 rBHH b?Q`iHv �bbQ+B�i2 rBi? bTBMQMb �M/ �MiB@bTBMQMbX q2 +�M �M�Hvx2 i?2 #`2�FBM; Q7

?B;?2` `2T`2b2Mi�iBQMb Q7 PU2NV #v i�FBM; i2MbQ` T`Q/m+ib Q7 i?2 7mM/�K2Mi�H `2T`2b2Mi�@

iBQMX 6Q` 2t�KTH2- i?2 bTHBiiBM; Q7 i?2 irQ@T�`iB+H2 bi�i2b +�M #2 Q#i�BM2/ #v i�FBM; i?2

�MiBbvKK2i`B+ Q` bvKK2i`B+ i2MbQ` T`Q/m+i Q7 i?2 PU2NV p2+iQ`- �M/ mb2 i?2 FMQrM T`QT@

2`iB2b 7Q` �//BM; alUNV `2T`2b2Mi�iBQMb

[(
N ⊕N

)
⊗
(
N ⊕N

)]
A

=
N(N − 1)

2
⊕ N(N − 1)

2
⊕
(
N2 − 1

)
⊕ 1

[(
N ⊕N

)
⊗
(
N ⊕N

)]
S

=
N(N + 1)

2
⊕ N(N + 1)

2
⊕
(
N2 − 1

)
⊕ 1 U9XkkV

r?2`2 i?2 bm#b+`BTib BM/B+�i2 �MiBbvKK2i`BxBM; Q` bvKK2i`BxBM; i?2 /B`2+i T`Q/m+i rBi?

`2bT2+i iQ i?2 Q`/2`BM; Q7 i?2 PU2NV BM/B+2bX aBM+2 i?2 bvKK2i`B+ `2T`2b2Mi�iBQM Q7 PU2NV

+QMi�BMb �M B``2/m+B#H2 bBM;H2i- Bi Kmbi +QBM+B/2 rBi? i?2 bBM;H2i bi�i2 BM i?2 H�bi HBM2 Q7

1[X U9XkkVX

q2 +�M K�F2 +QMi�+i rBi? Qm` 2tT`2bbBQMb BM a2+iBQM jXj #v /2}MBM; bTBMQM �M/ �MiB@

bTBMQM QT2`�iQ`b �M/ `2H�iBM; i?2K iQ i?2 PU2NV p2+iQ` QT2`�iQ`b b†αX q2 2tT�M/ i?2 zα

}2H/ �b

zα =
1

A1/2

∑

k ̸=0

eik·x√
2E1(k)

(
aα(k) + c†α(−k)

)
. U9XkjV

>2`2- i?2 /Qi T`Q/m+i Bb ;Bp2M #v k · x ≡ Re(kx∗)- �M/ E1(k) =
√
|k|2 +∆2 Bb i?2 bBM;H2@

T�`iB+H2 2M2`;v �i N = ∞X >2`2- r2 �`2 �bbmKBM; i?�i i?2 T2`im`#�iBQM γ /Q2b MQi b?B7i

i?2 b�//H2@TQBMi p�Hm2 Q7 i?2 T�i? BMi2;`�H- bQ r2 +�M T2`im`# �`QmM/ i?2 N = ∞ bT2+i`mKX

aBM+2 zα i`�Mb7Q`Kb �b �M alUNV p2+iQ`- i?2 T�`iB+H2b +`2�i2/ #v c†α �`2 bTBMQMb �M/ i?2

T�`iB+H2b +`2�i2/ #v a†α �`2 �MiB@bTBMQMbX q2 +�M B/2MiB7v i?2b2 rBi? i?2 PU2NV #QbQMb

3k



*?�Ti2` 9X *QM}M2K2Mi i`�MbBiBQMb BM Z2 bTBM HB[mB/b, bT2+i`mK QM i?2 iQ`mb

/2}M2/ 2�`HB2`

c†α =
1√
2

(
b†α + ib†α+N

)

a†α =
1√
2

(
b†α − ib†α+N

)
. U9Xk9V

6`QK i?2b2 `2H�iBQMb Bi Bb bi`�B;?i@7Q`r�`/ iQ +?2+F i?�i i?2 2K#2//BM; BM 1[X U9XkRV ?QH/bX

h?2 /2+QKTQbBiBQM Q7 i?2 irQ@T�`iB+H2 bi�i2b +�M #2 r`Bii2M

b†[αb
†
β] −→ c†[αc

†
β] + a†[αa

†
β] +

(
c†αa

†
β − a†βc

†
α − δαβ

N

(
c†γa

†
γ − a†γc

†
γ

))
+
δαβ
N

(
c†γa

†
γ − a†γc

†
γ

)

b†(αb
†
β) −→ c†(αc

†
β) + a†(αa

†
β) +

(
c†αa

†
β + a†βc

†
α − δαβ

N

(
c†γa

†
γ + a†γc

†
γ

))

b†γb
†
γ −→ c†γa

†
γ + a†γc

†
γ U9Xk8V

r?2`2 i?2 BM/B+2b QM i?2 H27i `mM iQ 2N r?BH2 i?2 BM/B+2b QM i?2 `B;?i `mM iQ N X A7 i?2 irQ

bi�i2b +�``v i?2 b�K2 KQK2MimK i?2`2 Bb MQ �MiBbvKK2i`B+ +QMi`B#miBQMX

q2 MQr �TTHv T2`im`#�iBQM i?2Q`v QM i?2 /2;2M2`�i2 bi�i2b- mbBM; 1[X U9Xk8V iQ /B�;QM�HBx2

i?2 T2`im`#�iBQMX q2 /2}M2 i?2 /BK2MbBQMH2bb +QmTHBM; γ̃ ≡ γ/L �b r2HH �b i?2 b?Q`i?�M/

χα(k) ≡ aα(k) + c†α(−k)- �M/ Q#i�BM i?2 BMi2`�+iBQM >�KBHiQMB�M

Vγ =
γ̃

τ2L

∑

k1,k2,k3 ̸=0

(k2 · k3)χ†
α(k1)χα(k2)χ

†
β(k3)χβ(k1 − k2 + k3)

4
√
E1(k1)E1(k2)E1(k3)E1(k1 − k2 + k3)

U9XkeV

h?2 bBM;H2 T�`iB+H2 2M2`;B2b Q7 bTBMQMb �M/ �MiB@bTBMQMb �`2 b?B7i2/ #v i?2 b�K2 �KQmMi- bQ

i?2`2 Bb MQ bTHBiiBM; iQ QM2@T�`iB+H2 bi�i2b iQ H2�/BM; Q`/2`X

q2 rBHH 2tTHB+BiHv +QKTmi2 i?2 b?B7i BM 2M2`;B2b 7Q` i?2 irQ@T�`iB+H2 bi�i2b BM 1[X U9Xk8V-

r?B+? �`2 �HH /2;2M2`�i2 �i N = ∞ 2t+2Ti 7Q` i?2 bBM;H2i bi�i2 BM i?2 H�bi HBM2X h?2 T2`@

im`#�iBQM rBHH bTHBi i?2b2 bi�i2b- �M/ +�M �HbQ bTHBi �Mv TQbbB#H2 /2;2M2`�+v #2ir22M bi�i2b

rBi? i?2 b�K2 iQi�H KQK2MimKX q2 }`bi B;MQ`2 i?2 H�ii2` TQbbB#BHBiv- r?B+? /Q2b MQi Q++m`

7Q` �Mv Q7 i?2 bi�i2b HBbi2/ BM i?2 �#Qp2 i�#H2bX _2+�HH i?�i i?2 irQ@T�`iB+H2 bi�i2 2M2`;B2b

3j



*?�Ti2` 9X *QM}M2K2Mi i`�MbBiBQMb BM Z2 bTBM HB[mB/b, bT2+i`mK QM i?2 iQ`mb

+�M #2 r`Bii2M �b E2(k) = E1(q) + E1(k − q) 7Q` bQK2 p�Hm2 Q7 qX h?2M i?2 bTHBiiBM; Q7 i?2

�MiBbvKK2i`B+ `2T`2b2Mi�iBQM Bb

N(N − 1)

2
,
N(N − 1)

2
: ∆Easym(k) = − γ̃

τ2L

|k − 2q|2

4E1(q)E1(k − q)

N2 − 1 : ∆Eadj(k) = − γ̃

τ2L

2q · (k − q)

4E1(q)E1(k − q)

1 : ∆Es(k) =
γ̃

τ2L

N (|q|2 + |k − q|2)− 2q · (k − q)

4E1(q)E1(k − q)
, U9XkdV

r?BH2 7Q` i?2 bvKK2i`B+ `2T`2b2Mi�iBQM-

N(N + 1)

2
,
N(N + 1)

2
: ∆Esym(k) =

γ̃

τ2L

|k|2

4E1(q)E1(k − q)

N2 − 1 : ∆Eadj(k) = − γ̃

τ2L

2q · (k − q)

4E1(q)E1(k − q)
. U9Xk3V

h?2 bm#b+`BTib `272` iQ i?2 bi�i2b #2BM; BM i?2 bvKK2i`B+- �MiBbvKK2i`B+- bBM;H2i- Q` �/DQBMi

`2T`2b2Mi�iBQMb Q7 alUNVX

amKK�`BxBM; i?2 `2bmHib iQ }`bi Q`/2` BM γ- i?2 /2;2M2`�+v Q7 i?2 �MiBbvKK2i`B+ `2T`2@

b2Mi�iBQM #`2�Fb /QrM 7`QK N(2N − 1) iQ N(N − 1)- N2 − 1- �M/ 1- r?BH2 i?2 /2;2M2`�+v

Q7 i?2 bvKK2i`B+ i`�+2H2bb i2MbQ` `2T`2b2Mi�iBQM #`2�Fb /QrM 7`QK (2N − 1)(2N + 2)/2 iQ

N(N + 1) �M/ N2 − 1X

LQi2 i?�i i?2 }`bi@Q`/2` +Q``2+iBQM Bb x2`Q B7 i?2 mMT2`im`#2/ T�`iB+H2b �HH ?�p2 x2`Q KQ@

K2MimKX h?2`27Q`2- iQ }`bi Q`/2` i?2`2 Bb MQ bTHBiiBM; Q7 i?2 ǳiQr2` Q7 bi�i2bǴ BM i?2 �MiB@

72``QK�;M2iB+ T?�b2X �Hi?Qm;? r2 /Q MQi +QKTmi2 i?2 K�;MBim/2 7Q` i?2 bTHBiiBM; Q7 i?2

bi�i2b BM i?2 iQr2`- r2 +QKK2Mi QM i?2 2tT2+i2/ `2T`2b2Mi�iBQMb r?B+? b?QmH/ �TT2�`X AM

a2+iBQM jXjXR r2 b�r i?�i i?2 iQr2` Q7 bi�i2b 7Q` i?2 PU2NV KQ/2H �HH #2HQM; iQ i?2 bvKK2i@

`B+ i`�+2H2bb i2MbQ` `2T`2b2Mi�iBQMbX 6Q` i?2 +�b2 Q7 BMi2`2bi- N = 2- i?2 �HHQr2/ /2;2M2`�+B2b

BM i?2 iQr2` #2+QK2b (2ℓ + 1)2 7Q` ℓ = 0, 1, 2, ... r?2`2 r2 mb2 i?2 +QMbi`�BMi i?�i QMHv �M

2p2M MmK#2` Q7 T�`iB+H2b �`2 �HHQr2/X _2T2�iBM; i?2 �#Qp2 �M�HvbBb #v 7Q`KBM; bvKK2i`B+

T`Q/m+ib �M/ bm#i`�+iBM; Qmi i?2 i`�+2b- QM2 }M/b i?�i 2�+? Q7 i?2b2 bi�i2b /2+QKTQb2b BMiQ
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*?�Ti2` 9X *QM}M2K2Mi i`�MbBiBQMb BM Z2 bTBM HB[mB/b, bT2+i`mK QM i?2 iQ`mb

/2;X �i γ = 0
√
AE2 κ q̃ /2;X �i O(γ)

√
A∆E

N jXykjN y y N y

jy dXRRR y Rfk
9 −1.47γ̃
Rk y
Rk yXdjγ̃
k 1.47γ̃

je dXRRR R Rfk Rk −0.73γ̃
k9 y

ey dXNd8 R y
3 −1.01γ̃
k9 y
k9 RXyRγ̃
9 kXykγ̃

h�#H2 9X9X9, h?2 irQ@T�`iB+H2 bi�i2b BM i?2 2p2M b2+iQ` Q7 i?2 +`BiB+�H PU4)∗ bT2+i`mK- i�F2M 7`QK
h�#H2 9X9Xk- �M/ i?2B` bTHBiiBM; /m2 iQ i?2 T2`im`#�iBQMX h?2 2M2`;B2b Q7 i?2b2 bi�i2b �`2 r`Bii2M �b
E2(k) = Egs + E1(q) + E1(k − q)- �M/ r2 HBbi i?2 b+�H2/ KQK2Mi�- κ = L|k|/2π �M/ q̃ = L|q|/2πX
6Q` 7m`i?2` /2i�BHb- b22 i?2 i2tiX

(2ℓ+1) /Bz2`2Mi alUkV `2T`2b2Mi�iBQMb 2�+? rBi? bTBM@ℓX q2 �HbQ MQi2 i?�i i?2 bT�+BM; Q7 i?2

2p2M@T�`iB+H2 bT2+i`mK 7Q` i?2 PU4)∗ KQ/2H b?QmH/ #2 T`QTQ`iBQM�H iQ 2ℓ(2ℓ+ 2) ∝ ℓ(ℓ+ 1)-

r?B+? �;`22b rBi? i?2 bT�+BM; 7Q` i?2 iQr2` BM �M alUkV �MiB72``QK�;M2i (8k)X h?Bb [m�HB@

i�iBp2 bi`m+im`2 Q7 i?2 bT2+i`mK- rBi? (2ℓ + 1) BM2[mBp�H2Mi bTBM@ℓ KmHiBTH2ib BM i?2 iQr2`

#2+QKBM; �TT`QtBK�i2Hv /2;2M2`�i2 +HQb2 iQ i?2 +`BiB+�H TQBMi- Bb �M BMi2`2biBM; 72�im`2 Q7

i?Bb i?2Q`v r?B+? +QmH/ ;Bp2 ;QQ/ 2pB/2M+2 7Q` i?2 2tBbi2M+2 Q7 �M PU4)∗ i`�MbBiBQM �M/ �

M2B;?#Q`BM; bTBM HB[mB/ T?�b2X

6Q` � /2}MBi2 2t�KTH2- r2 `2pBbBi i?2 `2bmHib 7Q` i?2 2p2M b2+iQ` Q7 i?2 PU4)∗ KQ/2H QM i?2

b[m�`2 iQ`mbX AM h�#H2 9X9X9- r2 2tTHB+BiHv b?Qr �HH i?2 irQ@T�`iB+H2 bi�i2b 7`QK h�#H2 9X9Xk

r?B+? �`2 bTHBi #v i?2 T2`im`#�iBQM- �M/ ;Bp2 i?2 K�;MBim/2 Q7 i?2 bTHBiiBM;X LQi2 i?�i i?2

MmK2`B+�H p�Hm2 Q7 �HH 2M2`;B2b rBHH #2 b?B7i2/ 7`QK i?2B` mMT2`im`#2/ p�Hm2b- #mi ?2`2 r2

QMHv ;Bp2 i?2 2M2`;v bTHBiiBM; #2ir22M bi�i2bX h?2 bi�i2b HBbi2/ BM h�#H2 9X9X9 im`M Qmi iQ #2

i?2 QMHv bi�i2b BM h�#H2 9X9Xk r?B+? �`2 bTHBi �i }`bi@Q`/2` BM γX

AM T`BM+BTH2- QM2 +�M +QMiBMm2 i?Bb T`Q+2bb iQ ?B;?2`@T�`iB+H2 bi�i2b- �M/ iQ ?B;?2` Q`/2`

BM γX 6Q` � KQ`2 +QKTH2t PU2NV KmHiBTH2i- QM2 }M/b ?Qr i?2 alUNV `2T`2b2Mi�iBQMb }i

BMbB/2 i?2 H�`;2` ;`QmT- �M/ mb2 i?Bb iQ /B�;QM�HBx2 i?2 T2`im`#�iBQM rBi?BM i?2 /2;2M2`�i2
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*?�Ti2` 9X *QM}M2K2Mi i`�MbBiBQMb BM Z2 bTBM HB[mB/b, bT2+i`mK QM i?2 iQ`mb

KmHiBTH2iX

9X8 *QM+HmbBQMb

AM i?2 T`2b2Mi +?�Ti2`- r2 ?�p2 T`2b2Mi2/ `2bmHib QM i?2 }MBi2 bBx2 iQ`mb bT2+i`mK Q7 �

+H�bb Q7 +`BiB+�H TQBMib r?B+? �`2 #2vQM/ i?2 G:q T�`�/B;KX q2 `2H�i2/ i?2B` bT2+i`� iQ

i?2 qBHbQM@6Bb?2` bT2+i`� +QMbB/2`2/ BM *?�Ti2`b k �M/ j- �M/ r2 +QKT�`2/ �M�HviB+ �M/

MmK2`B+�H `2bmHib 7Q` i?2 AbBM;∗ i`�MbBiBQM #2ir22M � Z2 bTBM HB[mB/ �M/ � i`BpB�H T�`�K�;M2iX

q2 �HbQ 2t�KBM2/ � irQ@/BK2MbBQM�H �MiB72``QK�;M2i- rBi? ;HQ#�H alUkV bTBM `Qi�iBQM

bvKK2i`v- r?B+? mM/2`;Q2b � i`�MbBiBQM #2ir22M � ;�TT2/ Z2 bTBM HB[mB/ �M/ +QTH�M�`

�MiB72``QK�;M2iB+ Q`/2`X am+? � i`�MbBiBQM Bb /2b+`B#2/ #v � P(4)∗ +QM7Q`K�H }2H/ i?2Q`v BM

kYR /BK2MbBQMb- r?B+? Bb +HQb2Hv `2H�i2/ iQ i?2 PU9V qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`vX

q2 b?Qr2/ i?�i Bib bT2+i`mK +QMi�BMb 72�im`2b r?B+? /2b+2M/ 7`QK i?2 T?�b2b 7QmM/ QM

2Bi?2` bB/2 Q7 i?2 +`BiB+�H TQBMiX h?2 iQTQHQ;B+�H /2;2M2`�+v QM i?2 ;�TT2/ bB/2 2pQHp2b

BMiQ MQM@i`BpB�H #QmM/�`v +QM/BiBQMb �M/ b2H2+iBQM `mH2b QM i?2 QT2`�iQ`b Q7 i?2 +QM7Q`K�H

}2H/ i?2Q`vX �M/ i?2 bTQMi�M2QmbHv #`QF2M bTBM@`Qi�iBQM bvKK2i`v QM i?2 Qi?2` bB/2 vB2H/b

HQr@HvBM; bi�i2b rBi? MQM@x2`Q bTBM �i i?2 +`BiB+�H TQBMiX

q2 ?QT2 i?�i Qm` `2bmHib rBHH �B/ BM �M�HvxBM; MmK2`B+�H /�i� QM H�iiB+2 KQ/2Hb r?B+?

mM/2`;Q i`�MbBiBQMb iQ Q`/2`2/ iQ bTBM HB[mB/ bi�i2bX qBi? i?2 �p�BH�#H2 /�i� QM i?2 K�MM2`

BM r?B+? i?2 ǳiQr2` Q7 bi�i2bǴ 2pQHp2 BMiQ i?2 bTBM HB[mB/ �+`Qbb � [m�MimK +`BiB+�H TQBMi-

bi`QM; +QMbi`�BMib #2+QK2 �p�BH�#H2 QM B/2MiB7vBM; i?2 iQTQHQ;B+�H Q`/2` BM i?2 bTBM HB[mB/X

3e



*?�Ti2` 8

1Mi�M;H2K2Mi 2Mi`QTv Q7 i?2 H�`;2

N qBHbQM@6Bb?2` +QM7Q`K�H 7B2H/ i?2@

Q`v

8XR AMi`Q/m+iBQM

h?2 2Mi�M;H2K2Mi 2Mi`QTv U11V ?�b 2K2`;2/ �b �M BKTQ`i�Mi iQQH BM +?�`�+i2`BxBM; bi`QM;Hv

BMi2`�+iBM; [m�MimK bvbi2Kb (RR- 3eĜN9)X AM i?2 +QMi2ti Q7 `2H�iBpBbiB+ i?2Q`B2b BM k bT�iB�H

/BK2MbBQMb- i?2 bQ@+�HH2/ F i?2Q`2K mb2b i?2 11 QM � +B`+mH�` /BbF iQ TH�+2 +QMbi`�BMib QM

�HHQr2/ `2MQ`K�HBx�iBQM ;`QmT ~Qrb (RR- N8ĜRyy)X 6Q` [m�MimK bvbi2Kb rBi? ?QHQ;`�T?B+

/m�Hb- i?2 11 +�M #2 +QKTmi2/ pB� i?2 _vm@h�F�v�M�;B 7Q`KmH� (3d)- �M/ i?Bb Bb � p�Hm�#H2

iQQH BM `2bi`B+iBM; TQbbB#H2 ?QHQ;`�T?B+ /m�Hb Q7 bi`QM;Hv BMi2`�+iBM; i?2Q`B2b (RyR- Ryk)X

.2bTBi2 Bib BKTQ`i�M+2- i?2 HBbi Q7 `2bmHib 7Q` i?2 11 Q7 bi`QM;Hv BMi2`�+iBM; ;�TH2bb }2H/

i?2Q`B2b BM kYR /BK2MbBQMb Bb bT�`b2X h?2 KQbi 2ti2MbBp2 `2bmHib �`2 7Q` *6hb QM � +B`+mH�`

/BbF ;2QK2i`v BM i?2 p2+iQ` H�`;2@N �M/ bK�HH@ϵ 2tT�MbBQMb (N3- NN- RyjĜRyd)X aQK2 `2bmHib

?�p2 �HbQ #22M Q#i�BM2/ (Nj) BM i?2 BM}MBi2 +vHBM/2` ;2QK2i`v BM �M 2tT�MbBQM BM ϵ = (3− d)-

r?2`2 d Bb i?2 bT�iB�H /BK2MbBQM- #mi i?2 2ti`�TQH�iBQM Q7 i?2b2 `2bmHib iQ d = 2 Bb MQi

3d



*?�Ti2` 8X 1Mi�M;H2K2Mi 2Mi`QTv Q7 i?2 H�`;2 N qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v

bi`�B;?i7Q`r�`/X

AM i?Bb +?�Ti2` r2 b?Qr ?Qr i?2 p2+iQ` H�`;2 N 2tT�MbBQM +�M #2 mb2/ iQ Q#i�BM i?2 11

BM 2bb2MiB�HHv �HH 2Mi�M;H2K2Mi ;2QK2i`B2b- ;2M2`�HBxBM; `2bmHib i?�i r2`2 QMHv �p�BH�#H2 bQ

7�` BM i?2 +B`+mH�` /BbF ;2QK2i`vX h?2 H�`;2 N 2tT�MbBQM r�b �HbQ mb2/ BM _27X (Nj) BM i?2

BM}MBi2 +vHBM/2` ;2QK2i`v- #mi i?2 `2bmHib r2`2 HBKBi2/ iQ i?2 mMBp2`b�H /2pB�iBQM Q7 i?2 11

r?2M i?2 *6h Bb imM2/ �r�v 7`QK i?2 +`BiB+�H TQBMi #v � `2H2p�Mi QT2`�iQ`X 6Q` � `2;BQM

rBi? � bKQQi? #QmM/�`v- i?2 ;`QmM/bi�i2 Q7 � *6h ?�b �M 11 S r?B+? Q#2vb

S = C
L

δ
− γ U8XRV

r?2`2 δ Bb � b?Q`i@/Bbi�M+2 lo H2M;i? b+�H2- C Bb i?2 �`2� H�r +Q2{+B2Mi /2T2M/BM; QM i?2

`2;mH�iQ`- L Bb �M BM7`�`2/ H2M;i? b+�H2 �bbQ+B�i2/ rBi? i?2 2Mi�M;HBM; ;2QK2i`v- �M/ γ Bb

i?2 mMBp2`b�H T�`i Q7 i?2 11 r2 �`2 BMi2`2bi2/ BMX q2 rBHH +QKTmi2 γ 7Q` i?2 qBHbQM@6Bb?2`

*6h rBi? PUNV bvKK2i`v QM �`#Bi`�`v bKQQi? `2;BQMb BM i?2 TH�M2- �M/ BM i?2 +vHBM/2`

�M/ iQ`mb ;2QK2i`B2bX Pm` K2i?Q/b ;2M2`�HBx2 iQ Qi?2` ;2QK2i`B2b- �M/ �HbQ iQ Qi?2` *6hb

rBi? � p2+iQ` H�`;2 N HBKBiX q2 �HbQ Q#i�BM mMBp2`b�H 2Mi�M;H2K2Mi 2Mi`QTB2b �bbQ+B�i2/ rBi?

;2QK2i`B2b rBi? b?�`T +Q`M2`bX

Pm` �M�HvbBb `2HB2b QM � ;2M2`�H `2bmHi r?B+? rBHH #2 2bi�#HBb?2/ BM a2+iBQM 8XkX q2 +QMbB/2`

i?2 H�`;2 N HBKBi Q7 i?2 qBHbQM@6Bb?2` *6h QM � ;2M2`�H ;2QK2i`v mbBM; i?2 `2THB+� K2i?Q/-

r?B+? `2[mB`2b i?2 /2i2`KBM�iBQM Q7 i?2 T�`iBiBQM 7mM+iBQM QM � bT�+2 r?B+? Bb � n@b?22i2/

_B2K�MM bm`7�+2X h?2 H�`;2 N HBKBi K�Tb i?2 *6h iQ � :�mbbB�M }2H/ i?2Q`v rBi? � b2H7@

+QMbBbi2Mi- bT�iB�HHv /2T2M/2Mi K�bb (Nj)X .2i2`KBMBM; i?Bb K�bb 7Q` ;2M2`�H n Bb � T`Q#H2K

Q7 ;`2�i +QKTH2tBiv- ;Bp2M i?2 bBM;mH�` �M/ MQM@i`�MbH�iBQM�HHv BMp�`B�Mi n@b?22i2/ ;2QK2i`vc

+QKTH2i2 `2bmHib 7Q` bm+? � bT�iB�HHv /2T2M/2Mi K�bb �`2 MQi �p�BH�#H2X >Qr2p2`- r2 b?�HH

b?Qr i?�i � F2v bBKTHB}+�iBQM Q++m`b BM i?2 HBKBi n → 1 `2[mB`2/ 7Q` i?2 +QKTmi�iBQM Q7 i?2

11, i?2 bT�iB�HHv /2T2M/2Mi T�`i Q7 i?2 K�bb /Q2b MQi BM~m2M+2 i?2 p�Hm2 Q7 i?2 11X h?Bb

bBKTHB}+�iBQM H2�/b iQ Qm` K�BM `2bmHibX q2 MQi2 ?2`2 i?�i i?2 bBKTHB}+�iBQM /Q2b MQi 2ti2M/

33



*?�Ti2` 8X 1Mi�M;H2K2Mi 2Mi`QTv Q7 i?2 H�`;2 N qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v

iQ i?2 _ûMvB 2Mi`QTB2b n ̸= 1- bQ r2 b?�HH MQi Q#i�BM �Mv `2bmHib 7Q` i?2 _ûMvB 2Mi`QTB2b Q7

i?2 qBHbQM@6Bb?2` *6h BM i?2 H�`;2 N HBKBiX

a2+iBQM 8Xk rBHH +QKTmi2 i?2 11 7Q` i?2 qBHbQM@6Bb?2` *6h QM �`#Bi`�`v bKQQi? `2;BQMb

BM �M BM}MBi2 TH�M2- �M/ 7Q` `2;BQMb +QMi�BMBM; � b?�`T +Q`M2`- BM r?B+? +�b2 U8XRV Bb KQ/B}2/X

AM #Qi? i?2b2 +�b2b- �M/ 7Q` Qi?2` 2Mi�M;HBM; `2;BQMb BM i?2 BM}MBi2 TH�M2- i?2 11 Bb 2[m�H iQ

i?�i Q7 � *6h Q7 N 7`22 b+�H�` }2H/bX a2+iBQM 8XjXk rBHH +QMbB/2` i?2 +�b2 Q7 �M 2Mi�M;H2K2Mi

+mi QM �M BM}MBi2 +vHBM/2`X � MQM@x2`Q HBKBi Q7 γ/N �b N → ∞ r�b Q#i�BM2/ BM _27X (Nj)

7Q` i?2 7`22 }2H/ +�b2X q2 rBHH b?Qr i?�i � p2`v /Bz2`2Mi `2bmHi �TTHB2b iQ i?2 qBHbQM@6Bb?2`

*6h- rBi? γ/N = O(1/N)X a2+iBQM 8XjXj +QMbB/2`b i?2 +�b2 Q7 � iQ`mb rBi? irQ +mib, ?2`2

γ/N Bb MQM@x2`Q 7Q` #Qi? i?2 7`22 }2H/ �M/ qBHbQM@6Bb?2` +�b2b- #mi i?2 p�Hm2b �`2 /BbiBM+i

7`QK 2�+? Qi?2`X

8Xk J�TTBM; iQ � :�mbbB�M i?2Q`v

AM i?Bb b2+iBQM r2 +QMbB/2` i?2 11 Q7 i?2 +`BiB+�H PUNV KQ/2H �i H�`;2@N - �M/ b?Qr i?�i Bi

+�M #2 K�TT2/ iQ i?2 11 Q7 � :�mbbB�M b+�H�` }2H/X

8XkXR _2THB+� K2i?Q/

q2 }`bi `2+�HH ?Qr i?2 11 +�M #2 +QKTmi2/ BM � [m�MimK }2H/ i?2Q`v mbBM; i?2 `2THB+�

K2i?Q/ BMi`Q/m+2/ BM _27bX (3e- Ry3)X h?2 11 �bbQ+B�i2/ rBi? � `2;BQM A Bb ;Bp2M #v

S = −Tr (ρA log ρA) U8XkV

r?2`2 ρA Bb i?2 `2/m+2/ /2MbBiv K�i`Bt BM AX � +HQb2Hv `2H�i2/ K2�bm`2 Q7 i?2 2Mi�M;H2K2Mi

Bb i?2 n@i? _ûMvB 2Mi`QTv- r?B+? Bb /2}M2/ �b

Sn =
1

1− n
log TrρnA U8XjV

3N



*?�Ti2` 8X 1Mi�M;H2K2Mi 2Mi`QTv Q7 i?2 H�`;2 N qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v

r?2`2 n > 1 Bb �M BMi2;2`X AM i?2 `2THB+� K2i?Q/- QmiHBM2/ #2HQr- i?2 _ûMvB 2Mi`QTB2b �`2

/B`2+iHv +QKTmi2/ 7`QK � T�i? BMi2;`�H +QMbi`m+iBQMX PM2 +�M i?2M �M�HviB+�HHv +QMiBMm2 n

iQ MQM@BMi2;2` p�Hm2b- �M/ Q#i�BM i?2 11 �b � HBKBi

lim
n→1

Sn = S U8X9V

1[mBp�H2MiHv- QM2 +�M +QMbB/2` 2tT�M/BM; log TrρnA iQ H2�/BM; Q`/2` BM (n− 1)- Q#i�BMBM;

log TrρnA = −(n− 1)S +O
(
(n− 1)2

)
U8X8V

h?mb- i?2 bK�HH (n− 1) #2?�pBQ` Q7 TrρnA Bb bm{+B2Mi iQ +QKTmi2 i?2 2Mi`QTv SX

h?2 +QKTmi�iBQM Q7 TrρnA T`Q+22/b �b 7QHHQrbX q2 }`bi +QMbB/2` i?2 K�i`Bt 2H2K2Mi Q7 i?2

`2/m+2/ /2MbBiv K�i`Bt #2ir22M irQ }2H/ +QM};m`�iBQMb QM A- φ′
A(x) �M/ φ′′

A(x)X h?Bb +�M

#2 +QKTmi2/ mbBM; i?2 1m+HB/2�M T�i? BMi2;`�H

⟨φ′
A(x)|ρA|φ′′

A(x)⟩ = Z−1
1

∫ φ(x∈A,tE=0+)=φ′′
A(x)

φ(x∈A,tE=0−)=φ′
A(x)

Dφ(x, tE)e−SE U8XeV

r?2`2 SE Bb i?2 1m+HB/2�M �+iBQM Q7 i?2 bvbi2KX q2 i?2M r`Bi2 i?2 i`�+2 Qp2` ρnA BM i2`Kb

Q7 i?2b2 K�i`Bt 2H2K2Mib

TrρnA =

∫
Dφ′

ADφ′′
A · · · Dφ(n)

A ⟨φ′
A|ρA|φ′′

A⟩⟨φ′′
A|ρA|φ′′′

A⟩ · · · ⟨φ
(n)
A |ρA|φ′

A⟩ U8XdV

*QK#BMBM; 1[MbX U8XeV �M/ U8XdV- r2 Q#i�BM i?2 T�i? BMi2;`�H 2tT`2bbBQM 7Q` TrρnA �b

TrρnA =
Zn

Zn
1

U8X3V

>2`2- Zn Bb i?2 T�`iBiBQM 7mM+iBQM Qp2` i?2 n@b?22i2/ _B2K�MM bm`7�+2 Q#i�BM2/ #v T2`7Q`KBM;

i?2 BMi2;`�iBQMb BM 1[X U8XdVX AM T�`iB+mH�`- r2 +QMbB/2` n +QTB2b Q7 Qm` 1m+HB/2�M }2H/

i?2Q`v- #mi r2 ;Hm2 i?2 bT�iB�H `2;BQM (x ∈ A, tE = 0+) Q7 i?2 ki? +QTv iQ i?2 bT�iB�H `2;BQM

Ny



*?�Ti2` 8X 1Mi�M;H2K2Mi 2Mi`QTv Q7 i?2 H�`;2 N qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v

(x ∈ A, tE = 0−) Q7 i?2 (k+1)i? +QTv- `2T2�iBM; mMiBH r2 ;Hm2 i?2 ni? +QTv iQ i?2 }`bi +QTvX

h?Bb +QMbi`m+iBQM BMi`Q/m+2b +QMB+�H bBM;mH�`BiB2b �i i?2 #QmM/�`v Q7 AX

8XkXk 1Mi�M;H2K2Mi 2Mi`QTv 7Q` i?2 PUNV KQ/2H �i H�`;2 N

q2 MQr bT2+B�HBx2 iQ i?2 +`BiB+�H PUNV KQ/2H BM (2 + 1)@/BK2MbBQMbX q2 mb2 � MQM@HBM2�` σ

KQ/2H 7Q`KmH�iBQM- r`BiBM; i?2 n@b?22i2/ �+iBQM �b

Sn =

∫
d3xn Ln

Ln =
1

2
φα

(
−∂2n + iλ

)
φα − N

2gc
iλ U8XNV

r?2`2 α `mMb 7`QK 1 iQ N �M/ Bb bmKK2/ Qp2`X >2`2- d3xn �M/ ∂2n /2MQi2 i?2 BMi2;`�iBQM

K2�bm`2 �M/ i?2 G�TH�+B�M QM i?2 n@b?22i2/ _B2K�MM bm`7�+2- `2bT2+iBp2HvX h?2 }2H/ λ(x)

Bb � G�;`�M;2 KmHiBTHB2` 2M7Q`+BM; i?2 HQ+�H +QMbi`�BMi φ(x)2 = N/gcX AM i?2 N = ∞ HBKBi-

i?2 T�i? BMi2;`�H Bb 2p�Hm�i2/ mbBM; i?2 b�//H2 TQBMi K2i?Q/,

Zn =

∫
DφDλ e−Sn

=

∫
Dλ exp

[
−N

2
Tr log

(
−∂2n + iλ

)
+

N

2gc

∫
d3x iλ

]

=⇒ logZn = −N

2
Tr log

(
−∂2n + ⟨iλ⟩n

)
+

N

2gc

∫
d3xn ⟨iλ⟩n +O(1/N) U8XRyV

AM i?2 H�bi 2[m�HBiv- i?2 b�//H2 TQBMi +QM};m`�iBQM Q7 i?2 }2H/ λ Bb /2i2`KBM2/ #v bQHpBM; i?2

;�T 2[m�iBQM

Gn(x, x; ⟨iλ⟩n) =
1

N
⟨φ(x)2⟩n =

1

gc
U8XRRV

r?2`2 Gn(x, x′) Bb i?2 :`22MǶb 7mM+iBQM QM i?2 n@b?22i2/ bm`7�+2,

(
−∂2n + ⟨iλ(x)⟩n

)
Gn(x, x

′; ⟨iλ⟩n) = δ3(x− x′) U8XRkV

NR



*?�Ti2` 8X 1Mi�M;H2K2Mi 2Mi`QTv Q7 i?2 H�`;2 N qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v

�M/ i?2 +`BiB+�H +QmTHBM; Bb /2i2`KBM2/ #v /2K�M/BM; i?�i i?2 ;�T p�MBb?2b 7Q` i?2 BM}MBi2

pQHmK2 i?2Q`v QM i?2 TH�M2,
1

gc
=

∫
d3p

(2π)3
1

p2
U8XRjV

AM i?2 �#b2M+2 Q7 i?2 2Mi�M;HBM; +mi- n = 1- r2 /2MQi2 i?2 b�//H2 TQBMi p�Hm2 Q7 λ �b

⟨iλ⟩1 = m2
1 U8XR9V

q2 �bbmK2 i?�i i?2 QM2@b?22i2/ ;2QK2i`v Bb i`�MbH�iBQM@BMp�`B�Mi- bQ m1 Bb BM/2T2M/2Mi Q7

TQbBiBQMX PM i?2 BM}MBi2 TH�M2 r2 ?�p2 m1 = 0- #mi r2 rBHH �HbQ +QMbB/2` ;2QK2i`B2b r?2`2

QM2 Q` #Qi? /BK2MbBQMb �`2 }MBi2- BM r?B+? +�b2 m1 #2+QK2b � mMBp2`b�H 7mM+iBQM Q7 i?2

;2QK2i`v Q7 i?2 bvbi2K /2i2`KBM2/ #v

G1(x, x;m
2
1) =

1

gc
U8XR8V

PM i?2 n@b?22i2/ _B2K�MM bm`7�+2- ⟨iλ(x)⟩n Bb �Hr�vb � MQMi`BpB�H 7mM+iBQM Q7 TQbBiBQM-

�M/ i?2 2t�+i 7Q`K Q7 i?Bb 7mM+iBQM /2T2M/b QM i?2 b?�T2 Q7 i?2 2Mi�M;HBM; bm`7�+2 �M/ i?2

MmK#2` Q7 _B2K�MM b?22ib nX h?2 T`Q#H2K Q7 /2i2`KBMBM; i?Bb 7mM+iBQM +�M #2 �//`2bb2/

MmK2`B+�HHv 7Q` }t2/ n- #mi 7Q` i?2 Tm`TQb2b Q7 Q#i�BMBM; i?2 11- r2 QMHv M22/ Bib bT�iB�H

/2T2M/2M+2 iQ }`bi@Q`/2` BM (n− 1)X AM T�`iB+mH�`- r2 �bbmK2 i?�i r2 +�M r`Bi2

⟨iλ(x)⟩n ≈ m2
1 + (n− 1)f(x) U8XReV

7Q` bQK2 7mM+iBQM Q7 bT�+2@iBK2 f(x)X h?2M iQ H2�/BM; Q`/2` BM N �M/ (n− 1)- r2 ?�p2

− logZn ≈ N

2
Tr log

(
−∂2n +m2

1

)
− N

2gc

∫
d3xn m2

1

+ (n− 1)
N

2
Tr

(
f(x)

−∂21 +m2
1

)
− (n− 1)

N

2gc

∫
d3x f(x) U8XRdV

Nk



*?�Ti2` 8X 1Mi�M;H2K2Mi 2Mi`QTv Q7 i?2 H�`;2 N qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v

h?2M mbBM; i?2 /2}MBiBQM Q7 G1 �M/ m1-

Tr

(
f(x)

−∂21 +m2
1

)
=

∫
d3x G1(x, x;m

2
1)f(x) =

1

gc

∫
d3xf(x) U8XR3V

BKTHvBM; i?�i i?�i H�bi HBM2 Q7 1[X U8XRdV p�MBb?2b- �M/ f(x) /Q2b MQi +QMi`B#mi2 iQ i?2 11X

�7i2` mbBM;
∫
d3xn = n

∫
d3x- r2 +�M r`Bi2

− log
Zn

Zn
1

=
N

2

[
Tr log

(
−∂2n +m2

1

)
− nTr log

(
−∂21 +m2

1

) ]
U8XRNV

h?Bb }M�H 2tT`2bbBQM Bb 2[m�H iQ i?2 [m�MiBiv − log TrρnA +QKTmi2/ 7Q` N 7`22 b+�H�`b rBi?

