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Emergent gapless fermions in strongly-correlated phases of

matter and quantum critical points

ABSTRACT

States with gapless degrees of freedom are typically more complicated and less well-
understood than systems possessing a gap. In this thesis, we study strongly-correlated
systems described by gapless fermions. In most of the systems we consider, the fermionic
excitations are emergent, i.e. they are not adiabatically connected to the electrons which
constitute the fundamental building blocks of the system in question.

We start by proposing several novel states of matter which we claim are relevant to
strongly-correlated systems. The first state we present is a fractionalized Fermi liquid on the
surface of a topological Kondo insulator. A Kondo insulator is a material which becomes
insulating at low temperatures as a result of strong electron-spin interactions. When spin-
orbit coupling is present, this insulator might be topological and, consequently, host robust
gapless surface modes. Given the strong interactions and the decreased dimensionality of
the surface, we propose that the spins and electrons there may decouple, resulting in the
formation of a fractionalized Fermi liquid.

We next argue that quantum electrodynamics in 2+1 dimensions (QED3) with Ny = 4
fermion flavours may describe a continuous, deconfined phase transition connecting the 120°
coplanar Néel phase and the v/12 x /12 valence bond solid phase of the triangular lattice
antiferromagnet (AF). In addition to being a critical point, QEDj is also believed to describe
a critical phase of matter called the Dirac spin liquid. Regardless of whether QED3 is manifest
as a phase or a critical point, impurities and imperfections are always present in the real
world, and it is therefore important to understand what effects this may have. We show that
when QEDj is perturbed by weak disorder, under certain circumstances, it flows to a new

critical point in which both interactions and disorder are present.
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Conclusively identifying a system described by QED3 has proven to be a difficult task, not
only experimentally, but in numerical studies as well. Since QEDj is a critical theory, its
spectrum on a torus is a universal quantity dependent only on low-energy degrees of freedom,
such as the torus area. It follows that this data is accessible via exact diagonalization and
can serve as an identifying signature of the theory. To this end, we calculate the QEDj3 torus
spectrum using path integral methods.

We conclude this thesis with a comprehensive study of gapped Zs spin liquids of the square
lattice antiferrogmagnet, using a critical theory of Dirac fermions coupled to an SU(2) gauge
field as a starting point. There are many different Zs spin liquid groundstates which preserve
the same symmetry group. Even if one knows that a system has a Zs spin liquid groundstate,
it is by no means obvious which Z. spin liquid is being realized. By starting from a gapless
theory, the set of possibilities can be reduce considerably. Further, using certain recently

proposed dualities, comparisons with theories formulated using bosons can be made.
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FIGURES

2.1

2.2

2.3

Energy spectrum for Jy = 0.15, Jx = 0.3. Both V and x are constant
throughout the bulk, but both p; and A; have been self-consistently solved
to ensure that n. = ny = 1 on every site (see Appendix A.1). (a) The full
spectrum is shown. (b) A closer view of the insulating gap, where the Dirac
cone is clearly visible. We use units with ¢; = 1.0. Calculations were done
with t, = —0.25 and at a temperature of 107>, . . . . . . ... ... ...
(a) Schematic phase diagram of surface states. (b),(c) Cartoon depictions of
surface FL* states. In the dark blue region, the electron spins and localized
moments are locked into singlets. Towards the edge (the pale blue region
outlined in orange) the conduction electrons decouple from the moments, and
the latter form a spin liquid. Naturally, the conduction electrons remain
coupled to each other at all sites. . . . . . ... ... ... ... .......
Spatial dependence of mean field parameters in SFL* phases. In the left
column, we plot values corresponding to the spin chain SFL* (Jg = 0.15,
Jxg = 0.3) while on the right values corresponding to the spin ladder SFL*
(Jg = 0.25, Jg = 0.3) are shown. (a),(b) Hybridization V;. (c),(d) Spinon
bond parameters x;, in the direction perpendicular (blue) and parallel (red)
to the boundary. (e),(f) The Lagrange multiplier field \;. In (a)—(f), the
yellow dashed line plots the value obtained in the translationally invariant
case. We use units with ¢; = 1.0. Calculations were done with t5 = —0.25

and at a temperature of 107°. . . . . ...
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4.1

4.2

4.3

4.4

4.5

Energy spectra in SFL* phases. (a) Spin chain SFL* (Jy = 0.15, Jx = 0.3).
The ground state has V; = 0 on the first surface layer and the moments form
a spin chain decoupled from the bulk. (b) Spin ladder SFL* (Jy = 0.25,
Jg = 0.3). The ground state has V; = 0 on the first two layers and a spin
ladder is present on the surface. In both figures, the dash-dotted red curve
represents the one-dimensional cosine dispersion found for the spinons and is
merely an artifact of the ansatz. We use units with t; = 1.0. Calculations

were done with t, = —0.25 and at a temperature of 107°. . . . . . . ... ..

The global phase diagram of spin-1/2 systems on the triangular lattice. The
intertwinement between the order parameters is captured by the WZW term
Eq. (3.2). Our RG analysis concludes that there is a direct unfine-tuned
SO(3)-to-SO(3) transition, which is a direct unfine-tuned transition between
the noncollinear magnetic order and the VBS order. The detailed structure

of the shaded areas demands further studies . . . . . . . . . . . .. .. ...

The kagome lattice. The arrows indicate the convention chosen for the bond
directions of the spin chirality operator, S; x §;, where i and j label nearest-
neighbour sites. The order of the cross product is taken such that first spin
sits at the lattice site pointing towards the site of the second spin. Later,
we will use the same ordering convention to define nearest-neighbour bond
operators S;-S;. . . ...
Diagrammatic expression for the effective photon propagator in the large- N
limit. The dotted lines indicate the bare photon propagator, wa(p), while
the fermion bubbles are equal to II,,(¢). As indicated in the text, only the
full photon propagator will be used. . . . . . . ... ... ... ... ...
Feynman rules associated with the replicated action, .S, [w, W, A]. The dia-
grams on the first and second rows are diagonal with respect to the replica
and flavor indices. In the four-point diagrams, ¢ and m are replica indices
while «, 3, 0, p label the 2N fermion flavors. . . . . . . ... ... ... ...
Example of a diagram which vanishes in the replica limit, n — 0. The internal
fermion loop involves a sum over all replica indices, and multiplies the diagram

by an overall factorof n. . . . . . . ...

51

Feynman diagrams which contribute to the fermion self-energy at O(ge,1/2N). 54
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5.1

Diagrams which contribute when only SU(2N)-preserving, bilinear disorder
is considered (¢to = gaa = Gva = 0). Both Figs. 4.6(c) and 4.6(d) are
accompanied by a diagram with the interaction on the other vertex. Partner

diagrams to Fig. 4.6(e) with the fermion loop direction reversed and/or the

vertex switched are also present. These diagrams sum to [1 ® 1][1 ® 1] {fr—ge +

649554 o 48!]3[]2
71'2(2]\7)6 7T2(2N)6 .................................

The only disorder diagram to contribute to O(gz/2N) when B(z) is the only
random field coupled to QEDj3. Note that it is subleading to the self-energy
diagrams we consider elsewhere in the paper (Fig. 4.5). It contributes a di-
vergence —ipyy" ( 27r(921§\,)6>. ............................

RG flow in the (a) (gt.,94.) plane, (b) (gt 9v.) plane, and (c) (gs, gv.2)
plane with all other couplings set to zero. (d) shows the (g:1,94.1) plane

with g;. = ¢ and all other couplings vanishing. The critical point with all
couplings equal to zero (no disorder) is marked in orange with “A” and the
critical point with g, ., = ¢ is marked in green with a “B”. In (a), the critical
line is drawn in green. Here ¢ = 128/3w(2N). . . . . . . . .. ... .. ...
Bond ordering of bond order and vector chirality operators corresponding to
the topological currents, thop,

directions respectively. Our convention is that in Cj; = S; x §;, the ith site

and the spin currents J§ () in the z and y

points towards the jth. The double arrows in (a) identify the bonds which
are weighted twice as strongly as others, while the absence of arrows on the
horizonal bonds in (b) implies that they do not contribute at all. . . . . . .

Diagrams which contribute to the current-current correlator. . . . . . . . ..

Plot of II$*(w,0) and |w| /27A. When k = 0, the modes are two-fold degen-
erate and occur when II3* = 0. For k£ # 0, the degeneracy splits and the
frequencies are given by the intersection points I1%*(w, 0) = & |w| /(27A). For
A = 4, this occurs when the solid blue and dashed magenta lines cross. The
lowest and second-lowest energies are shown in black with an asterisk and a
circle respectively. The vertical dash-dotted lines in red mark the poles of

" at the two-particle energies of the free theory. (0= Lw/2m.) . . . .. ..
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5.3
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6.2

C.1

C.2

Plot of the modes of the Dirac-CS theory as a function of 1/A. When 1/X — 0,
the CS term vanishes, and the energies are two-fold degenerate, occurring
when ITf" = 0. These are marked with the dashed purple line. As 1 /A
becomes large, the lowest mode approaches zero and all others approach the
two-particle energies of the free theory, shown with a dash-dotted red line.
(W=Lw/2m, A= Ng/k.) . . . .
Plot of I1%(w, 1) and 11} (w, 1) for q; = 27(1,0)/L, shown in solid blue and
dashed magenta respectively. The vertical dash-dotted lines in red denote the

two-particle energies of the free theory, E¢(qi,p). (0 = Lw/2m.) . . . . . ..

(a) Schematic phase diagram of the CP' theory in Eq. (6.4) as a function of g
and s (s2 in Eq. (6.7) is large and positive); Eq. (6.2) describes the deconfined
critical Néel-VBS transition at a critical g = g.. (b) Schematic phase diagram
of the SU(2) QCD; theory with N; = 2 flavors of massless Dirac fermions
in Eq. (6.6) as a function of s and 5; (52 in Eq. (6.8) is large and positive).
The ‘Wen’ labels refer to the naming scheme in Ref. 184. The Z, spin liquids
Ay and Ay in (a) and (b) are argued to be topologically identical, as are
the confining states with VBS order. The critical spin liquids in (b) to be
unstable to the corresponding phases with magnetic order in (a), with the
critical SU(2) spin liquid surviving only at the Néel-VBS transition. All Z,
spin liquids are shown shaded in all figures. . . . . . . . .. ... ... ....
(a) Schematic phase diagram of the CP' theory in Egs. (6.4) and (6.7) as a
function of s; and sy (for large g). (b) Schematic phase diagram of the SU(2)
QCDj theory with N; = 2 flavors of massless Dirac fermions in Egs. (6.6) and
(6.8) as a function of 5, and 5y (for s < 0 and |s| large). All four phases in
(a) and (b) are argued to be topologically identical. So for the Zs spin liquids
Ay = Ay, By = By, and Cy, = C. Phases By and Cf do not appear in Wen’s

classification [184] because they break global symmetries. . . . . . . . .. ..

Feynman rules for diagrams without flavor indices. a,b,c,d on the graphs
label the spinor indices, and ¢ and m label the replica indices. The vertex
on the left describes mass-like disorders, such as M,(r) and M, ,(r), and the
diagram on the right corresponds to the SU(2) scalar and vector potential
disorder, V,(r), and A;,(r). . . . ... o
4-point diagrams with photon and mass-like disorder internal lines. Below
each diagram, the divergent piece, if present, is given. (The factor of 27 (qp)

has been been suppressed for simplicity.) . . . . . ... ... ... ... ...
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Below each diagram, the divergent piece, if present, is given. (The factor
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Chapter 1

INTRODUCTION

1.1 QUANTUM STATES OF MATTER

Our understanding of matter is founded on the identification and classification of different
phases. In the standard Landau-Ginzburg approach, this assignment is determined by the

symmetries of the system. The standard example is that of the (classical) Ising model,
cl z _z
Hi(sng = _‘]Zo_iaj7 (11)
(24)

where o = £1 on each site ¢ and J > 0. This Hamiltonian is invariant under the global Z,
transformation, o7 — —o7. At high temperatures, to maximize entropy, the system chooses
a paramagnetic state, 7.e. one in which the average magnetization vanishes: m = (o) = 0.
Conversely, in dimensions d > 2, at low temperatures, the system prefers to minimize its
energy by selecting one of its two groundstates and spontaneously breaking the Z, symmetry.
The resulting phase is a ferromagnet, with either m — +1 or m — —1 as the temperature

approaches zero.