K�bb m1 �M/ i?2 �+iBQM

L′
n = φα

(
−∂2n +m2

1

)
φα U8XkyV

h?2`27Q`2- i?2 11 Q7 i?2 +`BiB+�H PUNV KQ/2H �i Q`/2` N Bb 2[m�H iQ i?2 11 Q7 N 7`22 b+�H�`

}2H/b- r?2`2 i?2 7`22 }2H/b ?�p2 i?2 b�K2 K�bb ;�T �b i?2 PUNV KQ/2H QM i?2 T?vbB+�H- QM2@

b?22i2/ bm`7�+2X aBKBH�` `2bmHib rBHH �TTHv iQ Qi?2` H�`;2@N p2+iQ` KQ/2HbX 6Q` BMbi�M+2- BM

�TT2M/Bt "Xk r2 7QHHQr p2`v bBKBH�` bi2Tb iQ b?Qr i?�i i?2 11 Q7 i?2 72`KBQMB+ :`Qbb@L2p2m

KQ/2H K�Tb iQ i?�i Q7 N 7`22 .B`�+ 72`KBQMbX h?2 K�bb Q7 i?2 7`22 72`KBQMb Bb /2i2`KBM2/

b2H7@+QMbBbi2MiHv #v i?2 bT�iB�H ;2QK2i`v Q7 i?2 T?vbB+�H bBM;H2@b?22i2/ bT�+2iBK2X

8Xj 1Mi�M;H2K2Mi 2Mi`QTv BM T�`iB+mH�` ;2QK2i`B2b

8XjXR 1Mi�M;H2K2Mi 2Mi`QTv QM i?2 BM7BMBi2 TH�M2

q2 }`bi +QMbB/2` i?2 11 r?2M i?2 bvbi2K Bb QM i?2 BM}MBi2 TH�M2X AM i?Bb +�b2- m1 = 0- �M/

i?2 11 �bbQ+B�i2/ rBi? � `2;BQM A Bb 2[m�H iQ i?2 11 Q7 N K�bbH2bb 7`22 b+�H�`b BM i?2 b�K2

`2;BQMX

PM2 2Mi�M;HBM; `2;BQM 7Q` r?B+? i?2`2 �`2 FMQrM `2bmHib Bb i?2 +B`+mH�` /BbFX �++Q`/BM; iQ

Nj



*?�Ti2` 8X 1Mi�M;H2K2Mi 2Mi`QTv Q7 i?2 H�`;2 N qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v

i?2 6@i?2Q`2K (RR)- i?2 mMBp2`b�H T�`i Q7 i?2 11 7Q` i?2 /BbF Bb ;Bp2M #v

γdisk = F ≡ − log |ZS3 | U8XkRV

>2`2- ZS3 Bb i?2 }MBi2 T�`i Q7 i?2 1m+HB/2�M T�`iBiBQM 7mM+iBQM QM � i?`22@bT?2`2 bT�+2iBK2X

h?Bb [m�MiBiv r�b +QKTmi2/ BM _27X (N3) 7Q` K�bbH2bb 7`22 b+�H�` }2H/b �M/ 7Q` i?2 H�`;2@N

PUNV KQ/2H- �M/ i?2v r2`2 7QmM/ iQ #2 2[m�H �i Q`/2` N BM �;`22K2Mi rBi? Qm` ;2M2`�H

`2bmHi ;Bp2M �#Qp2X 1tTHB+BiHv-

γdisk =
N

16

(
2 log 2− 3

ζ(3)

π2

)
U8XkkV

r?2`2 ζ(3) ≈ 1.202X Pm` `2bmHib �HbQ �TTHv iQ `2;BQMb rBi? b?�`T +Q`M2`b- BM r?B+? +�b2 r2

+�M K�F2 MQM@i`BpB�H +?2+Fb Q7 Qm` ;2M2`�H `2bmHi- �b r2 MQr /Bb+mbbX

1Mi�M;H2K2Mi 2Mi`QTv Q7 `2;BQMb rBi? +Q`M2`b

q?2M `2;BQM A U2K#2//2/ BM i?2 BM}MBi2 TH�M2V +QMi�BMb � b?�`T +Q`M2` Q7 QT2MBM; �M;H2 θ-

i?2 11 Q7 � *6h U8XRV Bb KQ/B}2/ #v � bm#H2�/BM; HQ;�`Bi?KB+ +Q``2+iBQM (RyN- RRy)

S = C
L

δ
− a(θ) log(L/δ) + · · · U8XkjV

r?2`2 i?2 /BK2MbBQMH2bb +Q2{+B2Mi a(θ) ≥ 0 Bb mMBp2`b�H- �M/ 2M+Q/2b MQM@i`BpB�H BM7Q`K�iBQM

�#Qmi i?2 [m�MimK bvbi2KX aBM+2 r2 rQ`F BM i?2 BM}MBi2 TH�M2- �++Q`/BM; iQ Qm` �M�HvbBb

�#Qp2- i?2 H�`;2@N p�Hm2 Q7 a(θ) rBHH #2 i?2 b�K2 �b 7Q` N 7`22 b+�H�`b- M�K2Hv

aWF(θ) = N afree(θ) +O(N0) U8Xk9V

h?2 MQM@i`BpB�H 7mM+iBQM afree(θ) 7Q` � bBM;H2 7`22 b+�H�` r�b bim/B2/ MmK2`B+�HHv �M/ �M�HviB@

+�HHv #v � MmK#2` Q7 �mi?Q`b 7Q` � rB/2 `�M;2 Q7 �M;H2b (RyN- RRRĜRR8)X AMi2`2biBM;Hv- r2 +�M

K�F2 �M �M�HviB+�H p2`B}+�iBQM Q7 i?2 `2H�iBQM U8Xk9V BM i?2 M2�`Hv bKQQi? HBKBi- #v pB`im2 Q7

N9



*?�Ti2` 8X 1Mi�M;H2K2Mi 2Mi`QTv Q7 i?2 H�`;2 N qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v

i?2 7QHHQrBM; B/2MiBiv i?�i ?QH/b 7Q` �Mv *6h (RRR- RRe- RRd)

a(θ ≈ π) =
π2CT

24
(θ − π)2 +O

(
(θ − π)4

)
U8Xk8V

>2`2- CT Bb � MQM@M2;�iBp2 +Q2{+B2Mi /2i2`KBMBM; i?2 ;`QmM/bi�i2 irQ@TQBMi 7mM+iBQM Q7 i?2

bi`2bb i2MbQ` Tµν ,

⟨Tµν(x)Tηκ(0)⟩ =
CT

x6
Iµν,ηκ(x) U8XkeV

r?2`2 Iµν,ηκ(x) Bb � /BK2MbBQMH2bb i2MbQ` }t2/ #v +QM7Q`K�H bvKK2i`v (RR3)X 1[X U8Xk8V

r�b +QMD2+im`2/ (RRR) 7Q` ;2M2`�H *6hb BM irQ bT�iB�H /BK2MbBQMb- �M/ bm#b2[m2MiHv T`Qp2/

mbBM; MQM@T2`im`#�iBp2 *6h K2i?Q/b (RRd)X LQr- CT Bb i?2 b�K2 �i i?2 qBHbQM@6Bb?2` �M/

:�mbbB�M }t2/ TQBMib (RRN) �i H2�/BM; Q`/2` BM N ,

CWF
T = NC free

T +O(N0) U8XkdV

r?B+?- r?2M +QK#BM2/ rBi? 1[X U8Xk8V- H2�/b iQ � MQM@i`BpB�H +QM}`K�iBQM Q7 U8Xk9V BM i?2

M2�`Hv bKQQi? HBKBi θ ≈ πX Uq2 MQi2 i?�i C free
T = 3

32π2 mbBM; +QMp2MiBQM�H MQ`K�HBx�iBQM

(RR3)XV

h?2 FMQrH2/;2 Q7 CT +�M #2 mb2/ iQ K�F2 � bi�i2K2Mi �#Qmi a(θ) �r�v 7`QK i?2 M2�`Hv

bKQQi? HBKBi #2+�mb2 i?2 2tBbi2M+2 Q7 i?2 7QHHQrBM; HQr2` #QmM/ (RR9), a(θ) ≥ CT
π2

3 log [1/ sin(θ/2)]-

r?B+? 7QHHQrb 7`QK i?2 bi`QM; bm#�//BiBpBiv Q7 i?2 11- �M/ U8Xk8VX q2 b22 i?�i �TTHvBM; i?Bb

#QmM/ iQ i?2 H�`;2@N qBHbQM@6Bb?2` }t2/ TQBMi Bb +QMbBbi2Mi rBi? Qm` `2bmHi U8Xk9VX

8XjXk AM7BMBi2 +vHBM/2`

q2 MQr +QKTmi2 i?2 11 Q7 i?2 b2KB@BM}MBi2 `2;BQM Q#i�BM2/ #v i`�+BM; Qmi ?�H7 Q7 �M BM}MBi2

+vHBM/2`X h?2 `2H2p�Mi ;2QK2i`v Bb TB+im`2/ BM 6B;X 8XjXRX q2 +�M i�F2 i?2 TQbBiBQM Q7 i?2

N8



*?�Ti2` 8X 1Mi�M;H2K2Mi 2Mi`QTv Q7 i?2 H�`;2 N qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v

6B;m`2 8XjXR, h?2 ;2QK2i`v +QMbB/2`2/ BM +�H+mH�iBM; i?2 2Mi�M;H2K2Mi 2Mi`QTv QM i?2 BM}MBi2 +vHBM@
/2`X

+mi iQ #2 �i x = 0 #v i`�MbH�iBQM BMp�`B�M+2X �b 7Q` i?2 /BbF- r2 +�M r`Bi2 i?2 11 �b

S = C
L

δ
− γcyl U8Xk3V

r?2`2 γcyl Bb i?2 mMBp2`b�H T�`iX h?2 2tBbi2M+2 Q7 � mMBp2`b�H γcyl BM +`BiB+�H i?2Q`B2b r�b

}`bi 2bi�#HBb?2/ (Nk- Rky- RkR) 7Q` i?2 z = 2 [m�MimK GB7b?Bix KQ/2H mbBM; i?2 K2i?Q/b

Q7 _27X (Ny)X AM i?2 +QMi2ti Q7 *6hb- i?Bb ;2QK2i`v r�b +QMbB/2`2/ BM _27X (Nj)- r?2`2 i?2

2Mi`QTv γ r�b +QKTmi2/ 7Q` K�bbH2bb 7`22 }2H/b �M/ 7Q` i?2 qBHbQM@6Bb?2` }t2/ TQBMi BM i?2

ϵ = (3− d) 2tT�MbBQM Ur?2`2 i?2 2ti`� /BK2MbBQMb BMi`Q/m+2/ BM i?2 ϵ@2tT�MbBQM �`2 K�/2

T2`BQ/B+ rBi? +B`+mK72`2M+2 LVX

q2 }`bi `2pB2r i?2 +�H+mH�iBQM Q7 i?2 2Mi`QTv 7Q` 7`22 K�bbBp2 }2H/b- r?B+? rBHH �HHQr mb

iQ +�H+mH�i2 i?2 11 7Q` i?2 qBHbQM@6Bb?2` }t2/ TQBMi 7Q` H�`;2 N X q2 �HHQr 7Q` irBbi2/

#QmM/�`v +QM/BiBQMb �HQM; i?2 }MBi2 /B`2+iBQM

φ(x, y + L) = eiϕyφ(x, y) U8XkNV

>2`2- ϕy ∈ [0, 2π)X q2 MQi2 i?�i mMH2bb ϕy = 0, π- i?2 }2H/b φ �`2 +QKTH2tX AM i?Bb +�b2- r2

�`2 +QMbB/2`BM; N/2 +QKTH2t }2H/b- �M/ i?2 PUNV bvKK2i`v Q7 i?2 i?2Q`v #`2�Fb /QrM iQ

lURV×alUN/2VX

h?Bb ;2QK2i`v �HHQrb � /B`2+i �M�HviB+ +QKTmi�iBQM Q7 i?2 n@b?22i2/ T�`iBiBQM 7mM+iBQM 7Q`

7`22 }2H/b #v K�TTBM; iQ `�/B�H +QQ`/BM�i2b- (tE, x) = (r cos θ, r sin θ)X AM i?2b2 +QQ`/BM�i2b-

i?2 n@b?22i2/ bm`7�+2 Bb 7mHHv T�`�K2i`Bx2/ #v ;BpBM; i?2 �M;mH�` +QQ`/BM�i2 � T2`BQ/B+Biv Q7

Ne



*?�Ti2` 8X 1Mi�M;H2K2Mi 2Mi`QTv Q7 i?2 H�`;2 N qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v

2πnX AM _27bX (3e- Nj)- Bi r�b b?QrM i?�i i?2 n@b?22i2/ T�`iBiBQM 7mM+iBQM 7Q` 7`22 }2H/b +�M

#2 r`Bii2M BM i2`Kb Q7 i?2 QM2@b?22i2/ :`22MǶb 7mM+iBQM,

− log
Zn

Zn
1

=
N

2

[
Tr log

(
−∂2n +m2

)
− nTr log

(
−∂2n +m2

) ]

=
πN

6

(
n− 1

n

)
LG1(x, x;m

2) U8XjyV

h?2M mbBM; 1[X U8X8V- i?2 11 Bb ;Bp2M #v

S =
πN

3
LG1(x, x;m

2) U8XjRV

AM �TT2M/Bt "XR- r2 +QKTmi2 i?2 :`22MǶb 7mM+iBQM 7Q` � K�bbBp2 7`22 }2H/ QM i?2 +vHBM/2`X

lbBM; 1[X U"X8V- �M/ K�FBM; i?2 +miQz /2T2M/2M+2 2tTHB+Bi- r2 }M/ i?2 `2;mH�`Bx2/ T�`i Q7

i?2 11 iQ #2 Ub22 �HbQ _27X (Rkk)V

γcyl =
N

12
log [2 (coshmL− cosϕy)] U8XjkV

6Q` m = 0- i?Bb `2/m+2b iQ 1[X U8XRkV Q7 _27X (Nj)- �M/ BM/22/ /BbTH�vb � /Bp2`;2M+2 7Q`

� T2`BQ/B+ #QmM/�`v +QM/BiBQM ϕy = 0 /m2 iQ i?2 x2`Q KQ/2X q2 MQi2 i?�i i?2 mMBp2`b�H

+QMi`B#miBQM iQ i?2 11 Q7 N/2 +QKTH2t 7`22 b+�H�` }2H/b Bb Q7 Q`/2` N - �b QM2 rQmH/ 2tT2+i

7`QK � 7`22 }2H/ i?2Q`v rBi? N /2;`22b Q7 7`22/QKX

q2 MQr im`M iQ i?2 qBHbQM@6Bb?2` }t2/ TQBMiX AM � }MBi2 ;2QK2i`v- i?2 qBHbQM@6Bb?2`

}t2/ TQBMi rBHH �+[mB`2 � K�bb ;�T m1 r?B+? Bb T`QTQ`iBQM�H iQ 1/L �M/ /2T2M/b QMHv QM

ϕyX h?Bb Bb +QKTmi2/ #v bQHpBM; G1(x, x;m2
1) = 1/gc- r?B+? Bb /QM2 BM �TT2M/Bt "XRX h?2

`2bmHi Bb

m1 =
1

L
arccosh

(
1

2
+ cosϕy

)
U8XjjV

Nd



*?�Ti2` 8X 1Mi�M;H2K2Mi 2Mi`QTv Q7 i?2 H�`;2 N qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v

h?2M 7`QK i?2 �`;mK2Mib Q7 a2+iBQM 8Xk-

γcyl =
N

12
log [2 (coshm1L− cosϕy)] = 0 U8Xj9V

Ai ?�TT2Mb i?�i 7Q` i?2 b�//H2 TQBMi p�Hm2 Q7 i?2 K�bb- i?2 mMBp2`b�H T�`i Q7 i?2 11 p�MBb?2b

7Q` �HH p�Hm2b Q7 i?2 irBbi ϕyX h?2 H2�/BM; +QMi`B#miBQM iQ γcyl rBHH #2 Q7 O(N0)- � /`�biB+

`2/m+iBQM 7`QK :�mbbB�M }t2/ TQBMi r?B+? Bb Q7 Q`/2` N X

h?Bb `2bmHi +�M #2 b22M KQ`2 /B`2+iHv 7`QK 1[X U8XjRVX h?2 ;�T 2[m�iBQM BKTHB2b i?�i

G1(x, x;m2
1) = 1/gc- bQ rBi?Qmi 2p2M bQHpBM; 7Q` m1- i?2 11 +�M BKK2/B�i2Hv #2 r`Bii2M

S =
πN

3

L

gc
U8Xj8V

>Qr2p2`- i?2 +`BiB+�H +QmTHBM; Bb +QKTH2i2Hv MQM@mMBp2`b�H �M/ BM/2T2M/2Mi Q7 LX lbBM; �

?�`/ lo KQK2MimK +miQz 1/δ-

1

gc
=

∫ 1/δ d3p

(2π)3
1

p2
=

1

2π2δ
U8XjeV

�M/ i?2 11 Bb Tm`2 �`2� H�r- S ∝ L/δX

AM 7�+i- i?Bb `2bmHi +�M #2 2ti2M/2/ iQ Qi?2` ;2QK2i`B2bX h?2 `2bmHi γcyl = 0 7Q` i?2 H�`;2@

N qBHbQM@6Bb?2` }t2/ TQBMi Q++m``2/ #2+�mb2 i?2 2Mi`QTv Bb T`QTQ`iBQM�H iQ G1(x, x;m2)X

>Qr2p2`- i?2 `2bmHib Q7 _27bX (3e- Nj) BKTHv i?�i i?2 2tT`2bbBQM 7Q` i?2 7`22@}2H/ 2Mi`QTv ;Bp2M

BM 1[X U8XjRV ?QH/b 7Q` �Mv bvbi2K r?2`2 i?2 2Mi�M;HBM; +mi Bb T2`T2M/B+mH�` iQ �M BM}MBi2-

i`�MbH�iBQM�HHv@BMp�`B�Mi /B`2+iBQMX h?mb- B7 r2 +QMbB/2` i?2 H�`;2@N qBHbQM@6Bb?2` *6h QM

�Mv d@/BK2MbBQM�H bT�iB�H ;2QK2i`v rBi? �i H2�bi QM2 BM}MBi2 /BK2MbBQM- i?2 mMBp2`b�H T�`i

Q7 i?2 11 Q#i�BM2/ #v i`�+BM; Qmi Qp2` ?�H7 Q7 i?�i /BK2MbBQM Bb O(N0)X h?Bb �`;mK2Mi QMHv

?QH/b BM /BK2MbBQMb r?2`2 i?2 qBHbQM@6Bb?2` *6h 2tBbib- bQ 7Q` 1 < d < 3X AM T�`iB+mH�`-

i?Bb `2bmHi �;`22b rBi? i?2 H�`;2@N HBKBi Q7 i?2 ϵ@2tT�MbBQM +�H+mH�iBQM BM _27X (Nj)- r?B+?

+QMbB/2`2/ i?2 qBHbQM@6Bb?2` *6h QM i?2 (3− ϵ)@/BK2MbBQM�H bT�iB�H `2;BQM R×T2−ϵ- r?2`2

N3



*?�Ti2` 8X 1Mi�M;H2K2Mi 2Mi`QTv Q7 i?2 H�`;2 N qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v

LA

Lx

Ly A

a) b)

LA

6B;m`2 8XjXk, �V hrQ /BK2MbBQM�H U~�iV iQ`mbX #V Aib `2T`2b2Mi�iBQM BM i?2 TH�M2X q2 �M�Hvx2 i?2
2Mi�M;H2K2Mi 2Mi`QTv Q7 `2;BQM AX

Td Bb i?2 d@/BK2MbBQM�H iQ`mbX h?Bb +QMbiBimi2b � MQM@i`BpB�H +QMbBbi2M+v +?2+F QM #Qi?

+�H+mH�iBQMbX

6BM�HHv- r2 MQi2 i?�i bBKBH�` `2bmHib �TTHv iQ Qi?2` H�`;2 N KQ/2HbX �b b?QrM BM �TT2M/Bt

"Xk- i?2 11 7Q` i?2 :`Qbb@L2p2m *6h K�Tb iQ i?�i Q7 N 7`22 .B`�+ 72`KBQMb- r?2`2 i?2

K�bb Q7 i?2 72`KBQMb Bb /2i2`KBM2/ #v i?2 bT�iB�H ;2QK2i`v Q7 i?2 QM2@b?22i2/ bT�+2iBK2-

Tr GF
1 (x, x;m1) = m1/g2c X >2`2- i?2 +`BiB+�H +QmTHBM; 1/g2c Bb �;�BM � MQM@mMBp2`b�H [m�MiBiv

r?B+? +�MMQi /2T2M/ QM i?2 bT�iB�H ;2QK2i`v Q7 i?2 bvbi2K- �M/ Bb T`QTQ`iBQM�H iQ i?2 lo

+miQzX h?2M mbBM; i?2 `2bmHib Q7 _27X (3e)- Bi +�M #2 b?QrM i?�i S ∝ GF
1 7Q` 7`22 72`KBQMb

QM i?2 bT�iB�H ;2QK2i`B2b /Bb+mbb2/ BM i?2 T`2pBQmb T�`�;`�T?- �M/ i?2`27Q`2 γ = O(N0) 7Q`

i?2 H�`;2@N :`Qbb@L2p2m *6h QM i?2 BM}MBi2 +vHBM/2`X

8XjXj hQ`mb

q2 bim/v i?2 11 Q7 i?2 H�`;2@N }t2/ TQBMi QM � bT�iB�H iQ`mb- �b b?QrM BM 6B;X 8XjXkX 6Q` �

*6h- r2 2tT2+i i?2 7QHHQrBM; 7Q`K 7Q` S (Rkj- Rk9)

S = C
2Ly

δ
− γtor(u; τ) U8XjdV

r?2`2 r2 ?�p2 /2}M2/ i?2 `�iBQ

u = LA/Lx U8Xj3V

NN



*?�Ti2` 8X 1Mi�M;H2K2Mi 2Mi`QTv Q7 i?2 H�`;2 N qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v

�M/ τ Bb i?2 KQ/mH�` T�`�K2i2`- τ = iLx/Ly- 7Q` i?2 `2+i�M;mH�` iQ`mb r2 rQ`F rBi?X γtor Bb

� mMBp2`b�H i2`K i?�i r2 b?�HH bim/v �i i?2 H�`;2@N qBHbQM@6Bb?2` }t2/ TQBMiX

�b /Bb+mbb2/ BM a2+iBQM 8XkXk- i?2 11 �i H2�/BM; Q`/2` BM N Bb ;Bp2M #v i?�i Q7 N/2 7`22

+QKTH2t b+�H�`b rBi? � K�bb m1 /2i2`KBM2/ #v i?2 ;2QK2i`vX m1 Bb i?mb i?2 b2H7@+QMbBbi2Mi

K�bb QM i?2 iQ`mb 7Q` � bBM;H2 +QTv Q7 i?2 i?2Q`vX Ai Q#2vb i?2 b+�HBM; `2H�iBQM m1Ly = g(τ)-

r?2`2 τ Bb i?2 �bT2+i `�iBQ Q7 i?2 iQ`mb- �M/ g Bb � MQM@i`BpB�H /BK2MbBQMH2bb 7mM+iBQM ;Bp2M BM

*?�Ti2` jX m1 /2T2M/b QM #Qi? irBbib �HQM; i?2 x@ �M/ y@+v+H2b Q7 i?2 iQ`mb- ϕx,ϕyX aBM+2

γfreetor 7Q` � K�bbBp2 7`22 #QbQM Bb MQi FMQrM- r2 rBHH MmK2`B+�HHv bim/v i?2 (u, τ)@/2T2M/2M+2

Q7 γWF
tor #v rQ`FBM; QM i?2 H�iiB+2X

>Qr2p2`- #27Q`2 /QBM; bQ- r2 /2b+`B#2 irQ HBKBib BM r?B+? r2 +�M K�F2 bi�i2K2Mib �#Qmi

γtorX 6B`bi- r2 +QMbB/2` i?2 bQ@+�HH2/ i?BM iQ`mb HBKBi 7Q` r?B+? Ly → 0- r?BH2 LA, Lx `2K�BM

}MBi2- BX2X τ → i∞ �M/ u Bb }t2/X 6Q` ;2M2`B+ #QmM/�`v +QM/BiBQMb- r2 ?�p2 i?�i i?2 iQ`mb

11 �TT`Q�+?2b irB+2 i?2 b2KB@BM}MBi2 +vHBM/2` p�Hm2 (Rkj- Rk9) /Bb+mbb2/ �#Qp2- γtor → 2γcylX

h?Bb ?QH/b BM i?2 �#b2M+2 Q7 x2`Q KQ/2b- r?B+? Bb i?2 ;2M2`B+ +�b2X Pm` `2bmHi 1[X U8Xj9V

BKTHB2b i?�i γtor = O(N0) BM i?�i HBKBiX >Qr2p2`- i?Bb +�MMQi ?QH/ �i �HH p�Hm2b Q7 τ X

AM/22/- 7Q` �Mv }t2/ τ H2i mb +QMbB/2` i?2 ǳi?BM bHB+2Ǵ HBKBi LA → 0X h?2`2- γtor `2/m+2b

iQ i?2 mMBp2`b�H +QMi`B#miBQM Q7 � i?BM bi`BT Q7 rB/i? LA BM i?2 BM}MBi2 TH�M2 (Rkj- Rk9)-

γtor = κLy/LA- r?2`2 i?2 mMBp2`b�H +QMbi�Mi κ ≥ 0 +�M #2 +QKTmi2/ BM i?2 BM}MBi2 TH�M2X

κ Bb i?mb BM/2T2M/2Mi Q7 i?2 #QmM/�`v +QM/BiBQMb �HQM; x, yX �TTHvBM; Qm` K�TTBM; iQ 7`22

}2H/b- i?Bb K2�Mb i?�i �i H2�/BM; Q`/2` BM N

κWF = Nκfree U8XjNV

r?2`2 κfree ≃ 0.0397 7Q` � 7`22 b+�H�` (RyN)X "v +QMiBMmBiv- r2 i?mb 2tT2+i i?�i 7Q` ;2M2`�H u

�M/ τ - γWF
tor rBHH b+�H2 HBM2�`Hv rBi? N BM i?2 H�`;2@N HBKBiX q2 MQr p2`B7v i?Bb bi�i2K2Mi pB�

� /B`2+i +�H+mH�iBQMX

Ryy



*?�Ti2` 8X 1Mi�M;H2K2Mi 2Mi`QTv Q7 i?2 H�`;2 N qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v

G�iiB+2 MmK2`B+b

h?2 H�iiB+2 >�KBHiQMB�M 7Q` � 7`22 #QbQM Q7 K�bb m1 +�M #2 i�F2M iQ #2

H =
1

2

∑

ky

Lx−1∑

i=0

(
|πky(i)|2 + |φky(i+ 1)− φky(i)|2 + ω2

ky |φky(i)|2
)

U8X9yV

ω2
ky = 4 sin2(ky/2) +m2

1 U8X9RV

r?2`2 i?2 i?2Q`v Bb /2}M2/ QM � b[m�`2 H�iiB+2 rBi? mMBi bT�+BM;- πky(i) Bb i?2 QT2`�iQ`

+�MQMB+�HHv +QMDm;�i2 iQ φky(i)- �M/ |A|2 = A†AX h?2 BM/2t i `mMb Qp2` i?2 Lx H�iiB+2 bBi2b BM

i?2 x@/B`2+iBQMX *`vbi�H KQK2MimK �HQM; i?2 y@/B`2+iBQM `2K�BMb � ;QQ/ [m�MimK MmK#2`

BM i?2 T`2b2M+2 Q7 i?2 2Mi�M;H2K2Mi +mi- �M/ Bb [m�MiBx2/ �b 7QHHQrb

ky =
2πny

Ly
+
ϕy

Ly
, U8X9kV

r?2`2 i?2 BMi2;2` ny `mMb 7`QK 0 iQ Ly − 1- �M/ ϕy Bb i?2 irBbi �HQM; i?2 y@/B`2+iBQMX q2

MQi2 i?�i i?2 >�KBHiQMB�M U8X9yV +Q``2bTQM/b iQ Ly /2+QmTH2/ R/ K�bbBp2 #QbQM +?�BMb,

H =
∑

ky
H1d(ky)- 2�+? rBi? �M 2z2+iBp2 K�bb ωky X h?Bb K2�Mb i?�i i?2 11 Bb i?2 bmK

Qp2` i?2 +Q``2bTQM/BM; R/ 11b, S =
∑

ky
S1d(ky)X 6Q` 2�+? R/ +?�BM- i?2 11 7Q` i?2

BMi2`p�H Q7 H2M;i? LA ≤ Lx Bb Q#i�BM2/ 7`QK i?2 +Q``2H�iBQM 7mM+iBQMb Xij = ⟨φ†(i)φ(j)⟩ �M/

Pij = ⟨π†(i)π(j)⟩- r?2`2 r2 ?�p2 bmTT`2bb2/ i?2 ky H�#2HX h?2 T`2b+`BTiBQM 7Q` i?2 11 Bb

i?2M (RyN)

S1d =
∑

ℓ

[
(νℓ +

1
2) log(νℓ +

1
2)− (νℓ − 1

2) log(νℓ −
1
2)
]

U8X9jV

r?2`2 νℓ �`2 2B;2Mp�Hm2b Q7 i?2 K�i`Bt
√
XAPA- rBi? i?2 A K2�MBM; i?�i Xij �M/ Pij �`2

`2bi`B+i2/ iQ `2;BQM AX h?Bb K2i?Q/ r�b T`2pBQmbHv mb2/ iQ bim/v i?2 11 Q7 7`22 }2H/b QM

i?2 iQ`mb (RkkĜRk8)X

hQ Q#i�BM i?2 mMBp2`b�H T�`i Q7 i?2 2Mi`QTv r2 }`bi M22/ iQ MmK2`B+�HHv /2i2`KBM2 i?2 �`2�

RyR



*?�Ti2` 8X 1Mi�M;H2K2Mi 2Mi`QTv Q7 i?2 H�`;2 N qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v

H�r +Q2{+B2Mi C U8XjdV- r?B+? r2 }M/ Bb C ≃ 0.07745X q2 +�M i?2M BbQH�i2 i?2 mMBp2`b�H

T�`i- γtor- #v bm#i`�+iBM; i?2 �`2� H�r +QMi`B#miBQMX h?2 `2bmHi 7Q` � b[m�`2 iQ`mb- BX2X τ = i-

Bb b?QrM BM 6B;X 8XjXj- r?2`2 r2 +QKT�`2 i?2 qBHbQM@6Bb?2` }t2/ TQBMi rBi? i?2 :�mbbB�M

}t2/ TQBMiX PMHv 0 < u < 1/2 Bb b?QrM #2+�mb2 i?2 Qi?2` ?�H7 Bb `2/mM/�Mi #v pB`im2 Q7 i?2

B/2MiBiv γtor(1 − u) = γtor(u)- i`m2 7Q` Tm`2 bi�i2bX q2 b2i ϕx = 0 �M/ ϕy = π UbBM+2 7mHHv

T2`BQ/B+ #QmM/�`v +QM/BiBQMb vB2H/ � /Bp2`;2Mi γGauss
tor V- r?B+? H2�/b iQ � Tm`2Hv BK�;BM�`v

K�bb m1Ly ≃ i 1.77078 7Q` i?2 qBHbQM@6Bb?2` i?2Q`v- r?BH2 m1 Bb M�im`�HHv x2`Q �i i?2

:�mbbB�M }t2/ TQBMiX h?2 BK�;BM�`v K�bb /Q2b MQi +�mb2 � T`Q#H2K bBM+2 k2
y+m2

1 > 0 BM i?2

T`2b2M+2 Q7 i?2 irBbi- U8X9kVX 6`QK 6B;X 8XjXj- r2 b22 i?�i γWF
tor b+�H2b HBM2�`Hv rBi? N �b r�b

�MiB+BT�i2/ �#Qp2X >Qr2p2`- +QMi`�`v iQ i?2 +�b2 Q7 i?2 BM}MBi2 TH�M2- i?2 11 Q7 i?2 qBHbQM@

6Bb?2` }t2/ TQBMi Bb `2/m+2/ +QKT�`2/ iQ i?2 :�mbbB�M }t2/ TQBMi- γWF
tor (u) < γGauss

tor (u) 7Q`

�HH p�Hm2b Q7 uX h?2 /Bz2`2M+2 #2ir22M i?2 11 Q7 i?2 irQ i?2Q`B2b /2+`2�b2b BM i?2 i?BM

bHB+2 HBKBi u → 0- r?2`2 r2 ?�p2 i?2 /Bp2`;2M+2 γtor = κ/u- rBi? i?2 b�K2 +QMbi�Mi κ 7Q`

#Qi? i?2Q`B2b- 1[X U8XjNVX h?Bb +QMbi�Mi ?�b #22M +�H+mH�i2/ BM � /Bz2`2Mi +QMi2ti (RyN)-

κ = Nκfree = N 0.0397- �M/ }ib Qm` /�i� p2`v r2HHX �MQi?2` +QMbBbi2M+v +?2+F Bb i?�i γtor(u)

b?QmH/ #2 +QMp2t /2+`2�bBM; (Rk9) 7Q` 0 < u < 1/2- r?B+? Bb BM/22/ i?2 +�b2 BM 6B;X 8XjXjX

8X9 *QM+HmbBQMb

h?2 H�`;2N HBKBi Q7 i?2qBHbQM@6Bb?2` i?2Q`v vB2H/b i?2 bBKTH2bi i`�+i�#H2 bi`QM;Hv@BMi2`�+iBM;

*6h BM kYR /BK2MbBQMbX AM i?Bb +?�Ti2`- r2 ?�p2 bm++22/2/ BM +QKTmiBM; i?2 2Mi�M;H2K2Mi

2Mi`QTv Q7 i?Bb i?2Q`v mbBM; � K2i?Q/ r?B+? +�M #2 �TTHB2/ iQ 2bb2MiB�HHv �Mv 2Mi�M;H2K2Mi

;2QK2i`vX AM T�`iB+mH�`- 7Q` �Mv `2;BQM BM i?2 BM}MBi2 TH�M2- i?2 11 Q7 i?2 H�`;2@N qBHbQM@

6Bb?2` }t2/ TQBMi Bb i?2 b�K2 �b i?�i Q7 N 7`22 K�bbH2bb #QbQMbX AM +QMi`�bi- r?2M bT�+2 Bb

+QKT�+iB}2/ BMiQ � +vHBM/2` Q` � iQ`mb- i?2 `2bmHib rBHH /Bz2` BM ;2M2`�H �b r2 ?�p2 BHHmbi`�i2/

mbBM; +vHBM/`B+�H 2Mi�M;HBM; `2;BQMbX Pm` `2bmHib M�im`�HHv 2ti2M/ iQ Qi?2` H�`;2@N p2+iQ`

i?2Q`B2b- HBF2 i?2 72`KBQMB+ :`Qbb@L2p2m *6h U�TT2M/Bt "XkVX

Ryk



*?�Ti2` 8X 1Mi�M;H2K2Mi 2Mi`QTv Q7 i?2 H�`;2 N qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v

●

●

●

●
●

●
● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ●

■

■

■

■
■

■
■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

● ������-������
■ ��������

������ �
��

��� ��� ��� ��� ��� ���
�

�

�

�

�

�

�

� = ��/�

γ
��
�
/� ��= ��= � = ����

ϕ� = �� ϕ� = π

6B;m`2 8XjXj, h?2 mMBp2`b�H 11 γtor Q7 � +vHBM/`B+�H `2;BQM- LA × L- +mi Qmi Q7 � b[m�`2 iQ`mb- L× LX
h?2 `2/ /Qib +Q``2bTQM/ iQ i?2 BMi2`�+iBM; }t2/ TQBMi Q7 i?2 P(N) KQ/2H �i H�`;2 N - r?BH2 i?2 #Hm2
b[m�`2b iQ i?2 :�mbbB�M }t2/ TQBMi UN 7`22 `2H�iBpBbiB+ b+�H�`bVX q2 ?�p2 MQ`K�HBx2/ γtor #v N X h?2
/�i� TQBMib r2`2 Q#i�BM2/ MmK2`B+�HHv QM � b[m�`2 H�iiB+2 Q7 HBM2�` bBx2 L = 152X h?2 HBM2 b?Qrb i?2
2tT2+i2/ /Bp2`;2M+2 BM i?2 bK�HH u HBKBi- i?2 b�K2 7Q` #Qi? i?2Q`B2bX

AM i?2 +�b2 Q7 i?2 11 Q7 i?2 b2KB@BM}MBi2 +vHBM/2`- γcyl- _27X (Nj) ?�b +QKT�`2/ Bib p�Hm2

�i i?2 lo :�mbbB�M }t2/ TQBMi �M/ i?2 A_ qBHbQM@6Bb?2` QM2 mbBM; i?2 ϵ 2tT�MbBQMX 6Q`

i?2b2 irQ bT2+B}+ }t2/ TQBMib- Bi r�b 7QmM/ i?�i |γUV
cyl | > |γIRcyl|- bm;;2biBp2 Q7 i?2 TQi2MiB�H Q7

γcyl iQ ǳ+QmMiǴ /2;`22b Q7 7`22/QKX Pm` `2bmHib �i H�`;2 N - ?Qr2p2`- b?Qr i?�i i?2 QTTQbBi2

+�M Q++m` 7Q` +2`i�BM _: ~QrbX L�K2Hv- |γUV
cyl | < |γIRcyl| Bb TQbbB#H2X AM/22/- H2i mb +QMbB/2`

i?2 ~Qr 7`QK i?2 qBHbQM@6Bb?2` +`BiB+�H TQBMi iQ i?2 bi�#H2 }t2/ TQBMi /2b+`B#BM; i?2 T?�b2

r?2`2 i?2 P(N) bvKK2i`v Bb bTQMi�M2QmbHv #`QF2M (N)X AM i?2 lo- r2 b22 i?�i γWF
cyl ∼ N0

/Q2b MQi ;`Qr rBi? N - r?BH2 �i i?2 A_ }t2/ TQBMi γbrokencyl ∼ N /m2 iQ i?2 (N − 1) :QH/biQM2

#QbQMb (Rke)X h?Bb ?QH/b 7Q` ;2M2`B+ #QmM/�`v +QM/BiBQMb ϕy ̸= 0X

Ai Bb �HbQ Q7 BMi2`2bi iQ Q#i�BM i?2 _ûMvB 2Mi`QTB2b Q7 bm+? �M BMi2`�+iBM; *6h- MQi�#Hv

7Q` +QKT�`BbQM rBi? H�`;2@b+�H2 [m�MimK JQMi2 *�`HQ bBKmH�iBQMb r?B+? +�M mbm�HHv QMHv

vB2H/ i?2 b2+QM/ _ûMvB 2Mi`QTv (Rkd- Rk3)X lM7Q`imM�i2Hv- i?Bb Bb � Km+? KQ`2 +?�HH2M;BM;

T`Q#H2K- #2+�mb2 i?2 7mHH x@/2T2M/2M+2 Q7 i?2 b�//H2@TQBMi ⟨iλ(x)⟩n BM U8XRkV Bb M22/2/ QM

Ryj



*?�Ti2` 8X 1Mi�M;H2K2Mi 2Mi`QTv Q7 i?2 H�`;2 N qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v

� n@b?22i2/ _B2K�MM bm`7�+2X LmK2`B+�H �M�HvbBb rBHH bm`2Hv #2 `2[mB`2/- bmTTH2K2Mi2/ #v

�M�HviB+ `2bmHib BM i?2 HBKBi Q7 H�`;2 �M/ bK�HH xX

Ry9



*?�Ti2` e

*`BiB+�H #2?�pBQ` Q7 �M BKTm`Biv �i

i?2 #QbQM bmT2`7HmB/@JQii BMbmH�iQ`

i`�MbBiBQM

eXR AMi`Q/m+iBQM

h?2 [m�MimK T?�b2 i`�MbBiBQM #2ir22M � bmT2`~mB/ �M/ � JQii BMbmH�iQ` BM irQ /BK2MbBQMb

`2T`2b2Mib QM2 Q7 i?2 #2bi bim/B2/ 2t�KTH2b Q7 [m�MimK +`BiB+�H K�ii2`- #Qi? i?2Q`2iB+�HHv

�M/ 2tT2`BK2Mi�HHvX h?2 +`BiB+�H T`QT2`iB2b Q7 i?Bb i`�MbBiBQM �`2 /2b+`B#2/ #v � bi`QM;Hv

BMi2`�+iBM; `2H�iBpBbiB+ [m�MimK }2H/ i?2Q`v BM i?2 PUkV qBHbQM@6Bb?2` mMBp2`b�HBiv +H�bb

(N- RkN)X h?Bb T?�b2 i`�MbBiBQM +�M #2 `2�HBx2/ 2tT2`BK2Mi�HHv mbBM; +QH/ �iQKb i`�TT2/ BM

QTiB+�H H�iiB+2b (Rk- Rjy- RjR)X

AM i?Bb +?�Ti2`- r2 bim/v i?2 bmT2`~mB/@BMbmH�iQ` i`�MbBiBQM BM i?2 T`2b2M+2 Q7 �M BKTm`Biv

/2;`22 Q7 7`22/QK- KQiBp�i2/ #v `2+2Mi MmK2`B+�H rQ`F #v >m�M; 2i �HX (Rjk) Q7 i?2 H�iiB+2

"Qb2@>m##�`/ KQ/2HX h?2B` bim/v KQ/2Hb i?2 T`2b2M+2 Q7 �M BKTm`Biv BM i2`Kb Q7 � i`�TTBM;

TQi2MiB�H- `2T`2b2MiBM; i?2 �ii�+?K2Mi Q7 +?�`;2 iQ i?2 BKTm`BivX qBi? i?2 #mHF i�F2M iQ #2 �i

i?2 bmT2`~mB/@BMbmH�iQ` [m�MimK +`BiB+�H TQBMi- i?2v 7QmM/ � `2K�`F�#H2 [m�MimK i`�MbBiBQM

Ry8



*?�Ti2` eX *`BiB+�H #2?�pBQ` Q7 �M BKTm`Biv �i i?2 #QbQM bmT2`~mB/@JQii BMbmH�iQ`
i`�MbBiBQM

�i i?2 BKTm`Biv- r?2`2 i?2 iQi�H #QbQM MmK#2` i`�TT2/ #v i?2 BKTm`Biv DmKT2/ #v mMBivX

.2bTBi2 i?2 DmKT BM i?2 #QbQM MmK#2`- i?2 i`�MbBiBQM Bb b2+QM/ Q`/2` #2+�mb2 Bi Bb �bbQ+B�i2/

rBi? /Bp2`;2M+2 BM i?2 bBx2 Q7 i?2 b+`22MBM; +HQm/X h?2v }M/ i?2 2K2`;2M+2 Q7 b+�H2@BMp�`B�Mi

#2?�pBQ` 7Q` � +`BiB+�H p�Hm2 Q7 i?2 i`�TTBM; TQi2MiB�H- bm;;2biBM; i?2 2K2`;2M+2 Q7 � M2r

mMBp2`b�HBiv +H�bb �bbQ+B�i2/ rBi? i?2 BKTm`Biv /2;`22 Q7 7`22/QKX

JQ/2Hb Q7 BKTm`BiB2b +QmTH2/ iQ �M BMi2`�+iBM; #mHF +`BiB+�H i?2Q`v r2`2 +QMbB/2`2/ BM

_272`2M+2b (Rjj- Rj9)X 6m`i?2`KQ`2- � KQ/2H Q7 BKTm`BiB2b +QmTH2/ iQ � #mHF BMi2`�+iBM;

+`BiB+�H i?2Q`v r�b BMp2biB;�i2/ BM _27bX (Rj8ĜRjd)X h?2 H�ii2` KQ/2H /2b+`B#2b i?2 2z2+i Q7

BKTm`BiB2b +QmTH2/ iQ [m�MimK �MiB72``QK�;M2ib +HQb2 iQ i?2B` +`BiB+�H TQBMiX AM i?�i rQ`F-

i?2 BKTm`BiB2b �`2 `2T`2b2Mi2/ #v � HQ+�HBx2/ bTBM /2;`22 Q7 7`22/QK r?B+? +QmTH2/ iQ i?2

#mHF [m�MimK }2H/ i?2Q`v- �M/ � bi�#H2 BMi2`�+iBM; }t2/ TQBMi r�b 7QmM/ T2`im`#�iBp2Hv BM

i?2 ϵ = 3− d 2tT�MbBQMX h?Bb MQp2H BKTm`Biv@/`Bp2M +`BiB+�H #2?�pBQ` H2/ iQ M2r Q#b2`p�#H2b

�bbQ+B�i2/ rBi? i?2 BKTm`Biv /2;`22 Q7 7`22/QKX

>2`2 r2 i�F2 � bBKBH�` �TT`Q�+? BM bim/vBM; i?2 bmT2`~mB/@BMbmH�iQ` i`�MbBiBQM +QmTH2/ iQ

BKTm`BiB2bX q2 rBHH �`;m2 7Q` i?2 T�`iB+mH�` 7Q`K Q7 �M BKTm`Biv@#mHF BMi2`�+iBQM iQ KQ/2H

i?2 +`BiB+�H #2?�pBQ`- �M/ bim/v i?2 `2bmHiBM; i?2Q`v BM i?2 ϵ 2tT�MbBQMX qQ`FBM; rBi? �

bHB;?iHv ;2M2`�HBx2/ KQ/2H- r2 rBHH }M/ �M BMi2`�+iBM; }t2/ TQBMi- �M/ +�H+mH�i2 i?2 M2r

+`BiB+�H 2tTQM2Mib �bbQ+B�i2/ rBi? i?2 i?2Q`vX lMHBF2 i?2 +�b2 rBi? i?2 �MiB72``QK�;M2i- i?Bb

BKTm`Biv }t2/ TQBMi ?�b � bBM;H2 `2H2p�Mi T2`im`#�iBQM r?B+? /Q2b MQi #`2�F �Mv bvKK2i`B2b,

i?Bb `2H2p�Mi /B`2+iBQM +Q``2bTQM/b iQ i?2 imMBM; Q7 i?2 K�;MBim/2 Q7 i?2 i`�TTBM; TQi2MiB�HX

q2 rBHH �HbQ /2i2`KBM2 i?2 mMBp2`b�H /2T2M/2M+2 Q7 i?2 }MBi2 i2KT2`�im`2 +QKT`2bbB#BHBiv

QM i?2 BKTm`Biv /2;`22 Q7 7`22/QK �i i?2 }t2/ TQBMiX h?2 2tTQM2Mib �M/ i?2 +QKT`2bbB#BHBiv

+�M #2 `2H�i2/ iQ i?Qb2 +�H+mH�i2/ MmK2`B+�HHv BM _27bX (Rjk- Rj3)X

h?2 +?�Ti2` Bb �``�M;2/ �b 7QHHQrbX AM a2+iBQM eXk r2 /Bb+mbb i?2 KB+`Qb+QTB+ KQ/2H

Q7 _27X (Rjk)- �M/ �`;m2 7Q` i?2 7Q`K Q7 i?2 mMBp2`b�H [m�MimK }2H/ i?2Q`v /2b+`B#BM; Bib

mMBp2`b�H T`QT2`iB2bX q2 b2i mT i?2 7Q`K Q7 i?2 ϵ 2tT�MbBQM Q7 � ;2M2`�HBx2/ 7Q`K Q7 i?2

i?2Q`vX a2+iBQM eXj /2b+`B#2b ?Qr i?2 /B�;`�KK�iB+ 2tT�MbBQM Q7 i?2 KQ/2H Bb +QMbi`m+i2/-

Rye



*?�Ti2` eX *`BiB+�H #2?�pBQ` Q7 �M BKTm`Biv �i i?2 #QbQM bmT2`~mB/@JQii BMbmH�iQ`
i`�MbBiBQM

�M/ ;Bp2b i?2 2tT�MbBQM iQ irQ@HQQT Q`/2`X q2 ;Bp2 � bmKK�`v Q7 i?2 `2MQ`K�HBx�iBQM ;`QmT

2[m�iBQMb BM a2+iBQM eX9- �M/ ;Bp2 Qm` T`2/B+iBQMb 7Q` i?2 +`BiB+�H 2tTQM2Mib Q7 i?2 KQ/2HX AM

a2+iBQM eX8- r2 /2i2`KBM2 i?2 mMBp2`b�H +QMi`B#miBQM Q7 i?2 BKTm`Biv iQ i?2 }MBi2 i2KT2`�im`2

+QKT`2bbB#BHBiv Q7 i?2 KQ/2H- �M/ r2 +QM+Hm/2 BM a2+iBQM eXeX

eXk h?2 KQ/2H

eXkXR *QMiBMmmK 7B2H/ i?2Q`v

q2 b22F i?2 +`BiB+�H i?2Q`v /2b+`B#BM; i?2 KB+`Qb+QTB+ KQ/2H bim/B2/ MmK2`B+�HHv BM _27X (Rjk)X

h?Bb Bb ;Bp2M #v

H1 =
∑

⟨ij⟩

b†ibj +
U

2

∑

i

ni (ni − 1)− µ
∑

i

ni + V n0 UeXRV

r?2`2 b†i Bb � #QbQM +`2�iBQM QT2`�iQ` QM bBi2 i- ⟨· · · ⟩ /2MQi2b M2�`2bi@M2B;#Q`b- �M/ ni ≡ b†ibiX

h?2 KQ/2H Bb bim/B2/ �i +QMbi�Mi /2MbBiv rBi? mMBi }HHBM; 7`�+iBQM- r?2`2 � #mHF +`BiB+�H TQBMi

#2ir22M � bmT2`~mB/ �M/ BMbmH�iBM; bi�i2 Bb FMQrM iQ 2tBbi �i i?2 p�Hm2b Uc = 16.7424(1)

�M/ µc = 6.21(2) (RjN- R9y)X 6Q` V = 0- Bi Bb FMQrM i?�i i?2 #mHF i`�MbBiBQM Bb /2b+`B#2/

#v i?2 `2H�iBpBbiB+�HHv@BMp�`B�Mi O(2)@bvKK2i`B+ qBHbQM@6Bb?2` +QM7Q`K�H }2H/ i?2Q`v (RkN)-

;Bp2M #v i?2 >�KBHiQMB�M

H′
φ =

∫
d3x

{
π2
α′ + c2 (∇φα′)2 + sc φ2

α′

2
+

u0

4!

(
φ2
α′
)2
}

UeXkV

r?2`2 i?2 BM/2t `mMb 7`QK α′ = 1, 2X h?2 +QmTHBM; sc ?�b #22M }M2@imM2/ iQ Bib +`BiB+�H p�Hm2-

�M/ u0 ~Qrb iQ � mMBp2`b�H p�Hm2 BM i?2 BM7`�`2/X h?2 }2H/b φα′(x, t) �M/ πα′(x, t) `2T`2b2Mi

i?2 #mHF Q`/2` T�`�K2i2` �M/ Bib +�MQMB+�H +QMDm;�i2 `2bT2+iBp2Hv- Q#2vBM; i?2 +QKKmi�iBQM

`2H�iBQM

[φα′(x, t), πβ′(x′, t)] = δα′β′δd(x− x′) UeXjV

Ryd



*?�Ti2` eX *`BiB+�H #2?�pBQ` Q7 �M BKTm`Biv �i i?2 #QbQM bmT2`~mB/@JQii BMbmH�iQ`
i`�MbBiBQM

h?2 p2HQ+Biv b+�H2 c /2T2M/b QM KB+`Qb+QTB+ /2i�BHb Q7 i?2 bvbi2K- �M/ rBHH ?2M+27Q`i? #2 b2i

iQ mMBivX

AM _27X (Rjk)- Bi r�b 7QmM/ i?�i i?2 �//BiBQM Q7 i?2 BKTm`Biv TQi2MiB�H V H2�/b iQ M2r

+`BiB+�H #2?�pBQ`X �b i?2 TQi2MiB�H Bb im`M2/ QM- Bi Bb 7QmM/ i?�i +?�`;2 Bb 2Bi?2` /2TH2i2/ Q`

+QM+2Mi`�i2/ �i i?2 Q`B;BM /2T2M/BM; QM i?2 bB;M Q7 V X h?2 /2MbBiv T`Q}H2 Bb +?�`�+i2`Bx2/

#v � ?�H7@BMi2;2` +?�`;2/ +Q`2- �M/ � ?�H7@BMi2;2` +?�`;2/ ?�HQ HQ+�i2/ �i � `�/Bmb ξh 7`QK

i?2 Q`B;BMX h?2 bB;M Q7 i?2 ?�HQ +?�`;2 ~BTb �+`Qbb i?2 +`BiB+�H TQBMiX

�i � +`BiB+�H p�Hm2 Q7 V - i?2 ?�HQ bBx2- ξh- /Bp2`;2b iQ BM}MBiv- BM/B+�iBM; i?2 QMb2i Q7 b+�H2

BMp�`B�M+2X A7 i?2 +QmTHBM; V +QMiBMm2b iQ BM+`2�b2- i?2 +?�`;2 Q7 i?2 ?�HQ +?�M;2b bB;M �M/

+QMi`�+ib #�+F iQ i?2 Q`B;BMc bQ i?Bb Bb � i`�MbBiBQM #2ir22M � bvbi2K rBi? iQi�H +?�`;2 Q

�M/ Q± 1X h?2 `�/Bmb Q7 i?2 ?�HQ Bb Q#b2`p2/ iQ ?�p2 i?2 mMBp2`b�H #2?�pBQ`

ξh ∝ |V − Vc|−νz UeX9V

rBi? νz = 2.33(5) (Rjk)X

AM b22FBM; i?2 +`BiB+�H i?2Q`v- r2 M22/ iQ +QmTH2 i?2 #mHF >�KBHiQMB�M 1[X UeXkV iQ � }2H/

/2b+`B#BM; i?2 BKTm`Biv /2;`22 Q7 7`22/QKX h?Bb i?2Q`v `2i�BMb i?2 O(2) BMp�`B�M+2X q2

+H�BK i?�i i?2 +Q``2+i BKTm`Biv +QmTHBM; Bb ;Bp2M #v

Himp = −γ0
[
φ1(x = 0)Ŝx + φ2(x = 0)Ŝy

]
+ hzŜz UeX8V

r?2`2 Ŝα `2T`2b2Mib � bTBM@Rfk /2;`22 Q7 7`22/QK /2}M2/ �i x = 0c � bTBM S = 1/2 BKTm`Biv

KQ/2H ?�b �HbQ #22M T`QTQb2/ �M/ bim/B2/ BM/2T2M/2MiHv #v *?2M 2i �HX (Rj3)X h?2 BKTm`Biv

bBi2 /2MbBiv n0- Bb `2H�i2/ iQ i?2 bTBM pB� Ŝz = n0 −Q+ 1/2 7Q` � i`�MbBiBQM #2ir22M Q �M/

Q − 1X q2 �HbQ MQi2 i?�i � b+�H�`@bTBM BMi2`�+iBQM Q7 i?Bb 7Q`K r�b bim/B2/ BM � /Bz2`2Mi

+QMi2ti #v w�`�M/ �M/ .2KH2` (R9R)X >2`2- i?2 irQ +QmTHBM;b γ0 �M/ hz �`2 #Qi? `2H2p�Mi

BM d = 2X h?2 O(2) bvKK2i`v Q7 i?2 BKTm`Biv Bb ;2M2`�i2/ #v Ŝz- �M/ �i hz = 0- i?2`2 Bb

�M 2t�+i irQ@7QH/ /2;2M2`�+v #2ir22M i?2 Ŝz = ±1/2 bi�i2b- r?B+? `2T`Q/m+2b i?2 irQ@7QH/

Ry3



*?�Ti2` eX *`BiB+�H #2?�pBQ` Q7 �M BKTm`Biv �i i?2 #QbQM bmT2`~mB/@JQii BMbmH�iQ`
i`�MbBiBQM

/2;2M2`�+v Q7 i?2 KB+`Qb+QTB+ i?2Q`v �i i?2 +`BiB+�H BKTm`Biv TQi2MiB�H V = Vc #2ir22M i?2

/Bz2`2Mi +?�`;2 b2+iQ`bX q2 rBHH �`;m2 #2HQr i?�i i?2 +QmTHBM; γ0 ~Qrb iQ � mMBp2`b�H p�Hm2

r?B+? +QMi`QHb i?2 +`BiB+�H #2?�pBQ` Q7 i?2 BKTm`Biv /2;`22 Q7 7`22/QKX

Pm` �M�HvbBb rBHH �HbQ +QMbB/2` i?2 +�b2 r?2`2 i?2 BKTm`Biv Ŝα ?�b � ;2M2`B+ bTBM SX h?Bb

+Q``2bTQM/b iQ TQbbB#H2 KmHiB+`BiB+�H TQBMib r?2`2 2S + 1 bi�i2b #2+QK2 /2;2M2`�i2 �i i?2

BKTm`BivX AM i?2 "Qb2@>m##�`/ KQ/2H- r2 rQmH/ ?�p2 iQ imM2 2S +QmTHBM;b iQ �+?B2p2 i?BbX AM

i?2 }2H/ i?2Q`v- i?2 2S `2H2p�Mi +QmTHBM;b +Q``2bTQM/ iQ i?2 QT2`�iQ`b Ŝp
z - rBi? 1 ≤ p ≤ 2SX

q2 rBHH QMHv +QMbB/2` i?2 b+�HBM; /BK2MbBQM Q7 i?2 p = 1 QT2`�iQ` ?2`2X

eXkXk 1tT�MbBQM BM ϵ

q2 rBHH rQ`F rBi? � ;2M2`�HBx�iBQM Q7 i?2 �#Qp2 i?2Q`v- ;Bp2M #v

H = Hφ − γ0φα′(x = 0)Ŝα′ UeXeV

>2`2- i?2 }`bi i2`K Bb i?2 >�KBHiQMB�M 7Q` i?2 O(N)@bvKK2i`B+ b+�H�` }2H/ i?2Q`v BM d bT�iB�H

/BK2MbBQMb-

Hφ =

∫
ddx

{
π2
α + (∇φα)

2 + sc φ2
α

2
+

u0

4!

(
φ2
α

)2
}

UeXdV

q2 mb2 i?2 MQi�iBQM r?2`2 mMT`BK2/ BM/B+2b `mM 7`QK α = 1, 2, ..., N - r?BH2 T`BK2/ BM@

/B+2b QMHv i�F2 i?2 p�Hm2b α′ = 1, 2X amKK�iBQM Bb BKTHB2/ Qp2` `2T2�i2/ BM/B+2b- �M/ Bi Bb

mM/2`biQQ/ i?�i φ2
α = φαφαX h?2 QT2`�iQ`b Ŝα(t) b�iBb7v i?2 SU(2) �H;2#`�-

[Ŝα, Ŝβ] = iϵαβγŜγ

Tr
(
ŜαŜβ

)
=

1

3
(2S + 1)S(S + 1)δαβ UeX3V

r?2`2 i?2 bTBM QT2`�iQ` QMHv i�F2b i?2 p�Hm2b α = 1, 2, 3X q2 +QMiBMm2 iQ H�#2H i?2 1 − 2

/B`2+iBQMb rBi? T`BK2/ BM/B+2b- �M/ `272` iQ i?2 i?B`/ /B`2+iBQM �b i?2 z−/B`2+iBQMX q2

MQi2 i?�i i?2 iQi�H >�KBHiQMB�M BM 1[X UeXeV ?�b O(2) × O(N − 2) bvKK2i`vX >2`2 r2 rBHH

RyN



*?�Ti2` eX *`BiB+�H #2?�pBQ` Q7 �M BKTm`Biv �i i?2 #QbQM bmT2`~mB/@JQii BMbmH�iQ`
i`�MbBiBQM

�HHQr �`#Bi`�`v p�Hm2b Q7 bTBM- S- �M/ ;Bp2 `2bmHib 7Q` S = 1/2 �i i?2 2M/ Q7 i?2 +�H+mH�iBQMX

�Hi?Qm;? i?2 QT2`�iQ` Ŝz /Q2b MQi �TT2�` BM i?Bb >�KBHiQMB�M- Bi ?�b MQMi`BpB�H +Q``2H�iBQMb

BM i?2 BMi2`�+iBM; i?2Q`v /m2 iQ i?2 +QKKmi�iBQM `2H�iBQMbX Aib b+�HBM; /BK2MbBQMb rBHH i?2M

/2i2`KBM2 i?2 +`BiB+�H 2tTQM2Mi �bbQ+B�i2/ rBi? T2`im`#BM; i?Bb i?2Q`v #v � i2`K hzŜzX

q2 rBHH bim/v i?Bb bvbi2K BM i?2 ϵ = 3−d 2tT�MbBQMX q2 rBHH mb2 i?2 KBMBK�H bm#i`�+iBQM

`2MQ`K�HBx�iBQM b+?2K2 Q7 _27X (k9)- r?2`2 sc = 0 �M/ i?2 #�`2 }2H/b �M/ BMi2`�+iBQM bi`2M;i?

�`2 `2TH�+2/ #v

φα =
√
ZφRα

u0 =
µϵZ4

Sd+1Z2
g UeXNV

>2`2- µ Bb �M �`#Bi`�`v 2M2`;v b+�H2- g Bb � /BK2MbBQMH2bb +QmTHBM; +QMbi�Mi- �M/

Sd =
2

Γ(d/2)(4π)d/2
UeXRyV

Bb � +QMp2MB2Mi T?�b2 7�+iQ`X hQ H2�/BM; Q`/2` BM g- i?2 `2MQ`K�HBx�iBQM +QMbi�Mib �`2 ;Bp2M

#v

Z = 1− (N + 2)

144ϵ
g2

Z4 = 1 +
(N + 8)

6ϵ
g +

(
(N + 8)2

36ϵ2
− (5N + 22)

36ϵ

)
g2 UeXRRV

h?2 #2i� 7mM+iBQM 7QHHQrb BKK2/B�i2Hv 7`QK 1[MbX UeXNV �M/ UeXRRV

βg ≡ µ
dg

dµ

∣∣∣∣
u0

= −ϵg + (N + 8)

6
g2 − (3N + 14)

12
g3 UeXRkV

7`QK r?B+? r2 /2i2`KBM2 i?2 #mHF }t2/ TQBMi #v }M/BM; i?2 p�Hm2 Q7 g r?2`2 i?2 #2i�

7mM+iBQM p�MBb?2b,

g∗ =
6ϵ

(N + 8)

[
1 +

3(3N + 14)

(N + 8)2
ϵ

]
UeXRjV

RRy



*?�Ti2` eX *`BiB+�H #2?�pBQ` Q7 �M BKTm`Biv �i i?2 #QbQM bmT2`~mB/@JQii BMbmH�iQ`
i`�MbBiBQM

h?2 �//BiBQM Q7 � HQ+�HBx2/ #mHF@BKTm`Biv BMi2`�+iBQM +�MMQi bB;MB}+�MiHv �Hi2` i?2 #mHF

+Q``2H�iBQM 7mM+iBQMb- bQ i?2 �#Qp2 `2bmHib �HbQ ?QH/ 7Q` i?2 7mHH i?2Q`v HX >Qr2p2`- r2 Kmbi

MQr +QMbB/2` i?2 `2MQ`K�HBx�iBQM Q7 i?2 BKTm`Biv QT2`�iQ`b �M/ i?2B` BMi2`�+iBQM rBi? i?2

#mHF Q`/2` T�`�K2i2`X q2 /2}M2 i?2 +QMbi�Mib

Ŝα′ =
√
Z ′ŜRα′

Ŝz =
√

Zz ŜRz

γ0 =
µϵ/2Zγ√
ZZ ′S̃d+1

γ UeXR9V

>2`2- γ Bb �MQi?2` /BK2MbBQMH2bb `2MQ`K�HBx2/ BMi2`�+iBQM- �M/ r2 ?�p2 BMi`Q/m+2/ �MQi?2`

+QMp2MB2Mi T?�b2 7�+iQ`

S̃d =
Γ(d/2− 1)

4πd/2
UeXR8V

AM i2`Kb Q7 i?2 �#Qp2 +QMbi�Mib- r2 }M/ i?�i i?2 BKTm`Biv #2i� 7mM+iBQM Bb ;Bp2M #v

βγ ≡ µ
dγ

dµ

∣∣∣∣
u0,γ0

= −
ϵ
2γ + γβg

d
dg log

(
Zγ/

√
ZZ ′

)

1 + γ d
dγ log

(
Zγ/

√
ZZ ′

) UeXReV

PM2 K�DQ` `2bmHi Q7 i?Bb T�T2` Bb i?2 /2i2`KBM�iBQM Q7 i?2 #2i� 7mM+iBQM iQ irQ@HQQT Q`/2`-

7`QK r?B+? r2 }M/ �M BM7`�`2/ }t2/ TQBMi �i � +`BiB+�H p�Hm2 Q7 γ∗ r?B+? Bb T2`im`#�iBp2 BM

ϵX h?2 K�DQ` Q#b2`p�#H2b �bbQ+B�i2/ rBi? i?Bb }t2/ TQBMi �`2 i?2 mMBp2`b�H /2+�v Q7 i?2 bTBM

QT2`�iQ`bX q2 BMi`Q/m+2 i?2 �MQK�HQmb /BK2MbBQMb-

〈
Ŝα′(t)Ŝα′(0)

〉
∼ 1

tη′

〈
Ŝz(t)Ŝz(0)

〉
∼ 1

tηz
UeXRdV

RRR



*?�Ti2` eX *`BiB+�H #2?�pBQ` Q7 �M BKTm`Biv �i i?2 #QbQM bmT2`~mB/@JQii BMbmH�iQ`
i`�MbBiBQM

r?2`2 �H;2#`�B+ /2+�v Bb 7Q`+2/ #v b+�H2 BMp�`B�M+2- �M/ i?2 2tTQM2Mib �`2 ;Bp2M #v

η′ = βγ
d

dγ
logZ ′ + βg

d

dg
logZ ′

ηz = βγ
d

dγ
logZz + βg

d

dg
logZz UeXR3V

h?2b2 �MQK�HQmb /BK2MbBQMb- r?B+? �`2 irB+2 i?2 b+�HBM; /BK2MbBQM Q7 i?2 bTBM QT2`�iQ`b-

�`2 M2r /�i� �bbQ+B�i2/ rBi? i?2 mMBp2`b�HBiv +H�bb Q7 i?Bb T?�b2 i`�MbBiBQMX

PM+2 i?2 �MQK�HQmb /BK2MbBQM Q7 Ŝz Bb /2i2`KBM2/- r2 +�M �HbQ /2i2`KBM2 i?2 +`BiB+�H

2tTQM2Mib �bbQ+B�i2/ rBi? T2`im`#BM; i?2 +`BiB+�H i?2Q`vX h?2 H2�/BM; `2H2p�Mi T2`im`#�iBQMb

iQ 1[X UeXeV �`2 ;Bp2M #v

∆H′ = h′Ŝα′

∆Hz = hzŜz UeXRNV

7Q` �Mv Q7 i?2 i?`22 ŜαX h?Bb T2`im`#�iBQM rBHH BMi`Q/m+2 � H�`;2 iBK2b+�H2 ξ +?�`�+i2`BxBM; �M

2tTQM2MiB�H /2+�v Q7 i?2 bTBM +Q``2H�iBQM 7mM+iBQMb- �M/ #v b+�HBM; �`;mK2Mib- Bi Bb bi`�B;?i@

7Q`r�`/ iQ b?Qr i?�i

ξ′ = |h′|−ν′

ξz = |h′|−νz UeXkyV

r?2`2

ν ′ =
1

1− η′/2

νz =
1

1− ηz/2
UeXkRV

>2`2- 2tTQM2Mi νz +Q``2bTQM/b iQ i?2 +`BiB+�H 2tTQM2Mi /2}M2/ BM i?2 KB+`Qb+QTB+ KQ/2H

�#Qp2X

RRk



*?�Ti2` eX *`BiB+�H #2?�pBQ` Q7 �M BKTm`Biv �i i?2 #QbQM bmT2`~mB/@JQii BMbmH�iQ`
i`�MbBiBQM

eXj _2MQ`K�HBx�iBQM

q2 /2i2`KBM2 i?2 `2MQ`K�HBx�iBQM T�`�K2i2`b �#Qp2 mbBM; #�`2 T2`im`#�iBQM i?2Q`vX AM

T�`iB+mH�`- r2 rBHH rQ`F BM BK�;BM�`v iBK2 τ - �M/ +QKTmi2 i?2 7QHHQrBM; +Q``2H�iBQM 7mM+iBQMb

iQ irQ@HQQT Q`/2`,

G ′(τ)δα′β′ =
〈
Ŝα′(τ)Ŝβ′(0)

〉

Gz(τ) =
〈
Ŝz(τ)Ŝz(0)

〉

V(x, τ)δα′β′ =
〈
φα′(x, τ)Ŝβ′(0)

〉
UeXkkV

�HH +Q``2H�iBQM 7mM+iBQMb �`2 mM/2`biQQ/ iQ #2 BK�;BM�`v iBK2@Q`/2`2/- r2 i�F2 τ > 0- �M/

� i`�+2 Bb i�F2M Qp2` i?2 bTBM BM/B+2bX h?Bb +�H+mH�iBQM rBHH `2bmHi BM /Bp2`;2M+2b BM i?2 7Q`K

Q7 TQH2b BM ϵ- #mi r2 +?QQb2 i?2 +QMbi�Mib Z ′- Z3- �M/ Z4 bm+? i?�i i?2b2 TQH2b +�M+2H r?2M

i?2 +Q``2H�iBQM 7mM+iBQMb �`2 2tT`2bb2/ BM i2`Kb Q7 `2MQ`K�HBx2/ QT2`�iQ`b �M/ +QmTHBM;bX

.m2 iQ i?2 MQMi`BpB�H +QKKmi�iQ` BM 1[X UeX3V- i?2 T2`im`#�iBp2 2tT�MbBQM 7Q` i?2b2 +Q`@

`2H�iBQM 7mM+iBQMb /Q2b MQi Q#2v qB+FǶb i?2Q`2K- MQ` /Q /Bb+QMM2+i2/ /B�;`�Kb +�M+2HX q2

Kmbi 2tT�M/ i?2 MmK2`�iQ` �M/ /2MQKBM�iQ` Q7 i?2 +Q``2H�iBQM 7mM+iBQMb b2T�`�i2Hv �b �

b2`B2b BM u0 �M/ γ0- �M/ #v +�`27mHHv F22TBM; i`�+F Q7 i?2 iBK2@Q`/2`BM; Q7 i?2 bTBM QT2`�iQ`b

r2 +�M Q#i�BM i?2 /2bB`2/ +Q``2H�iBQM 7mM+iBQMbX h?Bb T`Q+2/m`2 +�M #2 `2T`2b2Mi2/ #v �

7Q`K Q7 /B�;`�KK�iB+ T2`im`#�iBQM i?2Q`v /2p2HQT2/ BM _27X (Rje)X

q2 }`bi r`Bi2 i?2 +Q``2H�iBQM 7mM+iBQM Q7 i?2 BMi2`�+iBM; i?2Q`v BM i2`Kb Q7 7`22 +Q``2H�iQ`b-

r?2`2 i?2 7`22 T�`i Q7 Qm` i?2Q`v Bb i?2 [m�/`�iB+ T�`i Q7 HφX

⟨O⟩ =
〈
Oe−βHI

〉
0

⟨e−βHI ⟩0
UeXkjV

q2 BMi`Q/m+2 � }MBi2 BMp2`b2 i2KT2`�im`2 β �b �M BMi2`K2/B�i2 bi2TX h?2 >�KBHiQMB�M r?B+?