A direct analogue exists in a (zero temperature) quantum model. The Hamiltonian is

Hffi:?g) = —gJZaf — JZafaj, (1.2)
i (i3)
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where both J and g are positive and o} now represents a 2 x 2 Pauli matrix. As in the classical
case, H Z(;Tg) is invariant under a global Z, transformation. The action of this symmetry on
the operators of the theory is implemented though conjugation by O =[], o7. In particular,
O acts on the Pauli operators as 07 — —o7 and o — o7, establishing that O commutes with
H fs‘i;ng) . Instead of the temperature, the transition is tuned by the strength of the transverse
field g. When g > 1, (0f) — +1 in the groundstate: |gnd),__ = &), \/Li (I, +14);)- Since

¥

the magnetization then vanishes, (o7}

) = 0, this is the paramagnetic phase. In the opposite
limit, g < 1, the groundstate is ferromagnetic with either (o) — +1 or (o7) — —1.

While certain phases may be characterized by their symmetries in this way, it is by no
means a sufficient method of classification when quantum mechanics is considered.In partic-
ular, quantum entanglement often plays a very important role, and its inclusion results in a

much richer set of states. We briefly review some of the more important examples, placing

special emphasis on those relevant for this thesis.

1.1.1 Z, TOPOLOGICAL ORDER

A gapped phase is said to have ‘long-range entanglement’ when there is no set of local
transformations which can map the groundstate to a product state without closing the gap
or exiting the phase [181, 182]. Zs spin liquids (SLs) are among the the best-known long-
range entangled phases [145, 183]. These phases possess what is know as ‘Zs topological
order. This topological character becomes evident when a Z, spin liquid is placed on a
manifold with nonzero genus, ¢, such as torus: provided the surface is large enough, one
finds 49 (essentially) degenerate grounstates. Tunnelling between these states can only occur
via non-local operators that stretch around one of the cycles of the manifold. For instance,
for a square torus with lengths L in both the x and y directions, it follows that the energy
splitting between the four degenerate groundstates is of the order ~ e ™ where A is the
gap to the excited states.

A more striking aspect of the Z, SL is that it hosts nonlocal excitations that satisfy
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fractional statistics. There are two distinct bosonic excitations, e and m, which have semionic
mutual statistics, i.e. the wavefunction picks up a minus sign when an m particle is taken
around an e particle. A third particle, £, can be formed as a bound state of the first two,
e ~ em. It also has mutual semionic statistics with e and m, but its self-statistics are
fermionic.

These nontrivial properties may be interpreted as consequences of an emergent Z, gauge
field under which all the excitations are charged. This Z5 gauge redundancy is not a physical
property, and it follows that the total wavefunction must always be invariant under its action.
For this to be true, excitations must always appear in pairs. Notably, this implies that Z,
spin liquids have no fermionic excited states even though there is a fermionic excitation e.
Nevertheless, the theory is deconfined, and the excitations may be arbitrarily far from one
another, with the region separating them indistinguishable from the groundstate.

The Zs SL structure becomes much more complicated when symmetries are included: in
addition to obeying fractional statistics, the excitations may also carry fractional quantum
numbers of the symmetry group. To see why, consider the action of an unbroken symmetry
G on a state containing two ¢ excitations located at r and r'. G will exclusively affect the
region immediately surrounding the excitations: G |r, vy = 4.(r)94.(v') |r, "), where ¥4.(r)
are local operators with support near r. Since ¥.(r) always appears with a partner, it need
only satisfy the group relations of G up to a minus sign. For instance, both ¥4.(r)¥.(r) =
+1 and 9.(r)4.(r) = —1 are consistent with G* = 1. This is referred to as ‘symmetry
fractionalization’ [43] and is discussed in greater detail in Chapter 6.4.1. (The ‘projective
symmetry group’ [184]; a related concept, is reviewed in Chapter 6.3 and Appendix E.2.)

When symmetry fractionalization is possible, classifying states solely by their physical
symmetries is no longer an option: numerous Z, SLs with distinct symmetry fractionaliza-

tions may exist for a single set of physical symmetries.
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1.1.2 QUANTUM CRITICAL POINTS AND CONFORMAL FIELD THEORIES

Quantum correlations are also especially strong at a quantum critical point (QCP) — i.e. a
continuous phase transition at zero temperature [155]. Not only are critical points interesting
in their own right, but they also provide a natural way to probe the adjoining phases and
study the full phase diagram. At a QCP, a description in terms of quasi-particles is often
meaningless, and these ‘strongly-interacting’ critical theories will be the focus of the following
discussion.

The critical point separating the disordered and ordered phases of the quantum Ising
model in d = 2 spatial dimensions is probably the best-known example of a quantum phase

transition. It is described by ¢* theory [193]:

A

24, (13)

1 1
Ly = 5 (0,0)% — 57“@52 ~

where ¢ is a scalar field and g is summed over both space and time directions. Like the
transverse field Ising model in Eq. (1.2), £, possesses a global Z, symmetry under which
¢ — —¢. The phase transition is tuned via the mass r. When r > 0, (¢) = 0, indicating
that this is the paramagnetic phase, whereas when r < 0, (¢) # 0 and the Z, symmetry
is broken. The phase transition occurs exactly at the point where the mass r vanishes
(in the appropriate renormalization scheme). Its most salient feature is the presence of a
scaling symmetry, resulting in the algebraic decay of correlation functions [191, 192]. This
is indicative of the critical theory’s strongly-correlated nature.

In addition to the scaling symmetry, a number of symmetries that are not present at the
microscopic level may emerge at a quantum critical point. Notably, the strongly-interacting
theories of interest frequently have an emergent Lorentz symmetry. For instance, while the
Ising model presented at the being of this chapter is quite clearly non-relativistic, the theory
describing its phase transition, Eq. (1.3), is Lorentz-invariant. One reason this occurs so

frequently in strongly-interacting theories is simply that non-relativistic theories are more
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likely to be weakly interacting. In a non-relativistic theory, the action typically possesses a
linear time derivative and quadratic space derivatives. time typically scales linearly and mo-
mentum scales quadratically. This raises the effective dimension of the field theory, making
it more likely to behave like a free theory at low energies [155].

In conjunction with the scaling symmetry, the emergent Lorentz symmetry typically im-
plies the existence of a larger conformal symmetry, and this has actually been proven in both
141 and 3+1 dimensions [39, 125]. When this is the case, the critical point is described by
a conformal field theory (CFT) [36, 151, 173].

The conformal symmetry imposes rather stringent consistency conditions, so it is typically
assumed that two CFTs with the same symmetries are equivalent. For this reason, it is
perhaps not overly surprising that many of the (lower-dimensional) field theories studied by
high energy theorists have applications to condensed matter. In particular, when a QCP has
Lorentz symmetry and is expressed in terms of fermions, we expect these fermions to take a
Dirac form.

In this thesis we focus primarily on gauge theories with Dirac fermions transforming in
the fundamental representation of the gauge group. We will see why this is natural below
in Sec. 1.2. In Chapter 6 we work with quantum chromodynamics in 2+1d (QCD3) with an
SU(2) gauge group and N; = 2 fermion flavours, while in Chapters 3, 4, and 5 we look at
quantum electrodynamics in 24+1d (QED3). We also mention that QEDj3 has the distinction
of potentially describing an extended phase of matter, instead of a critical point.

As was the case with the Z, spin liquid considered above, the SU(2) and U(1) gauge fields
are not physical symmetries, and so the Hilbert space only contains charge-neutral objects.
It follows that the fermionic operators themselves are emergent, and that these field theories
are bosonic like the Zs spin liquids in spite of appearances.

The presence of the gauge field distinguishes the theories we consider from the Ising tran-
sition in an important respect. The Ising model describes a transition between a symmetry

preserving and a symmetry broken phase. However, phase transitions with emergent sym-
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metry are not constrained in this manner. They can connect different topological phases,
ordered phases, and more [166, 170]. Since the gauge field mediate long-range interactions,

their presence is indicative of the enhanced correlations these theories possess.

1.1.3 FRACTIONALIZED FERMI LIQUID

The most ubiquitous example of a phase hosting gapless degrees of freedom is the Landau
Fermi liquid (FL). While the bare Coulomb interaction between electrons in a metal is very
large, this force is screened at low energies, and the electron behaviour is, in many ways,
completely analogous to that of a free particle [? ].

In this thesis, we will be interested in a more exotic version of the FL, called the frac-
tionalized Fermi liquid (FL*) [169, 171]. This phase can be thought as the coexistence of
an FL with a Zy or U(1) spin liquid. Note, however, that unlike the Zs, spin liquids and
continuous gauge theories mentioned above, the FL* does support fermionic states. While
the spin liquid component of the FL* may admit a description in terms of gapless, emergent
fermionic operators, this need not be the case. The actual fermionic states are essentially

electrons.

1.2 PARTON CONSTRUCTIONS

In the previous section, we discussed various long-range entangled states of matter. This
naturally lends itself to the question of how and where such states are found. A generic
Hamiltonian capable of describing many of these systems is the frustrated spin-1/2 Heisen-

berg model in 241d:
Hy =Y Ji;Si- S;. (1.4)
©.J

The presence of the phases of interest is typically argued via a parton construction [186]

(this is also discussed in Chapter 6.2.2 and Appendix E.2). The spins are rewritten either
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in terms of Schwinger bosons, b;, or slave (or Abrikosov) fermions, f; [11, 186]:

1

These are accurate representations of the spin Hilbert space provided the constraints

Zblabia =1, ngafm =1 (1.6)

are imposed. Since b; and f; carry spin, both are frequently referred to as ‘spinons,” with
the modifiers ‘bosonic’ and ‘fermionic’ sometimes used to distinguish the two. Inserting this
expression into Hpy results in either a four-boson or four-fermion term. The Hamiltonian
can then be decoupled via a Hubbard-Stratonovich transformation and treated using the
standard mean field theory procedure. Provided the mean field ansatz is stable and preserves
the spin symmetry, a spin liquid phase is obtained.

In this thesis, we primarily use the slave-fermion approach, and so we focus on this case
for the remainder of the section. The unit constraint on the number of fermions introduces
a gauge redundancy. For instance, it’s clear that local phase rotations, f; — ¢ f;, do not
alter the physical operator, the spin S;, and therefore cannot constitute a real symmetry of
the Hamiltonian. For slave-fermions, the constraint in Eq. (1.6) actually implies two other

constraints:

Z Eaﬁfiafiﬁ =0, Z eaﬁfgaf;rﬁ =0, (17)

af aB

where €,4 is the two-component Levi-Civita symbol. These in turn generate two more gauge
transformations, demonstrating that the introduction of slave fermions results in an SU(2)
gauge redundancy in total. Depending on the mean field ansatz, the gauge group can be
Higgsed to either U(1) or Zs.

When only a Zs gauge redundancy remains, the resulting state is precisely the Z, spin
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liquid discussed in Sec. 1.1.1. The ¢ excitations of the Zs, topological order should be associ-
ated with the excitations created by the slave fermions fj . Similarly, both QCD3 and QEDj3
can be obtained from this construction when the mean field ansatz either preserves the full
gauge group or Higgses it down to U(1). The fermionic spinon is naturally associated with
the Dirac fermion operator of the field theories.