RRj



*?�Ti2` eX *`BiB+�H #2?�pBQ` Q7 �M BKTm`Biv �i i?2 #QbQM bmT2`~mB/@JQii BMbmH�iQ`
i`�MbBiBQM

�TT2�`b QM i?2 `B;?i@?�M/ bB/2 Bb i?2 BMi2`�+iBQM >�KBHiQMB�M-

HI =
u0

4!

∫
ddx

(
φIα(x)

2
)2 − γ0φIα′(x = 0)Ŝα′ UeXk9V

h?2 QT2`�iQ`b φIα �`2 i?2 7�KBHB�` BMi2`�+iBQM `2T`2b2Mi�iBQM Q7 Qm` Q`B;BM�H #QbQMB+ }2H/b

Ui?2 BMi2`�+iBQM �M/ a+?`ƺ/BM;2` `2T`2b2Mi�iBQMb Q7 Ŝα �`2 2[mBp�H2Mi BM Qm` KQ/2HVX h?2M r2

2tT�M/ i?2 2tTQM2MiB�Hb BM i?2 MmK2`�iQ` �M/ /2MQKBM�iQ`- �M/ i?2 2tT2+i�iBQM p�Hm2b #`2�F

BMiQ bBKTH2 T`Q/m+ib Q7 #QbQMB+ +Q``2H�iQ`b �M/ bTBM +Q``2H�iQ`bX h?2 #QbQMB+ QT2`�iQ`b Q#2v

qB+FǶb i?2Q`2K- bQ r2 Q#i�BM BMi2;`�Hb Qp2` T`Q/m+ib Q7 i?2 7`22 }MBi2@i2KT2`�im`2 #QbQMB+

:`22MǶb 7mM+iBQM,

DT (x, τ) = ⟨φα(x, τ)φβ(0, 0)⟩0 UeXk8V

>Qr2p2`- i?2 iBK2@Q`/2`BM; Qp2` bTBM 2tT2+i�iBQM p�Hm2b rBHH `2bmHi BM � +Q``2bTQM/BM; iBK2@

Q`/2`BM; Qp2` /mKKv BMi2;`�iBQM p�`B�#H2bX

q2 `2T`2b2Mi i?2 BK�;BM�`v iBK2@Q`/2`2/ 2tT2+i�iBQM p�Hm2 Q7 �M �`#Bi`�`v QT2`�iQ` ⟨A⟩0

rBi? i?2 7QHHQrBM; /B�;`�KK�iB+ `mH2b,

Ç 1p2`v /B�;`�K +QMi�BMb � bBM;H2 /B`2+i2/ HQQT �HQM; r?B+? BK�;BM�`v iBK2 `mMb T2`B@

Q/B+�HHv 7`QK 0 iQ β- `2T`2b2Mi2/ #v � 7mHH HBM2X

Ç 1ti2`M�H 7�+iQ`b Q7 Ŝα(τ) +QMi�BM2/ BM A �`2 `2T`2b2Mi2/ #v QT2M +B`+H2b TH�+2/ QM i?2

/B`2+i2/ HQQT �i i?2 �TT`QT`B�i2 2ti2`M�H p�Hm2 Q7 τ X

Ç 1ti2`M�H 7�+iQ`b Q7 φα(τ, x) +QMi�BM2/ BM A �`2 `2T`2b2Mi2/ #v QT2M #Qt2b r?B+? �`2

TH�+2/ QmibB/2 Q7 i?2 /B`2+i2/ HQQTX

Ç 6�+iQ`b Q7 i?2 BMi2`�+iBQM γ0 �`2 `2T`2b2Mi2/ #v +HQb2/ +B`+H2b TH�+2/ QM i?2 /B`2+i2/

HQQT- �M/ � #QbQMB+ T`QT�;�iQ` �Hr�vb 2K2`;2b 7`QK i?Bb p2`i2tX

Ç 6�+iQ`b Q7 i?2 BMi2`�+iBQM u0 �`2 `2T`2b2Mi2/ #v � }HH2/ b[m�`2- r?B+? +QMM2+ib iQ 7Qm`

#QbQMB+ T`QT�;�iQ`bX

RR9



*?�Ti2` eX *`BiB+�H #2?�pBQ` Q7 �M BKTm`Biv �i i?2 #QbQM bmT2`~mB/@JQii BMbmH�iQ`
i`�MbBiBQM

Ç AMi2`M�H #QbQMB+ T`QT�;�iQ`b +QMM2+iBM; p2`iB+2b TH�+2/ �i (xi, τi) �M/ (xj, τj) ;Bp2 �

7�+iQ` Q7 DT (xi−xj, τi− τj)- �M/ r2 BMi2;`�i2 Qp2` �HH BMi2`M�H xi �M/ τiX >Qr2p2`- i?2

Q`/2`BM; Q7 �HH i?2 τiǶb �TT2�`BM; QM i?2 /B`2+i2/ HQQT Kmbi #2 F2Ti BM /2i2`KBMBM; i?2

BMi2;`�iBQM `2;BQMX

Ç q2 i`�+2 Qp2` i?2 bTBMb �HQM; i?2 /B`2+i2/ HBM2X A7 i?2`2 �`2 MQ bTBM QT2`�iQ`b BMb2`i2/-

i?Bb Bb BMi2`T`2i2/ �i Tr I = (2S + 1)X

q2 Q#i�BM i?2 +Q``2+iBQM iQ ⟨A⟩ �i � ;Bp2M Q`/2` Q7 u0 �M/ γ0 #v r`BiBM; /QrM �HH TQbbB#H2

/B�;`�Kb r?B+? Q#2v i?2 �#Qp2 `mH2b �M/ ?�p2 i?2 +Q``2+i MmK#2` Q7 BMi2`�+iBQM p2`iB+2b-

�M/ i?2M bmK i?2KX q2 rBHH /2KQMbi`�i2 ?Qr iQ �TTHv i?2b2 `mH2b BM /2i�BH 7Q` i?2 `2H�iBp2Hv

bBKTH2 QM2@HQQT +�b2- #27Q`2 ;BpBM; i?2 7mHH irQ@HQQT `2bmHibX

eXjXR aTBM@bTBM +Q``2H�iBQM 7mM+iBQM

q2 b?Qr i?2 HQr2bi@Q`/2` /B�;`�Kb +QMi`B#miBM; iQ i?2 bTBM@bTBM +Q``2H�iBQM 7mM+iBQMb BM

6B;X eXjXRXU#VX "2HQr r2 rBHH 2p�Hm�i2 bTBM i`�+2b mbBM; i?2 B/2MiBiB2b 2MmK2`�i2/ BM �TT2M/Bt

*XRX q2 }`bi r`Bi2 Qmi i?2 /B�;`�Kb BM i?2 /2MQKBM�iQ`- Q#i�BMBM; 7`QK i?2 �#Qp2 `mH2b

Z = (2S + 1) + Tr
(
Ŝα′Ŝα′

)
γ20

∫ β

0

dτ1

∫ β

τ1

dτ2DT (τ1 − τ2) + · · · UeXkeV

q2 i?2M `2r`Bi2 i?Bb 2tT`2bbBQM 7Q` `2�bQMb r?B+? rBHH #2+QK2 +H2�` b?Q`iHv,

Z = (2S + 1) + (2S + 1)
2S(S + 1)

3
γ20

[ ∫ τ

0

dτ1

∫ τ

τ1

dτ2 +

∫ β

τ

dτ1

∫ β

τ1

dτ2

+

∫ τ

0

dτ1

∫ β

τ

dτ2

]
DT (τ1 − τ2) + · · · UeXkdV

q2 MQr +QMbB/2` i?2 MmK2`�iQ` Q7 i?2 bTBM@bTBM +Q``2H�iQ` BM 1[X UeXkkV- ;Bp2M #v i?2

RR8



*?�Ti2` eX *`BiB+�H #2?�pBQ` Q7 �M BKTm`Biv �i i?2 #QbQM bmT2`~mB/@JQii BMbmH�iQ`
i`�MbBiBQM

6B;m`2 eXjXR, h?2 /B�;`�KK�iB+ 2tT�MbBQM 7Q` i?2 bTBM@bTBM +Q``2H�iBQM 7mM+iBQM �i QM2@HQQT- mb@
BM; i?2 62vMK�M `mH2b bT2+B}2/ BM i?2 a2+iBQM eXjX h?2 /B�;`�Kb +QMi`B#miBM; iQ i?2 MmK2`�iQ` �M/
/2MQKBM�iQ` Q7 i?2 +Q``2H�iBQM 7mM+iBQM �`2 TB+im`2/ BM U�V �M/ U#V `2bT2+iBp2HvX �b /2b+`B#2/ BM i?2
K�BM i2ti- i?2 BMi2;`�Hb +QMi`B#miBM; iQ i?2 MmK2`�iQ` �M/ /2MQKBM�iQ` +�M #2 +QK#BM2/- bQ i?�i r2
QMHv M22/ iQ F22T i`�+F Q7 /Bz2`BM; bTBM i`�+2bX

/B�;`�Kb BM 6B;X eXjXRXU�VX

ZG(τ) = Tr
(
ŜαŜβ

)
+ Tr

(
ŜαŜσ′Ŝσ′Ŝβ

)
γ20

∫ τ

0

dτ1

∫ τ

τ1

dτ2DT (τ1 − τ2)

+ Tr
(
ŜαŜβŜσ′Ŝσ′

)
γ20

∫ β

τ

dτ1

∫ β

τ1

dτ2DT (τ1 − τ2)

+ Tr
(
ŜαŜσ′ŜβŜσ′

)
γ20

∫ τ

0

dτ1

∫ β

τ

dτ2DT (τ1 − τ2) + · · · UeXk3V

>2`2- r2 i�F2 i?2 2ti2`M�H BM/B+2b iQ 2Bi?2` #2 α′, β′ iQ /2}M2 G ′(τ)- Q` 3 iQ /2MQi2 G3(τ)X

q2 MQiB+2 i?�i i?2 i?`22 BMi2;`�Hb +QMi`B#miBM; iQ i?2 MmK2`�iQ` �`2 B/2MiB+�H iQ i?2 i?`22

r2 mb2/ iQ bTHBi mT i?2 /2MQKBM�iQ`X h?mb- iQ +�H+mH�i2 i?2 7mHH +Q``2H�iBQM 7mM+iBQM- r2 QMHv

M22/ iQ +QKTmi2 i?2b2 i?`22 BMi2;`�Hb �M/ F22T i`�+F Q7 i?2 /Bz2`2M+2 BM bTBM i`�+2b r?B+?

�TT2�` BM i?2 MmK2`�iQ` �M/ /2MQKBM�iQ`X h?Bb bBKTHB}+�iBQM Bb KBMQ` 7Q` i?2 QM2@HQQT

+�b2- #mi Bi bBKTHB}2b i?2 irQ@HQQT +�H+mH�iBQM 2MQ`KQmbHvX

RRe



*?�Ti2` eX *`BiB+�H #2?�pBQ` Q7 �M BKTm`Biv �i i?2 #QbQM bmT2`~mB/@JQii BMbmH�iQ`
i`�MbBiBQM

q2 MQr r`Bi2 i?2 QM2@HQQT +Q``2H�iBQM 7mM+iBQM BM i2`Kb Q7 i?2 bTBM i`�+2b ;Bp2M BM �T@

T2M/Bt *XRX >2`2- i?2 i`�+2b QM i?2 `B;?i@?�M/ bB/2 +Q``2bTQM/ iQ 2Bi?2` i?2 S ′
i Q` Sz

i BM i?2

�TT2M/Bt /2T2M/BM; QM r?2i?2` i?2 H27i@?�M/ bB/2 `2T`2b2Mib i?2 +Q``2H�iQ` G ′(τ) Q` Gz(τ)

`2bT2+iBp2HvX

G(τ) =
S(S + 1)

3

{
1 +

[
S1 −

2S(S + 1)

3

]
γ20

∫ τ

0

dτ1

∫ τ

τ1

dτ2DT (τ1 − τ2)

+

[
S1 −

2S(S + 1)

3

]
γ20

∫ β

τ

dτ1

∫ β

τ1

dτ2DT (τ1 − τ2)

+

[
S2 −

2S(S + 1)

3

]
γ20

∫ τ

0

dτ1

∫ β

τ

dτ2DT (τ1 − τ2) + · · ·
}

UeXkNV

q2 MQr +QMbB/2` i?2 2p�Hm�iBQM Q7 i?2b2 BMi2;`�HbX 6Q` i?2 Tm`TQb2 Q7 `2MQ`K�HBxBM; Qm`

i?2Q`v- r2 +�M rQ`F BM i?2 T = 0 HBKBi- r?2`2 i?2 #QbQMB+ T`QT�;�iQ` i�F2b i?2 7Q`K

D0(τ) =

∫
ddk

(2π)d
dω

2π

e−iωτ

k2 + ω2
=

S̃d+1

|τ |d−1
UeXjyV

6BM�HHv- i?2 BMi2;`�iBQMb Qp2` BK�;BM�`v iBK2 Kmbi #2 2ti2M/2/ rBi? +�`2- bBM+2 BK�;BM�`v

iBK2 Bb `2�HHv +QKT�+i, β ∼ 0X h?2`27Q`2- r2 M22/ iQ 2ti2M/ i?2 BMi2;`�iBQM /QK�BM �b

∫ β

0

−→
∫ ∞

0

+

∫ 0

−∞
UeXjRV

bQ i?�i i?2 BMi2;`�iBQM biBHH 7Q`Kb � HQQT BM BK�;BM�`v iBK2X aQ i?2 i?`22 BMi2;`�Hb �TT2�`BM;

BM 1[X UeXkNV `2bT2+iBp2Hv #2+QK2

∫ τ

0

dτ1

∫ τ

τ1

dτ2D0(τ1 − τ2) = − S̃d+1τ ϵ

ϵ(1− ϵ)
UeXjkV

[∫ ∞

τ

dτ1

∫ ∞

τ1

dτ2 +

∫ ∞

τ

dτ1

∫ 0

−∞
dτ2 +

∫ 0

−∞
dτ1

∫ 0

τ1

dτ2

]
D0(τ1 − τ2) = − S̃d+1τ ϵ

ϵ(1− ϵ)
UeXjjV

RRd



*?�Ti2` eX *`BiB+�H #2?�pBQ` Q7 �M BKTm`Biv �i i?2 #QbQM bmT2`~mB/@JQii BMbmH�iQ`
i`�MbBiBQM

[∫ τ

0

dτ1

∫ ∞

τ

dτ2 +

∫ τ

0

dτ1

∫ 0

−∞
dτ2

]
D0(τ1 − τ2) =

2S̃d+1τ ϵ

ϵ(1− ϵ)
UeXj9V

r?2`2 r2 ?�p2 mb2/ i?2 /BK2MbBQM�H `2;mH�`Bx�iBQM ǳB/2MiBivǴ
∫∞
0 dττα = 0X

*QHH2+iBM; �HH Q7 i?2 �#Qp2 `2bmHib- r2 }M/ i?�i i?2 H2�/BM;@Q`/2` bTBM@bTBM +Q``2H�iBQM

7mM+iBQMb �`2 ;Bp2M #v

G ′(τ) =
S(S + 1)

3

[
1− γ20 S̃d+1τ ϵ

ϵ(1− ϵ)
+ · · ·

]
UeXj8V

Gz(τ) =
S(S + 1)

3

[
1− 2γ20 S̃d+1τ ϵ

ϵ(1− ϵ)
+ · · ·

]
UeXjeV

h?2 T`Q+2/m`2 �i irQ@HQQT Bb /QM2 mbBM; i?2 b�K2 T`Q+2/m`2c r2 }HH BM i?2 BMi2`K2/B�i2

bi2Tb BM �TT2M/Bt *XkX Pm` }M�H `2bmHi Bb

〈
Ŝα′(τ)Ŝβ′(0)

〉
= δα′β′

S(S + 1)

3

[
1− γ20 S̃d+1τ ϵ

ϵ(1− ϵ)

+
(
γ20 S̃d+1τ

ϵ
)2( 1

ϵ2
+

5

2ϵ
+ · · ·

)]
UeXjdV

〈
Ŝz(τ)Ŝz(0)

〉
=

S(S + 1)

3

[
1− 2γ20 S̃d+1τ ϵ

ϵ(1− ϵ)

+
(
γ20 S̃d+1τ

ϵ
)2( 3

ϵ2
+

6

ϵ
+ · · ·

)]
UeXj3V

r?2`2 r2 QMHv F22T i?2 /Bp2`;2Mi T�`i Q7 i?2 γ40 i2`KX

eXjXk o2`i2t `2MQ`K�HBx�iBQM

q2 MQr +QMbB/2` i?2 `2MQ`K�HBx�iBQM Q7 i?2 p2`i2t 7mM+iBQM V(x, τ)- /2}M2/ BM 1[X UeXkkVX

AM r`BiBM; /QrM �HH TQbbB#H2 /B�;`�Kb mT iQ irQ@HQQT Q`/2`- Bi #2+QK2b �TT�`2Mi i?�i 2p2`v

RR3



*?�Ti2` eX *`BiB+�H #2?�pBQ` Q7 �M BKTm`Biv �i i?2 #QbQM bmT2`~mB/@JQii BMbmH�iQ`
i`�MbBiBQM

6B;m`2 eXjXk, h?2 /B�;`�Kb r?B+? `2MQ`K�HBx2 i?2 BKTm`Biv BMi2`�+iBQM γX

/B�;`�K r?B+? /Q2b MQi /2T2M/ QM u0 Bb B/2MiB+�H iQ � /B�;`�K �TT2�`BM; BM 6B;X eXjXR- #mi

rBi? i?2 BMb2`iBQM Q7 �M 2ti2`M�H #QbQMX h?2`27Q`2- i?2 QMHv HQQT /B�;`�Kb r?B+? +QMi`B#mi2

iQ `2MQ`K�HBxBM; i?2 #�`2 BMi2`�+iBQM γ0 �`2 i?Qb2 r?B+? BMpQHp2 i?2 #mHF BMi2`�+iBQMc i?2b2

�`2 b?QrM BM 6B;X eXjXkX h?Bb BKTHB2b i?2 2t�+i `2H�iBQM

Zγ = 1 at g = 0 UeXjNV

q2 MQr 2p�Hm�i2 i?2 /B�;`�Kb BM 6B;X eXjXk mbBM; i?2 62vMK�M `mH2b bT2+B}2/ �#Qp2X

h?2`2 Bb QMHv QM2 HQQT /B�;`�K r?B+? +Q``2+ib i?2 i`22@H2p2H BMi2`�+iBQM- #mi i?2`2 �`2 i?`22

/BbiBM+i r�vb iQ 2p�Hm�i2 i?2 bTBM i`�+2bX q2 }M/

V(x, τ) =
S(S + 1)

3
γ0

∫
ddk

(2π)d
eikx

k2

− S(S + 1)

3

γ30u0

18

∫
ddk

(2π)d
eikx

k2

∫
ddk1
(2π)d

∫
ddk2
(2π)d

2S ′
1 + S ′

2

k2
1k

2
2(k + k1 + k2)2

UeX9yV

r?2`2 i?2 bTBM i`�+2b S ′
i �`2 bT2+B}2/ BM �TT2M/Bt *XRX 1p�Hm�iBM; i?2 /Bp2`;2Mi T�`i Q7 i?2

BMi2;`�H-

V(x, τ) =
S(S + 1)

3

∫
ddk

(2π)d
eikx

k2

[
γ0

− γ30u0

(
S(S + 1)− 1

3

)(
k2
)−ϵ

S̃2
d+1

(
2π2

15ϵ
+ · · ·

)]
UeX9RV

RRN



*?�Ti2` eX *`BiB+�H #2?�pBQ` Q7 �M BKTm`Biv �i i?2 #QbQM bmT2`~mB/@JQii BMbmH�iQ`
i`�MbBiBQM

eX9 _2MQ`K�HBx�iBQM ;`QmT bmKK�`v

h?2 _: 2[m�iBQMb +�M #2 Q#i�BM2/ /B`2+iHv 7`QK i?2 1[MbX UeXjdV- UeXj3V- UeX9RV- �HQM; rBi?

i?2 /2}MBiBQMb Q7 i?2 `2MQ`K�HBx�iBQM +QMbi�Mib BM a2+iBQM eXkX �7i2` bQK2 �H;2#`�- r2 Q#i�BM

Z ′ = 1− γ2

ϵ
+

1

2ϵ
γ4

Zz = 1− 2γ2

ϵ
+

1

ϵ2
γ4

Zγ = 1 +
2π2

[
S(S + 1)− 1

3

]

15ϵ
gγ2 UeX9kV

h?2 #2i� 7mM+iBQM MQr 7QHHQrb 7`QK 1[X UeXReV,

βγ = − ϵ

2
γ +

1

2
γ3 − 1

2
γ5 +

(N + 2)

144
g2γ +

4π2

15

[
S(S + 1)− 1

3

]
gγ3 UeX9jV

hmMBM; i?2 #mHF BMi2`�+iBQMb iQ i?2B` }t2/ TQBMi- g = g∗- r2 }M/ � }t2/ TQBMi 7Q` i?2

BKTm`Biv BMi2`�+iBQMb r?B+? Bb �HbQ T2`im`#�iBp2 BM ϵX hQ H2�/BM; Q`/2`-

γ∗2 = ϵ+

[
1− N + 2

2(N + 8)2
− 16π2

5(N + 8)

(
S(S + 1)− 1

3

)]
ϵ2 UeX99V

aBM+2 Qm` KQ/2H Bb bvKK2i`B+ mM/2` γ → −γ- �HH T?vbB+�H [m�MiBiB2b QMHv /2T2M/ QM γ2X h?2

BMBiB�H ~Qr /2T2M/b QM i?2 bB;M Q7 i?2 #�`2 p�Hm2 Q7 γ0- �7i2` r?B+? i?2 i?2Q`v rBHH ~Qr iQ

2Bi?2` γ∗ Q` −γ∗X

h?2 �MQK�HQmb /BK2MbBQMb Q7 i?2 bTBM QT2`�iQ`b 7QHHQr 7`QK 1[X UeXR3V,

η′ = γ2 − γ4 UeX98V

ηz = 2γ2 UeX9eV

Rky



*?�Ti2` eX *`BiB+�H #2?�pBQ` Q7 �M BKTm`Biv �i i?2 #QbQM bmT2`~mB/@JQii BMbmH�iQ`
i`�MbBiBQM

r?2`2 i?2 O(γ4) +QMi`B#miBQM iQ ηz p�MBb?2bX 1p�Hm�iBM; i?2b2 �i γ = γ∗,

η′ = ϵ−
(

N + 2

2(N + 8)2
+

16π2

5(N + 8)

[
S(S + 1)− 1

3

])
ϵ2 UeX9dV

ηz = 2ϵ+

(
2− N + 2

(N + 8)2
− 32π2

5(N + 8)

[
S(S + 1)− 1

3

])
ϵ2 UeX93V

�b �M �bB/2- r2 K2MiBQM i?2 KQ/2H rBi? � :�mbbB�M #mHF- g = 0X h?Bb i?2Q`v Bb BM7`�`2/

mMbi�#H2 iQ BMi2`�+iBQMb- #mi i?2 bBKTH2 `2H�iBQM Zγ = 1 �HHQrb mb iQ /2`Bp2 �M 2t�+i `2bmHi 7Q`

i?2 �MQK�HQmb /BK2MbBQM Q7 i?2 bTBM QT2`�iQ`bX aBM+2 i?2 #2i� 7mM+iBQM 7Q` γ QMHv /2T2M/b

QM Z ′ BM i?Bb i?2Q`v- �M/ βγ = 0 �i i?2 BMi2`�+iBM; }t2/ TQBMi- 1[MbX UeXReV@UeXR3V BKTHv

η′ = ϵ at g = 0 UeX9NV

iQ �HH Q`/2`b BM ϵX AM +QMi`�bi- ηz rBHH ;2M2`B+�HHv `2+2Bp2 +Q``2+iBQMb �i 2p2`v Q`/2` BM ϵ �i

i?2 :�mbbB�M }t2/ TQBMiX

6`QK 1[MX UeXkRV- r2 }M/ i?2 +`BiB+�H 2tTQM2Mib

ν ′ = 1 +
ϵ

2
+

(
1

4
− N + 2

4(N + 8)2
− 8π2

5(N + 8)

[
S(S + 1)− 1

3

])
ϵ2 UeX8yV

νz = 1 + ϵ+

(
2− N + 2

2(N + 8)2
− 16π2

5(N + 8)

[
S(S + 1)− 1

3

])
ϵ2 UeX8RV

q2 MQr +QKT�`2 i?2b2 iQ MmK2`B+�H `2bmHibX 6Q` N = 2 �M/ S = 1/2- r2 T`2/B+i i?2

+`BiB+�H 2tTQM2Mib

ν ′ ≈ 1.08

νz ≈ 2.66 UeX8kV

RkR



*?�Ti2` eX *`BiB+�H #2?�pBQ` Q7 �M BKTm`Biv �i i?2 #QbQM bmT2`~mB/@JQii BMbmH�iQ`
i`�MbBiBQM

AM _27b (Rjk- Rj3)- #Qi? i?2 KB+`Qb+QTB+ KQ/2H Q7 1[MX UeXRV �M/ i?2 }2H/ i?2Q`v KQ/2H

Q7 1[MX UeX8V r2`2 bim/B2/ BM MmK2`B+�H bBKmH�iBQMbX h?2b2 �mi?Q`b +�H+mH�i2/ i?2 �#Qp2

+`BiB+�H 2tTQM2Mib iQ #2

ν ′ ≈ 1.13(2)

νz ≈ 2.33(5) UeX8jV

h?2 MmK2`B+b b?Qr BKT`2bbBp2 �;`22K2Mi rBi? i?2 ϵ 2tT�MbBQMX

eX8 *QKT`2bbB#BHBiv

AM i?Bb b2+iBQM- r2 +QMbB/2` i?2 }MBi2@i2KT2`�im`2 `2bTQMb2 Q7 i?2 +`BiB+�H i?2Q`v iQ �M

2ti2`M�H T`Q#2 +QmTH2/ iQ i?2 +QMb2`p2/ O(2) +?�`;2 �bbQ+B�i2/ rBi? T�`iB+H2 MmK#2` BM i?2

bmT2`~mB/X S?vbB+�HHv- i?Bb +Q``2bTQM/b iQ i?2 +QKT`2bbB#BHBiv Q7 i?2 bmT2`~mB/X q2 +QKTmi2

i?Bb #v �Hi2`BM; Qm` G�;`�M;B�M-

1

2

∫
ddx

[
(∂τφ1)

2 + (∂τφ2)
2] −→ 1

2

∫
ddx

[
(∂τφ1 + iHφ2)

2 + (∂τφ2 − iHφ1)
2]−HŜz UeX89V

�M/ i?2M i�FBM; p�`B�iBQM�H /2`Bp�iBp2b Q7 i?2 7`22 2M2`;v

χ =
δ2 (T logZ)

δH2

∣∣∣∣∣
H=0

UeX88V

>2`2- r2 rBHH +QMiBMm2 rQ`FBM; rBi? Qm` ;2M2`�HBx2/ i?2Q`v- 1[X UeXeV- rBi? O(2)×O(N − 2)

bvKK2i`v- r?2`2 i?2 T`Q#2 }2H/ H +QmTH2b iQ i?2 O(2) +?�`;2X h?2 +QMi`B#miBQM Q7 i?2 #mHF

/2;`22b Q7 7`22/QK iQ i?Bb [m�MiBiv r2`2 +QKTmi2/ BM _27X (R9k)- bQ ?2`2 r2 7Q+mb QMHv QM

i2`Kb r?B+? /2T2M/ QM γ- �M/ r2 /2MQi2 i?Bb T�`i Q7 i?2 +QKT`2bbB#BHBiv #v χimpX "2+�mb2

i?Bb Bb � +Q``2H�iBQM 7mM+iBQM Q7 � +QMb2`p2/ +m``2Mi- Bib b+�HBM; /BK2MbBQM +�MMQi `2MQ`K�HBx2-

Rkk



*?�Ti2` eX *`BiB+�H #2?�pBQ` Q7 �M BKTm`Biv �i i?2 #QbQM bmT2`~mB/@JQii BMbmH�iQ`
i`�MbBiBQM

bQ �i }MBi2 i2KT2`�im`2 Bi Kmbi i�F2 i?2 7Q`K

χimp =
C1
T

UeX8eV

r?2`2 C1 Bb � mMBp2`b�H MmK#2`X q2 +�M �HbQ BMi2`T`2i C1 = Seff(Seff + 1)/3 �b i?2 ǳ2z2+iBp2

bTBMǴ BM i?2 T`2b2M+2 Q7 BMi2`�+iBQMb rBi? i?2 #mHF- bBM+2 7Q` γ = 0-

χimp

∣∣∣∣
γ=0

=
S(S + 1)

3T
UeX8dV

AM Qm` +�H+mH�iBQMb �i T = 0- r2 7QmM/ i?�i #mHF BMi2`�+iBQMb /B/ MQi +QMi`B#mi2 iQ i?2

BKTm`Biv +`BiB+�H 2tTQM2Mib mMiBH irQ@HQQT Q`/2`X >Qr2p2`- i?2 bi`m+im`2 Q7 i?2 ϵ@2tT�MbBQM

7Q` i?2 #mHF i?2Q`v Bb `�i?2` /Bz2`2Mi �i }MBi2 i2KT2`�im`2X AM i?2 +`BiB+�H `2;BK2- T?vbB+�H

[m�MiBiB2b #2+QK2 �M 2tT�MbBQM BM √
ϵ UrBi? TQbbB#H2 2ti`� 7�+iQ`b Q7 ln ϵV (R9k)X h?Bb /2@

T2M/2M+2 2Mi2`b i?`Qm;? i?2 }MBi2@i2KT2`�im`2 #QbQMB+ T`QT�;�iQ`- r?B+? Bb MQr ;Bp2M #v

DT (x, τ) = T
∑

iωn

∫
ddk

(2π)d
eikxe−iωnτ

ω2
n + k2 +m2

UeX83V

rBi?

m2 =

(
N + 2

N + 8

)
2π2T

3
ϵ UeX8NV

q2 rBHH b22 i?�i i?Bb H2�/b iQ � √
ϵ@2tT�MbBQM 7Q` χimp �b r2HHX

S2`7Q`KBM; i?2 7mM+iBQM�H /2`Bp�iBp2 BM 1[X UeX88V- i?2 +QKT`2bbB#BHBiv Bb ;Bp2M #v

χimp =
1

β

∫ β

0

dτ

∫ β

0

dτ ′
〈
Ŝz(τ)Ŝz(τ

′)
〉
+

1

β

∫ β

0

dτ

∫
ddx

〈
φ2
α′(τ, x)

〉

− 1

β

∫ β

0

dτ

∫ β

0

dτ ′
∫

ddx

∫
ddx′ ⟨[φ2∂τφ1 − φ1∂τφ2] (τ, x) [φ2∂τ ′φ1 − φ1∂τ ′φ2] (τ

′, x′)⟩

−2i

β

∫ β

0

dτ

∫ β

0

dτ ′
∫

ddx
〈
Ŝz(τ) [φ2∂τ ′φ1 − φ1∂τ ′φ2] (τ

′, x)
〉

UeXeyV

h?2b2 +Q``2H�iBQM 7mM+iBQMb +�M #2 +QKTmi2/ mbBM; i?2 b�K2 /B�;`�KK�iB+ i2+?MB[m2 mb2/

Rkj



*?�Ti2` eX *`BiB+�H #2?�pBQ` Q7 �M BKTm`Biv �i i?2 #QbQM bmT2`~mB/@JQii BMbmH�iQ`
i`�MbBiBQM

BM a2+iBQM eXj- r2 bBKTHv /Q MQi i�F2 i?2 x2`Q i2KT2`�im`2 HBKBiX � bi`�B;?i@7Q`r�`/ +QK@

Tmi�iBQM H2�/b iQ i?2 2tT`2bbBQM

χimp =
S(S + 1)

3T

[
1 +

γ20
2T

∫
ddk

(2π)d
csch2

(
β
√
k2 +m2/2

)

k2 +m2

]
UeXeRV

>2`2 r2 b22 r?v F22TBM; i?2 i2KT2`�im`2@/2T2M/2Mi K�bb BM i?2 #QbQMB+ T`QT�;�iQ` r�b

+`m+B�H, 7Q` m → 0 i?Bb 2tT`2bbBQM BM BM7`�`2/ bBM;mH�`- �M/ �M 2p�Hm�iBQM �i }MBi2 m ;Bp2b

U�i H2�/BM; Q`/2`V

χimp =
S(S + 1)

3T

[
1 + γ2

π

βm

]
UeXekV

r?B+? HQr2`b i?2 Q`/2` Q7 i?2 H2�/BM; +Q``2+iBQM iQ

χimp =
S(S + 1)

3T

[
1 +

(
3(N + 8)

2(N + 2)

)1/2 √
ϵ

]
UeXejV

�b ?�b #22M b22M BM T`2pBQmb rQ`F QM i?2 }MBi2 i2KT2`�im`2 ϵ@2tT�MbBQM- i?2 H2�/BM; +Q``2+@

iBQM Bb MQi T�`iB+mH�`Hv bK�HH- bQ i?Bb K�v MQi ;Bp2 � ;QQ/ MmK2`B+�H 2biBK�i2X 6Q` S = 1/2

�M/ N = 2- r2 }M/

C1 ≈ .734 UeXe9V

AM _272`2M+2 (Rj3)- i?2 +QMbi�Mi C1 Bb +QKTmi2/ MmK2`B+�HHv BM � }MBi2 pQHmK2 ;2QK2i`v-

rBi? � `2bmHi +HQb2 iQ i?2 7`22 p�Hm2X .m2 iQ }MBi2 bBx2 2z2+ib- i?2B` `2bmHi +�MMQi #2 /B`2+iHv

+QKT�`2/ iQ Qm`bX

eXe *QM+HmbBQMb

>m�M; 2i �HX (Rjk) `2+2MiHv 7QmM/ � MQp2H BKTm`Biv [m�MimK +`BiB+�H TQBMi BM i?2B` bim/v

Q7 i?2 "Qb2@>m##�`/ KQ/2H QM i?2 b[m�`2 H�iiB+2X h?2v ?2H/ i?2 #mHF b[m�`2 H�iiB+2 �i i?2

bmT2`~mB/@BMbmH�iQ` [m�MimK +`BiB+�H TQBMi- �M/ i?2M p�`B2/ i?2 bi`2M;i? Q7 i?2 i`�TTBM;

TQi2MiB�H �i � bBM;H2 bBi2X h?2v 7QmM/ � [m�MimK T?�b2 i`�MbBiBQM- rBi? � /Bp2`;BM; H2M;i?

Rk9



*?�Ti2` eX *`BiB+�H #2?�pBQ` Q7 �M BKTm`Biv �i i?2 #QbQM bmT2`~mB/@JQii BMbmH�iQ`
i`�MbBiBQM

b+�H2- �i � +`BiB+�H p�Hm2 Q7 i?2 i`�TTBM; TQi2MiB�H r?2`2 i?2 BKTm`Biv bBi2 Q++mT�iBQM MmK#2`

DmKT2/ #v mMBivX

AM �M 2�`HB2` bim/v Q7 [m�MimK �MiB72``QK�;M2ib rBi? alUkV bTBM `Qi�iBQM bvKK2i`v-

_27X (Rj8) 2t�KBM2/ BKTm`BiB2b BM /BK2`Bx2/- irQ@/BK2MbBQM�H �MiB72``QK�;M2ib �i i?2 #mHF

+`BiB+�H TQBMi TQBMi #2ir22M � bTBM@;�T bi�i2 �M/ Lû2H Q`/2` /2b+`B#2/ #v i?2 PUjV qBHbQM@

6Bb?2` +QM7Q`K�H }2H/ i?2Q`vX h?2v 7QmM/ i?�i BKTm`BiB2b r2`2 mMBp2`b�HHv +?�`�+i2`Bx2/ #v

� bBM;H2 bTBM [m�MimK MmK#2`- S- r?B+? bT2+B}2/ � `2MQ`K�HBx�iBQM ;`QmT }t2/ TQBMi rBi?

MQ `2H2p�Mi /B`2+iBQMb BM i?2 BKTm`Biv }2H/ i?2Q`vX

AM i?Bb +?�Ti2`- r2 T`QTQb2/ i?�i BKTm`Biv +`BiB+�HBiv Q7 i?2 "Qb2@>m##�`/ KQ/2H (Rjk) Bb

/2b+`B#2/ #v i?2 S = 1/2 BKTm`Biv }t2/ TQBMi 7QmM/ BM _27X (Rj8)- �7i2` i?2 PUjV bvKK2i`v

Bb `2/m+2/ iQ PUkV BM #Qi? i?2 #mHF �M/ i?2 BKTm`BivX q2 b?Qr2/ i?�i rBi? QMHv PUkV

bvKK2i`v- i?2 BKTm`Biv }t2/ TQBMi /Q2b �HHQr 7Q` � bBM;H2 `2H2p�Mi T2`im`#�iBQM BM i?2

BKTm`Biv }2H/ i?2Q`v, i?Bb `2H2p�Mi T2`im`#�iBQM Bb �bbQ+B�i2/ rBi? � HQM;Bim/BM�H }2H/ �+iBM;

QM i?2 S = 1/2 bTBM QM i?2 BKTm`Biv bBi2X q2 MQi2 i?�i � KQ/2H Q7 S = 1/2 BKTm`Biv ?�b

�HbQ #22M `2+2MiHv bim/B2/ #v *?2M 2i �HX (Rj3)X qBi? i?2 T`2b2M+2 Q7 i?Bb `2H2p�Mi BKTm`Biv

T2`im`#�iBQM- r2 +�M mM/2`bi�M/ i?2 M22/ 7Q` � +`BiB+�H i`�TTBM; TQi2MiB�H BM i?2 MmK2`B+�H

bim/v Q7 >m�M; 2i �HX (Rjk)X

q2 +QKTmi2/ +`BiB+�H 2tTQM2Mib �M/ mMBp2`b�H �KTHBim/2b �bbQ+B�i2/ rBi? i?2 PUkV@bvKK2i`B+

BKTm`Biv }t2/ TQBMi BM �M 2tT�MbBQM BM ϵ = 3−d- r?2`2 d Bb i?2 #mHF bT�iB�H /BK2MbBQM�HBivX

�bbQ+B�i2/ rBi? irQ /Bz2`2Mi `2H2p�Mi T2`im`#�iBQMb- r2 2biBK�i2/ 7`QK � +QKTmi�iBQM iQ

Q`/2` ϵ2 i?�i i?2 BKTm`Biv H2M;i? b+�H2 /Bp2`;2/ rBi? i?2 2tTQM2Mib νz ≈ 2.66 �M/ ν ′ ≈ 1.08c

i?Bb +QKT�`2b r2HH rBi? i?2 MmK2`B+�H `2bmHib (Rjk- Rj3) νz ≈ 2.33 �M/ ν ′ ≈ 1.13X �//BiBQM�H

i2bib Q7 i?2 ϵ@2tT�MbBQM `2bmHib rBHH #2 TQbbB#H2 BM 7m`i?2` MmK2`B+�H bim/B2bX

6BM�HHv- r2 MQi2 i?�i i?Bb MQp2H BKTm`Biv [m�MimK +`BiB+�HBiv b?QmH/ #2 �++2bbB#H2 BM +QH/

�iQK 2tT2`BK2Mib- �M/ r2 ?QT2 Bi rBHH #2 bim/B2/ BM i?2 M2�` 7mim`2X

Rk8



�TT2M/Bt �

�TT2M/Bt iQ *?�Ti2`b k@9

�XR AM7BMBi2 pQHmK2 +QKTmi�iBQMb

>2`2 r2 `2+�HH bQK2 T`QT2`iB2b Q7 i?2 qBHbQM@6Bb?2` }t2/ TQBMi BM �M BM}MBi2 pQHmK2X q2

rBHH M22/ i?2 `2bmHiBM; 2tT`2bbBQMb iQ `2MQ`K�HBx2 i?2 i?2Q`v BM � }MBi2 pQHmK2- �M/ r2 `2H�i2

i?2 +QmTHBM;b iQ mMBp2`b�H Q#b2`p�#H2b Q7 i?2 BM}MBi2@pQHmK2 i?2Q`vX h?2 +QKTmi�iBQMb �`2

bi�M/�`/ (k9)- bQ r2 rBHH #2 #`B27X >2`2 r2 2tT`2bb i?2 i?2Q`v �b � 1m+HB/2�M �+iBQM-

S =

∫
dτddx

[
1

2
(∂τφα)

2 +
1

2
(∇φα)

2 +
s0
2
φ2
α +

u

4!
φ4
α + Λ

]
U�XRV

r?2`2 d = 3 − ϵ- #mi MQr r2 BMi2;`�i2 Qp2` BM}MBi2 pQHmK2X �i QM2@HQQT- r2 M22/ iQ

`2MQ`K�HBx2 i?2 +QmTHBM;b s- u- �M/ i?2 2M2`;v /2MbBiv Λ Ui?2`2 Bb MQ }2H/ `2MQ`K�HBx�iBQM

mMiBH irQ@HQQTVX hQ i?Bb 2M/- r2 BMi`Q/m+2 i?2 `2MQ`K�HBx2/ +QmTHBM;b

s0 = sc + Z2s

u = Z4
µϵg

Sd+1
U�XkV

r?2`2 Sd = 2/(Γ(d/2)(4π)d/2) Bb � +QMp2MB2Mi 7�+iQ`- �M/ µ Bb �M �`#Bi`�`v `2MQ`K�HBx�iBQM

b+�H2X h?2 `2MQ`K�HBx2/ +QmTHBM; s ?�b #22M /2}M2/ bQ i?�i s = 0 �i +`BiB+�HBiv #v /2}MB@

Rke



�TT2M/Bt �X �TT2M/Bt iQ *?�Ti2`b k@9

iBQMX q2 `2MQ`K�HBx2 i?2 i?2Q`v mbBM; � KQ/B}2/ KBMBK�H bm#i`�+iBQM b+?2K2 �b /2i�BH2/ BM

_27X (k9)- r?2`2 i?2 `2MQ`K�HBx�iBQM +QMbi�Mib �`2 ;Bp2M #v

Z2 = 1 +
N + 2

6ϵ
g

Z4 = 1 +
N + 8

6ϵ
g U�XjV

�M/ i?2 +`BiB+�H +QmTHBM; Bb sc = 0X h?2 qBHbQM@6Bb?2` }t2/ TQBMi Bb Q#i�BM2/ r?2M i?2

+QmTHBM;b i�F2 i?2 p�Hm2b

s = 0

g∗ =
6ϵ

N + 8

(
1 +

3(3N + 14)

(N + 8)2
ϵ

)
U�X9V

q2 �`2 �HbQ BMi2`2bi2/ BM i?2 p�+mmK 2M2`;v BM i?2 pB+BMBiv Q7 i?2 qBHbQM@6Bb?2` }t2/

TQBMiX hQ i?Bb 2M/- r2 ?�p2 BM+Hm/2/ i?2 �//BiBp2 +QMbi�Mi Λ r?B+? r2 +?QQb2 iQ K�F2 i?2

;`QmM/ bi�i2 2M2`;v /2MbBiv }MBi2 BM �M BM}MBi2 pQHmK2X h?Bb +QMbi�Mi �HbQ /2T2M/b QM i?2

`2MQ`K�HBx�iBQM b+�H2- �M/ Bb ;Bp2M #v

Λ =
s2Z2

2Sd+1

µϵ
ZΛ

ZΛ =
N

4ϵ
− N(N + 2)

24ϵ2
g U�X8V

Pm` +?QB+2 Q7 `2;mH�`Bx�iBQM H2�/b iQ i?2 p�MBb?BM; Q7 i?2 ;`QmM/ bi�i2 2M2`;v /2MbBiv �i

L = ∞ �M/ s = sc- r?2`2 i?2 bvbi2K ?�b 7mHH +QM7Q`K�H BMp�`B�M+2X

q2 MQi2 i?�i +QKTmi�iBQMb rBHH BMpQHp2 i?2 �`#Bi`�`v 2M2`;v b+�H2 µX h?Bb /2T2M/2M+2

+�M �Hr�vb #2 2HBKBM�i2/ BM 7�pQ` Q7 T?vbB+�H [m�MiBiB2bX �b �M 2t�KTH2- r2 +�M +QMbB/2` i?2

2t�+i 2M2`;v ;�T BM �M BM}MBi2 pQHmK2 r?2M s > 0X h?2 BMp2`b2 T`QT�;�iQ` +�M #2 r`Bii2M

�b � 7mM+iBQM Q7 i?2 1m+HB/2�M KQK2MimK p = (ω, k) �b

G(p)−1 = p2 + s− Σ(p2) U�XeV

Rkd



�TT2M/Bt �X �TT2M/Bt iQ *?�Ti2`b k@9

h?2M i?2 2t�+i 2M2`;v ;�T m Bb ;Bp2M #v

m2 = s− Σ(m2) U�XdV

�i QM2 HQQT i?Bb ;Bp2b

m2 = s

[
1 +

ϵ

2

(
N + 2

N + 8

)
ln(s/µ2)

]
U�X3V

r?2`2 r2 ?�p2 i�F2M g = g∗X q2 +�M i?2M �Hr�vb mb2 i?Bb iQ `2r`Bi2 /2T2M/2M+2 QM s �M/

µ BM i2`Kb Q7 i?2 T?vbB+�H T�`�K2i2` m #v BMp2`iBM; i?Bb 2tT`2bbBQM-

s = m2

[
1− ϵ

2

(
N + 2

N + 8

)
ln(m2/µ2)

]
U�XNV

AM �M BM}MBi2 pQHmK2- r2 +�M +�H+mH�i2 i?2 p�+mmK 2M2`;v /2MbBivX a2iiBM; g = g∗- i?Bb Bb

;Bp2M #v

E0

Ad/2
=

Ns2

64π2µϵ

[
ln
(
s/µ2

)
− 1

2

]
+

Ns2ϵ

128π2µϵ
[1− Eγ + ln 4π]

[
ln
(
s/µ2

)
− 1

2

]

− Ns2ϵ

256π2µϵ

[
ln2
(
s/µ2

)
− ln

(
s/µ2

)
+
π2

3
+

1

2

]
+

N(N + 2)

(N + 8)

s2ϵ

µϵ

[
ln
(
s/µ2

)
+
π2

3

]
U�XRyV

r?2`2 Eγ Bb i?2 1mH2`@J�b+?2`QMB +QMbi�Mi �M/ s > 0X

q2 MQi2 i?�i Qm` }MBi2@pQHmK2 +�H+mH�iBQMb Kmbi #2 �M�HviB+ i?`Qm;? i?2 +`BiB+�H TQBMi

s = 0- �M/ i?2 bvbi2K `2K�BMb /BbQ`/2`2/ 7Q` s < 0X h?2`27Q`2- �Mv bBM;mH�`BiB2b Q` #`�M+?

+mib T`2b2Mi BM i?2b2 2tT`2bbBQMb Kmbi +�M+2H Qmi BM }M�H `2bmHibX h?2`27Q`2 r2 T`272` iQ ;Bp2

Qm` 2tT`2bbBQMb BM i2`Kb Q7 s �M/ µ `�i?2` i?�M m �M/ E0- r?B+? �`2 #Qi? MQM@�M�HviB+ 7Q`

s = 0- �M/ mM/2}M2/ 7Q` s < 0X

�Xk .2`Bp�iBQM Q7 i?2 "HQ+? 2772+iBp2 >�KBHiQMB�M

>2`2- r2 ;Bp2 � /2`Bp�iBQM Q7 1[X UkXR9V- i?2 2z2+iBp2 >�KBHiQMB�M 7`QK "HQ+?Ƕb T2`im`#�@

iBQM i?2Q`v (kN)X 6Q` i?2 `2H�iBQM #2ir22M i?Bb �TT`Q�+? �M/ Qi?2` 2z2+iBp2 >�KBHiQMB�M

Rk3



�TT2M/Bt �X �TT2M/Bt iQ *?�Ti2`b k@9

�TT`Q�+?2b iQ T2`im`#�iBQM i?2Q`v- r2 /B`2+i i?2 `2�/2` iQ _27X (R9j)X

q2 #2;BM #v +QMbB/2`BM; � /2;2M2`�i2 bm#bT�+2 Q7 i?2 mMT2`im`#2/ bT2+i`mK- Ω0 =

Span{|ϵ0⟩}- r?2`2 i?2 bi�i2b |ϵ0⟩ b�iBb7v

H0|ϵ0⟩ = ϵ0|ϵ0⟩ U�XRRV

h?2b2 bi�i2b �`2 bTHBi BMiQ /BbiBM+i 2M2`;B2b #v i?2 2t�+i >�KBHiQMB�M H = H0 + V -

H|α⟩ = Eα|α⟩, Eα = ϵ0 +O(V ) U�XRkV

>2`2- r2 ?�p2 /2}M2/ i?2 Q`i?QMQ`K�H #�bBb Q7 bi�i2b |α⟩ r?B+? /B�;QM�HBx2 i?2 2t�+i >�KBH@

iQMB�M �M/ `2/m+2 iQ i?2 /2;2M2`�i2 K�MB7QH/ |ϵ0⟩ BM i?2 V = 0 HBKBiX q2 rBHH /2}M2 i?2

bT�+2 bT�MM2/ #v i?2b2 bi�i2b #v Ω = Span{|α⟩}X A7 i?2 T2`im`#�iBQM Bb bK�HH- i?2`2 b?QmH/

#2 � QM2@iQ@QM2 +Q``2bTQM/2M+2 #2ir22M i?2 bT�+2b Ω0 �M/ ΩX q2 rBHH �bbmK2 i?2 H�ii2` 7�+i

BM r?�i 7QHHQrbX

G2i P0 #2 i?2 T`QD2+iBQM QT2`�iQ` QMiQ i?2 bT�+2 Ω0- �M/ /2}M2 i?2 bi�i2b

|α0⟩ = P0|α⟩ U�XRjV

h?2 b2i Q7 bi�i2b |α0⟩ �`2 � T�`iB+mH�` #�bBb bT�MMBM; Ω0- �Hi?Qm;? i?Bb #�bBb Bb MQi Q`i?QMQ`@

K�H BM ;2M2`�HX q2 MQr +H�BK i?�i r2 +�M /2}M2 � HBM2�` QT2`�iQ` U bm+? i?�i

U |α0⟩ = |α⟩

U |φ⟩ = 0 ∀|φ⟩ /∈ Ω0 U�XR9V

PM+2 i?2 QT2`�iQ` U Bb 7QmM/- r2 +�M +QMbi`m+i �M 2z2+iBp2 >�KBHiQMB�M r?B+? �+ib QM i?2

RkN
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mMT2`im`#2/ bm#bT�+2 #mi ;Bp2b i?2 2t�+i 2M2`;v bT2+i`mK-

Heff = P0HU

Heff |α0⟩ = Eα|α0⟩ U�XR8V

h?Bb >�KBHiQMB�M �+ib QM i?2 mMT2`im`#2/ bm#bT�+2- #mi ;Bp2b i?2 2t�+i bT2+i`mK Q7 i?2

BMi2`�+iBM; >�KBHiQMB�MX q2 +�M �HbQ Q#i�BM i?2 2t�+i 2B;2Mbi�i2b #v |α⟩ = U |α0⟩X

q2 MQr K�F2 � 72r +H�`B7vBM; +QKK2Mib QM i?2 �#Qp2 QT2`�iQ`b �M/ bi�i2bX q2 MQi2

i?�i Ω0 �M/ Ω `2T`2b2Mi bm#bT�+2b rBi?BM i?2 b�K2 >BH#2`i bT�+2- �M/ i?�i i?2b2 bm#bT�+2b

Qp2`H�T #v �bbmKTiBQMX aBM+2 i?2 HBM2�`Hv BM/2T2M/2Mi #�bBb |α0⟩ /2}M2/ pB� U�XRjV Bb MQi

M2+2bb�`BHv Q`i?Q;QM�H- i?2 QT2`�iQ` U Bb MQi mMBi�`v- bQ i?2 bi�M/�`/ BMimBiBQM QM +?�M;2b Q7

#�bBb /Q2b MQi �TTHv ?2`2X 6Q` 2t�KTH2- bBM+2 r2 +�M /2+QKTQb2 �Mv bi�i2 |φ⟩ BM i?2 >BH#2`i

bT�+2 �b

|φ⟩ = P0|φ⟩+ (1− P0) |φ⟩ U�XReV

Bi 7QHHQrb i?�i

U |φ⟩ = UP0|φ⟩ U�XRdV

bQ

UP0 = U U�XR3V

Bb �M 2t�+i QT2`�iQ` B/2MiBivX AM T�`iB+mH�`- i?Bb BKTHB2b U |α⟩ = |α⟩X 6m`i?2`KQ`2- i?2

2z2+iBp2 >�KBHiQMB�M /2}M2/ BM 1[X U�XR8V Bb MQi M2+2bb�`BHv >2`KBiB�MX h?mb- 2p2M i?Qm;?

i?2 p2+iQ`b |α0⟩ �`2 2B;2Mp2+iQ`b Q7 Heff - Bi /Q2b MQi 7QHHQr i?�i i?2 2z2+iBp2 >�KBHiQMB�M Bb

/B�;QM�H BM i?2 |α0⟩ #�bBbX h?Bb +�M �HbQ #2 BM72``2/ 7`QK i?2 7�+i i?�i i?2 |α0⟩ K�v MQi #2

Q`i?Q;QM�HX "2HQr- r2 rBHH /2}M2 � bBKBH�`Biv i`�Mb7Q`K r?B+? /Q2b �HHQr i?2 /2}MBiBQM Q7 �

>2`KBiB�M 2z2+iBp2 >�KBHiQMB�M 7`QK 1[X U�XR8VX

q2 MQr }M/ �M 2tTHB+Bi 2tT`2bbBQM 7Q` U 7Q` � +QKTH2i2Hv ;2M2`�H >�KBHiQMB�MX ai�`iBM;

Rjy
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7`QK a+?`ƺ/BM;2`Ƕb 2[m�iBQM-

H|α⟩ = Eα|α⟩

⇒ UP0H|α⟩ = Eα|α⟩. U�XRNV

aBM+2 UP0 = U -

(H − UH) |α⟩ = 0 U�XkyV

7Q` �HH |α⟩ ∈ ΩX 6m`i?2`KQ`2- 7Q` �Mv bi�i2 |α⟩ ∈ Ω- r2 ?�p2 U |α⟩ = |α⟩ �M/ UH0|α⟩ = ϵ0|α⟩-

7`QK r?B+? r2 ?�p2 i?2 ;2M2`�H QT2`�iQ` `2H�iBQM QM i?2 2MiB`2 >BH#2`i bT�+2,

(H0 + V − ϵ0 − UV )U = 0

⇒ (ϵ0 −H0)U = V U − UV U U�XkRV

q2 +�M BMp2`i i?2 H27i@?�M/ bB/2 Q7 i?Bb 2[m�iBQM #v mbBM; i?2 7�+i i?�i i?2 QT2`�iQ` (ϵ0 −H0)

b�iBb}2b (ϵ0 −H0)P0 = 0 �M/ ?�b � r2HH@/2}M2/ BMp2`b2 BM i?2 bT�+2 Q`i?Q;QM�H iQ Ω0X h?Bb

;Bp2b i?2 BKTHB+Bi 2[m�iBQM

U = P0 +
1− P0

ϵ0 −H0
(V U − UV U) U�XkkV

h?Bb �HHQrb �M 2tT�MbBQM BM TQr2`b Q7 V X lT iQ i?B`/ Q`/2` BM V - i?Bb Bb ;Bp2M #v

Heff = ϵ0P0 + P0V P0 + P0V
1− P0

ϵ0 −H0
V P0

+ P0V
1− P0

ϵ0 −H0
V

1− P0

ϵ0 −H0
V P0 − P0V

1− P0

(ϵ0 −H0)
2V P0V P0 + · · · U�XkjV

6Q` ?B;?2` Q`/2` 2tT`2bbBQMb- b22 _27bX (k3- kN)X �b b22M BM a2+iBQM kXjXk- i?2 H2�/BM; MQM@

i`BpB�H irQ@HQQT /B�;`�K Bb Q7 Q`/2` ϵ5/3X q2 +�M MQr +?2+F 2tTHB+BiHv #v TmiiBM; V 7`QK

1[X UkXRyV i?�i i?2 H�bi i2`K BM 1[X U�XkjV Bb Q7 Q`/2` ϵ5/3 Q` ?B;?2`- DmbiB7vBM; Qm` i`mM+�iBQM

Q7 i?2 2z2+iBp2 >�KBHiQMB�M BM i?2 K�BM #Q/v Q7 Qm` T�T2`X

RjR
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q2 MQi2 i?�i i?2 2z2+iBp2 >�KBHiQMB�M /2}M2/ �#Qp2 rBHH MQi #2 >2`KBiB�M BM ;2M2`�H

rBi?Qmi � `2/2}MBiBQM- �Hi?Qm;? r2 rBHH MQi 2M+QmMi2` i?Bb T`Q#H2K �i QM2@HQQTX AM ;2M2`�H-

r2 ?�p2

BH†
eff = HeffB, B ≡ P0PP0 U�Xk9V

r?2`2 P Bb i?2 T`QD2+iBQM QT2`�iQ` QMiQ i?2 bT�+2 ΩX h?2M i?2 `2/2}M2/ >2`KBiB�M >�KBH@

iQMB�M

H ′
eff ≡ B−1/2HeffB

1/2 U�Xk8V

�+ib QM Ω0 �M/ ?�b i?2 b�K2 bT2+i`mK �b Heff X

�Xj GQQTb bmKb

AM i?Bb �TT2M/Bt r2 ;Bp2 i?2 +�H+mH�iBQM Q7 i?2 `2H2p�Mi HQQT /B�;`�Kb QM � iQ`mb BM 7`�+iBQM�H

/BK2MbBQMbX h?2 iQ`mb Bb T�`�K2i`Bx2/ #v +QKTH2t +QQ`/BM�i2b- x = x1 + ix2- rBi? irQ

+QKTH2t T2`BQ/b ω1 �M/ ω2- b22 6B;X kXkXRX q2 /2}M2 i?2 KQ/mH�` T�`�K2i2`- τ = ω2/ω1 =

τ1 + iτ2- �M/ i?2 H2M;i? b+�H2 L ≡ |ω1|X h?2 �`2� Q7 i?2 iQ`mb Bb ;Bp2M #v A = τ2L2X

AM i?Bb ;2QK2i`v- i?2 #�bBb p2+iQ`b Q7 i?2 /m�H H�iiB+2 �`2

k1 = −iω2/A, k2 = iω1/A U�XkeV

q2 +QMbB/2` i?2 2B;2Mp�Hm2b Q7 i?2 G�TH�+B�M QM i?2 iQ`mbX q2 rBHH �HHQr irBbi2/ #QmM/�`v

+QM/BiBQMb �HQM; i?2 irQ +v+H2b Q7 i?2 iQ`mbX

φα(x+ ω1) = e2πia1φα(x)

φα(x+ ω2) = e2πia2φα(x) U�XkdV

h?2 T�`�K2i2`b a1 �M/ a2 i�F2 p�Hm2b BM i?2 `�M;2 [0, 1)X 6Q` a1,2 MQi 2[m�H iQ 2Bi?2` �M

1 Q` 1/2- i?2 }2H/b φα �`2 �+im�HHv +QKTH2t �M/ Qm` bvKK2i`v #`2�Fb /QrM 7`QK PUNV iQ

Rjk
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SU(N) × U(1)X AM *?�Ti2`b R �M/ k r2 �Hr�vb i�F2 a1 = a2 = 0- r?BH2 i?2 +�H+mH�iBQM Q7

HQQT bmKb QM i?2 iQ`mb rBi? irBbi2/ #QmM/�`v +QM/BiBQMb Bb mb2/ BM *?�Ti2`b j �M/ 9X

h?2 2B;2Mp�Hm2b Q7 i?2 G�TH�+B�M �`2

|kn,m|2 = (2π)2 |(n+ a1)k1 + (m+ a2)k2|2 , n,m ∈ Z U�Xk3V

�M/ � ;2M2`�H QM2@HQQT /B�;`�K rBHH i�F2 i?2 7Q`K

∑′

n,m∈Z

1

(|kn,m|2 + s)ν
=

(
τ2L

2π

)2ν ∑′

n,m∈Z

1

(|m+ a2 + (n+ a1)τ |2 + γ)ν
U�XkNV

r?2`2 γ = τ 22L
2s/4π2- �M/ i?2 T`BK2/ bmKK�iBQM BM/B+�i2b i?�i i?2 n = m = 0 i2`K Bb

QKBii2/ BM i?2 7mHHv T2`BQ/B+ +�b2 (a1, a2) = (0, 0)X

q2 MQr ;2M2`�HBx2 i?Bb bmK iQ �M �`#Bi`�`v MmK#2` Q7 /BK2MbBQMbX h?Bb Bb /QM2 #v

T`QKQiBM; i?2 irQ@p2+iQ` (n + a1,m + a2) iQ � d@/BK2MbBQM�H p2+iQ` r?2`2 i?2 }`bi d/2

+QKTQM2Mib �`2 n + a1 �M/ i?2 H�bi d/2 +QKTQM2Mib �`2 m + a2X h?2M BM U�XkNV i?2 bmKb

�`2 i�F2M Qp2` n,m ∈ Zd/2X q2 r`Bi2 i?2 bmKb �b

S(d)
ν (s, τ) =

∑′

n,m∈Zd/2

1

(|m+ a2 + (n+ a1)τ |2 + γ)ν
. U�XjyV

h?2 bmKK�M/ Bb `2r`Bii2M mbBM; i?2 B/2MiBiv

1

Aν
=

πν

Γ(ν)

∫ ∞

0

dλλν−1e−πλA U�XjRV

;BpBM;

S(d)
ν =

πν

Γ(ν)

∫ ∞

0

dλλν−1e−πλγ
∑′

n,m∈Zd/2

exp
(
−πλ|m+ a2 + (n+ a1)τ |2

)
. U�XjkV

q2 +�M MQr r`Bi2 i?2 bmK BM i2`Kb Q7 i?2 irQ@/BK2MbBQM�H _B2K�MM i?2i� 7mM+iBQM- /2}M2/

Rjj
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�b

Θ (λ,Ω,u) ≡
∑

n∈Z2

exp
(
− πλnᵀ ·Ω · n− 2πnT · u

)
U�XjjV

r?2`2 Ω Bb � 2× 2 K�i`Bt �M/ u Bb � irQ@/BK2MbBQM�H p2+iQ`X h?2M

S(d)
ν =

πν

Γ(ν)

∫ ∞

0

dλλν−1e−πλγ

[
exp

(
−dπλη

2

)
Θ (λ,Ω(τ),v1)

d/2 − δa10δa20

]
U�Xj9V

r?2`2

Ω(τ) =

⎛

⎜⎝
|τ |2 τ1

τ1 1

⎞

⎟⎠ , v1 = λ

⎛

⎜⎝
τ1 (a2 + a1τ1) + a1τ 22

a2 + a1τ1

⎞

⎟⎠ , η = (a1τ2)
2 + (a2 + a1τ1)

2.

U�Xj8V

h?2 7mM+iBQM S(d)
ν (s, τ) ?�b � /Bp2`;2M+2 7Q` bK�HH λ r?2M2p2` ν < d/2X q2 2p�Hm�i2 i?2

bmKb #v /BK2MbBQM�H `2;mH�`Bx�iBQM, r2 b2T�`�i2 Qmi i?2 /Bp2`;2Mi T�`ib �M/ �M/ 2p�Hm�i2

i?2K BM i?2 +QMp2`;2Mi `2;BK2 ν > d/2- �M/ i?2M �M�HviB+�HHv +QMiBMm2 i?2K iQ i?2 T?vbB+�H

p�Hm2b Q7 ν �M/ d Q7 BMi2`2bi- i�FBM; +�`2 iQ `2MQ`K�HBx2 �Mv TQH2b BM ϵ r?B+? �`Bb2X 6Q` Qm`

Tm`TQb2b- Bi Bb �HbQ +`m+B�H i?�i r2 Q#i�BM }M�H 2tT`2bbBQMb r?B+? �`2 `2;mH�` �i s = 0 �M/

`2K�BM }MBi2 7Q` s < 0- bBM+2 i?2 }MBi2@pQHmK2 i?2Q`v b?QmH/ #2 �M�HviB+ i?`Qm;? i?2 +`BiB+�H

TQBMiX

q2 T`Q+22/ #v bTHBiiBM; i?2 BMi2;`�H BM 1[ U�Xj9V BMiQ irQ T�`ib-
∫∞
0 =

∫ 1

0 +
∫∞
1 - �M/

bim/vBM; i?2 /Bp2`;2Mi T�`iX lbBM; i?2 K�i?2K�iB+�H B/2MiBiv

Θ (λ,Ω,u) =
1

λ
√
detΩ

exp
(π
λ
uT ·Ω−1 · u

)
Θ

(
1

λ
,Ω−1,− i

λ
Ω−1 · u

)
, U�XjeV

Rj9
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r2 r`Bi2 i?2 HQr2` TQ`iBQM Q7 i?2 BMi2;`�H �b

πν

Γ(ν)

∫ 1

0

dλλν−1e−πλγ

[
τ−d/2
2 λ−d/2Θ

(
1

λ
,Ω(τ)−1,v2

)d/2

− δa10δa20

]

= τ−d/2
2

πν

Γ(ν)

∫ ∞

1

dλλd/2−ν−1

[
e−πγ/λΘ

(
λ,Ω(τ)−1,v2

)d/2 − 1 +
πγ

λ
− (πγ)2

2λ2

]
U�XjdV

+ τ−d/2
2

πν

Γ(ν)

∫ ∞

1

dλλd/2−ν−1

(
1− πγ

λ
+

(πγ)2

2λ2

)
− πν

Γ(ν)
δa10δa20

∫ ∞

1

dλλ−ν−1e−πγ/ν

r?2`2 r2 /2}M2 i?2 p2+iQ` v2 = −i(a1, a2)X 6Q` d = 3 �M/ ν ≥ −1/2- i?2 lo /Bp2`;2M+2b

�`2 2MiB`2Hv +QMi�BM2/ BM i?2 H�bi HBM2 Q7 1[ U�Xj3VX h?2 p2`v H�bi i2`K +�M #2 BMi2;`�i2/ BM

Bib +QMp2`;2Mi `2;BK2- Q#i�BMBM;

1

Γ(ν)

∫ ∞

1

dλλ−ν−1e−πγ/ν = e−πγ
∞∑

k=0

(πγ)k

Γ(ν + k + 1)
U�Xj3V

h?Bb 2tT`2bbBQM r�b Q#i�BM2/ #v 2p�Hm�iBM; i?2 BMi2;`�H 7Q` ν > 0 �M/ γ > 0- Q#i�BMBM; �M

2tT`2bbBQM BMpQHpBM; BM+QKTH2i2 ;�KK� 7mM+iBQMb- �M/ i?2M 2tT`2bbBM; i?2b2 7mM+iBQMb �b �

TQr2` b2`B2bX h?2 }M�H 2tT`2bbBQM Bb � bBM;H2@p�Hm2/ �M�HviB+ 7mM+iBQM 7Q` �HH γ �M/ ν rBi?