Since the original theory, the Heisenberg model, has no fermionic excitations, its low
energy description cannot either regardless of whether we choose to express the theory in
terms of fermionic operators. These observations are consistent with our earlier statements
at the ends of Secs. 1.1.1 and 1.1.2.

We also apply the fermionic parton construction in the context of the Kondo lattice model.
In this model, there is a one-to-one correspondence between electrons and spins. Before
including interactions, the electrons and spins are governed by a tight-binding Hamiltonian

and a Heisenberg Hamiltonian, respectively. They are coupled through a term of the form

T = 1
TZCz—O’Ci : Si, (18)

where ¢; is an electron annihilation operator and S; is a spin-1/2 operator (in Chapter 2 we
work with a minor variant of this Hamiltonian). Representing the spin operators in terms of
spinons, this becomes, ~ —iJK > fgaciaclﬁ fip. Performing a Hubbard-Stratonovich trans-

formation, we obtain
1 i
~ -3 E Viflci+ h.c. (1.9)

where V; = %J K <CI f2> is typically referred to as the hybridization. When Vj is nonzero,
depending on both the chemical potential and the form of the band structure, a heavy Fermi
liquid or a Kondo insulator is obtained. The FL* phase described in Sec. 1.1.3 is realized

precisely in the opposite limit when the hybridization, V;, vanishes. This is discussed further
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in Chapter 2.2.

1.3 ORGANIZATION OF THESIS

We now provide an outline of the thesis.

We start by proposing a number of novel states in Chapters 2, 3, and 4. Chapter 2 discusses
the possibility that a topological Kondo insulator (TKI) may host a highly entangled phase
on its surface. If we ignore the unusual origin of the spinons, f;, and the hybridization, V;,
the TKI is completely analogous to a conventional topological insulator [18, 47, 57, 84, 114,
135, 150]. The Hamiltonian is a simple 4-band model, which, depending on its symmetries,
may or may not admit a topologically non-trivial band structure. It turns out that the
spin-orbit coupling typically necessary for this to occur is present in Kondo lattice systems,
substantiating proposals for the existence of TKI’s in real materials. A TKI is gapped
everywhere except for the robust states at the surface originating from the topological band
structure. We propose that the hybridization vanishes at the surface and that these surface
states are unstable to the FL* theory discussed above.

In Chapter 3, we discuss the phase diagram of the triangular lattice antiferromagnet. We
demonstrate that a direct, continuous transition between two ordered phases is possible.
Such a phase transition must necessarily be deconfined. The presence of a proximate Zs
spin liquid indicates that a description in terms of fermionic spinons may be natural. This
leads us to show that the phase transition may be described by QEDs with Ny = 4 Dirac
fermions.

In Chapter 4, we study QED3 on more general grounds. In the large-flavour limit, we
investigate its stability against a variety of disorder perturbations. We observe that provided
the disorder satisfies certain restrictions, the theory flows away from the clean fixed point to
one in which both disorder and interactions are present. At this new fixed point, we calculate
the universal flavour conductivity to subleading order. We find that generic disorder becomes

strong under the renormalization group flow, taking the theory away from the perturbatively
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accessible regime.

We change focus in Chapter 5, where we address the problem of identifying strongly
correlated phases of matter. Numerical simulations of highly entangled states is a difficult
task. One issue for CFTs is that the first method by which we may attempt to identify the
theory, a measurement of the critical exponents and their anomalous dimensions, is severely
limited by system size. The spectrum is another, arguably more accessible, universal CF'T
data which can be used to identify the theory being simulated. With this in mind, we
calculate the spectrum on the torus of QED3. We also consider theories containing a Chern-
Simons term, as these may be relevant to quantum Hall transitions.

We conclude in Chapter 6 with a study of Zs spin liquids proximate to the 7-flux phase
of the square lattice antiferromagnet, whose low-energy description is QCD3 with an SU(2)
gauge group and Ny = 2 fermion flavours. Ref. 184 showed that when approaching the
problem from a lattice perspective, 58 Zs spin liquids can be found. With access to the
continuum theory, the set of spin liquids under consideration can be restricted in a number
of natural ways. Further, QCDjs is related to CP', a bosonic CFT describing the Néel-VBS
transition on the square lattice [179]. The spin liquids obtained by perturbing about QCDs3

can be matched with those obtained by perturbing about CP! and new dualities inferred.

10



Chapter 2

FRACTIONALIZED FERMI LIQUID ON THE SURFACE
OF A TOPOLOGICAL KONDO INSULATOR

We argue that topological Kondo insulators can also have ‘intrinsic’ topolog-
ical order associated with fractionalized excitations on their surfaces. The hy-
dridization between the local moments and conduction electrons can weaken near
the surface, and this enables the local moments to form spin liquids. This co-
exists with the conduction electron surface states, realizing a surface fractional-
ized Fermi liquid. We present mean-field solutions of a Kondo-Heisenberg model

which display such surfaces.

2.1 INTRODUCTION

An important development of the past decade has been the prediction and discovery of topo-
logical insulators (TT) [18, 47, 57, 84, 114, 135, 150]. These materials are well-described by
traditional band theory, but possess strong spin-orbit interactions that result in a non-trivial
winding of the ground state wavefunction in a manner analogous to the integer quantum Hall
effect. Since their discovery, the multitudinous effects of interactions have been a prominent
topic of study. One compelling proposal to emerge is the notion of a topological Kondo
insulator (TKI) [40-42]. In contrast to a band insulator, a Kondo insulator only develops an
insulating gap at low temperatures, and the magnitude of the gap is controlled by electron-

electron interactions. Doniach explained this phenomenon through the Kondo lattice model
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[37] in which a lattice of localized moments is immersed within a sea of conduction elec-
trons. At high temperatures, RKKY-type exchange interactions dominate and an ordered
magnetic state results. Conversely, at low energies, strong interactions between localized
moments and conduction electrons become important; the system crosses over into either
a metallic phase well-described by Fermi liquid theory (FL) or, if the chemical potential is
appropriately tuned, a Kondo insulator. As strong spin-orbit coupling is often present in
these materials, the possibility that a Kondo insulator may have a nontrivial topological
character is well-justified.

Of specific interest has been the Kondo insulator samarium hexaboride (SmBg). A number
of experiments have examined the proposal that it is a TKI: transport measurements have
established the presence of metallic surface states [92, 93, 124, 195, 209], and angle-resolved
photoemission spectroscopy (ARPES) results appear consistent with the expected Dirac
surface cones [34, 80, 122, 201, 202]. Nonetheless, the spin-polarized ARPES measurements
[201] remain controversial.

However, as the TKI phase is well-described within a mean field framework [42], its topo-
logical properties are not expected to be markedly different from what has already been
observed in its uncorrelated cousins. More intriguing is the potential the topologically pro-
tected surface states present for new interesting phases [4, 20, 70, 149]. In SmBg, this
expectation is motivated experimentally by ARPES measurements which find light surface
quasiparticles [80, 122, 202] in contradiction to current theories which predict heavy particles
at the surface [5, 40, 41, 105]. Ref. 4 proposes “Kondo breakdown” at the surface as an ex-
planation. They show that the reduced coordination number of the localized moments at the
surface may lead to a suppressed Kondo temperature. At low temperature these moments
are thermally decoupled from the bulk.

In this paper, we propose the existence of a fractionalized Fermi liquid (SFL*) on the
surface of a TKI. This state is characterized by “intrinsic topological order” on the surface

of a TKI, in which the local moments form a spin liquid state which has ‘fractionalized’

12
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excitations with quantum numbers which cannot be obtained by combining those of one
or more electrons [13]. Rather than being thermally liberated, as in Ref. 4, the surface
local moments exploit their mutual exchange interactions to decouple from the conduction
electrons, and form a spin liquid state, as in the fractionalized Fermi liquid state (FL*)
[169, 171]. We will present mean-field computations on a Kondo-Heisenberg lattice model
which demonstrate the formation of mutual singlets between the surface local moments,
while conducting surface states of light electronic quasiparticles are also present.

Somewhat confusingly, our SFL* state is ‘topological’ in two senses of the word, a conse-
quence of unfortunate choices (from our perspective) in the conventional terminology. As
in conventional TI, it is ‘topological’ because it has gapless electronic states on the surface
induced by the nature of the bulk band structure. However, it is also ‘topological’ in the
sense of spin liquids [13], because of the presence of fractionalized excitations among the
local moments on the surface.

The outline of this chapter is as follows. We specify our Kondo-Heisenberg model in
Section 2.2. In Section 2.3, we present the mean-field solution of this model for the case of
a translationally-invariant square lattice with periodic boundary conditions. The effect of
the surface on the mean field solutions is addressed in Section 2.4 where the presence of the
SFL* state is numerically demonstrated. We conclude in Section 2.5 with a discussion of our

results and their relevance to physical systems.

2.2 MODEL

Here we present the specific form of the Kondo-Heisenberg lattice model to be studied:

H=H.+Hy+ Hg. (2.1)

13



Chapter 2 — Fractionalized Fermi liquid on the surface of a topological Kondo insulator

The first terms represents the hopping Hamiltonian of the conduction electrons,

H.=— Z tij (cjacja + h.c.) , (2.2)

(ij)

T

where the operator c;, creates an electron at site r; of spin @ =7,]. The remaining two
terms establish the form of the interactions: Hpy is a generalized Heisenberg term which
specifies the inter-spin interaction while Hx is a Kondo term and describes the electron-spin
exchange.

The spin-orbit coupling of the f-orbital imposes a classification in terms of a (2J + 1)
multiplet, where J is the total angular momentum. In general, this degeneracy is further
lifted by crystal fields and we will consider the simplest case of a Kramers degenerate pair of
states. We start from an Anderson lattice model [7] with hopping ¢ between f-orbitals and

onsite repulsion Uy. To access the Kondo limit (Uy — o0), we perform a Schrieffer-Wolff

transformation [162] and obtain a term of the form
i t oo
LGI:—~§—;;f¢fmfwﬁﬂ, (2.3)
ij

where f;, creates a spinon at site r;, and Jy ~ t? /Uy. This limit imposes the constraint
S fl fia = 1 and further ensures that the correct commutation relations for the “spin”
operators S = % f}aag sfjp are obeyed. By using the Fierz identity (and dropping a constant)

we can verify that we indeed have the familiar Heisenberg term:

Ju
Hy =7 fuoastio - fhofis = Tu) S S;. (2.4)
(i) (i7)
where o = (0%,0Y,07). It is important to note that the spinon operators f;, do not have a
uniquely defined phase. In fact, by choosing to represent the spins in terms of constrained
fermion operators, we are formulating the Kondo lattice model as a U(1) gauge theory. This

emergent gauge structure is what permits a realization of the fractionalized phases we will

14



Chapter 2 — Fractionalized Fermi liquid on the surface of a topological Kondo insulator

discuss [169, 171].

For the electron-spin interaction, Hy, we follow the construction of Cogblin-Schrieffer [31]
for systems with spin-orbit coupling. In order for the interaction to transform as a singlet,
the electron and spin must couple in a higher angular momentum channel. For simplicity,
we assume a square lattice and that the spins and conduction electrons carry total angular
momentum differing by [ = 1. In the Anderson model, an appropriate interaction term is

then

Hiy ~ V> (asink, —isink,)c, |f°) (f'1al + hc. (2.5)

k,a

For instance, the interaction between moments with total angular momentum J = 3/2 and
spin-1/2 electrons would take this form. We will verify in the next section that for the

purpose of obtaining a TKI, this coupling is sufficient. We next define the electron operators
dio = 2 (asink, +isinky) ko,  dia = —10(Citaa — Ci—ga) + (Citga — Ciga)-  (2.6)

and, taking the same Uy — oo limit as above, again implement the Schrieffer-Wolff trans-

formation [162] to obtain
Ji toot
Hg = _T Z fiadiadigfiﬂ (2'7)

where Jyx ~ V?/U;.