MQ bBM;mH�`BiB2b (R99)- �M/ 2p�Hm�iBM; i?Bb b2`B2b MmK2`B+�HHv Bb i`BpB�HX

q?2M ν > d/2 r2 +�M 2p�Hm�i2

∫ ∞

1

dλλd/2−ν−1

(
1− πγ

λ
+

(πγ)2

2λ2

)
=

1

ν − d/2
− πγ

1 + ν − d/2
+

(πγ)2

4 + 2ν − d
U�XjNV

aBM+2 r2 �`2 2tT�M/BM; �`QmM/ d = 3- i?2 i?`22 i2`Kb rBHH +QMi`B#mi2 TQH2b 7Q` ν = 3/2-

ν = 1/2- �M/ ν = −1/2 `2bT2+iBp2HvX q2 rBHH b22 i?�i i?2b2 i?`22 TQH2b �`2 `2H�i2/ iQ i?2

`2MQ`K�HBx�iBQM Q7 u- s0- �M/ E0X

hQ bmKK�`Bx2 Qm` `2bmHib bQ 7�`- r2 ?�p2 r`Bii2M i?2 HQQT bmK �b

∑′

n,m∈Z

1

(|kn,m|2 + s)ν
=

(
τ2L

2π

)2ν

S(d)
ν (s, τ), U�X9yV

Rj8
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S(d)
ν =

πν

Γ(ν)

∫ ∞

1

dλλν−1e−πλγ

[
exp

(
−dπλη

2

)
Θ (λ,Ω(τ),v1)

d/2 − δa10δa20

]

+ τ−d/2
2

πν

Γ(ν)

∫ ∞

1

dλλd/2−ν−1

[
e−πγ/λΘ

(
λ,Ω(τ)−1,v2

)d/2 − 1 +
πγ

λ
− (πγ)2

2λ2

]
U�X9RV

+ τ−d/2
2

πν

Γ(ν)

(
1

ν − d/2
− πγ

1 + ν − d/2
+

(πγ)2

4 + 2ν − d

)
− δa10δa20e

−πγ
∞∑

k=0

πk+νγk

Γ(ν + k + 1)

r?2`2 γ = τ 22L
2s/4π2- i?2 _B2K�MM i?2i� 7mM+iBQM Θ Bb /2}M2/ BM U�XjjV- �M/

Ω(τ) =

⎛

⎜⎝
|τ |2 τ1

τ1 1

⎞

⎟⎠ , Ω(τ)−1 =
1

τ 22

⎛

⎜⎝
1 −τ1

−τ1 |τ |2

⎞

⎟⎠ U�X9kV

v1 = λ

⎛

⎜⎝
τ1 (a2 + a1τ1) + a1τ 22

a2 + a1τ1

⎞

⎟⎠ , v2 = −i

⎛

⎜⎝
a1

a2

⎞

⎟⎠ , η = (a1τ2)
2 + (a2 + a1τ1)

2

6`QK i?2b2 2tT`2bbBQMb r2 /2}M2 }MBi2 7mM+iBQMbX h?2v �`2 ;Bp2M BM i2`Kb Q7 i?2 S(d)
ν - #mi

rBi? i?2B` TQH2b �`QmM/ d = 3 `2KQp2/X

f (3−ϵ)
−1/2 (τ, s, µ) = S(3−ϵ)

−1/2 +
τ 5/22 L4s2

4πµϵAϵ/2ϵ
S4−ϵ

f (3−ϵ)
1/2 (τ, s, µ) = S(3−ϵ)

1/2 +
4πτ 1/22 L2s

µϵAϵ/2ϵ
S4−ϵ

f̃ (3−ϵ)
3/2 (τ, s, µ) = S(3−ϵ)

3/2 − 32π3τ−3/2
2

µϵAϵ/2ϵ
S4−ϵ U�X9jV

h?2 i?`22 7mM+iBQMb f (d)
ν ?�p2 � `2;mH�` TQr2` b2`B2b �#Qmi s = 0 �M/ ϵ = 0- �M/ i?2 2ti`�

7�+iQ`b �`2 /2}M2/ iQ bBKTHB7v 2tT`2bbBQMb BM Qm` `2MQ`K�HBx�iBQM b+?2K2X q2 MQi2 i?�i i?2b2

7mM+iBQMb �`2 �HH /2T2M/2Mi QM µ- #mi i?2 }`bi irQ 7mM+iBQMb �`2 BM/2T2M/2Mi Q7 µ �i s = 0-

r?BH2 i?2 i?B`/ 7mM+iBQM rBHH #2 2t+?�M;2/ 7Q` � µ@BM/2T2M/2Mi 7mM+iBQM #2HQrX q2 MQi2 i?2

Rje
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B/2MiBiB2b

∂

∂s
f (d)
ν (τ, s, µ) = −ντ

2
2L

2

4π2
f (d)
ν+1(τ, s, µ)

f (d)
ν (τ + 1, 0, µ) = f (d)

ν (τ, 0, µ)

τ ν2 f
(d)
ν (τ, 0, µ) =

τ ν2
|τ |2ν f

(d)
ν (1/τ, 0, µ) U�X99V

h?2 }`bi B/2MiBiv rBHH #2 mb27mH 7Q` `2MQ`K�HBxBM; i?2 #�`2 K�bb- r?BH2 i?2 Qi?2` irQ �`2 �

+QMb2[m2M+2 Q7 KQ/mH�` BMp�`B�M+2X

�XjXR GQQT bmKb rBi? x2`Q KQ/2

AM i?2 H�`;2 N +QKTmi�iBQM BM *?�Ti2` j- r2 }M/ i?�i r2 rBHH MQi M22/ iQ b2T�`�i2 Qmi

i?2 x2`Q@KQK2MimK KQ/2 BM i?2 7mHHv T2`BQ/B+ +�b2- (a1, a2) = 0X h?Bb Bb #2+�mb2 i?2 ;�T

Bb �Hr�vb }MBi2- bQ 2p2`v bmK Bb A_ b�72X Pm` H2�/BM; Q`/2` `2bmHib �HbQ /Q MQi M22/ iQ #2

`2MQ`K�HBx2/ BM /BK2MbBQM�H `2;mH�`Bx�iBQMX AM i?Bb bm#b2+iBQM- r2 /2}M2 p�`B�Mib Q7 i?2

�#Qp2 7mM+iBQMb mb27mH 7Q` Qm` H�`;2 N +QKTmi�iBQMbX

A7 r2 /Q MQi b2T�`�i2 Qmi i?2 x2`Q KQ/2 BM i?2 T2`BQ/B+ +�b2- r2 bBKTHv M22/ iQ QKBi

i?2 i2`Kb T`QTQ`iBQM�H iQ δa10δa20 BM 1[X U�X9RVX h?2 `2bmHiBM; 2tT`2bbBQM Bb }MBi2 7Q` �HH

1 < d < 3 BM i?2 +�b2b ν = ±1/2 r?B+? r2 M22/X q2 �HbQ /Q MQi M22/ iQ b2T�`�i2 Qmi i?2

b�K2 TQH2b r2 /B/ BM 1[X U�X9RVX

qBi? i?2b2 +QKK2Mib- r2 ;Bp2 i?2 `2H2p�Mi 2tT`2bbBQMb M22/2/ BM i?2 H�`;2 N +QKTmi�iBQMX

∑

n,m∈Z

1

(|kn,m|2 +∆2)ν
=

(
τ2L

2π

)2ν

g(d)ν (∆, τ), U�X98V

Rjd
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g(d)ν (∆, τ) =
πν

Γ(ν)

∫ ∞

1

dλλν−1e−πλγ exp

(
−dπλη

2

)
Θ (λ,Ω(τ),v1)

d/2

+ τ−d/2
2

πν

Γ(ν)

∫ ∞

1

dλλd/2−ν−1
[
e−πγ/λΘ

(
λ,Ω(τ)−1,v2

)d/2 − 1 +
πγ

λ

]

+ τ−d/2
2

πν

Γ(ν)

(
1

ν − d/2
− πγ

1 + ν − d/2

)
U�X9eV

r?2`2 γ = τ 22L
2∆2/4π2- i?2 _B2K�MM i?2i� 7mM+iBQM Θ Bb /2}M2/ BM U�XjjV- �M/

Ω(τ) =

⎛

⎜⎝
|τ |2 τ1

τ1 1

⎞

⎟⎠ , Ω(τ)−1 =
1

τ 22

⎛

⎜⎝
1 −τ1

−τ1 |τ |2

⎞

⎟⎠ U�X9dV

v1 = λ

⎛

⎜⎝
τ1 (a2 + a1τ1) + a1τ 22

a2 + a1τ1

⎞

⎟⎠ , v2 = −i

⎛

⎜⎝
a1

a2

⎞

⎟⎠ , η = (a1τ2)
2 + (a2 + a1τ1)

2

�X9 _2MQ`K�HBx�iBQM Q7 i?2 2772+iBp2 >�KBHiQMB�M

>2`2 r2 +QMbB/2` i?2 `2MQ`K�HBx�iBQM Q7 T?vbB+�H [m�MiBiB2bX hQ i?Bb 2M/- r2 +�H+mH�i2 i?2

2z2+iBp2 >�KBHiQMB�M 7Q` i?2 bTHBiiBM; Q7 i?2 6Q+F p�+mmK- hk=0- r?B+? +QMi�BMb KQbi Q7 i?2

/Bp2`;2M+2b r?B+? M22/ iQ #2 +QMbB/2`2/X

q2 +�H+mH�i2 2�+? BM/BpB/m�H 2tT`2bbBQM BM 1[X UkXjyVX h?2 +QMbi�Mi i2`K Bb

h(0)
k=0 = A(3−ϵ)/2Λ+

N

2

∑

k ̸=0

√
|k|2 + s0 +

uAϵ/2

A3/2

N(N + 2)

4(4!)

[
∑

k ̸=0

1√
|k|2 + s0

]2

= A(3−ϵ)/2Λ+
πN

τ2L

[
f (3−ϵ)
−1/2 (τ, sZ2, µ)−

τ 5/22 L4s2

4πµϵAϵ/2ϵ
S4−ϵ

]

+
gµϵ

S4−ϵ

Aϵ/2

τ 3/22 L3

N(N + 2)

4(4!)

τ 22L
2

4π2

[
f (3−ϵ)
1/2 (τ, s, µ)− 4πτ 1/22 L2s

µϵAϵ/2ϵ
S4−ϵ

]2
U�X93V

"v 2tT�M/BM; Qmi �HH Q7 i?2 i2`Kb- BM+Hm/BM; i?2 g@/2T2M/2Mi Z2 7�+iQ` mbBM; 1[X U�XjV- �M/

mbBM; i?2 /2}MBiBQM Q7 Λ 7`QK 1[X U�X8V- r2 }M/ i?�i �HH TQH2b BM ϵ +�M+2H- �b r2HH �b �HH

Rj3
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7�+iQ`b Q7 S4−ϵX PM+2 i?2 TQH2b +�M+2H- r2 b2i g = g∗- Q#i�BMBM;

h(0)
k=0 =

πN

τ2L
f (3−ϵ)
−1/2 (τ, s, µ) +

N(N + 2)

(N + 8)

ϵ

8L
τ 1/22 f (3)

1/2(τ, s, µ)
2 U�X9NV

h?2 +Q2{+B2Mi Q7 ϕ2
α Bb

h(2)
k=0 =

ϕ2

2
τ 1/22 LsZ2 +

uAϵ/2

2τ2L2

(
δαβ
12
ϕ2 +

1

6
ϕαϕβ

)∑

k ̸=0

δαβ√
|k|2 + s

=
ϕ2

2

{
τ 1/22 Ls

(
1 +

N + 2

6ϵ
g

)
+

(
N + 2

12

)
gµϵAϵ/2

τ2L2S4−ϵ

[
f (3−ϵ)
1/2 (τ, s, µ)− 4πτ 1/22 L2s

µϵAϵ/2ϵ
S4−ϵ

]}

h?2 TQH2b BM ϵ �M/ 7�+iQ`b Q7 S4−ϵ +�M+2H- �M/ �7i2` b2iiBM; g = g∗ r2 Q#i�BM

h(2)
k=0 =

1
√
τ2L

ϕ2

2

{
τ2L

2s+ 2πϵ

(
N + 2

N + 8

)
τ 1/22 f (3)

1/2(τ, s, µ)

}
U�X8yV

6BM�HHv- i?2 /Bp2`;2M+2 BM i?2 [m�`iB+ i2`K +�M+2Hb bBKBH�`Hv- �M/ �7i2` b2iiBM; g = g∗ r2

}M/

h(4)
k=0 =

uAϵ/2

√
τ2L

ϕ4

4!
−
(
uAϵ/2

)2

8τ 22L
4

(
δαβ
12
ϕ2 +

1

6
ϕαϕβ

)(
δγδ
12
ϕ2 +

1

6
ϕγϕδ

)∑

k ̸=0

δαγδβδ + δαδδβγ

(|k|2 + s)3/2

⇒ 1
√
τ2L

ϕ4

4!

(
48π2ϵ

N + 8

){
µϵAϵ/2

8π2S4−ϵ
− τ 3/22 ϵ

4π
f̃ (3)
3/2(τ, s, µ) +

3 (3N + 14)

(N + 8)2
ϵ

}
U�X8RV

q2 MQi2 �HH Q7 i?2b2 2tT`2bbBQMb �TT2�` iQ /2T2M/ QM i?2 �`#Bi`�`v b+�H2 µX h?Bb /2T2M@

/2M+2 �+im�HHv /`QTb Qmi Q7 h(4)
k=0 iQ i?Bb Q`/2` BM ϵ- �M/ Bi /`QTb Qmi Q7 �HH [m�MiBiB2b �i i?2

+`BiB+�H TQBMi s = 0X q2 +�M r`Bi2

µϵAϵ/2

8π2S4−ϵ
− τ 3/22 ϵ

4π
f̃ (3)
3/2(τ, s, µ) = 1− τ 3/22 ϵ

4π
f (3)
3/2(τ, s) +O(ϵ2) U�X8kV

r?2`2 f (3)
3/2(τ, s) Bb µ@BM/2T2M/2MiX h?2 7�+i i?�i �HH µ /2T2M/2M+2 p�MBb?2b �i g = g∗ �M/

s = 0 Bb � K�MB72bi�iBQM Q7 i?2 b+�H2 BMp�`B�M+2 Q7 i?2 +`BiB+�H i?2Q`vX

RjN
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*QK#BMBM; i?2 �#Qp2 `2bmHib- i?2 2z2+iBp2 >�KBHiQMB�M i�F2b i?2 7Q`K ;Bp2M BM 1[X UkXjRV,

hk=0 = Ek=0 +
1

√
τ2L

(
π2
α

2
+

R

2
ϕ2
α +

U

4!

(
ϕ2
α

)2
)

Ek=0 ≡
πN

τ2L
f (3−ϵ)
−1/2 (τ, s, µ) +

1
√
τ2L

N(N + 2)

N + 8

ϵ

8
τ2f

(3)
1/2(τ, s, µ)

2

R ≡ τ2L
2s+ 2πϵ

(
N + 2

N + 8

)
τ 1/22 f (3)

1/2(τ, s, µ)

U ≡ 48π2ϵ

N + 8

{
1− τ 3/22 ϵ

4π
f (3)
3/2(τ, s) +

3 (3N + 14)

(N + 8)2
ϵ

}
U�X8jV

hQ i?2 Q`/2` `2[mB`2/- i?2 bT2+B�H 7mM+iBQMb �`2

f (3−ϵ)
−1/2 = − 1

2π

∫ ∞

1

dλλ−3/2 exp

(
−λτ

2
2L

2s

4π

)[
exp

(
−(3− ϵ) πλη

2

)
Θ (λ,Ω(τ),v1)

(3−ϵ)/2 − δa10δa20

]

− τ−(3−ϵ)/2
2

2π

∫ ∞

1

dλλ1−ϵ/2

[
exp

(
−τ

2
2L

2s

4πλ

)
Θ
(
λ,Ω(τ)−1,v2

)(3−ϵ)/2 − 1 +
τ 22L

2s

4πλ
− τ 42L

4s2

32π2λ2

]

− τ−(3−ϵ)/2
2

π
+
τ (1+ϵ)/2
2 L2s

8π2
− δa10δa20√

π
exp

(
−λτ

2
2L

2s

4π

) ∞∑

k=0

(τ 22L
2s/4π)k

Γ(k + 1/2)

+
τ 5/22 L4s2

64π3

[
1− Eγ − ln

(
τ 22L

2µ2

4π

)]
+
τ 5/22 L4s2ϵ

128π3

{
1 + 2 ln2 2 + ln 4π − π2

12

+
1

2
Eγ [Eγ − 2(1 + ln 4π)] +

1

2
ln π ln 16π −

[
1− Eγ − ln

(√
τ2Lµ

4π

)]
ln (

√
τ2Lµ)

− 1

2
ln2 τ2

}
+O(ϵ2) U�X89V

f (3)
1/2 =

∫ ∞

1

dλλ−1/2 exp

(
−λτ

2
2L

2s

4π

)[
exp

(
−3πλη

2

)
Θ (λ,Ω(τ),v1)

3/2 − δa10δa20

]

+ τ−3/2
2

∫ ∞

1

dλ

[
exp

(
−τ

2
2L

2s

4πλ

)
Θ
(
λ,Ω(τ)−1,v2

)3/2 − 1 +
τ 22L

2s

4πλ

]
− τ−3/2

2 U�X88V

− δa10δa20
√
π exp

(
−λτ

2
2L

2s

4π

) ∞∑

k=0

(τ 22L
2s/4π)k

Γ(k + 3/2)
+

√
τ2L2s

4π

[
1− Eγ − ln

(
τ 22L

2µ2

4π

)]

R9y
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f (3)
3/2 = 2π

∫ ∞

1

dλλ1/2 exp

(
−λτ

2
2L

2s

4π

)[
exp

(
−3πλη

2

)
Θ (λ,Ω(τ),v1)

3/2 − δa10δa20

]

+ 2πτ−d/2
2

∫ ∞

1

dλλ−1

[
exp

(
−τ

2
2L

2s

4πλ

)
Θ
(
λ,Ω(τ)−1,v2

)3/2 − 1

]

+ 2πτ−3/2
2 ln τ2 − δa10δa20π

3/2 exp

(
−λτ

2
2L

2s

4π

) ∞∑

k=0

(τ 22L
2s/4π)k

Γ(k + 5/2)
U�X8eV

h?2 7mM+iBQM f (3−ϵ)
−1/2 b?QmH/ #2 2tT�M/2/ iQ }`bi Q`/2` BM ϵX Ai Bb TQbbB#H2 iQ 2t+?�M;2 i?2

T�`�K2i2`b s �M/ µ 7Q` i?2 BM}MBi2 pQHmK2 ;�T �M/ ;`QmM/ bi�i2 2M2`;B2b- #mi i?2 H�ii2` �`2

MQi �M�HviB+ i?`Qm;? i?2 +`BiB+�H TQBMi bQ r2 F22T i?2 µ /2T2M/2M+2 BM Qm` }M�H 2tT`2bbBQMbX

�X8 ai`QM;@+QmTHBM; 2tT�MbBQM Q7 BbQi`QTB+ [m�`iB+

Qb+BHH�iQ`b

AM i?Bb �TT2M/Bt r2 ;Bp2 /2i�BHb Q7 i?2 MmK2`B+�H +�H+mH�iBQM Q7 i?2 bT2+i`mK Q7 i?2 BbQi`QTB+

[m�`iB+ Qb+BHH�iQ`

1

2

(
− 1

ρN−1

∂

∂r
ρN−1 ∂

∂ρ
− ℓ (ℓ+N − 2)

ρN−1
+ rρ2 + 2ρ4

)
Rn,ℓ(ρ) = En,ℓRn,ℓ(ρ) U�X8dV

BM i?2 bi`QM;@+QmTHBM; HBKBi- }M/BM; i?2 +Q2{+B2Mib

En,ℓ =
∞∑

m=1

cn,ℓ,mr
m U�X83V

q2 i�#mH�i2 i?2 p�Hm2b Q7 cn,ℓ,m r?B+? r2 ?�p2 +�H+mH�i2/ BM h�#H2b �X8XR@�X8XjX

q2 #2;BM #v bQHpBM; 1[X U�X8dV MmK2`B+�HHv 7Q` r = 0X q2 }`bi }t i?2 �bvKTiQiB+ #2?�pBQ`

#v r`BiBM;

Rn,ℓ(ρ) = ψn,ℓ(ρ)e
−
√
2ρ3/3 U�X8NV

h?2 2tTQM2MiB�H 7�+iQ` i�F2b BMiQ �++QmMi i?2 H�`;2@ρ #2?�pBQ` BKTHB2/ #v 1[X U�X8dVX q2

i?2M mb2 � b?QQiBM; K2i?Q/- mbBM; FMQrM #QmM/�`v +QM/BiBQMb QM i?2 r�p2 7mM+iBQM �i

R9R
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N = 2 ℓ
y R k j 9

c0,ℓ,0 RX9ddR8 jXjN3R8 8Xe89j9 3XyNyed RyXd83j
c0,ℓ,1 yXk838jN yX99dyjN yXey8NRj yXd9d9jN yX3ddR3N
c0,ℓ,2 @yXyRkj98 @yXyR8ejj @yXyRdRyN @yXyRdRyN @yXyR39eN
c0,ℓ,3 yXyyyNyj yXyyy3ye yXyyyeNd yXyyyeRj yXyyy893
c1,ℓ,0 eXyyjjN 3Xdyy98 RRX8j9d8 R9X8y3e3 RdXeReRe
c1,ℓ,1 yX889jRk yXe3k889 yX3y3k9dRj yXNk3jd RXy9kN9
c1,ℓ,2 @yXyRRkNR @yXyRk98d @yXyRjdR9 @yXyR9dy8 @yXyR893N
c1,ℓ,3 yXyyyRjj yXyyykje yXyyykNj yXyyyjR8 yXyyyjky

h�#H2 �X8XR, h?2 +Q2{+B2Mib Q7 i?2 bi`QM;@+QmTHBM; 2tT�MbBQM 7Q` i?2 irQ@/BK2MbBQM�H [m�`iB+ Qb+BH@
H�iQ`X

N = 3 ℓ
y R k j 9

c0,ℓ,0 kXjNje99 9X9d3yjN eX3jyjy3 NX9yRRey RkXR8NyRd
c0,ℓ,1 yXj8d3yR yX8kNRe8 yXed39kR yX3Rj88d yXNj3ee8
c0,ℓ,2 @yXyR9jdR @yXyRe9Nk @yXyRd8de @yXyR3kjy @yXyR3eed
c0,ℓ,3 yXyyy3e8 yXyyyd9N yXyyye8R yXyyy8d3 yXyyy8kR
c1,ℓ,0 dXjj8djy RyXyNNN99 RjXyy98ej ReXy9eRNj RNXkRd8dN
c1,ℓ,1 yXeR3k93 yXd9eyje yX3eNyjk yXN3ejR8 RXyN3jk
c1,ℓ,2 @yXyRRdNy @yXyRjRRd @yXyR9kj3 @yXyR8Rky @yXyR83Re
c1,ℓ,3 yXyyyR33 yXyyykdR yXyyyjyd yXyyyjRN yXyyyjky

h�#H2 �X8Xk, h?2 +Q2{+B2Mib Q7 i?2 bi`QM;@+QmTHBM; 2tT�MbBQM 7Q` i?2 i?`22@/BK2MbBQM�H [m�`iB+ Qb@
+BHH�iQ`X

ρ = 0 UBM+Hm/BM; �M �`#Bi`�`v MQ`K�HBx�iBQMV iQ +QKTmi2 ψn,ℓ BM J�i?2K�iB+� mbBM; .aQHp2

7Q` p�`B�#H2 p�Hm2b Q7 i?2 2M2`;v mMiBH r2 B/2MiB7v �M 2B;2Mbi�i2X

PM+2 r2 }M/ i?2 2M2`;v iQ bm{+B2Mi �++m`�+v- i?2 7mM+iBQM ψn,ℓ rBHH MQi +?�M;2 Km+? 7Q`

bK�HH2` ρ- #mi rBHH �Hr�vb #HQr mT �7i2` bQK2 p�Hm2 Q7 ρX >Qr2p2`- i?2 �+im�H r�p2 7mM+iBQM

Rn,ℓ Bb 2tTQM2MiB�HHv bmTT`2bb2/- bQ r2 QMHv M22/ iQ Q#i�BM ψn,ℓ �++m`�i2Hv 7Q` bK�HH p�Hm2b

Q7 ρ iQ Q#i�BM �M �++m`�i2 r�p2 7mM+iBQMX

PM+2 r2 Q#i�BM � MmK2`B+�HHv �++m`�i2 2M2`;v �M/ r�p2 7mM+iBQM 7Q` r = 0- r2 mb2

HQ;�`Bi?KB+ T2`im`#�iBQM i?2Q`v iQ +QKTmi2 i?2 2tT�MbBQM BM rX h?Bb ?�b i?2 #2M2}i Q7

QMHv M22/BM; i?2 mMT2`im`#2/ 2M2`;v �M/ r�p2 7mM+iBQM- r?2`2�b i?2 bi�M/�`/ _�vH2B;?@
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N = 4 ℓ
y R k j 9

c0,ℓ,0 jXjN3R8y 8Xek9jjN 3XyNyee3 RyXd83ke8 RjXeyy3d3
c0,ℓ,1 yX99dyj3 yXey8NR3 yXd9d98R yX3ddkyk yXNN3k93
c0,ℓ,2 @yXyR8ej9 @yXyRdRRy @yXyRdNjN @yXyR39ee @yXyR33jy
c0,ℓ,3 yXyyy3ye yXyyyeNd yXyyyeRk yXyyy89d yXyyy9Nd
c1,ℓ,0 3Xdyy989 RRX8j9dkN R9X8y3ed8 RdXeReR8k kyX39N8Rd
c1,ℓ,1 yXe3k889 yX3y3k9d yXNk3jdy RXy9kN9k RXR8k8jN
c1,ℓ,2 @yXyRk98d @yXyRjdR9 @yXyR9dy9 @yXyR893N @yXyReRRR
c1,ℓ,3 yXyyykje yXyyykNj yXyyyjR8 yXyyyjky yXyyyjRN

h�#H2 �X8Xj, h?2 +Q2{+B2Mib Q7 i?2 bi`QM;@+QmTHBM; 2tT�MbBQM 7Q` i?2 7Qm`@/BK2MbBQM�H [m�`iB+ Qb+BH@
H�iQ`X

a+?`ƺ/BM;2` 2tT�MbBQM `2[mB`2b FMQrH2/;2 Q7 K�Mv 2t+Bi2/ bi�i2b iQ ;2i �++m`�i2 p�Hm2b 7Q`

i?2 +Q2{+B2MibX h?2 bi�`iBM; TQBMi 7Q` HQ;�`Bi?KB+ T2`im`#�iBQM i?2Q`v Bb iQ r`Bi2 i?2 r�p2

7mM+iBQM �b

Rn,ℓ =
n∏

i=1

(ρ− ρi)e
G(ρ) U�XeyV

r?2`2 ρi �`2 i?2 MQ/2b Q7 Rn,ℓ- �M/ i?2M `2r`Bi2 i?2 2B;2Mp�Hm2 2[m�iBQM �b �M 2[m�iBQM 7Q`

GX h?2M r2 �bbmK2 �M 2tT�MbBQM BM r,

G(ρ) =
∑

m=0

Gm(ρ)r
m

ρi =
∑

m=0

ρi,mr
m

En,ℓ =
∑

m=0

cn,ℓ,mr
m U�XeRV

AMb2`iBM; i?2b2 /2}MBiBQMb BMiQ Qm` 2B;2Mp�Hm2 2[m�iBQM- i?2 `2bmHiBM; /Bz2`2MiB�H 2[m�iBQM

Bb HBM2�` Q`/2`@#v@Q`/2` BM T2`im`#�iBQM i?2Q`v- bQ i?2 2M2`;B2b �`2 ;Bp2M BM +HQb2/ 7Q`K BM

i2`Kb Q7 BMi2;`�Hb QMHv BMpQHpBM; i?2 mMT2`im`#2/ 7mM+iBQMb G0(ρ)- En,ℓ,0- �M/ ρi,0X 6Q`

2tTHB+Bi /2i�BHb- r2 `272` i?2 `2�/2` iQ _272`2M+2b (jk- jj)X q2 ;Bp2 i?2 +Q2{+B2Mib r2 ?�p2

+�H+mH�i2/ BM h�#H2b �X8XR@�X8XjX

R9j
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�Xe 1/N +Q``2+iBQMb

>2`2 r2 K2MiBQM i?2 7Q`K Q7 i?2 H2�/BM; 1/N +Q``2+iBQMb- 7QHHQrBM; � bBKBH�` MQi�iBQM iQ

_27X (9d)X 6B`bi r2 M22/ iQ +�H+mH�i2 i?2 +`BiB+�H +QmTHBM; sc iQ Q`/2` 1/N X h?Bb Bb /QM2 #v

bQHpBM; i?2 BM}MBi2@pQHmK2 ;�T 2[m�iBQM UjX8V- r?2`2 r2 r`Bi2 i?2 BM}MBi2 pQHmK2 b�//H2

TQBMi �b iλ̃ = r + iλ/
√
N ,

r

u
=

sc
2
+

∫
dd+1p

(2π)d+1

1

p2 + r
. U�XekV

h?2 +QmTHBM; sc b?QmH/ #2 imM2/ bQ i?�i i?2 i?2 2M2`;v ;�T BM �M BM}MBi2 pQHmK2 p�MBb?2bX

q2 /Q i?Bb #v rQ`FBM; #�+Fr�`/b, r2 }`bi +�H+mH�i2 i?2 2M2`;v ;�T �b � 7mM+iBQM Q7 r- i?2M

imM2 r bm+? i?�i i?2 2M2`;v ;�T p�MBb?2b- �M/ }M�HHv /2}M2 sc i?`Qm;? 1[X U�XekVX 6`QK

i?2 �+iBQM UjXjV- i?2 `2H2p�Mi b2H7@2M2`;v /B�;`�K +Q``2+iBQMb iQ i?2 zα T`QT�;�iQ` �`2

G−1
∞ (p) = p2 + r +

1

N

∫
dd+1q

(2π)d+1

1

Π∞(q, r)

1

((p+ q)2 + r)

− 1

N

1

Π∞(0, r)

∫
dd+1q1

(2π)d+1

dd+1q2

(2π)d+1

1

Π∞(q1, r)

1

(q22 + r)2((q1 + q2)2 + r)
, U�XejV

r?2`2 r2 ?�p2 i?2 BMp2`b2 λ T`QT�;�iQ`b BM �M BM}MBi2 pQHmK2,

Π∞(q, r) =

∫
dd+1q

(2π)d+1

1

(q2 + r)((p+ q)2 + r)
. U�Xe9V

h?2 +`BiB+�H TQBMi Bb ;Bp2M #v G−1
∞ (0) = 0- bQ iQ Q`/2` 1/N -

r = − 1

N

∫
dd+1q

(2π)d+1

1

Π∞(q, 0)

1

(p+ q)2
+

1

N

1

Π∞(0, 0)

∫
dd+1q1

(2π)d+1

dd+1q2

(2π)d+1

1

Π∞(q1, 0)

1

q42(q1 + q2)2

=
1

N

1

Π∞(0, 0)

∫
dd+1q1

(2π)d+1

1

Π∞(q1, 0)

∫
dd+1q2

(2π)d+1

1

q42

(
1

(q1 + q2)2
− 1

q21

)
. U�Xe8V

R99
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LQi2 i?�i Π∞(0, 0) Bb `2�HHv BM7`�`2/ /Bp2`;2Mi- #mi Bi +�M #2 `2;mH�i2/- �M/ Bi +�M+2Hb Qmi Q7

T?vbB+�H p�Hm2b (9d)X AM i?Bb +�b2- mbBM; /BK2MbBQM�H `2;mH�`Bx�iBQM- r2 MQiB+2 i?�i

∫
dd+1q2

(2π)d+1

1

q42

(
1

(q1 + q2)2
− 1

q21

)
=

(q21)
(d+1)/2−3

(4π)(d+1)/2

Γ(d−3
2 )Γ(d−1

2 )

Γ(d− 2)
d=2
==⇒ 0. U�XeeV

aQ r Bb Q7 Q`/2` 1/N2 �i i?2 +`BiB+�H TQBMi BM irQ bT�iB�H /BK2MbBQMb- �M/ 7`QK 1[X U�XekV-

i?2 +`BiB+�H +QmTHBM; Bb Q7 Q`/2` 1/N2 BM /BK2MbBQM�H `2;mH�`Bx�iBQMX h?2`27Q`2- i?2`2 Bb MQ

1/N +Q``2+iBQM iQ i?2 }MBi2 pQHmK2 ;�T 2[m�iBQM UjX8VX

q2 +�M MQr +�H+mH�i2 i?2 b2H7@2M2`;v +Q``2+iBQMb iQ i?2 zα BM � }MBi2 pQHmK2X h?2b2 �`2

;Bp2M #v � bBKBH�` +�H+mH�iBQM iQ i?2 QM2 �#Qp2- #mi MQr rBi? HQQT bmKb-

G−1(k, iω) = ω2 + k2 +∆2 +
1

NA
∑

q

∫
dΩ

2π

D(q, iΩ)

((ω + Ω)2 + (k + q)2 +∆2)

−D(0, 0)

NA2

∫
dΩ1dΩ2

4π2

∑

q1,q2

D(q1, iΩ1)

(Ω2
2 + q22 +∆2)2((Ω1 + Ω2)2 + (q1 + q2)2 +∆2)

. U�XedV

h?2 bT2+i`mK Bb i?2M Q#i�BM2/ #v bQHpBM; G−1(k, E(k)) = 0X

h?2`2 �`2 �HbQ 1/N +Q``2+iBQMb iQ i?2 bBM;H2i bi�i2bX hQ +QKTmi2 i?2b2- r2 M22/ i?2

MQMHBM2�` i2`Kb BM i?2 2z2+iBp2 �+iBQM 7Q` λ- UjXR9VX hQ Q`/2` 1/N i?2b2 �`2

S1 = − i

6
√
N

1

A3

∑

k1,k2,k3

∫ 3∏

i=1

(
dωi

2π

)
K3(p1, p2, p3)λ(p1)λ(p2),λ(p3)δ(p1 + p2 + p3)

− 1

24N

1

A4

∑

k1,k2,k3,k4

∫ 4∏

i=1

(
dωi

2π

)
K4(p1, p2, p3, p4)λ(p1)λ(p2)λ(p3)λ(p4)δ(p1 + p2 + p3 + p4)U�Xe3V

mbBM; +QM/2Mb2/ MQi�iBQM r?2`2 pi `2T`2b2Mib ki �M/ ωiX h?2 7mM+iBQMb BM i?2 �+iBQM �`2