We next perform a Hubbard-Stratonovich transformation of the Kondo and Heisenberg
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terms:

H =H, + H,
1 %
(i5) I
1
5 Z |:Xjﬂij+ﬁ,Oéfja + Xjul; fJ+“’ ] Z Aif fﬁa
Jop

Hy=) |-

J

o ] . (2.8)

We proceed with a saddle-point approximation, and treat the fields Vj, x;,, and A; as real

constants subject to the self-consistency conditions

= =% (dlafin) X =it (Flafiva) (29)
1= <fjafja> . (2.10)

This can be formally justified within a large-N expansion of Eq. (2.1), with N the number
of spinons. As we are specifying to the case of an insulator, it further makes sense to require
perfect half-filling. Since ny = 1 already, this results in a final equation for the chemical

potential ;:
1= <c}acja> . (2.11)

2.3 TRANSLATIONALLY INVARIANT SYSTEM

We begin by solving Eqs. (2.9) — (2.11) in a translationally invariant system with periodic

boundary conditions on a square lattice. Letting V; =V, xjz = Xjy = X, A; = A and p; = p,
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we perform a Fourier transform:

H, = Z \IJJILH(k)\Dk \Ijlt: = (C;rcTa fl:r:m C;E:p fli¢) (212>
k
H(k) = h(k) 0 hk) — (k) V(sink, + isinky)
0 h*(—k) V(sink, — isink,) er(k)
(2.13)

For simplicity, we only consider nearest-neighbour coupling between spins; for the electron
dispersion, a slightly more general description is required, and we also take next-nearest

neighbour hopping into account. The dispersions are given by

(k) = —ti(cosk, + cosky) — 2ty cosky cosk, —p,  €5(k) = —x(cosk, + cosky,) + A
(2.14)

(A3}

where the subscripts “c” and “f” refer to the electrons and spinons respectively. In the
following, we will use units of energy where t; = 1.0.

Since TT’s exist as a result of a band inversion, it’s important to ask which sign x will take.
Naturally, when V' = 0, the particle-hole symmetry of our mean field ansatz implies that
x > 0 and x < 0 have the same energy. At finite hybridization, however, one will become
preferable. We note that when x and ¢; have opposite signs, the energy of the lower band
will be less than the Fermi energy and hence occupied throughout most of the Brillouin zone
(BZ): an increase in V' will push most of these states to lower energies. Conversely, if y and
t; take the same sign, in one of part of the BZ no states will lie below the Fermi energy
while in another both the upper and lower band will. It therefore makes sense to expect
sign (y) = —sign (¢1). In the parameter regime explored, the numerics always find this to be
the case.

By construction, the Hamiltonian H; supports a non-trivial topological phase and is in

fact the familiar Bernevig-Zhang-Hughes model [18] used to describe the quantum spin Hall
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effect in HgTe wells. We can see this by studying the eigenfunctions of h(k):

1 dg +d
Vi(k) = —F——s (2.15)
2d(d + d3) V(sink, +isink,)

where d(k) = \/d3(k)? + V2(sin? k, + sin’ k,), and ds(k) = (e.(k) — ¢;(k)) /2. If d3(k) > 0
or d3(k) < 0 for all k, these functions are well-defined on the entire BZ and the system is in a
topologically trivial phase [17]. If this is not the case then it is impossible to choose a globally
defined phase — the ground state wavefunction has nontrivial winding and characterizes a

topological insulator. From Eq. (2.14), we see that this occurs when

1 —X

—2< <2. (2.16)

Alternatively, we can obtain the same result by calculating the Zs invariant v [46]: when
Eq. (2.16) holds, » = —1 and the system is a TI.

We will typically be studying systems with [t;| > |x| and |t2/t;| small (implying p and
A small as well), so Eq. (2.16) is not difficult to fulfill. In Fig. 2.1 the energy spectrum of
the system in a slab geometry is shown for Jy = 0.15, Jx = 0.3. Half-filling is maintained
on every site (see Appendix A.1), but V and y were determined by self-consistently solving
Eq. (2.9) in a periodic system. In Fig. 2.1(b), the topologically protected Dirac cone is
clearly visible.

If we ignore the effect the boundary will have on the values of V', x, and A\, we can calculate

the Fermi velocity of the Dirac cone [17]:

t1 — 2t
op = 21, | XU = 2t2) ~ 2V /x| (2.17)

|t1 — 2ta| + x|

where we've assumed |x| < t; in the second equation. This is consistent with the prediction

that the quasiparticles at the surface be heavy [5, 40, 41, 105]. For the parameters shown
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Figure 2.1: Energy spectrum for Jy; = 0.15, Jx = 0.3. Both V' and  are constant throughout
the bulk, but both p; and A; have been self-consistently solved to ensure that n, = ny =1
on every site (see Appendix A.1). (a) The full spectrum is shown. (b) A closer view of
the insulating gap, where the Dirac cone is clearly visible. We use units with ¢; = 1.0.
Calculations were done with t, = —0.25 and at a temperature of 1075,

in Fig. 2.1, this formula predicts vy = 0.0592, consistent with the numerically determined

value vy = 0.0585.

2.4 SYSTEM WITH BOUNDARY

We now consider the effect the boundary will have on the mean field configuration and
demonstrate the presence of two new fractionalized phases. Generally, we expect that
the lower coordination number at the boundary will suppress the (nonlocal) hybridization:
Viwt ~ 3Vhu/4. While the decrease in Vgy,¢ will induce an increase in the spinon bond
parameter x;, [123] both parallel and perpendicular to the surface, the parameter parallel
to the surface will be more strongly affected. Since Heisenberg coupling ultimately favours
an alternating bond order, in the absence of hybridization V', this anisotropy will result
in a further decrease in the magnitude of the spinon bond parameter perpendicular to the
surface, x|

When these effects are predominant, an FL* on the surface is realized: the hybridiza-

tion V; vanishes on one or more layers at the surface and y, vanishes on the innermost
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layer. The existence of the SFL* phase is shown numerically by self-consistently solving
Egs. (2.9)—(2.11) in a slab geometry and comparing ground states energies (some details are
given in Appendix A.1). The resulting phase diagram is shown in Fig. 2.2(a). In fact, we
find two distinct SFL* phases: a decoupled spin chain and a decoupled spin ladder, which are
depicted in Figs. 2.2(b) and 2.2(c) respectively. In Fig. 2.3 we plot the spatial dependence of
the mean field parameters in both SFL* states. The plots in the left column correspond to
a spin chain SFL* state whereas the right column corresponds to a spin ladder SLF* state.
The phases are distinguished by whether V' vanishes on the first site only or on both the
first and second site, shown in Fig. 2.3(a) and (b) respectively. In Figs. 2.3(c) and (d) our
intuition regarding the behaviour of y near the boundary is confirmed: |x, | is suppressed to
zero whereas ’X||| increases to the value it would assume in a single dimension. The fluctu-
ations of the Lagrange multiplier field A (Figs. 2.3(e) and (f)) are a reflection of the on-site
requirement of half-filling for both the spinons and electons.

In Fig. 2.4(a), the spectrum of the spin chain SFL* state is shown. The red dash-dotted
curve is the dispersion of the spinons calculated at mean field. While we do not claim
that this accurately represents the Heisenberg chain, we nonetheless expect gapless spin
excitations [53]. The remaining in-gap states can be understood as the result of the mixing
of the surface layer of conduction electron with the Dirac cone. Consistent with its topology,
even if the Dirac cone is no longer present at the chemical potential, two chiral bands traverse
the gap from the conduction to the valence band and the surface is metallic. In this case, an
additional four metallic surface states per spin are present, but these are not topologically
protected and we can imagine pushing them below the chemical potential in a number of
ways, such as, for instance, softening the restriction imposed by Eq. (2.11).

The spectrum corresponding to the second surface FL* state, the decoupled spin ladder,
is shown in Fig. 2.4(b). The red curve representing the spinons is now two-fold degenerate

per spin (a small splitting is hidden by the thickness of the line). Even more so than for the
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Figure 2.2: (a) Schematic phase diagram of surface states. (b),(c) Cartoon depictions of
surface FL* states. In the dark blue region, the electron spins and localized moments are
locked into singlets. Towards the edge (the pale blue region outlined in orange) the conduc-
tion electrons decouple from the moments, and the latter form a spin liquid. Naturally, the

Kondo coupling Jx

conduction electrons remain coupled to each other at all sites.
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Figure 2.3: Spatial dependence of mean field parameters in SFL* phases. In the left column,
we plot values corresponding to the spin chain SFL* (Jy = 0.15, Jx = 0.3) while on the
right values corresponding to the spin ladder SFL* (Jy = 0.25, Jx = 0.3) are shown.
(a),(b) Hybridization V;. (c),(d) Spinon bond parameters x;, in the direction perpendicular
(blue) and parallel (red) to the boundary. (e),(f) The Lagrange multiplier field \;. In (a)—(f),
the yellow dashed line plots the value obtained in the translationally invariant case. We use
units with ¢; = 1.0. Calculations were done with t, = —0.25 and at a temperature of 1075.
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Figure 2.4: Energy spectra in SFL* phases. (a) Spin chain SFL* (Jy = 0.15, Jx = 0.3).
The ground state has V; = 0 on the first surface layer and the moments form a spin chain
decoupled from the bulk. (b) Spin ladder SFL* (Jy = 0.25, Jx = 0.3). The ground state has
V; = 0 on the first two layers and a spin ladder is present on the surface. In both figures, the
dash-dotted red curve represents the one-dimensional cosine dispersion found for the spinons
and is merely an artifact of the ansatz. We use units with ¢; = 1.0. Calculations were done
with t, = —0.25 and at a temperature of 107°.

spin chain, this result is an artifact of the mean field calculations: save in the limit where
the legs of the ladder are completely decoupled, a ladder of spin-1/2 particles is gapped [507
].

In both phases, the metallic bands have lighter quasiparticles than predicted by the trans-
lationally invariant theory in Eq. (2.17). For the spin chain, the surface velocity of the
leftmost state in Fig. 2.4(a) is vp = 0.095, compared to vp = 0.052 for the Dirac cone of
Fig. 2.1(b). For the spin ladder, the effect is even more pronounced. There, the lightest state
has a Fermi velocity of vp = 0.48 compared to the translationally-invariant value vp = 0.072.

The structure of the fractionalized excitations in the SFL* states found here is rather
simple: just a free gas of neutral S = 1/2 spinon excitations. We view this mainly as a
‘proof of principle’ that such SFL* states can exist on the surface of TKI. Clearly, more
complex types of spin liquid states are possible on the surface, and also in three-dimensional

TKI with two-dimensional surfaces.
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2.5 DISCUSSION

The strong electron-electron interactions in topological Kondo insulators make them appeal-
ing candidates for searching for novel correlated electron states. In many heavy-fermion
compounds, the strong interactions acting on the f-electron local moments are quenched
by the Kondo screening of the conductions electrons, and the resulting state is eventually
a Fermi liquid, or a band insulator for suitable density. The topological Kondo insulators
offer the attractive possibility that the hybridization between the local moments and the
conduction electron states can be weakened near the surface [4, 149], and this could explain
the light effective masses associated with the surface electronic states [80, 122, 202]. With
the weakened hybridization, we have proposed here that the local moments may form a spin
liquid state with ‘intrinsic’ topological order. As the fractionalized excitations of such a spin
liquid co-exist with the conduction electron surface states similar to those of a conventional
TI, the surface realizes a fractionalized Fermi liquid [169, 171].

This paper has presented mean-field solutions of Kondo-Heisenberg model on a square
lattice which act as a proof-of-principle of the enhanced stability of the such surface frac-
tionalized Fermi liquids (SFL*). We fully expect that such solutions also exist on the surfaces
of three-dimensional lattices, relevant to a Kondo insulator like SmBg.

The recent evidence for bulk quantum oscillations in insulating SmBg [174] is exciting
evidence for the non-trivial many-electron nature of these materials. It has been proposed [98]
that these oscillations appear because the magnetic-field weakens the hybridization between
the conduction electrons and the local moments, and this releases the conduction electrons
to form Fermi surfaces leading to the quantum oscillations. The fate of the local moments
was not discussed in Ref. 98, but a natural possibility is that they form a bulk spin liquid,
similar to the surface spin liquid we have discussed here. Thus, while we have proposed here
the formation of a SLF* states in SmBg in zero magnetic field, it may well be that a bulk

FL* state forms in high magnetic field.
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DECONFINED QUANTUM CRITICAL POINT ON THE
TRIANGULAR LATTICE

We first propose a topological term that captures the “intertwinement” between
the standard “v/3 x 4/3” antiferromagnetic order (or the so-called 120° state)
and the “v/12 x /127 valence solid bond (VBS) order for spin-1/2 systems on
a triangular lattice. Then using a controlled renormalization group calculation,
we demonstrate that there exists an unfine-tuned direct continuous deconfined
quantum critical point (dQCP) between the two ordered phases mentioned above.
This dQCP is described by the Ny = 4 quantum electrodynamics (QED) with an
emergent PSU(4)=SU(4)/Z4 symmetry only at the critical point. The topological
term aforementioned is also naturally derived from the N; = 4 QED. We also
point out that physics around this dQCP is analogous to the boundary of a 3d

bosonic symmetry protected topological state with on-site symmetries only.

The deconfined quantum critical point (dQCP) [166, 170] was proposed as a direct unfine-
tuned quantum critical point between two ordered phases that is beyond the standard Lan-
dau’s paradigm, as the ground state manifold (GSM) of one side of the transition is not
the submanifold of the other ordered phase (or in other words the spontaneously broken
symmetry of one side of the transition is not the subgroup of the broken symmetry of the
other side). A lot of numerical work has been devoted to investigating the dQCP with a full
SU(2) spin symmetry [55, 104, 119-121, 133, 134, 159-161, 165, 172]. Despite early numer-

ical evidence indicating models with in-plane spin symmetry lead to a first order transition
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(32, 33, 49, 101}, recent studies with modified models [137, 210] demonstrate that a contin-
uous dQCP could exist with even inplane spin rotation symmetry, and at the easy-plane
dQCP there may be an enlarged emergent O(4) symmetry which becomes more explicit
after mapping this dQCP to the N = 2 noncompact QED [85, 131, 179], which enjoys a
self-duality and hence has a more explicit O(4) symmetry [67, 116, 200]. This emergent O(4)
symmetry is also supported by recent numerical simulations [88, 137].

Let us summarize the key ideas of the original dQCP on the square lattice [166, 170]:

(1) This is a quantum phase transition between the standard antiferromagnetic Néel state
with GSM S? (two dimensional sphere) and the valence bond solid (VBS) state on the square
lattice. Although the VBS state only has four fold degeneracy, there is a strong evidence
that the four fold rotation symmetry of the square lattice is enlarged to a U(1) rotation
symmetry at the dQCP, and the VBS state has an approximate GSM S*, which is not a
submanifold of the GSM of the Néel state on the other side of the dQCP. Thus we can view
the dQCP as a S%-to-S! transition.

(2) The vortex of the VBS order parameter carries a bosonic spinor of the spin symmetry,
and the Skyrmion of the Néel order carries lattice momentum. This physics can be described
by the NCCP! model [166, 170]: £ ="_ (8, —ia,)zs|* +7|2a|* + - - -, where the Neél order
parameter is N = 2152, the flux of a,, is the Skyrmion density of N , and the flux condensate
(the photon phase of a,) is the VBS order. Thus there is an “intertwinement” between the
Néel and VBS order: the condensation of the defect of one order parameters results in the
other order.

(3) If we treat the Néel and the VBS orders on equal footing, we can introduce a five
component unit vector @ ~ (N, N, N,,V,, V), and the “intertwinement” between the two
order parameters is precisely captured by a topological Wess-Zumino-Witten (WZW) term
of the nonlinear sigma model defined in the target space S* where 7 lives [51, 168].

The goal of this paper is to study a possible dQCP on the triangular lattice. Let us

first summarize the standard phases for spin-1/2 systems with a full spin rotation symmetry
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on the triangular lattice. On the triangular lattice, the standard antiferromagnetic order
is no longer a collinear Néel order, it is the V3 x /3 noncollinear spin order (or the so-
called 120° order) with GSM SO(3)= S%/Z,. The VBS order discussed and observed in
numerical simulations most often is the so-called v/12 x /12 VBS pattern with a rather
large unit cell [89, 113, 138]. This VBS order is the most natural pattern that can be
obtained from the condensate of the vison (or the m excitation) of a Zy spin liquid on the
triangular lattice. The dynamics of visons on the triangular lattice is equivalent to a fully
frustrated Ising model on the dual honeycomb lattice [112], and it has been shown that with
nearest neighbor hopping on the dual honeycomb lattice, there are four symmetry protected
degenerate minima of the vison band structure in the Brillouin zone, and that the GSM of
the VBS order can be approximately viewed as SO(3)= S3/Z, (just like the VBS order on
the square lattice can be approximately viewed as S'). Thus the v/3 x v/3 noncollinear spin
order and the v/12 x v/12 VBS order have a “self-dual” structure. Conversely on the square
lattice, the self-duality between the Néel and VBS order only happens in the easy-plane
limit [115].

The self-duality structure on the triangular lattice was noticed in Ref. 199 and captured

by a mutual Chern-Simons (CS) theory:
L = |(0—ia)z|? +r.|z]* + (0 — ib)v|* + ro|v|* + Landht - (3.1)
m

2o and vg carry a spinor representation of SO(3), and SO(3),, groups respectively, and when
they are both gapped (r,,r, > 0), they are the e and m excitations of a symmetric Z, spin
liquid on the triangular lattice, with a mutual semion statistics enforced by the mutual CS
term [199]. Physically z, is the Schwinger boson of the standard construction of spin liquids
on the triangular lattice [107, 153, 180], while vg is the low energy effective modes of the
vison.

Eq. (3.1) already unifies much of the physics for spin-1/2 systems on the triangular lat-
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tice [199]: (1) When both z, and vg are gapped, the system is in the Z5 spin liquid mentioned
above. (2) When vg is gapped, it can be safely integrated out of the partition function, gen-
erating a standard Maxwell term for the gauge field b,,. b, will then “Higgs” a,, down to a Z
gauge field through the mutual CS term, so that when z, condenses we obtain an ordered
phase with GSM SO(3). [30]: this corresponds to the v/3 x v/3 noncollinear spin order. (3)
When z, is gapped and vz condenses, the situation is “dual” to (2), and the system possesses
the v/12 x v/12 VBS order discussed in Ref. 112, with an approximate GSM SO(3),,. The
transition between the Zs spin liquid and the V3x+/3 spin order, and the transition between
the Z, spin liquid and the VBS order both have an emergent O(4) symmetry [30, 112].

vg is the vison of the spin liquid, and it carries a 7—flux of a, due to the mutual CS
term in Eq. (3.1). The m—flux of a, is bound with the Z, vortex of the SO(3). GSM of
the v/3 x /3 spin order (the homotopy group m[SO(3)] = Z,). Similarly z, is also the Z,
vortex of the SO(3),, GSM of the VBS order, analogous to the vortex of the VBS order
on the square lattice. This mutual “decoration” of topological defects is what we mean by
“intertwinement” between the magnetic and VBS orders.

To capture the “intertwinement” of the two phases with GSM SO(3), i.e. to capture the
mutual decoration of topological defects, we need to design a topological term for these order
parameters, just like the O(5) WZW term for the dQCP on the square lattice [168]. The

topological term we design is as follows:
s [ 2mi
‘szw == d’x ; du Wewp)\tr[P([LP&,P@P@\P]. (32)

Here P is a 4 x 4 Hermitian matrix field:
3 3 3
P= Y NINLo®+> Mio™+> Mo® (3.3)
a,b=1 a=1 b=1

b

where 0% = 0% ® o, and 0" = 1545. All vectors N., N,,, M. and M,, transform a vector
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Figure 3.1: The global phase diagram of spin-1/2 systems on the triangular lattice. The
intertwinement between the order parameters is captured by the WZW term Eq. (3.2). Our
RG analysis concludes that there is a direct unfine-tuned SO(3)-to-SO(3) transition, which
is a direct unfine-tuned transition between the noncollinear magnetic order and the VBS
order. The detailed structure of the shaded areas demands further studies
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under SO(3), and SO(3),, depending on their subscripts. And we need to also impose some

extra constraints:

—

P? = 1y, N, M, =N,, - M,, = 0. (3.4)

Then N, and M, together will form a tetrad, which is topologically equivalent to a SO(3)
manifold, and N,, and M,, form another SO(3) manifold. With the constraints in Eq. (3.4),

the matrix field P is embedded in the manifold
M=————. (3.5)

The maximal symmetry of the WZW term Eq. (3.2) is PSU(4) = SU(4)/Z4 (which contains
both SO(3). and SO(3),, as subgroups), as the WZW term is invariant under a SU(4)
transformation: P — UTPU with U € SU(4), while the Z; center of SU(4) does not change
any configuration of P. The WZW term Eq. (3.2) is well-defined based on its homotopy
group my[M] = Z.

The topological WZW term in Eq. (3.2) is precisely the boundary theory of a 3d symmetry
protected topological (SPT) state with a PSU(4) symmetry [196]. We will discuss this further
below.

Let us test that this topological term captures the correct intertwinement. To better
visualize this effect, let us break SO(3),, down to SO(2),,, which allows us to take N,, =
(0,0,1), i.e. N = N2 =0, N3 = 1. Because Ny, - My, = 0 (Eq. (3.4)), M,, = (ML, M2 .0).

Then one allowed configuration of P is
3 2
P=> No+> Myo"=i-T, (3.6)
a=1 b=1

where 77 is a five component vector and |i| = 1 due to the constraint P? = 14,4, and [ are

five anticommuting Gamma matrices. Now the WZW term Eq. (3.2) reduces to the standard
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O(5) WZW at level-1 in (2 + 1)d, and it becomes explicit that the vortex of (M! M?) (the
descendant of the Z vortex of SO(3),, under the assumed symmetry breaking) carries a
spinor of SO(3), [51].

Eq. (3.2) is a topological term in the low energy effective field theory that describes the
physics of the ordered phases. But a complete field theory which reduces to the WZW term
in the infrared is still required. For example, the O(5) nonlinear sigma model with a WZW
term at level-1 can be derived as the low energy effective field theory of the N = 2 QCD
with SU(2) gauge field, with an explicit SO(5) global symmetry [179].

The WZW term in Eq. (3.2) can be derived in the same manner, by coupling the matrix
field P to the Dirac fermions of the Ny =4 QED:

4
L= by (0—iayb;+mY thahPi. (3.7)
Jj=1 1,J

The WZW term of P is generated after integrating out the fermions using the same method
as Ref. 1, and the PSU(4) global symmetry becomes explicit in Ny =4 QED'.

Our goal is to demonstrate that Ny = 4 QED corresponds to an unfine-tuned dQCP
between the noncollinear magnetic order and the VBS order, or in our notation a “SO(3)-
to-SO(3)” transition (as both orders have GSM SO(3)). The PSU(4) global symmetry of
Ny =4 QED must be explicitly broken down to the physical symmetry. The most natural
terms that beak this PSU(4) global symmetry down to SO(3).xSO(3),, are four-fermion

interaction terms, and there are only two such linearly independent terms 2:

Ly= (Vdv) - (vov), Lz= (W7Y)- (b7T¢), (3:8)

where 9 carries both indices from the Pauli matrices ¢ and 7, so that 1 is a vector repre-

!the global symmetry of the Ny = 4 QED is PSU(4) instead of SU(4) because the Z, center of the SU(4)
flavor symmetry group is also part of the U(1) gauge group.