R98
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;Bp2M #v

K3 = 2
∑

q

∫
dΩ

1

(Ω2 + |q|2 +∆2)((Ω+ ω1)2 + |q + k1|2 +∆2)((Ω− ω2)2 + |q − k2|2 +∆2)
,

K4 = 6
∑

q

∫
dΩ

1

(Ω2 + |q|2 +∆2)((Ω+ ω1)2 + |q + k1|2 +∆2)

× 1

((Ω+ ω1 + ω2)2 + |q + k1 + k2|2 +∆2)((Ω− ω4)2 + |q − k4|2 +∆2)
U�XeNV

h?2 T`QT�;�iQ` 7Q` λ +�M i?2M #2 +QKTmi2/ 7`QK i?2b2 BMi2`�+iBQMb i2`KbX PM2 }M/b i?�i

i?2 Q`/2` 1/N +Q``2+iBQM iQ i?2 BMp2`b2 T`QT�;�iQ` Bb ;Bp2M #v

D−1(k, iω) = Π(k, iω) +
1

2NA
∑

q

∫
dΩ

2π
[K3(k, q, |k + q|)]2 D0(|k + q|, iω + iΩ)D0(q, iΩ)

+
1

2NA
K3(k,−k, 0)

Π(0, 0)

∑

q

∫
dΩ

2π
K3(q,−q, 0)D0(q, iΩ)

+
1

6NA
∑

q

∫
dΩ

2π
[K4(k, q,−k,−q) + 2K4(k,−k, q,−q)]D0(q, iΩ), U�XdyV

�M/ i?2 bT2+i`mK Q7 i?2 bBM;H2i bi�i2b Bb 7QmM/ #v bQHpBM; D−1(k, E(k)) = 0X

�Xd *Q``2bTQM/2M+2 #2ir22M ϵ �M/ H�`;2@N 2tT�M@

bBQMb

AM i?Bb �TT2M/Bt r2 i�F2 i?2 bK�HH@ϵ HBKBi Q7 Qm` H�`;2@N `2bmHib U*?�Ti2` jV �M/ +QKT�`2

i?2K iQ i?2 H�`;2@N HBKBi Q7 i?2 ϵ@2tT�MbBQM U*?�Ti2` kVX q2 }M/ 2t�+i �;`22K2Mi r?2`2

TQbbB#H2 BM #Qi? K2i?Q/bX >2`2 r2 HBKBi Qm`b2Hp2b iQ s = scX

AM i?2 H�`;2@N 2tT�MbBQM- QM2 #2;BMb #v bQHpBM; i?2 ;�T 2[m�iBQM QM i?2 iQ`mb- r?B+? +�M

#2 r`Bii2M
1

Ad/2

∑

k

1√
k2 +∆2

=

∫
ddk

(2π)d
1

k
. U�XdRV

q2 +�M 2p�Hm�i2 i?Bb mbBM; i?2 K2i?Q/b Q7 �TT2M/Bt �Xj- r?2`2 /BK2MbBQM�H `2;mH�`Bx�iBQM

R9e
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b2ib i?2 BMi2;`�H QM i?2 `B;?i@?�M/ bB/2 iQ x2`Q- Q#i�BMBM; 7`QK 1[X U�X9jV

1

A(3−ϵ)/2∆
+

τ2L

2πA(3−ϵ)/2
f (3−ϵ)
1/2 (∆2, τ, µ)− τ2L

2πA(3−ϵ)/2

4πτ 1/22 L2∆2

µϵAϵ/2ϵ
S4−ϵ = 0. U�XdkV

�b ϵ→ 0- i?2 7mM+iBQM f (3)
1/2 Bb `2;mH�`- r?BH2 i?2 H�bi i2`K BM 1[X U�XdkV /Bp2`;2bX h?Bb `2[mB`2b

i?2 }`bi i2`K iQ /Bp2`;2 BM i?2 b�K2 r�v- 7`QK r?B+? QM2 �H`2�/v b22b i?�i iQ H2�/BM; Q`/2`

∆ ∼ ϵ1/3X *QMiBMmBM; i?Bb T`Q+2bb- QM2 +�M 2tTHB+BiHv bQHp2 1[ U�XdkV T2`im`#�iBp2Hv BM ϵ-

K�FBM; mb2 Q7 B/2MiBiB2b /2`Bp2/ BM �TT2M/Bt �XjX h?2 ;�T �i N = ∞ Bb ;Bp2M #v

√
A∆ =

(
4π2ϵ

)1/3
+
1

3
(2π)1/3

√
τ2f

(3)
1/2(0, τ)ϵ

2/3−τ 3/22

2
(
f (3)
1/2(0, τ)

)3
+ 27f (3)

3/2(0, τ)

162 (2π)1/3
ϵ4/3+O

(
ϵ5/3
)

U�XdjV

r?2`2 i?2 7mM+iBQMb �`2 B/2MiB+�H iQ i?Qb2 /2}M2/ BM 1[bX U�X89@�X8eV- �M/ i?2 µ@/2T2M/2M+2

?�b /`QTT2/ QmiX

PM+2 i?2 ;�T 2[m�iBQM ?�b #22M bQHp2/- i?2 >�KBHiQMB�M Q7 i?2 i?2Q`v �i N = ∞ Bb ;Bp2M

#v

H = E0 +P
∑

k

∑

α

√
|k|2 +∆2b†α(k)bα(k)P + (1− P )

∑

n,k

En(k)b
†
n(k)bn(k) (1− P ) . U�Xd9V

>2`2-

E0 =
N

2

∑

k

√
|k|2 +∆2 U�Xd8V

r?B+? b?QmH/ #2 2p�Hm�i2/ Q`/2`@#v@Q`/2` BM ϵ mbBM; i?2 i2+?MB[m2b BM �TT2M/Bt �XjX h?2

QT2`�iQ` P T`QD2+ib QMiQ �HH bi�i2b r?B+? +QMi�BM MQ PUNV bBM;H2ibX 6BM�HHv- i?2 2M2`;B2b Q7

i?2 bBM;H2i bi�i2b En(k) �`2 i?2 bQHmiBQMb iQ i?2 2[m�iBQM

Π(k, En(k)) = 0 U�XdeV

R9d
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r?2`2

Π(k,ω) =
1

A(3−ϵ)/2

∑

q

√
q2 +∆2 +

√
(k + q)2 +∆2

2
√

(q2 +∆2)((k + q)2 +∆2)((
√
q2 +∆2 +

√
(k + q)2 +∆2)2 − ω2)

.

U�XddV

q2 MQr +QMbB/2` � bm#b2i Q7 i?2 �#Qp2 bT2+i`mKc bT2+B}+�HHv- i?2 bi�i2b +`2�i2/ #v

Heff,k=0 = E0 + P
∑

α

∆b†α(0)bα(0)P + (1− P )E0(0)b
†
0(0)b0(0) (1− P ) U�Xd3V

h?Bb >�KBHiQMB�M +`2�i2b irQ FBM/b Q7 x2`Q@KQK2MimK ǳT�`iB+H2b-Ǵ rBi? K�bb2b ∆ �M/ E1(0)

`2bT2+iBp2HvX h?2 T�`iB+H2 rBi? K�bb E1(0) i`�Mb7Q`Kb �b �M PUNV bBM;H2i- r?BH2 i?2 bi�i2b

rBi? ℓ K�bb@∆ T�`iB+H2b �`2 BM i?2 ℓi? bvKK2i`B+ i`�+2H2bb i2MbQ` `2T`2b2Mi�iBQM Q7 PUNVX

q2 MQr �`;m2 i?�i Heff,k=0 Bb T`2+Bb2Hv i?2 N = ∞ HBKBi Q7 i?2 6Q+F p�+mmK >�KBHiQMB�M

BM i?2 ϵ@2tT�MbBQMX

q2 b�r BM a2+iBQM kX9 i?�i i?2 bQHmiBQMb iQ i?2 6Q+F p�+mmK >�KBHiQMB�M b�iBb7v i?2

2[m�iBQM

1

2

(
− 1

ρN−1

∂

∂r
ρN−1 ∂

∂ρ
− ℓ (ℓ+N − 2)

ρN−1
+ rρ2 + 2ρ4

)
Rn,ℓ(ρ) = En,ℓRn,ℓ(ρ) U�XdNV

_2+�HH i?�i i?Bb /2b+`B#2b bi�i2b BM i?2 ℓi? bvKK2i`B+ i`�+2H2bb i2MbQ` `2T`2b2Mi�iBQM Q7 PUNVX

q2 MQr mb2 i?2 H�`;2@N 2tT�MbBQM BM [m�MimK K2+?�MB+bX h?2 B/2� Bb i?�i i?2 +2Mi`B7m;�H

i2`K �+ib �b �M 2z2+iBp2 K�bb �i H�`;2@N - `2bmHiBM; BM � ?�`KQMB+ r2HH �i i?2 bi�iBQM�`v TQBMi

Q7 i?2 2z2+iBp2 `�/B�H TQi2MiB�H T`QpB/2/ Bi Bb r2HH@#2?�p2/X 6Q` � `2pB2r Q7 i?Bb 2tT�MbBQM-

b22 _27X (R98)- r?B+? ;Bp2b 2tTHB+Bi 7Q`KmH�2 7Q` i?2 bT2+i`mK iQ H2�/BM; Q`/2` BM 1/N X �i

N = ∞ r2 }M/ i?2 bT2+i`mK

En,ℓ = E0 +∆ℓ+ E0n U�X3yV

r?2`2 E0 �M/ ∆ �;`22 2t�+iHv rBi? i?2B` 2tT`2bbBQMb +�H+mH�i2/ BM i?2 H�`;2@N 2tT`2bbBQM

1[X U�Xd3V iQ Q`/2` ϵ4/3X 6m`i?2`KQ`2- r?BH2 r2 +�MMQi +QKT�`2 E0 /B`2+iHv rBi? i?2 }`bi

R93
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x2`Q Q7 Π(0,ω)- r2 ?�p2 2p�Hm�i2/ Bi MmK2`B+�HHv 7Q` bK�HH p�Hm2b Q7 ϵ �M/ 7QmM/ p2`v ;QQ/

�;`22K2MiX 6BM�HHv- i?2 B``2/m+B#H2 `2T`2b2Mi�iBQMb Q7 i?2 bi�i2b mM/2` i?2 PUNV bvKK2i`v

�;`22 2t�+iHvX

q2 K2MiBQM i?�i i?2 1/N 2tT�MbBQM BM [m�MimK K2+?�MB+b Bb �M 2�bv r�v iQ Q#i�BM

1/N +Q``2+iBQMb iQ i?2 6Q+F p�+mmK >�KBHiQMB�M +QKT�`2/ iQ i?2 }2H/@i?2Q`2iB+ K2i?Q/b

BM �TT2M/Bt �XeX PM2 K�v �HbQ �ii2KTi iQ +�H+mH�i2 i?2 bT2+i`mK 7Q` i?2 k > 0 2z2+iBp2

>�KBHiQMB�Mb mbBM; i?2 H�`;2@N 2tT�MbBQM- r?B+? ?�b #22M bm++2bb7mHHv �TTHB2/ iQ MQM@

BbQi`QTB+ >�KBHiQMB�Mb BM �iQKB+ �M/ KQH2+mH�` T?vbB+b (R98)X
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"XR :`22Mǰb 7mM+iBQM �M/ H�`;2 N K�bb ;�T QM i?2

+vHBM/2`

AM a2+iBQM 8XjXk- r2 mb2/ i?2 :`22MǶb 7mM+iBQM 7Q` � K�bbBp2 b+�H�` QM i?2 BM}MBi2 +vHBM/2`X

h?Bb Bb ;Bp2M #v

G1(x, x;m
2) =

1

L

∑

ky

∫
d2p

(2π)2
1

p2 + k2
y +m2

U"XRV

r?2`2 r2 �HHQr � irBbi BM i?2 }MBi2 /B`2+iBQM

ky =
2πny + ϕy

L
, ny ∈ Z U"XkV

q2 2p�Hm�i2 i?Bb 2tT`2bbBQM mbBM; w2i� 7mM+iBQM `2;mH�`Bx�iBQMX q2 }`bi BMi`Q/m+2 �M 2ti`�

T�`�K2i2` ν- �M/ +QMbB/2` i?2 2tT`2bbBQM

G1(x, x;m
2) =

1

L

∑

ky

∫
d2p

(2π)2
1(

p2 + k2
y +m2

)ν U"XjV

R8y
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h?Bb 2tT`2bbBQM Bb +QMp2`;2Mi 7Q` ν > 3/2X q2 2p�Hm�i2 i?Bb 2tT`2bbBQM r?2`2 Bi Bb +QMp2`;2Mi-

�M/ i?2M �M�HviB+�HHv +QMiBMm2 Bi iQ ν → 1X �7i2` 2p�Hm�iBM; i?2 BMi2;`�Hb- r2 Q#i�BM

G1(x, x;m
2) =

1

8π2L (ν − 1)

∑

ky

1
(
k2
y +m2

)ν−1 U"X9V

h?2 `2K�BMBM; bmK M22/b iQ #2 2p�Hm�i2/ �b � 7mM+iBQM Q7 ν- r?B+? `2[mB`2b i?2 mb2 Q7

;2M2`�HBx2/ w2i� 7mM+iBQMbX :2M2`�H 7Q`KmH�2 7Q` bmKb Q7 i?Bb ivT2 +�M #2 7QmM/ BM _272`2M+2

(R9e)- �M/ �7i2` 2p�Hm�iBM; i?Bb bmK �M/ i�FBM; ν → 1- r2 }M/

G1(x, x;m
2) = − 1

4πL
log [2 (coshmL− cosϕy)] U"X8V

q2 MQi2 i?�i i?2 Q`B;BM�H BMi2;`�H- 1[X U"XRV- ?�b � HBM2�` lo /Bp2`;2M+2 r?B+? ?�b #22M b2i

iQ x2`Q #v Qm` +miQz K2i?Q/X AM Qi?2` `2;mH�`Bx�iBQM K2i?Q/b- QM2 ;2M2`B+�HHv 2tT2+ib �M

2ti`� i2`K T`QTQ`iBQM�H iQ i?2 lo +miQz- G1(x, x;m2) ∝ 1/δ- r?B+? +QMi`B#mi2b iQ i?2 �`2�

H�r BM 1[X U8XjRVX

q2 �HbQ }M/ i?2 K�bb ;�T 7Q` i?2 qBHbQM@6Bb?2` }t2/ TQBMi �i H�`;2@N X h?2 ;�T 2[m�iBQM

Bb

G1(x, x;m
2
1) =

1

gc
U"XeV

>Qr2p2`- BM w2i� `2;mH�`Bx�iBQM r2 ?�p2

1

gc
=

∫
d3p

(2π)2
1

p2
= 0 U"XdV

h?2M mbBM; 1[X U"X8V- r2 }M/ i?2 2M2`;v ;�T QM i?2 +vHBM/2`

m1 =
1

L
arccosh

(
1

2
+ cosϕy

)
U"X3V

�b [mQi2/ BM i?2 K�BM i2tiX

R8R
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"Xk 1Mi�M;H2K2Mi 2Mi`QTv Q7 i?2 :`Qbb@L2p2m KQ/2H

�i H�`;2 N

q2 /Bb+mbb i?2 :`Qbb@L2p2m KQ/2H (k9) BM i?2 H�`;2 N HBKBiX h?2 +�H+mH�iBQM Q7 i?2 2Mi�M@

;H2K2Mi 2Mi`QTv Bb p2`v bBKBH�` iQ i?2 +`BiB+�H PUNV KQ/2H- �M/ r2 }M/ � K�TTBM; iQ i?2

7`22 72`KBQM 2Mi�M;H2K2Mi �M�HQ;Qmb iQ i?2 K�TTBM; /2`Bp2/ BM a2+iBQM 8XkX

h?2 +`BiB+�H KQ/2H Bb /2}M2/ #v i?2 1m+HB/2�M G�;`�M;B�M

Ln = −ψ̄α

(
/∂n + σ

)
ψα +

N

2g2c
σ2 U"XNV

r?2`2 i?2 `2T2�i2/ BM/2t α Bb bmKK2/ Qp2`- `mMMBM; 7`QK R iQ N X >2`2- σ(x) Bb � >m##�`/@

ai`�iQMQpB+? }2H/ mb2/ iQ /2+QmTH2 i?2 [m�`iB+ BMi2`�+iBQM i2`K (ψ̄αψα)2X q2 MQr 7QHHQr i?2

bi2Tb BM 1[X U8XRyV iQ Q#i�BM i?2 T�`iBiBQM 7mM+iBQM mbBM; i?2 b�//H2 TQBMi K2i?Q/X

logZn = N Tr log
(
/∂n + ⟨σ⟩n

)
− N

2g2c

∫
d3xn ⟨σ⟩2n +O(1/N) U"XRyV

h?2 b�//H2 TQBMi +QM};m`�iBQM Q7 σ Bb /2i2`KBM2/ #v i?2 :`Qbb@L2p2m ;�T 2[m�iBQM

Tr GF
n (x, x; ⟨σ⟩n) =

⟨σ⟩n
g2c

(
/∂n + ⟨σ(x)⟩n

)
GF

n (x, x
′; ⟨σ⟩n) =δ3(x− x′) U"XRRV

>2`2- i?2 i`�+2 Bb Qp2` bTBMQ` BM/B+2b �M/ r2 ?�p2 H27i i?2 B/2MiBiv K�i`Bt BM bTBMQ` bT�+2

BKTHB+BiX h?2 +`BiB+�H +QmTHBM; Bb

1

g2c
= (Tr I)

∫
d3p

(2π)3
1

p2
U"XRkV
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6QHHQrBM; Qm` T`Q+2/m`2 7Q` i?2 PUNV KQ/2H- r2 r`Bi2 i?2 b�//H2 TQBMi +QM};m`�iBQM �b

⟨σ(x)⟩n ≈ m1 + (n− 1) f(x) U"XRjV

iQ H2�/BM; Q`/2` BM (n − 1)- 7Q` �M mMFMQrM 7mM+iBQM f(x)X h?2M #v � bBKBH�` `2�bQMBM; iQ

i?2 +�H+mH�iBQMb BM a2+iBQM 8Xk- r2 }M/

− log
Zn

Zn
1

= −N

[
Tr log

(
/∂n +m1

)
− nTr log

(
/∂1 +m1

) ]
U"XR9V

h?Bb Bb i?2 n@b?22i2/ T�`iBiBQM 7mM+iBQM 7Q` N 7`22 .B`�+ 72`KBQMb rBi? K�bb m1- r?2`2 m1 Bb

i?2 K�bb ;�T Q7 i?2 :`Qbb@L2p2m KQ/2H QM i?2 QM2@b?22i2/ T?vbB+�H bT�+2iBK2- TrGF
1 (x, x;m1) =

m1/g2c X

Cmbi �b 7Q` i?2 P(N) qBHbQM@6Bb?2` }t2/ TQBMi- r2 +�M p2`B7v Qm` `2bmHi 7Q` i?2 bT2+B�H +�b2

r?2`2 `2;BQM A Bb � /BbF 2K#2//2/ BM i?2 BM}MBi2 TH�M2X h?2 /BbFǶb mMBp2`b�H 2Mi�M;H2K2Mi

2Mi`QTv BM i?2 :`Qbb@L2p2m *6h r�b 7QmM/ iQ #2 i?�i Q7 N 7`22 K�bbH2bb .B`�+ 72`KBQMb

(N3)- γdisk = Nγfreedisk +O(N0)X h?Bb Bb 2t�+iHv Qm` `2bmHi bBM+2 m1 = 0 7Q` i?Bb ;2QK2i`vX
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*XR aTBM i`�+2b

>2`2 r2 i�#mH�i2 bTBM i`�+2bX q2 ;Bp2 2tT`2bbBQMb BM i2`Kb Q7 i?2 BM/2t CS Q7 i?2 bTBM@S

`2T`2b2Mi�iBQM Q7 SU(2)-

CS =
1

3
(2S + 1)S(S + 1) U*XRV

h?Bb Bb /2}M2/ �b i?2 +QMbi�Mi �TT2�`BM; BM i?2 #BHBM2�` i`�+2

Tr
(
ŜαŜβ

)
= CSδαβ U*XkV

"2HQr r2 ;Bp2 i?2 `2H2p�Mi i`�+2b- r?2`2 r2 /BbiBM;mBb? σ′ = 1, 2 7`QK i?2 z = 3 /B`2+iBQMX

h?2b2 i`�+2b ;Bp2 x2`Q B7 QM2 `2TH�+2b QM2 Q7 i?2 irQ σ′ BM/B+2b rBi? zX

R89
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�i QM2@HQQT- r2 M22/ i?2 7QHHQrBM; i`�+2b,

Tr
(
Ŝα′Ŝσ′Ŝσ′Ŝβ′

)
=

[
4

5
S(S + 1)− 1

10

]
CSδα′β′ = S ′

1CSδα′β′

Tr
(
ŜzŜσ′Ŝσ′Ŝz

)
=

[
2

5
S(S + 1) +

1

5

]
CS = Sz

1CS

Tr
(
Ŝα′Ŝσ′Ŝβ′Ŝσ′

)
=

[
4

5
S(S + 1)− 3

5

]
CSδα′β′ = S ′

2CSδα′β′

Tr
(
ŜzŜσ′ŜzŜσ′

)
=

[
2

5
S(S + 1)− 4

5

]
CS = Sz

2CS U*XjV

�i irQ@HQQT,

Tr
(
Ŝα′Ŝσ′Ŝσ′Ŝη′Ŝη′Ŝβ′

)
=

CS
70

[
48 S2(S + 1)2 − 6S(S + 1)− 5

]
δα′β′ = S ′

3CSδα′β′

Tr
(
ŜzŜσ′Ŝσ′Ŝη′Ŝη′Ŝz

)
=

CS
35

[
8 S2(S + 1)2 − S(S + 1) + 5

]
= Sz

3CS

Tr
(
Ŝα′Ŝσ′Ŝσ′Ŝη′Ŝβ′Ŝη′

)
=

CS
70

[
48 S2(S + 1)2 − 48S(S + 1) + 9

]
δα′β′ = S ′

4CSδα′β′

Tr
(
ŜzŜσ′Ŝσ′Ŝη′ŜzŜη′

)
=

CS
35

[
8 S2(S + 1)2 − 15S(S + 1)− 2

]
= Sz

4CS

Tr
(
Ŝα′Ŝσ′Ŝσ′Ŝβ′Ŝη′Ŝη′

)
=

CS
35

[
24 S2(S + 1)2 − 17S(S + 1) + 8

]
δα′β′ = S ′

5CSδα′β′

Tr
(
ŜzŜσ′Ŝσ′ŜzŜη′Ŝη′

)
=

CS
35

[
8 S2(S + 1)2 − S(S + 1) + 5

]
= Sz

5CS

Tr
(
Ŝα′Ŝσ′Ŝη′Ŝη′Ŝσ′Ŝβ′

)
=

CS
35

[
24 S2(S + 1)2 − 17S(S + 1) + 8

]
δα′β′ = S ′

6CSδα′β′

Tr
(
ŜzŜσ′Ŝη′Ŝη′Ŝσ′Ŝz

)
=

CS
35

[
8 S2(S + 1)2 + 27S(S + 1)− 16

]
= Sz

6CS

Tr
(
Ŝα′Ŝσ′Ŝη′Ŝβ′Ŝη′Ŝσ′

)
=

CS
35

[
24 S2(S + 1)2 − 38S(S + 1) + 15

]
δα′β′ = S ′

7CSδα′β′

Tr
(
ŜzŜσ′Ŝη′ŜzŜη′Ŝσ′

)
=

CS
35

[
8 S2(S + 1)2 − 29S(S + 1) + 26

]
= Sz

7CS

Tr
(
Ŝα′Ŝσ′Ŝη′Ŝσ′Ŝη′Ŝβ′

)
=

CS
70

[
48 S2(S + 1)2 − 48S(S + 1) + 9

]
δα′β′ = S ′

8CSδα′β′

Tr
(
ŜzŜσ′Ŝη′Ŝσ′Ŝη′Ŝz

)
=

CS
35

[
8 S2(S + 1)2 + 6S(S + 1)− 9

]
= Sz

8CS

Tr
(
Ŝα′Ŝσ′Ŝη′Ŝσ′Ŝβ′Ŝη′

)
=

CS
35

[
24 S2(S + 1)2 − 38S(S + 1) + 15

]
δα′β′ = S ′

9CSδα′β′

Tr
(
ŜzŜσ′Ŝη′Ŝσ′ŜzŜη′

)
=

CS
35

[
8 S2(S + 1)2 − 22S(S + 1) + 12

]
= Sz

9CS

Tr
(
Ŝα′Ŝσ′Ŝη′Ŝβ′Ŝσ′Ŝη′

)
=

CS
35

[
24 S2(S + 1)2 − 45S(S + 1) + 29

]
δα′β′ = S ′

10CSδα′β′
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Tr
(
ŜzŜσ′Ŝη′ŜzŜσ′Ŝη′

)
=

CS
35

[
8 S2(S + 1)2 − 50S(S + 1) + 33

]
= Sz

10CS U*X9V

*Xk .2i�BHb Q7 i?2 irQ@HQQT +�H+mH�iBQM

AM i?Bb �TT2M/Bt r2 /2i�BH bQK2 Q7 i?2 BMi2`K2/B�i2 bi2Tb BM i?2 +�H+mH�iBQM Q7 i?2 irQ@HQQT

+QMi`B#miBQM iQ i?2 bTBM@bTBM +Q``2H�iBQM 7mM+iBQM [mQi2/ BM 1[MbX UeXjdV@UeXj3VX

h?2 `2H2p�Mi /B�;`�Kb �`2 TB+im`2/ BM 6B;m`2b *XkXR �M/ *XkXkX >2`2- r2 ?�p2 ;`QmT2/ i?2

/B�;`�Kb BMiQ i?`22 ;`QmTb U�V- U#V- �M/ U+VX h?Bb Bb #2+�mb2- HBF2 i?2 QM2@HQQT +�H+mH�iBQM BM

i?2 K�BM i2ti- i?2 i?`22 /B�;`�Kb +QMi`B#miBM; iQ i?2 /2MQKBM�iQ` +�M #2 `2r`Bii2M bQ i?�i

i?2v �`2 i?2 bmK Q7 i?2 /B�;`�Kb BM i?2 MmK2`�iQ`X h?2M r2 QMHv M22/ iQ +QKTmi2 i?2 R8

/B�;`�Kb r?B+? 7QHHQr 7`QK i?2 BMi2;`�Hb TB+im`2/ BM 6B;m`2 *XkXR- r?BH2 F22TBM; i`�+F Q7 i?2

/Bz2`2M+2 BM bTBM i`�+2b #2ir22M i?2 MmK2`�iQ` �M/ /2MQKBM�iQ`X AM i?2 O(3) bvKK2i`B+

+�b2 +QMbB/2`2/ BM _272`2M+2 (Rje)- i?Bb `2bmHi2/ BM H�`;2 +�M+2HH�iBQMb �M/ QMHv d /B�;`�Kb

M22/ iQ #2 +QKTmi2/X AM +QMi`�bi- i?2`2 �`2 MQ +�M+2HH�iBQMb ?2`2- �M/ �HH R8 /B�;`�Kb M22/

iQ +�H+mH�i2/X

q2 H�#2H i?2 HQQT BMi2;`�Hb r?B+? 7QHHQr 7`QK 6B;m`2 *XkXR �b Ii 7Q` i = 1, 2, ..., 15- r?2`2

r2 H�#2H i?2 BMi2;`�Hb 7`QK H27i@iQ@`B;?i �M/ iQT@iQ@#QiiQK �++Q`/BM; iQ i?2 };m`2X AM i2`Kb

R8e
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6B;m`2 *XkXR, h?2 /B�;`�Kb +QMi`B#miBM; iQ i?2 MmK2`�iQ` Q7 i?2 irQ@TQBMi 7mM+iBQM �i irQ@HQQTX
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6B;m`2 *XkXk, h?2 /B�;`�Kb +QMi`B#miBM; iQ i?2 /2MQKBM�iQ` Q7 i?2 irQ@TQBMi 7mM+iBQM �i irQ@HQQTX

Q7 i?2b2 BMi2;`�Hb- i?2 irQ@HQQT +QMi`B#miBQM iQ G Bb

G(two−loop) =
S(S + 1)

3
γ40

{[
S6 −

2S(S + 1)

3
S ′
1

]
I1 +

[
S4 −

2S(S + 1)

3
S ′
1

]
I2

+

[
S7 −

2S(S + 1)

3
S ′
1

]
I3 +

[
S4 −

2S(S + 1)

3
S ′
1

]
I4

+

[
S6 −

2S(S + 1)

3
S ′
1

]
I5 +

[
S3 −

2S(S + 1)

3
S ′
1

]
I6

+

[
S4 −

2S(S + 1)

3
S ′
1

]
I7 +

[
S5 −

2S(S + 1)

3
S ′
1

]
I8

+

[
S4 −

2S(S + 1)

3
S ′
1

]
I9 +

[
S3 −

2S(S + 1)

3
S ′
1

]
I10

+

[
S8 −

2S(S + 1)

3
S ′
2

]
I11 +

[
S8 −

2S(S + 1)

3
S ′
2

]
I12

+

[
S9 −

2S(S + 1)

3
S ′
2

]
I13 +

[
S9 −

2S(S + 1)

3
S ′
2

]
I14

+

[
S10 −

2S(S + 1)

3
S ′
2

]
I15

}
U*X8V

qBi?BM 2�+? #`�+F2i- i?2 }`bi bTBM bmK Bb 2Bi?2` S ′ Q` Sz /2T2M/BM; QM r?2i?2` QM2 r�Mib

i?2 irQ TQBMi +Q``2H�iQ` G ′ Q` GzX q2 MQi2 i?�i i?2 /2MQKBM�iQ` Z �HbQ +QMi�BMb �M Q`/2`

γ40 i2`K 7`QK 2tT�M/BM; i?2 QM2@HQQT +QMi`B#miBQM iQ b2+QM/ Q`/2`- #mi i?Bb +QMi`B#miBQM

p�MBb?2b BM /BK2MbBQM�H `2;mH�`Bx�iBQMX

q2 MQr 2p�Hm�i2 i?2 R8 BMi2;`�Hb �#Qp2X "2HQr- r2 rBHH ;Bp2 i?2 T > 0 BMi2;`�Hb 7Q` 2�+?

BMi2;`�H r?B+? 7QHHQr 7`QK i?2 /B�;`�Kb BM 6B;X *XkXR- �M/ i?2M bi�i2 i?2 2p�Hm�iBQM Q7 i?2

R83
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/Bp2`;2Mi TB2+2 Q7 i?2 T = 0 HBKBiX q2 i�F2 i?Bb HBKBi �++Q`/BM; iQ i?2 T`2b+`BTiBQM /2b+`B#2/

#2HQr 1[X eXkN BM i?2 K�BM i2tiX

I1 =

∫ τ

0

dτ1

∫ τ

τ1

dτ2

∫ τ2

τ1

dτ3

∫ τ2

τ3

dτ4D(τ1 − τ2)D(τ3 − τ4)

β→∞
=⇒

(
S̃d+1τ

ϵ
)2( 1

2ϵ2
+

3

2ϵ
+ · · ·

)
U*XeV

I2 =

∫ τ

0

dτ1

∫ β

τ

dτ2

∫ τ

τ1

dτ3

∫ τ

τ3

dτ4D(τ1 − τ2)D(τ3 − τ4)

β→∞
=⇒

(
S̃d+1τ

ϵ
)2(

− 3

2ϵ2
− 3

ϵ
+ · · ·

)
U*XdV

I3 =

∫ τ

0

dτ1

∫ β

τ

dτ2

∫ τ

τ1

dτ3

∫ τ2

τ

dτ4D(τ1 − τ2)D(τ3 − τ4)

β→∞
=⇒

(
S̃d+1τ

ϵ
)2( 2

ϵ2
+

3

ϵ
+ · · ·

)
U*X3V

I4 =

∫ τ

0

dτ1

∫ β

τ

dτ2

∫ τ2

τ

dτ3

∫ τ3

τ

dτ4D(τ1 − τ2)D(τ3 − τ4)

β→∞
=⇒

(
S̃d+1τ

ϵ
)2(

− 3

2ϵ2
− 3

ϵ
+ · · ·

)
U*XNV

I5 =

∫ β

τ

dτ1

∫ τ1

τ

dτ2

∫ τ1

τ2

dτ3

∫ τ3

τ2

dτ4D(τ1 − τ2)D(τ3 − τ4)

β→∞
=⇒

(
S̃d+1τ

ϵ
)2( 1

2ϵ2
+

3

2ϵ
+ · · ·

)
U*XRyV
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I6 =

∫ τ

0

dτ1

∫ τ

τ1

dτ2

∫ τ

τ2

dτ3

∫ τ

τ3

dτ4D(τ1 − τ2)D(τ3 − τ4)

β→∞
=⇒

(
S̃d+1τ

ϵ
)2( 1

ϵ2
+

2

ϵ
+ · · ·

)
U*XRRV

I7 =

∫ τ

0

dτ1

∫ τ

τ1

dτ2

∫ τ

τ2

dτ3

∫ β

τ

dτ4D(τ1 − τ2)D(τ3 − τ4)

β→∞
=⇒

(
S̃d+1τ

ϵ
)2(

− 3

2ϵ2
− 3

ϵ
+ · · ·

)
U*XRkV

I8 =

∫ τ

0

dτ1

∫ τ

τ1

dτ2

∫ β

τ

dτ3

∫ β

τ3

dτ4D(τ1 − τ2)D(τ3 − τ4)

β→∞
=⇒

(
S̃d+1τ

ϵ
)2( 1

ϵ2
+

2

ϵ
+ · · ·

)
U*XRjV

I9 =

∫ τ

0

dτ1

∫ β

τ

dτ2

∫ β

τ2

dτ3

∫ β

τ3

dτ4D(τ1 − τ2)D(τ3 − τ4)

β→∞
=⇒

(
S̃d+1τ

ϵ
)2(

− 3

2ϵ2
− 3

ϵ
+ · · ·

)
U*XR9V

I10 =

∫ β

τ

dτ1

∫ β

τ1

dτ2

∫ β

τ2

dτ3

∫ β

τ3

dτ4D(τ1 − τ2)D(τ3 − τ4)

β→∞
=⇒

(
S̃d+1τ

ϵ
)2( 1

ϵ2
+

2

ϵ
+ · · ·

)
U*XR8V

I11 =

∫ τ

0

dτ1

∫ τ

τ1

dτ2

∫ τ2

τ1

dτ3

∫ τ

τ2

dτ4D(τ1 − τ2)D(τ3 − τ4)

β→∞
=⇒

(
S̃d+1τ

ϵ
)2(

− 1

ϵ2
− 5

2ϵ

)
U*XReV

Rey



�TT2M/Bt *X �TT2M/Bt iQ *?�Ti2` e

I12 =

∫ β

τ

dτ1

∫ τ1

τ

dτ2

∫ τ1

τ2

dτ3

∫ τ2

τ

dτ4D(τ1 − τ2)D(τ3 − τ4)

β→∞
=⇒

(
S̃d+1τ

ϵ
)2(

− 1

ϵ2
− 5

2ϵ

)
U*XRdV

I13 =

∫ τ

0

dτ1

∫ β

τ

dτ2

∫ τ2

τ

dτ3

∫ β

τ2

dτ4D(τ1 − τ2)D(τ3 − τ4)

β→∞
=⇒

(
S̃d+1τ

ϵ
)2( 1

ϵ2
+

2

ϵ
+ · · ·

)
U*XR3V

I14 =

∫ τ

0

dτ1

∫ β

τ

dτ2

∫ τ1

0

dτ3

∫ τ

τ1

dτ4D(τ1 − τ2)D(τ3 − τ4)

β→∞
=⇒

(
S̃d+1τ

ϵ
)2( 1

ϵ2
+

2

ϵ
+ · · ·

)
U*XRNV

I15 =

∫ τ

0

dτ1

∫ β

τ

dτ2

∫ τ1

0

dτ3

∫ τ2

τ

dτ4D(τ1 − τ2)D(τ3 − τ4)

β→∞
=⇒

(
S̃d+1τ

ϵ
)2(1

ϵ
+ · · ·

)
U*XkyV

SHm;;BM; i?2b2 p�Hm2b BMiQ 1[X U*X8V �M/ bBKTHB7vBM; ;Bp2b i?2 7mHH irQ@HQQT 2tT`2bbBQM

mb2/ BM 1[X UeXj3V BM i?2 K�BM i2tiX

ReR
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(R) �X S2HBbb2iiQ �M/ 1X oB+�`B- S?vbB+b _2TQ`ib je3- 89N UkyykVX

(k) GX G�M/�m �M/ 1X GB7b?Bix- ai�iBbiB+�H S?vbB+b- oQHX 8 U1Hb2pB2` a+B2M+2- kyRjVX

(j) EX :X qBHbQM �M/ CX EQ;mi- S?vbB+b _2TQ`ib Rk- d8 URNd9VX

(9) EX :X qBHbQM �M/ JX 1X 6Bb?2`- S?vbX _2pX G2iiX k3- k9y URNdkVX

(8) SX .X 6`�M+2b+Q- SX J�i?B2m- �M/ .X aûMû+?�H- *QM7Q`K�H 6B2H/ h?2Q`v- :`�/m�i2
h2tib BM *QMi2KTQ`�`v S?vbB+b UaT`BM;2`- L2r uQ`F- RNNdVX

(e) aX 1H@a?QrF- JX 6X S�mHQb- .X SQH�M/- aX _v+?FQp- .X aBKKQMb@.m{M- �M/ �X oB+?B-
S?vbX _2pX . 3e- yk8ykk UkyRkV- �`sBp,R9yjX9898 X

(d) aX 1H@a?QrF- JX 6X S�mHQb- .X SQH�M/- aX _v+?FQp- .X aBKKQMb@.m{M- �M/ �X oB+?B-
CX ai�iX S?vbX R8d- 3eN UkyR9V- �`sBp,R9yjX9898pk X

(3) SX *X >Q?2M#2`; �M/ "X AX >�HT2`BM- _2pX JQ/X S?vbX 9N- 9j8 URNddVX

(N) aX a�+?/2p- Zm�MimK S?�b2 h`�MbBiBQMb- kM/ 2/X U*�K#`B/;2 lMBp2`bBiv S`2bb- *�K@
#`B/;2- lE- kyRRVX

(Ry) CX GX *�`/v- CQm`M�H Q7 S?vbB+b �, J�i?2K�iB+�H �M/ :2M2`�H R3- Gd8d URN38VX

(RR) >X *�bBMB �M/ JX >m2`i�- S?vbX _2pX . 38- Rk8yRe UkyRkV- �`sBp,RkykX8e8y (?2T@i?) X

(Rk) JX :`2BM2`- PX J�M/2H- hX 1bbHBM;2`- hX qX > Mb+?- �M/ AX "HQ+?- L�im`2 9R8- jN
UkyykVX

(Rj) CX GX *�`/v- CQm`M�H Q7 S?vbB+b �, J�i?2K�iB+�H �M/ :2M2`�H Rd- Gj38 URN39VX

(R9) 6X EQb- .X SQH�M/- �M/ .X aBKKQMb@.m{M- CX >B;? 1M2`;X S?vbX kyR9- NR UkyR9V-
�`sBp,RjydXe38e X

(R8) 6X EQb- .X SQH�M/- �M/ .X aBKKQMb@.m{M- CX >B;? 1M2`;X S?vbX kyR9- RyN UkyR9V-
�`sBp,R9yeX9383 X

(Re) 6X EQb- .X SQH�M/- .X aBKKQMb@.m{M- �M/ �X oB+?B- CX >B;? 1M2`;X S?vbX kyRe- je
UkyReV- �`sBp,ReyjXy99je X

Rek

http://dx.doi.org/https://doi.org/10.1016/S0370-1573(02)00219-3
https://books.google.com/books?id=VzgJN-XPTRsC
http://dx.doi.org/https://doi.org/10.1016/0370-1573(74)90023-4
http://dx.doi.org/10.1103/PhysRevLett.28.240
http://arxiv.org/abs/1403.4545
http://arxiv.org/abs/1403.4545v2
http://dx.doi.org/10.1103/RevModPhys.49.435
http://stacks.iop.org/0305-4470/18/i=13/a=005
http://dx.doi.org/10.1103/PhysRevD.85.125016
http://arxiv.org/abs/1202.5650
http://dx.doi.org/10.1038/415039a
http://dx.doi.org/10.1038/415039a
http://stacks.iop.org/0305-4470/17/i=7/a=003
http://dx.doi.org/10.1007/JHEP06(2014)091
http://arxiv.org/abs/1307.6856
http://dx.doi.org/10.1007/JHEP11(2014)109
http://arxiv.org/abs/1406.4858
http://dx.doi.org/10.1007/JHEP08(2016)036
http://dx.doi.org/10.1007/JHEP08(2016)036
http://arxiv.org/abs/1603.04436
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(Rd) �X 62B;mBM- aX h`2#bi- �X qX qX Gm/rB;- JX h`Qv2`- �X EBi�2p- wX q�M;- �M/ JX >X
6`22/K�M- S?vbX _2pX G2iiX N3- Rey9yN UkyydVX

(R3) >X amr� �M/ aX hQ/Q- S?vbX _2pX G2iiX RR8- y3yeyR UkyR8V- �`sBp,R9ykXy39d X

(RN) 6X *X �H+�`�x �M/ >X CX >2``K�MM- CX S?vbX �X J�i?X :2MX ky- 8dj8 URN3dVX

(ky) JX q2B;2H �M/ qX C�MF2- 1m`QT?vbX G2iiX 8R- 8d3 UkyyyV- �`sBp,yyy3kNk (+QM/@K�i) X

(kR) uX .2M; �M/ >X qX CX "Hƺi2- S?vbX _2pX G2iiX 33- RNyeyk UkyykVX

(kk) _X *X "`Qr2`- :X hX 6H2KBM;- �M/ >X L2m#2`;2`- S?vbX G2iiX " dkR- kNN UkyRjV-
�`sBp,RkRkXeRNypR X

(kj) _X *X "`Qr2`- :X 6H2KBM;- �X :�b#�``Q- hX _�#2M- *X@AX h�M- �M/ 1X q2BM#2`;-
AM T`Q+22/BM;b ǳh?2 jj`/ AMi2`M�iBQM�H avKTQbBmK QM G�iiB+2 6B2H/ h?2Q`v UG�iiB+2
kyR8VǴ SQaUG�hhA*1 kyR8VkNe UkyReV- �`sBp,ReyRXyRjed X

(k9) CX wBMM@CmbiBM- Zm�MimK 6B2H/ h?2Q`v �M/ *`BiB+�H S?2MQK2M�- AMi2`M�iBQM�H b2`B2b Q7
KQMQ;`�T?b QM T?vbB+b U*H�`2M/QM S`2bb- kyykVX

(k8) JX GɃb+?2`- S?vbB+b G2ii2`b " RR3- jNR URN3kVX

(ke) 1X "`2xBM �M/ CX wBMM@CmbiBM- Lm+H2�` S?vbB+b " k8d- 3ed URN38VX

(kd) CX _m/MB+F- >X :mQ- �M/ .X C�bMQr- CQm`M�H Q7 ai�iBbiB+�H S?vbB+b 9R- j8j URN38VX

(k3) JX GɃb+?2`- Lm+H2�` S?vbB+b " kRN- kjj URN3jVX

(kN) *X "HQ+?- Lm+H2�` S?vbB+b e- jkN URN83VX

(jy) GX aF�H�- CX *őx2F- �M/ CX w�K�biBH- CQm`M�H Q7 S?vbB+b �, J�i?2K�iB+�H �M/ :2M2`�H
jk- 8dR8 URNNNVX

(jR) 1X ai2BM �M/ :X q2Bbb- AMi`Q/m+iBQM iQ 6Qm`B2` �M�HvbBb QM 1m+HB/2�M aT�+2b- J�i?2@
K�iB+�H a2`B2b US`BM+2iQM lMBp2`bBiv S`2bb- RNdRVX

(jk) *X EX �m �M/ uX �?�`QMQp- S?vbX _2pX � ky- kk98 URNdNVX

(jj) uX �?�`QMQp �M/ *X EX �m- S?vbX _2pX G2iiX 9k- R83k URNdNVX

(j9) JX a+?mH2`- aX q?BibBii- GX@SX >2M`v- aX a�+?/2p- �M/ �X JX G m+?HB- S?vbX _2pX G2iiX
RRd- kRy9yR UkyReVX

(j8) wX w?�M;- EX qB2`b+?2K- AX u�T- uX E�iQ- *X .X "�iBbi�- �M/ SX a2M;mTi�- S?vbX _2pX
" 3d- Rd99y8 UkyRjVX

(je) 1X JX aiQm/2MKB`2- SX :mbi�BMBb- _X CQ?�H- aX q2bb2H- �M/ _X :X J2HFQ- S?vbX _2pX
" Ny- kj8Rye UkyR9V- �`sBp,R9yRXj8y9 X

(jd) CX >2HK2b �M/ aX q2bb2H- S?vbX _2pX " Nk- Rk8Rky UkyR8V- �`sBp,R9RRXdddjpR X

Rej

http://dx.doi.org/10.1103/PhysRevLett.98.160409
http://dx.doi.org/10.1103/PhysRevLett.115.080601
http://arxiv.org/abs/1402.0847
http://dx.doi.org/10.1088/0305-4470/20/16/048
http://dx.doi.org/10.1209/epl/i2000-00377-0
http://arxiv.org/abs/0008292
http://dx.doi.org/10.1103/PhysRevLett.88.190602
http://dx.doi.org/10.1016/j.physletb.2013.03.009
http://arxiv.org/abs/1212.6190v1
http://arxiv.org/abs/1601.01367
http://arxiv.org/abs/1601.01367
http://arxiv.org/abs/1601.01367
http://dx.doi.org/10.1007/BF01009013
http://dx.doi.org/http://dx.doi.org/10.1016/0029-5582(58)90116-0
http://stacks.iop.org/0305-4470/32/i=30/a=314
http://stacks.iop.org/0305-4470/32/i=30/a=314
https://books.google.com/books?id=YUCV678MNAIC
http://dx.doi.org/10.1103/PhysRevA.20.2245
http://dx.doi.org/10.1103/PhysRevLett.42.1582
http://dx.doi.org/10.1103/PhysRevLett.117.210401
http://dx.doi.org/10.1103/PhysRevLett.117.210401
http://dx.doi.org/10.1103/PhysRevB.87.174405
http://dx.doi.org/10.1103/PhysRevB.87.174405
http://arxiv.org/abs/1401.3504
http://dx.doi.org/10.1103/PhysRevB.92.125120
http://arxiv.org/abs/1411.7773v1
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(j3) aX q?BibBii- JX a+?mH2`- GX@SX >2M`v- �X JX G m+?HB- �M/ aX a�+?/2p- S?vbX _2pX "
Ne- yj8R9k UkyRdVX

(jN) �X qX a�M/pBF �M/ .X CX a+�H�TBMQ- S?vbX _2pX G2iiX dk- kddd URNN9VX

(9y) GX q�M;- EX aX .X "2�+?- �M/ �X qX a�M/pBF- S?vbX _2pX " dj- yR99jR UkyyeV-
�`sBp,y8yNd9d (+QM/@K�i) X

(9R) JX GQ?ƺ72`- hX *QH2ii�- .X :X CQb?B- 6X 6X �bb��/- JX oQDi�- aX q2bb2H- �M/ 6X JBH�-
S?vbX _2pX " Nk- k98Rjd UkyR8V- �`sBp,R8y3Xyd3Re X

(9k) uX LBb?Bv�K�- 1m`X S?vbX CX " 3N- jR UkyReV- �`sBp,ReyRXy9ddk X

(9j) aX q2Mx2H �M/ qX C�MF2- S?vbX _2pX " dN- yR99Ry UkyyNV- �`sBp,y3y3XR9R3 X

(99) JX J�ibmKQiQ- *X u�bm/�- aX hQ/Q- �M/ >X h�F�v�K�- S?vbX _2pX " e8- yR99yd
UkyyRVX

(98) JX >�b2M#mb+? �M/ 1X oB+�`B- S?vbX _2pX " 39- Rk8Rje UkyRRVX

(9e) �X SQHv�FQp- :�m;2 }2H/b �M/ ai`BM;b U>�`rQQ/ �+�/2KB+- L2r uQ`F- RN3dVX

(9d) .X SQ/QHbFv �M/ aX a�+?/2p- S?vbX _2pX " 3e- y898y3 UkyRkV- �`sBp,Rky8Xkdyy (+QM/@
K�iX[m�Mi@;�b) X

(93) SX qX �M/2`bQM- S?vbX _2pX 3e- eN9 URN8kVX

(9N) JX :`Qbb- 1X a�M+?2x@o2H�b+Q- �M/ 1X .X aB;;B�- S?vbX _2pX " 9y- RRjk3 URN3NVX

(8y) "X "2`Mm- *X G?mBHHB2`- �M/ GX SB2``2- S?vbX _2pX G2iiX eN- k8Ny URNNkVX

(8R) "X "2`Mm- SX G2+?2KBM�Mi- *X G?mBHHB2`- �M/ GX SB2``2- S?vbX _2pX " 8y- Ryy93 URNN9V-
+QM/@K�ifN9ydyk3 X

(8k) SX �x�`B�- "X .2H�KQii2- �M/ .X JQm?�MM�- S?vbX _2pX G2iiX dy- k93j URNNjVX

(8j) aX _X q?Bi2 �M/ �X GX *?2`Mvb?2p- S?vbB+�H _2pB2r G2ii2`b NN- Rkdyy9 UkyydV-
�`sBp,ydy8Xkd9e (+QM/@K�iXbi`@2H) X

(89) sX :X q2M- AMi2`M�iBQM�H CQm`M�H Q7 JQ/2`M S?vbB+b " y9- kjN URNNyV-
?iiTb,ffrrrXrQ`H/b+B2MiB}+X+QKf/QBfT/7fRyXRR9kfaykRdNdNkNyyyyRjN X

(88) sX q2M- Zm�MimK 6B2H/ h?2Q`v Q7 J�Mv@"Q/v avbi2Kb, 6`QK i?2 P`B;BM Q7 aQmM/ iQ
�M P`B;BM Q7 GB;?i �M/ 1H2+i`QMb- Pt7Q`/ :`�/m�i2 h2tib UPlS Pt7Q`/- kyy9VX

(8e) hX a2Mi?BH- �X oBb?r�M�i?- GX "�H2Mib- aX a�+?/2p- �M/ JX SX �X 6Bb?2`- a+B2M+2 jyj-
R9Ny Ukyy9V- ?iiT,ffb+B2M+2Xb+B2M+2K�;XQ`;f+QMi2Mifjyjf8eejfR9NyX7mHHXT/7 X

(8d) hX a2Mi?BH- GX "�H2Mib- aX a�+?/2p- �X oBb?r�M�i?- �M/ JX SX �X 6Bb?2`- S?vbX _2pX
" dy- R999yd Ukyy9VX

Re9

http://dx.doi.org/10.1103/PhysRevLett.72.2777
http://dx.doi.org/10.1103/PhysRevB.73.014431
http://arxiv.org/abs/0509747
http://arxiv.org/abs/1508.07816
http://dx.doi.org/10.1140/epjb/e2016-60885-0
http://arxiv.org/abs/1601.04772
http://dx.doi.org/10.1103/PhysRevB.79.014410
http://arxiv.org/abs/0808.1418
http://dx.doi.org/10.1103/PhysRevB.84.125136
http://dx.doi.org/10.1103/PhysRevB.86.054508
http://arxiv.org/abs/1205.2700
http://arxiv.org/abs/1205.2700
http://dx.doi.org/10.1103/PhysRev.86.694
http://dx.doi.org/10.1103/PhysRevB.40.11328
http://dx.doi.org/10.1103/PhysRevLett.69.2590
http://dx.doi.org/10.1103/PhysRevB.50.10048
http://arxiv.org/abs/cond-mat/9407028
http://dx.doi.org/10.1103/PhysRevLett.70.2483
http://dx.doi.org/10.1103/PhysRevLett.99.127004
http://arxiv.org/abs/0705.2746
http://dx.doi.org/10.1142/S0217979290000139
http://arxiv.org/abs/https://www.worldscientific.com/doi/pdf/10.1142/S0217979290000139
https://books.google.com/books?id=RYESDAAAQBAJ
https://books.google.com/books?id=RYESDAAAQBAJ
http://arxiv.org/abs/http://science.sciencemag.org/content/303/5663/1490.full.pdf
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(83) LX _2�/ �M/ "X *?�F`�#Q`iv- S?vbX _2pX " 9y- dRjj URN3NVX

(8N) LX _2�/ �M/ aX a�+?/2p- S?vbX _2pX G2iiX ee- Rddj URNNRVX

(ey) sX :X q2M- S?vbX _2pX " 99- kee9 URNNRVX

(eR) hX >�MbbQM- oX P;�M2bv�M- �M/ aX aQM/?B- �MM�Hb Q7 S?vbB+b jRj- 9Nd Ukyy9VX

(ek) 6X CX q2;M2`- CQm`M�H Q7 J�i?2K�iB+�H S?vbB+b Rk- kk8N URNdRV-
?iiTb,ff/QBXQ`;fRyXRyejfRXRee88jy X

(ej) 1X 6`�/FBM �M/ aX >X a?2MF2`- S?vbX _2pX . RN- je3k URNdNVX

(e9) hX a2Mi?BH �M/ JX SX �X 6Bb?2`- S?vbX _2pX " ek- d38y UkyyyV- +QM/@K�ifNNRykk9 X

(e8) aX a�+?/2p- S?vbX _2pX " 98- Rkjdd URNNkVX

(ee) _X �X C�H�#2`i �M/ aX a�+?/2p- S?vbX _2pX " 99- e3e URNNRVX

(ed) aX a�+?/2p �M/ JX oQDi�- CX S?vbX aQ+X CTM eN- amTTX "- R URNNNV- +QM/@K�ifNNRykjR
X

(e3) _X JQ2bbM2` �M/ aX aQM/?B- S?vbX _2pX G2iiX 3e- R33R UkyyRVX

(eN) _X JQ2bbM2`- aX GX aQM/?B- �M/ 1X 6`�/FBM- S?vbX _2pX " e8- yk98y9 UkyyRV- +QM/@
K�ifyRyjjNe X

(dy) EX >r�M;- uX >m?- �M/ uX "X EBK- S?vbX _2pX " Nk- ky8RjR UkyR8V- �`sBp,R8ydXy9d9d
(+QM/@K�iXbi`@2H) X

(dR) uX@*X q�M;- uX ZB- aX *?2M- �M/ wX uX J2M;- S?vbX _2pX " Ne- RR8Rey UkyRdVX

(dk) �X �X S�i2H- .X *?Qr/?m`v- �X �HH�Bb- �M/ aX a�+?/2p- S?vbX _2pX " Nj- Re8RjN
UkyReV- �`sBp,ReykXy8N89 (+QM/@K�iXbi`@2H) X

(dj) �X oX *?m#mFQp- hX a2Mi?BH- �M/ aX a�+?/2p- S?vbX _2pX G2iiX dk- ky3N URNN9V- +QM/@
K�ifNjRRy98 X

(d9) �X oX *?m#mFQp- aX a�+?/2p- �M/ hX a2Mi?BH- Lm+H2�` S?vbB+b " 9ke- eyR URNN9V-
+QM/@K�ifN9ykyye X

(d8) aX oX Ab�FQp- _X :X J2HFQ- �M/ JX "X >�biBM;b- a+B2M+2 jj8- RNj UkyRkV-
?iiT,ffb+B2M+2Xb+B2M+2K�;XQ`;f+QMi2Mifjj8feye8fRNjX7mHHXT/7 X

(de) "X arBM;H2 �M/ hX a2Mi?BH- S?vbX _2pX " 3e- R88RjR UkyRkV- �`sBp,RRyNXjR38 (+QM/@
K�iXbi`@2H) X

(dd) �X uX EBi�2p- �MM�Hb Q7 S?vbB+b jyj- k UkyyjV- [m�Mi@T?fNdydykR X

(d3) aX h`2#bi- SX q2`M2`- JX h`Qv2`- EX a?i2M;2H- �M/ *X L�v�F- S?vbX _2pX G2iiX N3-
ydyeyk UkyydVX
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(dN) AX aX hmTBibvM- �X EBi�2p- LX oX S`QFQ7Ƕ2p- �M/ SX *X 1X ai�KT- S?vbB+�H _2pB2r "
3k- y38RR9 UkyRyV- �`sBp,�`sBp,y3y9XjRd8pR X

(3y) CX oB/�H- aX .mbm2H- �M/ EX SX a+?KB/i- S?vbB+�H _2pB2r " dN- yjjRyN UkyyNVX

(3R) 6X qm- uX .2M;- �M/ LX S`QFQ7Ƕ2p- S?vbB+�H _2pB2r " 38- RN8Ry9 UkyRkVX

(3k) wX w?m �M/ aX _X q?Bi2- S?vbX _2pX " Nk- y9RRy8 UkyR8V- �`sBp,R8ykXy93jR (+QM/@
K�iXbi`@2H) X

(3j) qX@CX >m- aX@aX :QM;- qX w?m- �M/ .X LX a?2M;- S?vbX _2pX " Nk- R9y9yj UkyR8V-
�`sBp,R8y9Xyye89 (+QM/@K�iXbi`@2H) X

(39) JX "X >�biBM;b- S?vbX _2pX " eN- Ry99jR Ukyy9V- +QM/@K�ifyjy88y8 X

(38) aX oX Ab�FQp- hX a2Mi?BH- �M/ uX "X EBK- S?vbX _2pX " dk- Rd99Rd Ukyy8VX

(3e) SX *�H�#`2b2 �M/ CX *�`/v- CX ai�iX J2+?X e- yeyyk Ukyy9V- ?2T@i?fy9y8R8k X

(3d) aX _vm �M/ hX h�F�v�M�;B- S?vbX _2pX G2iiX Ne- R3Reyk UkyyeV- �`sBp,?2T@i?fyeyjyyR
(?2T@i?) X

(33) �X EBi�2p �M/ CX S`2bFBHH- S?vbB+�H _2pB2r G2ii2`b Ne- RRy9y9 UkyyeV- ?2T@i?fy8RyyNk
X

(3N) JX G2pBM �M/ sX@:X q2M- S?vbB+�H _2pB2r G2ii2`b Ne- RRy9y8 UkyyeV- +QM/@
K�ify8RyeRj X

(Ny) 1X 6`�/FBM �M/ CX 1X JQQ`2- S?vbB+�H _2pB2r G2ii2`b Nd- y8y9y9 UkyyeV- +QM/@
K�ifyey8e3j X

(NR) aX .QM;- 1X 6`�/FBM- _X :X G2B;?- �M/ aX LQrHBM;- CQm`M�H Q7 >B;? 1M2`;v S?vbB+b 8-
yRe Ukyy3V- �`sBp,y3ykXjkjR (?2T@i?) X

(Nk) "X >bm- JX JmHHB;�M- 1X 6`�/FBM- �M/ 1X@�X EBK- S?vbX _2pX " dN- RR89kR UkyyNV-
�`sBp,y3RkXykyj (+QM/@K�iXbi�i@K2+?) X

(Nj) JX �X J2iHBibFB- *X �X 6m2`i2b- �M/ aX a�+?/2p- S?vbX _2pX " 3y- RR8Rkk UkyyNV-
�`sBp,yNy9X99dd (+QM/@K�iXbi�i@K2+?) X

(N9) uX w?�M;- hX :`Qp2`- �X hm`M2`- JX Pb?BF�r�- �M/ �X oBb?r�M�i?- S?vbX _2pX " 38-
kj8R8R UkyRkV- �`sBp,RRRRXkj9k (+QM/@K�iXbi`@2H) X

(N8) _X *X Jv2`b �M/ �X aBM?�- S?vbX _2pX . 3k- y9eyye UkyRyV- �`sBp,RyyeXRkej (?2T@i?)
X

(Ne) _X *X Jv2`b �M/ �X aBM?�- C>1S yR- Rk8 UkyRRV- �`sBp,RyRRX83RN (?2T@i?) X

(Nd) .X GX C�z2`Bb- AX _X EH2#�MQp- aX aX Sm7m- �M/ "X _X a�7/B- C>1S ye- Ryk UkyRRV-
�`sBp,RRyjXRR3R (?2T@i?) X
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(N3) AX _X EH2#�MQp- aX aX Sm7m- �M/ "X _X a�7/B- C>1S Ry- yj3 UkyRRV- �`sBp,RRy8X98N3
(?2T@i?) X

(NN) AX _X EH2#�MQp- aX aX Sm7m- aX a�+?/2p- �M/ "X _X a�7/B- C>1S y8- yje UkyRkV-
�`sBp,RRRkX8j9k (?2T@i?) X

(Ryy) hX :`Qp2`- S?vbX _2pX G2iiX RRk- R8ReyR UkyR9V- �`sBp,RkRRXRjNk (?2T@i?) X

(RyR) LX P;�r�- hX h�F�v�M�;B- �M/ hX l;�DBM- C>1S yR- Rk8 UkyRkV- �`sBp,RRRRXRykj
(?2T@i?) X

(Ryk) GX >mBDb2- aX a�+?/2p- �M/ "X arBM;H2- S?vbX _2pX " 38- yj8RkR UkyRkV-
�`sBp,RRRkXy8dj (+QM/@K�iXbi`@2H) X

(Ryj) aX :BQK#B �M/ AX _X EH2#�MQp- C>1S yj- RRd UkyR8V- �`sBp,R9yNXRNjd (?2T@i?) X

(Ry9) GX 62B- aX :BQK#B- AX _X EH2#�MQp- �M/ :X h�`MQTQHbFv- CQm`M�H Q7 >B;? 1M2`;v S?vbB+b
Rk- R88 UkyR8V- �`sBp,R8ydXyRNey (?2T@i?) X

(Ry8) aX :BQK#B- AX _X EH2#�MQp- �M/ :X h�`MQTQHbFv- CX S?vbX � 9N- Rj89yj UkyReV-
�`sBp,R8y3Xyej89 (?2T@i?) X

(Rye) GX 62B- aX :BQK#B- AX _X EH2#�MQp- �M/ :X h�`MQTQHbFv- S`Q;`X h?2Q`X 1tTX S?vbX
kyRe- Rk*Ry8 UkyReV- ReydXy8jRe X

(Ryd) :X h�`MQTQHbFv- S?vbX _2pX . Ne- yk8yRd UkyRdVX

(Ry3) *X >QHx?2v- 6X G�`b2M- �M/ 6X qBH+x2F- Lm+H2�` S?vbB+b " 9k9- 99j URNN9VX

(RyN) >X *�bBMB �M/ JX >m2`i�- CX S?vbX �9k- 8y9yyd UkyyNV- �`sBp,yNy8Xk8ek (?2T@i?) X

(RRy) hX >B`�i� �M/ hX h�F�v�M�;B- C>1S yk- y9k UkyydV- �`sBp,?2T@i?fyey3kRj (?2T@i?) X

(RRR) SX "m2MQ- _X *X Jv2`b- �M/qXqBi+x�F@E`2KT�- S?vbB+�H _2pB2r G2ii2`b RR8- ykReyk
UkyR8V- �`sBp,R8y8Xy93y9 (?2T@i?) X

(RRk) >X 1Hp�M; �M/ JX >�/DB�MiQMBb- S?vbB+b G2ii2`b " d9N- j3j UkyR8V- �`sBp,R8yeXyedkN
(?2T@i?) X

(RRj) LX G�~Q`2M+B2- .X CX GmBix- �M/ 6X �H2i- S?vbX _2pX " Nk- RR8Rke UkyR8V-
�`sBp,R8yeXyjdyj (+QM/@K�iXbi`@2H) X

(RR9) SX "m2MQ �M/ qX qBi+x�F@E`2KT�- S?vbX _2pX " Nj- y98RjR UkyReV- �`sBp,R8RRXy9ydd
(+QM/@K�iXbi`@2H) X

(RR8) CX >2HK2b- GX 1X >�vr�`/ aB2`2Mb- �X *?�M/`�M- qX qBi+x�F@E`2KT�- �M/ _X :X
J2HFQ- S?vbX _2pX " N9- Rk8R9k UkyReV- �`sBp,ReyeXyjyNe (+QM/@K�iXbi`@2H) X

(RRe) SX "m2MQ �M/ _X *X Jv2`b- CQm`M�H Q7 >B;? 1M2`;v S?vbB+b 3- e3 UkyR8V-
�`sBp,R8y8Xyd39k (?2T@i?) X

Red

http://dx.doi.org/10.1007/JHEP10(2011)038
http://arxiv.org/abs/1105.4598
http://arxiv.org/abs/1105.4598
http://dx.doi.org/10.1007/JHEP05(2012)036
http://arxiv.org/abs/1112.5342
http://dx.doi.org/10.1103/PhysRevLett.112.151601
http://arxiv.org/abs/1211.1392
http://dx.doi.org/10.1007/JHEP01(2012)125
http://arxiv.org/abs/1111.1023
http://arxiv.org/abs/1111.1023
http://dx.doi.org/10.1103/PhysRevB.85.035121
http://arxiv.org/abs/1112.0573
http://dx.doi.org/10.1007/JHEP03(2015)117
http://arxiv.org/abs/1409.1937
http://dx.doi.org/10.1007/JHEP12(2015)155
http://dx.doi.org/10.1007/JHEP12(2015)155
http://arxiv.org/abs/1507.01960
http://dx.doi.org/10.1088/1751-8113/49/13/135403
http://arxiv.org/abs/1508.06354
http://dx.doi.org/10.1093/ptep/ptw120
http://dx.doi.org/10.1093/ptep/ptw120
http://arxiv.org/abs/1607.05316
http://dx.doi.org/10.1103/PhysRevD.96.025017
http://dx.doi.org/http://dx.doi.org/10.1016/0550-3213(94)90402-2
http://dx.doi.org/10.1088/1751-8113/42/50/504007
http://arxiv.org/abs/0905.2562
http://dx.doi.org/10.1088/1126-6708/2007/02/042
http://arxiv.org/abs/hep-th/0608213
http://dx.doi.org/10.1103/PhysRevLett.115.021602
http://dx.doi.org/10.1103/PhysRevLett.115.021602
http://arxiv.org/abs/1505.04804
http://dx.doi.org/10.1016/j.physletb.2015.08.017
http://arxiv.org/abs/1506.06729
http://arxiv.org/abs/1506.06729
http://dx.doi.org/10.1103/PhysRevB.92.115126
http://arxiv.org/abs/1506.03703
http://dx.doi.org/10.1103/PhysRevB.93.045131
http://arxiv.org/abs/1511.04077
http://arxiv.org/abs/1511.04077
http://dx.doi.org/10.1103/PhysRevB.94.125142
http://arxiv.org/abs/1606.03096
http://dx.doi.org/10.1007/JHEP08(2015)068
http://arxiv.org/abs/1505.07842


_272`2M+2b

(RRd) hX 6�mHFM2`- _X :X G2B;?- �M/ PX S�``BF�`- CQm`M�H Q7 >B;? 1M2`;v S?vbB+b 9- 33
UkyReV- �`sBp,R8RRXy8RdN (?2T@i?) X

(RR3) >X Pb#Q`M �M/ �X S2iFQm- �MM�Hb Q7 S?vbB+b kjR- jRR URNN9V- ?2T@i?fNjydyRy X

(RRN) aX a�+?/2p- S?vbB+b G2ii2`b " jyN- k38 URNNjV- ?2T@i?fNjy8RjR X

(Rky) JX Pb?BF�r�- �`sBp 2@T`BMib UkyRyV- �`sBp,RyydXjdjN (+QM/@K�iXbi�i@K2+?) X

(RkR) "X >bm �M/ 1X 6`�/FBM- CQm`M�H Q7 ai�iBbiB+�H J2+?�MB+b, h?2Q`v �M/ 1tT2`BK2Mi N-
yNyy9 UkyRyV- �`sBp,RyyeXRjeR (+QM/@K�iXbi�i@K2+?) X

(Rkk) sX *?2M- qX qBi+x�F@E`2KT�- hX 6�mHFM2`- �M/ 1X 6`�/FBM- CQm`M�H Q7 ai�iBbiB+�H
J2+?�MB+b, h?2Q`v �M/ 1tT2`BK2Mi kyRd- y9jRy9 UkyRdVX

(Rkj) sX *?2M- :X uX *?Q- hX 6�mHFM2`- �M/ 1X 6`�/FBM- CQm`M�H Q7 ai�iBbiB+�H J2+?�MB+b,
h?2Q`v �M/ 1tT2`BK2Mi k- ykyRy UkyR8V- �`sBp,R9RkXj89e (+QM/@K�iXbi`@2H) X

(Rk9) qX qBi+x�F@E`2KT�- GX 1X >�vr�`/ aB2`2Mb- �M/ _X :X J2HFQ- �`sBp 2@T`BMib UkyReV-
�`sBp,ReyjXyke39 (+QM/@K�iXbi`@2H) X

(Rk8) GX *?QDM�+FB- *X ZX *QQF- .X .�HB/QpB+?- GX 1X >�vr�`/ aB2`2Mb- úX G�Mi�;M2@
>m`im#Bb2- _X :X J2HFQ- �M/ hX CX oH��`- S?vbX _2pX " N9- Re8Rje UkyReV-
�`sBp,ReydXy8jRR (+QM/@K�iXbi`@2H) X

(Rke) JX �X J2iHBibFB �M/ hX :`Qp2`- �`sBp 2@T`BMib UkyRRV- �`sBp,RRRkX8Ree (+QM/@K�iXbi`@
2H) X

(Rkd) JX "X >�biBM;b- AX :QMx�H2x- �X "X E�HHBM- �M/ _X :X J2HFQ- S?vbB+�H _2pB2r G2ii2`b
Ry9- R8dkyR UkyRyV- �`sBp,RyyRXkjj8 (+QM/@K�iXbi`@2H) X

(Rk3) aX AM;HBb �M/ _X :X J2HFQ- L2r CQm`M�H Q7 S?vbB+b R8- ydjy93 UkyRjV- �`sBp,Rjy8XRyeN
(+QM/@K�iXbi`@2H) X

(RkN) JX SX �X 6Bb?2`- SX "X q2B+?K�M- :X :`BMbi2BM- �M/ .X aX 6Bb?2`- S?vbX _2pX " 9y-
89e URN3NVX

(Rjy) sX w?�M;- *X@GX >mM;- aX@EX hmM;- �M/ *X *?BM- a+B2M+2 jj8- Rydy UkyRkV-
�`sBp,RRyNXyj99 (+QM/@K�iX[m�Mi@;�b) X

(RjR) JX 1M/`2b- hX 6mFm?�`�- .X S2FF2`- JX *?2M2�m- SX a+?�mĽ- *X :`Qbb- 1X .2KH2`-
aX Em?`- �M/ AX "HQ+?- L�im`2 93d- 989 UkyRkV- �`sBp,Rky9X8R3j (+QM/@K�iX[m�Mi@;�b)
X

(Rjk) uX >m�M;- EX *?2M- uX .2M;- �M/ "X apBbimMQp- S?vbX _2pX " N9- kky8yk UkyReV-
�`sBp,Rey3Xykkjk (+QM/@K�iX[m�Mi@;�b) X

(Rjj) CX GX aKBi? �M/ ZX aB- 1SG U1m`QT?vbB+b G2ii2`bV 98- kk3 URNNNVX

(Rj9) �X JX a2M;mTi�- S?vbX _2pX " eR- 9y9R UkyyyVX
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