2This is true under the assumption of Lorentz invariance, as Ref. 91, 198. And the SU(4) invariant mass
term 1) is usually forbidden by discrete space-time symmetry.
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sentation (1, 1) of SO(4)~SO(3).xSO(3),.

One can think of some other four fermion terms, for example £ = > i (1/_15'%@/}) . (1[35’7“&),
but we can repeatedly use the Fiez identity, and reduce these terms to a linear combination
of £1 and L,, as well as SU(4) invariant terms: £ = —2Ls— L1+ --. The ellipses are SU(4)
invariant terms, which according to Refs. 91, 198 and 29 are irrelevant at the Ny =4 QED.

The renormalization group (RG) of £; and £, can most conveniently be calculated by
generalizing the two dimensional space of Pauli matrices 7 to an N-dimensional space, i.e. we
generalize the QED3 to an Ny = 2N QED3. And we consider the following two independent

four fermion terms:
gL = g (vav) - (vav), gL =g (b)) - (Vav). (3.9)

At the first order of 1/N expansion, the RG equation reads

128 64
10 = (2 s o v

64

WQ. (3.10)

Blg) = —d+

There are two RG flow eigenvectors: (1,—1) with RG flow eigenvalue —1 — 64/(3(2N)w?),
and (3,1) with eigenvalue —1 + 64/((2N)7?) ?. This means that when N = 2 there is one

irrelevant eigenvector with

L—L =2Ly+Ly)+ -, (3.11)

3The monopoles of a,, were ignored in this RG calculation. According to Ref. 38, monopoles of QED
carry nontrivial quantum numbers. A multiple-monopole could be a singlet under the global symmetry, and
hence allowed in the action. But the scaling dimension (and whether it is relevant or not under RG) of the
multiple-monopole needs further study.
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and a relevant eigenvector with
3L+ L =2(Ly — L)+ - . (3.12)

Again the ellipses are SU(4) invariant terms that are irrelevant. In fact, £, + L preserves the
exchange symmetry (duality) between SO(3). and SO(3),,, in other words £ + L, preserves
the O(4) symmetry that contains an extra improper rotation in addition to SO(4), while
Ly — L5 breaks the O(4) symmetry down to SO(4). Thus £y + L5 and £1 — L5 both must
be eigenvectors under RG. The RG flow is sketched in Fig. 3.1.

Since u(Ly — L3) is relevant, then when the coefficient u > 0, a simple mean field theory
implies that this term leads to a nonzero expectation value for (1)#). It appears that this
order parameter is a three component vector, and so the GSM should be S?. However, using
the “Senthil-Fisher” mechanism of Ref. 168, the actual GSM is enlarged to SO(3) due to
the gauge fluctuation of a, (see appendix A). When u < 0, the condensed order parameter
is (1)74), and the “Senthil-Fisher” mechanism again enlarges the GSM to SO(3). Because
u(Ly — L) is the only relevant perturbation allowed by symmetry, u drives a direct unfine-
tuned continuous SO(3)-to-SO(3) transition, which is consistent with a transition between
the v/3 x /3 noncollinear magnetic order and the V12 x /12 VBS order. Further at the
critical point, there is an emergent PSU(4) symmetry.

Now let us investigate the perturbation £4 + Lo. First of all, let us think of a seemingly
different term: L3 =3, (&J“T%) (YEJ“T%). This term also preserves the O(4) symmetry,
and after some algebra we can show that £3 = —(Ly + £3) + ---. Another very useful way

to rewrite L3 is that:
Ly=— ({'Te) (' Te) +-- = —ATA 4 ... (3.13)

where A = ' Jeyp, J = 02 @ 72. € is the antisymmetric tensor acting on the Dirac indices.

Thus although the O(4) invariant deformation in our system (at low energy it corresponds
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to L1+ L) is perturbatively irrelevant at the Ny = 4 QED fixed point, when it is strong and
nonperturbative, the standard Hubbard-Stratonovich transformation and mean field theory
suggests that, depending on its sign, it may lead to either a condensate of A, or condensate
of (@EJ“T%) through extra transitions. The condensate of (&U“wa) has GSM [S? x S?|/Zs,
and is identical to the submanifold of P when M, = M,, = 0 in Eq. (3.3). The Z5 in
the quotient is due to the fact that P is unaffected when both N, and N, change sign
simultaneously. In the simplest scenario, the field theory that describes (for example) the
condensation of A is the similar QED-Yukawa theory discussed in Ref. 78 and Chapter 6.

Now we show that the condensate of A is a self-dual Z topological order described by
Eq. (3.1). First of all, in the superconductor phase with A condensate, there will obviously be
a Bogoliubov fermion. This Bogoliubov fermion carries the (1/2,1/2) representation under
SO(3)exSO(3),,. The deconfined m—flux of the gauge field a, is bound to a 2r—vortex of
the complex order parameter A, which then traps 4 Majorana zero modes. The 4 Majorana
zero modes transform as a vector under the SO(4) action that acts on the flavor indices.
The 4 Majorana zero modes define 4 different states that can be separated into two groups
of states depending on their fermion parities. In fact, the two groups should be identified
as the (1/2,0) doublet and the (0,1/2) doublet of SO(3).xSO(3),,. Therefore, the m—flux
with two different types of doublets should be viewed as two different topological excitations.
Let us denote the (1/2,0) doublet as e and the (0,1/2) doublet as m. Both e and m have
bosonic topological spins. And they differ by a Bogoliubov fermion. Therefore, their mutual
statistics is semionic (which rises from the braiding between the fermion and the m—flux).
At this point, we can identify the topological order of the A condensate as the Z, topological
order described by Eq. (3.1).

The physics around the dQCP discussed above is equivalent to the boundary state of a
3d bosonic symmetry protected topological (SPT) state with SO(3).xSO(3),, symmetry,
once we view both SO(3) groups as onsite symmetries. The analogy between the dQCP

on the square lattice and a 3d bulk SPT state with an SO(5) symmetry was discussed in
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Ref. 179. We have already mentioned that the topological WZW term Eq. (3.2) is the same
as the boundary theory of a 3d SPT state with PSU(4) symmetry [196], which comes from
a ©—term in the 3d bulk. And by breaking the symmetry down to either SO(3).xSO(2),,
or SO(2).xSO(3),,, the bulk SPT state is reduced to a SO(3)xSO(2) SPT state, which can
be interpreted as the decorated vortex line construction [178], namely one can decorate the
SO(2) vortex line with the Haldane phase with the SO(3) symmetry, and then proliferate
the vortex lines. In our case, the bulk SPT state with SO(3).xSO(3),, symmetry can be
interpreted as a similar decorated vortex line construction, 7.e. we can decorate the Z, vortex
line of one of the SO(3) manifolds with the Haldane phase of the other SO(3) symmetry,
then proliferating the vortex lines. The Z; classification of the Haldane phase is perfectly
compatible with the Zy nature of the vortex line of a SO(3) manifold. Using the method in
Ref. 179, we can also see that the (3 4+ 1)d bulk SPT state has a topological response action
S =im [wa[A] Uws[A,,] in the presence of background SO(3). gauge field A, and SO(3),,
gauge field A, (wy represents the second Stiefel-Whitney class). This topological response
theory also matches exactly with decorated vortex line construction.

Similar structure of noncollinear magnetic order and VBS orders can be found on the
Kagome lattice. For example, it was shown in Ref. 68 that the vison band structure could
have symmetry protected four degenerate minima just like the triangular lattice (although
the emergence of O(4) symmetry in the infrared is less likely). Indeed, algebraic spin liquids
with Ny = 4 QED as their low energy description have been discussed extensively on both
the triangular and the Kagome lattice [60, 61, 107, 139]. Ref. 107 also observed that the
noncollinear magnetic order, the VBS order, and the Z, spin liquid are all nearby a Ny =4
QED (the so-called m—flux state from microscopic construction). The Z, spin liquid was
shown to be equivalent to the one constructed from Schwinger boson [180], which can evolve
into the v/3xv/3 magnetic order, and the V12 x /12 VBS order through an O(4)* transition.

In summary, we proposed a theory for a potentially direct unfine-tuned continuous quan-

tum phase transition between the noncollinear magnetic order and VBS order on the trian-

35



Chapter 3 — Deconfined quantum critical point on the triangular lattice

gular lattice, and at the critical point the system has an emergent PSU(4) global symmetry.
Our conclusion is based on a controlled RG calculation. The physics around the critical point
has the same effective field theory as the boundary of a 3d SPT state [196]. The anomaly
(once we view all the symmetries as onsite symmetries) of the large-N generalizations of
our theory will be analyzed in the future, and a Lieb-Shultz-Mattis theorem for SU(N) and
SO(N) spin systems on the triangular and Kagome lattice can potentially be developed like
Ref. 77, 110.

We also note that in Ref. 89 spin nematic phases with GSM S¥ /Z, (analogous to the spin-
1/2 V3 x /3 state with GSM SO(3)= S3/Z,) and the V12 x v/12 VBS order are found in
a series of sign-problem free models on the triangular lattice. Thus it is potentially possible
to design a modified version of the models discussed in Ref. 89 to access the dQCP that we

are proposing.
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Chapter 4

QED3; WITH QUENCHED DISORDER: QUANTUM
CRITICAL STATES WITH INTERACTIONS AND
DISORDER

Quantum electrodynamics in 2+1-dimensions (QED3) is a strongly coupled con-
formal field theory (CFT) of a U(1) gauge field coupled to 2N two-component
massless fermions. The N = 2 CFT has been proposed as a ground state of
the spin-1/2 kagome Heisenberg antiferromagnet. We study QEDj in the pres-
ence of weak quenched disorder in its two spatial directions. When the disorder
explicitly breaks the fermion flavor symmetry from SU(2N)—U(1)xSU(N) but
preserves time-reversal symmetry, we find that the theory flows to a non-trivial
fixed line at non-zero disorder with a continuously varying dynamical critical
exponent z > 1. We determine the zero-temperature flavor (spin) conductivity
along the critical line. Our calculations are performed in the large-N limit, and

the disorder is handled using the replica method.

4.1 INTRODUCTION

While our understanding of magnetic systems and spin liquids in particular has made great
progress in the last two decades, most systems have been studied in the clean limit with
translational symmetry present. In this paper, we explore the behavior of a critical spin liquid
described by a conformal field theory (CFT) when perturbed by weak quenched disorder.

The CFT we consider is 2+1 dimensional quantum electrodynamics (QEDs3), a strongly
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coupled theory of a U(1) gauge field coupled to 2N massless two-component fermions [140,
141]. This CFT is one of the proposed ground states of the spin-1/2 kagome Heisenberg
antiferromagnet, Hy = J}_ Si - S;, where J > 0 and (ij) labels nearest-neighbour sites
on a kagome lattice (shown in Fig. 4.1) [58, 61, 139]. (We note that other proposed ground
states are gapped Zs spin liquids [153], and the choice between the CFT and the Z, spin
liquids remains a matter of continuing debate [60, 71, 72, 81, 102, 109].) In addition, QED3
may also describe certain deconfined critical points [166, 170] between topological phases
14, 52].

The QEDj3 action is written

_ _ ; 1
Sqed [0, 0, A] = — / Px dr Yo" (au _ ) / Pz dr (0,A, — 0,A,)

\/W) Yot 1o
(4.1)

where « labels the 2N fermion flavors, and we have denoted the Euclidean spacetime co-
ordinates as » = (z,7). The 1,’s are 2-component spinors, with 1, = ¥{7% and v* =
(77, 7Y, —7%) where the 7%’s are Pauli matrices. The dimension of the charge is [¢?] = +1
and so under the renormalization group (RG) flow we expect e? — oo; this will be discussed
in greater detail in Sec. 4.2.1. This theory possesses an explicit global SU(2N) symmetry
under which the fermions flavors are rotated into one another.

The action in Eq. (4.1) specifically describes non-compact QEDj3 i.e. there are no monopoles
operators in the action, and flux conservation is a global symmetry: 0,.J{;,, = 0, where
Jtop = €"P0,A,. Because Sgeq arises in condensed matter as the low-energy description
of a lattice model, monopole events must be allowed in the ultraviolet (UV). However,
Berry phases from the underlying lattice spins can lead to destructive interference between
monopole tunneling events [143, 144, 166, 170], and it could well be the case that monopoles
carrying the smallest magnetic charge are prohibited for the clean kagome antiferromagnet;

the minimal magnetic charge for allowed monopoles in the kagome antiferromagnet is un-

known, and its determination remains an important open problem. In order for non-compact
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QEDs to be the correct low-energy description, the smallest allowed monopole operators must
be irrelevant perturbations. When the number of fermion flavors is low, this is not the case
and the monopoles to proliferate, confining the theory [127, 129]. As matter is added to
the system, the scaling dimension of the monopoles increases and they eventually become
irrelevant [19, 28, 64, 117, 132]. The number of fermion flavours required before this occurs is
currently unknown, but estimates place it around 2Ny, . 0. S 12 for the smallest monopole
charge [28]. In this paper, we work in the large-N limit, where all possible monopole op-
erators are strongly irrelevant [117]. There is an additional critical fermion flavour number

beneath which QED3 spontaneously generates a chiral mass. The exact value of this number

is also unknown but is expected to be 2Ng,, .

|~ 399, 100].

The kagome antiferromagnet corresponds to the case N = 2: the four flavors of fermions
arise as a result of spin degrees of freedom, as well as an additional two-fold valley degeneracy.
Nonetheless, when we specify to this case, we will operate under the assumption that the
large N results also apply to the N = 2 case.

Since some degree of disorder is present in all physical systems, it is important to under-
stand the behavior of these theories under this type of perturbation. The primary result
of this paper is that when time reversal and a global U(1)xSU(N) flavour symmetry are

respected microscopically, there exists a critical line with both non-zero disorder and inter-

actions. This is obtained by coupling the theory to quenched disorder of the form

Sais,z [0, 0] = /d2x dr [M.(z)yo*d(z, 1) + +iA(2) o™y (z, 7)] . (4.2)

Here, M, and A;, are random fields with zero mean. Both fields are independent of time:
although QEDj is a relativistic theory, disorder explicits breaks this symmetry. This should
be contrasted with classical disordered field theories where the random fields are functions of

all of the coordinates in the action. M, and A, are both Gaussian and entirely determined
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by their disorder averages:

M@ML() = 226% (o = af), An(@) An(@) = 6,520 (v — '), ML (@) A() = 0.

(4.3)

The variances g;, and g4, control the strength of the disorder, and, naturally, they must
be positive. Performing a diagrammatic expansion to O(gg, ge/2N) with £ = (t,2), (A, 2),
we find a critical line with ¢;, = —8¢g.4.. + 64/(372N). Provided the flavor symmetry is not
broken further, we expect at least a fixed point to exist at sufficiently large N: higher order
corrections could convert the line to a fixed point but are not expected to lead to runaway
flows to strong disorder.

In the context of the kagome antiferromagnet, the bilinear 10?1 can be associated with

the z-component of the Dzyaloshinskii-Moriya (DM) interaction operator:

> 2(Six 8y, (4.4)
(ij) Ehex(x)
where hex(x) labels the hexagon at point & and the bonds (ij) are summed in the fashion
shown in Fig. 4.1. Similarly, i0o*y®¥1) correspond to spin currents in the microscopic theory.
It follows that the fixed line could be relevant to kagome magnets with randomly varying
DM fields.

We also study the RG flow when disorder couples to the more general set of operators:
N, = 9, N® = o), Ty = o 1, Jiopu = €uvp0” AP (4.5)

where 0% = (0%, 0Y,0%). We find that the U(1)xSU(N) symmetric critical line is unstable
to disorder coupling to either N*Y, Jf’y, and J5. These theories flow to strong disorder
and cannot be accessed with the perturbative methods used here. Disorder coupling to

the topological current is marginal to O(1/(2N)?); however, upon including higher order
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Figure 4.1: The kagome lattice. The arrows indicate the convention chosen for the bond
directions of the spin chirality operator, S; x S;, where ¢ and j label nearest-neighbour sites.
The order of the cross product is taken such that first spin sits at the lattice site pointing
towards the site of the second spin. Later, we will use the same ordering convention to define
nearest-neighbour bond operators S; - S;.

contributions, the Jiop o disorder strength becomes relevant.

In Sec. 4.4 we will see that if the Pauli matrices in the operators of Eq. (4.5) act on
the valley indices of the emergent Dirac fermions, then the mass-like terms N® should be
associated with different valence bond ordering patterns on the kagome lattice [61]. Our
analysis therefore indicates that the QED3 phase is unstable to random bond disorder in the
kagome antiferromagnet.

There have been earlier studies of massless Dirac fermions coupled to disorder. A compre-
hensive analysis for free Dirac fermions was presented by Ludwig et al. [108]. An important
ingredient in their analysis was the coupling of the disorder to components of the current
operator J*(r) = itpy*)(r). For the free theory, J* has scaling dimension 2 like any other
globally conserved current; consequently, the disorder coupling to J* turns out to be marginal
at the clean free fixed point, and this has important consequences for the disordered system.
For the QED3 case considered here, the situation is dramatically different: because of the

presence of the gauge field, J* is no longer a globally conserved current, and its scaling di-
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mension at the CFT fixed point is 3 [62]. The corresponding disorder is strongly irrelevant,
and this is the reason it was not included in Egs. (4.2) and (4.5).

Other earlier works with Dirac fermions studied the influence of disorder and the 1/r
Coulomb interactions between the Dirac fermions [206, 207], and were motivated by the
study of transitions between quantum Hall states. Today, they can be applied to graphene.
As in our work, they found fixed lines at non-zero disorder and interactions.

Our paper begins in Sec. 4.2 by discussing our model in more detail. We start by review-
ing some important properties of QED3 in Sec. 4.2.1, before presenting the types of disorder
under consideration in Sec. 4.2.2. The renormalization procedure and resulting g-functions
are described in Sec. 4.3.1. The remainder of the section discusses the flows which result
upon enforcing different symmetries, including the U(1)xSU(N) symmetric critical line men-
tioned above (Sec. 4.3.4). Sec. 4.4 focuses on applications to the kagome antiferromagnet
and translates the fermion bilinears and topological current of the CFT to the microscopic
observables of the spin model. Finally, in Sec. 4.5 the flavor conductivity along the critical

line is calculated. We review out results and conclude in Sec. 77.

4.2 DISORDERED QED3

4.2.1 PURE QEDj;

The Euclidean signature action for QEDj3 is given in Eq. (4.1). In the IR limit, for N large
enough, this theory flows to a strongly coupled CFT at e? = oco. All loop contributions to

the fermion propagator are suppressed by 1/2N and so we will work with the free propagator

Y
G(p) = dap zg (4.6)

where o and [ are flavor indices. The same is not true of the photon propagator. Instead,
the N = oo Green’s function must include a summation over the bubble diagrams shown in

Fig. 4.2. The effective propagator is determined most simply by adding a non-local gauge
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Figure 4.2: Diagrammatic expression for the effective photon propagator in the large- N limit.
The dotted lines indicate the bare photon propagator, wa (p), while the fermion bubbles are
equal to II,,(¢). As indicated in the text, only the full photon propagator will be used.

fixing term to the action [29]

1 &*p pup, v
Sgauge-ﬁxing = 39 (C — 1) / (271‘)3 |l;| A“(p)A (_p)7 (47)

where ( is an arbitrary parameter which cannot enter into any physical observable. The

resulting free photon propagator is

2N e? Dup 16(¢C—1)p.p
DOVp:—<5l,—“V)—|— wPy. 1.8
() pr " p? ol p? 48)

The polarization bubble in Fig. 4.2 can be evaluated (see Appendix C.6.1) and gives

1 (p) = 121 <5W - Pugu) . (4.9)

-~ 16 P

Therefore, the N = oo propagator is

Dil(p) = ( (DS, ()] " + Hﬂy(p)>_1 10 ((LW — Cp;f”) +0 (]2—2) . (4.10)

~pl

Here, we have used the fact that, because the dimension of €2 is 1, in the infrared limit, p — 0,
all terms of O(p?/e?) are suppressed. Provided we use the effective photon propagator and
organize our perturbation theory such that no fermion bubbles of the type summed in Fig. 4.2
are repeated, the limit e — oo can be taken directly. We will further simplify by working

in the ¢ = 0 gauge.
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Since we will regulate the disordered theory using dimensional regularization, we write

y €

_ _ /2
Saead [0, 0, A] = — / dx dr i, (@ + ”‘Jﬁ‘g A) Y, (4.11)

where d = 2 + €, p is an arbitrary scale, and the photon propagator is understood to be
D (p). We will often write D = d + 1 and denote spacetime coordinates by r = (z,7). By
making the coupling dimensionful, we are taking the engineering dimension of A, to be d/2.
Gauge invariance guarantees that g will not be renormalized, and it will be set to unity at
the end of the calculation. This is discussed further in Sec. 4.3.1.

We now discuss the symmetries and operator content of the theory. QED3 has a SU(2N)

symmetry under which the flavors rotate into one another:
Yo — [exp (wabaaT”)}aﬁ Vg - (4.12)
Here, we have expressed the (2IV)? — 1 generators of SU(2N) as
o TP, o, T, (4.13)

where 0%, a = x,vy, 2, are the 2x2 Pauli matrices and 7%, a = 1,...,N?> — 1, atre N x N
traceless, Hermitian matrices normalized such that tr (T“Tb) = dap/2. Associated with each

generator of this symmetry is a conserved current,

T (r) = o Toy(r),  J(r) = oy (), JP(r) = W Tiya(r).  (4.14)

To all orders in 1/(2N), these operators have scaling dimension A; = 2. When we discuss
the symmetry of the theory in the remainder of the paper, we will be referring to the flavour
symmetry unless explicitly stated otherwise.

As we remarked in Sec. 4.1, the irrelevance of monopoles results in an emergent U(1)¢op
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symmetry associated with a conserved gauge flux current,

JU

top

— Y, A, (4.15)

Like the SU(2N) currents, the scaling dimension of Ji{, is exactly 2. In the limit we consider,
monopole scaling dimensions are much greater than 2, though, as N descreases, this may
cease to be the case.

The global U(1) transformation, ¢ — €1, also has a conserved current, J*(r) = ipy*4)(r).
However, because the U(1) phase rotation is also a local symmetry, its current is quite differ-
ent from the SU(2N) and U(1),, currents. This is evident upon considering the equations

of motion:

1 1
0, F"" =
e2v/2N e2v/2N

=

P8, Jeop. (4.16)

Taken as an operator identity, this implies that the global U(1) current is actually a descen-
dent of the gauge field, and, consequently, its scaling dimension is 3 instead of 2 [62].
In addition to the currents, there are (2N)?—1 “mass” operators which can be constructed

from the SU(2N) generators,

N(r) = o T(r), N(r) = o (r), N(r) = T"(r), (4.17)

as well as the usual 241 dimensional Dirac mass term:

Pi(r)- (4.18)

Unlike the currents, at finite NV these operators have nontrivial anomalous scaling dimensions

[29, 62, 63]. In particular, since N, allows for “photon decay” processes, it becomes less
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relevant, with a scaling dimension of

128 1

Conversely, the SU(2N) masses become more relevant:

64 1
A=2——2 o). 42
! 5N Y (N2> (420)

4.2.2 DISORDER

We are interested in perturbing the QED3 CFT with disorder. A simple scaling argument
shows that there are a limited number of operators which can give interesting results upon
coupling to disorder. We begin by considering disorder coupling to an arbitrary, gauge-

invariant operator O with scaling dimension Ag:
Suwo [0] = / 4’z dr Mo(2)O(z, 7) (4.21)

where Mo (x) is a Gaussian random variable with zero average and with correlations given

by
Mo (z) Mo (@) = %Oad(x — ') (4.22)

go is the variance of Mg and controls the strength of the disorder. To allow for a well-
controlled perturbative expansion, we assume that go is of the same order as 1/(2N); this
implies that the bare disorder strength and the electromagnetic interaction are of the same
magnitude.

Since Sg;s explicitly breaks Lorentz symmetry, time and space need no longer scale in the
same way. We express this by allowing time to scale as —z: [1] = —z. “2” is referred to as the

dynamic critical exponent. While our assumption that go ~ O(1/N) ensures that z — 1 ~
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O(1/N) as well, the possibility that z # 1 at higher orders has several effects which will be
important later. First, the dimensions of conserved currents are no longer all fixed precisely
at 2. The scaling dimension of the time component remains 2, but spatial components have
dimension Aj;,, = 1 + z. Second, having a dynamic critical exponent different from unity
also changes the dimensional analysis of the disorder strength go. Eq. (4.21) establishes that
[Mo] = d+ z — Ao, and with Eq. (4.22), this indicates that [go] = d + 2z — 2A¢. It follows
that the critical dimension is 1+ z. This is the quantum version of the Harris criterion [56].

At tree level, z = 1, so the Harris criterion indicates that in 2d disorder coupling to
operators with Ag > 2 is irrelevant: at low energies, the system is described by the clean
theory. Conversely, operators with scaling dimensions less than or equal to 2 are either
relevant or marginal perturbations when coupled to disorder.

Referring to the previous section, to leading order in IV, there are no relevant perturbations
and only the global topological current, the SU(2N) currents, and the mass terms, N, and
Nu, are marginal. However, as mentioned above, at finite IV, it’s possible that the scaling
dimension of an allowed monopole operator is less than 2, making it relevant. We will not
examine this possibility in our present large N expansion. As discussed in Sec. 4.1, the global
U(1) current, J# = ipy*1p, is irrelevant because its scaling dimension is 3.

Keeping in mind that in order to compare with the kagome antiferromagnet we must set

N = 2, we couple disorder to operators which break the SU(2N) symmetry down to SU(V):

Sais[th, ] = / dx dr {Ms(x)w(x,r) + My o) (z, )
+ iAo (7)Y V(2 7) + Vo (2) oy Y (z, T)

+i&5() Jiop (@, 7) + Bl(@) Jigp (2, 7) (4.23)

where My, My;,, Ajo, Vo, €, and B are Gaussian random variables with vanishing mean.
Here and throughout the paper we use the convention that, when contracting vectors and -

matrices, Roman letters ¢, 7, ¢, etc. indicate that the sum is only over the spatial coordinates
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x, while Greek letters u,v, o, etc. include time as well. We note that since the quenched

disorder is classical, the random fields have been expressed in real time. That is, the time

wpn
]

component of all classical gauge potentials picks up a factor of “¢”. Averaging over disorder,

we have
M@)M, @) = L6 - ), Va@Val@) = 26,0 (x = o)
My o (@) Myol) = %250 (w = ), E@)E ) = 560" (x — ')
Awa(2) Ap(2) = %%@jadu — ), B(2)B(x') = ‘%B(Sd(a: — ) (4.24)

with all other two-points vanishing. As in the general case considered above, we assume that
the variances, {¢s, 9t.as 94,a; Gv.as 9s, g5}, are small and of the same order as 1/(2N).

When we interpret these operators in the context of the kagome antiferromagnet, the o
matrices will act on spin. By recalling that the Dirac mass, ¥, is odd under time reversal in
2+1 dimensions, we deduce that the SU(2) mass operators, i1ho®), should be even. The same
logic asserts that the scalar potential operators, i1)7°c%), are odd under time reversal while
the vector potential operators, i1)770%), are even. Similarly, the fact that JtoOp and thop are
the emergent magnetic field and electric fields respectively reveals that they are odd and even
under time reversal. Therefore, while the zero mean of the quenched disorder fields implies
that Sgis[t),1)] preserves time reversal on average, it is only a good symmetry everywhere
within the system when M, V, and B are not present (equivalently, gs = g = g5 = 0). In
Sec. 4.4 we will discuss the microscopic meaning of Syis[1, 9] in the kagome antiferromagnet
more thoroughly.

We will use dimensional regularization with d = 2+e¢ so that the dimension of the variances
is shifted to [g¢] = —e, where £ = s, (t,a), (A, a), (v,a), €, or B. For convenience, we
make the couplings dimensionless by taking g: — u~“g¢ where p is an arbitrary momentum
scale. When we perform the renormalization group study, the couplings are restricted to

non-negative values because they physically correspond to variances.
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The disorder breaks translational symmetry and makes calculating quantities for a given

realization of disorder completely intractable. Instead, the fundamental quantity of interest

is the disorder-averaged free energy:

F=—logZ
d o z —£ d*zB(
—log /DM(.ZL") DM, (x) DM, () DA,q(x) DV,(z)e™ Sqed—Sais o~ 292 [ da M )26 f (z)?
‘e 295 > [ d%xE;(x)E () H «Mia(z)® — o () AT (z) - 4 2 Vi ()2
a=x,y,z
(4.25)
To solve perturbatively, we employ the replica trick. Using the identity
Z"—1
log Z = leg% — (4.26)
we instead calculate
Zy=2"=N / H Dty Doy DAy ¢~ Snbatsted] (4.27)
..... 2N
K*l ..... n

where A is a normalization constant and

e/2ﬂ

o [, A Z/dd:vdmbg ,7) (@+ N Ag> Yz, 7)

d%x dr dT’{ — gsee (T, T) b (2, T') — Z 9,000 (T, T 00 hm (2, ')

- Z JAa &Ei,yjaawf(xa T)@Emi'}/jaawm (xa T/) + Z Gu,a &Eifyoaawé(xa T)%miﬂyoaawm ($7 T/)

JZ

top

(0, 1) I s 7) + g S (2, 7). (s ')}- (4.28)

In addition to the physical flavor symmetry, the fermions and photon now carry a replica
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. m _
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0 0 i J . i g
f\/\/@f\/\, — _275((]0),&7698(]2 M@fw — 275((]0)M_€ggq2 (52] _ qq#)
ﬁ7£ O‘ve ﬁ,e (1,0 OC,E
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|
T = 2m8(go) i gs (1] 45 [1,, ‘ = —210(q0) 1t “Gu.a [17°0] 5 [11°07],,
|
pP;m a,m p,m a.0 o,m
B, a o, l B, ¢ a,j o,
—f— > >
n
a4 =2m6(q0) " Gt.a [0%] 05 [0, q =216(qo) v g.4,a [177 7] B [i77 5] op
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p, m a o,m p,m > a,j > o,m

Figure 4.3: Feynman rules associated with the replicated action, S, [w, W, A] . The diagrams
on the first and second rows are diagonal with respect to the replica and flavor indices. In
the four-point diagrams, ¢ and m are replica indices while «, 3, o, p label the 2N fermion
flavors.

index denoted by ¢ and m. We have suppressed the summation over the flavour indices and
will continue to do so in what follows. Likewise, the replica indices will often be left implicit.

The Feynman rules corresponding to .S, [1/), ), A} are provided in Fig. 4.3.

4.3 RENORMALIZATION GROUP ANALYSIS

4.3.1 RENORMALIZED ACTION

The low energy properties of S, [¢,1Z,A] can be studied with the same renormalization
techniques used in many-body systems provided the number of replicas, n, is taken to zero

at the end of the calculation. This implies that diagrams which sum over all replicas must
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Figure 4.4: Example of a diagram which vanishes in the replica limit, n — 0. The internal
fermion loop involves a sum over all replica indices, and multiplies the diagram by an overall
factor of n.

be neglected. For instance, Fig. 4.4 is proportional to n and should not be included.

We will use renormalized perturbation theory [6], making use of a counter term action:

_ _ ) 0 . 0 Z"ufe/Zgél Z'que/2g/ '
S [ 9] = =) /ddd (5 0 by o + e L ALY 4 22 Al :
T [, é rdr iy | 1017y 5, 10y oz, 5y 07 5 a7 Ye(x,7)

+ Iu2_6 ; / ddm dr dT,{ - 55 &wa(l'a T)l/;mwm<x7 7—,) - ; 5t,a TENQW(% T)&maawm(xa Tl)

- Z 6A,a @Zﬂ'/yja—awﬁ (:Ea T)lﬁmi%‘%iﬂm (:Ea Tl) + Z 51},(1 QZZZ.’YOUQQW (1’, T)@Emivoaa@bm(x) 7—,)

— 0 S (0, 7) e (a0, 7) + O T (=, )z, T')}. (4.29)

The counter terms, {412, 0 9, ds,0t,a; 0.0 0.4.0, 05, 0¢ }, are determined by requiring that all
physical observables are finite in a dimensional regularization scheme. While relativistic
invariance is explicitly broken, there is no need track the relative flow of the fermion and
photon velocities since the low-energy behaviour of the photon propagator descends entirely

from its interaction with the fermions.
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The bare action is the sum of S, and S¢™:

8@73 V2 V2 ]’
+ 1 Z dd d d / B 7 7 /
5 TpaTp aATgy YJs W,BW,B@B,TB)Qﬁm,Biﬁm,B@ByTB)
4m

_ - o 0 . 0 7 7
SP [, 0, A] = —Z/ddﬂis dt VB (WO% + iy’ + 257" AOB +— = 537 )W,B(l’B,TB)
;

=Y 98 050 e s(x5, 78)Pm 5O m, 5 (15, Th)

a

- Z gﬁ,a @Eﬁ,BiVjUaiﬂe,B(xB, 7B)Um, B1Y;0athm.B(TB, Tp)

a

+ Z Ioa V317’0V 5(25, 78)Vm 5V Oatbm B(25, T)

a

m,0 4,5 m
gB Jtop B(xBa TB)‘]top,B('TB7 T,B) + gf Jto{),B(xB7 TB)JtOp,B,j (xBa Ti%)} (430)

where the bare fields and coordinates are

Vp(rp,78) = 21" (x, 7),

AO,B(xBaTB) 1/2140(17 7') AjB(ZEB,TB) Zi/ﬁyA (IL‘,T),
Z

Here, we have written Z; = 1 + 6, and Zy = 1 + 4o, and, by taking x = xp, we are
renormalizing relative to the spatial scale. Gauge invariance constrains the photon field
strength renormalization constants to be

Zl/2 . Zl Zl/2 -1

v,0 T Z’ ¥,y 3 (432)

and it follows that we must have 9,5 = d7,. This has been explicitly verified. The field

strength renormalization of the topological currents then follows simply from the renormal-
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ization of A, and (z,7):

dy or

ox or
(4.33)

04, 04, Z (aAO 8Ay> , A (aAo 8Am).

Jgo =Y _ S __ =
top,B or ay ) top,B Z2 top,B Z2

As discussed in the previous section, the dynamic critical exponent relates the scaling of

time and space to one another:
U—T = 2T - (4.34)
Since 7 should scale like u, taking its derivative with respect to log u gives

d Z
z=1-— /JJ@ log (7?) : (4.35)

The renormalization of the disorder strengths is determined by comparing the bare action

to S, + SCT:
gsB = “_622_2 (gs + 53) ) gfa = N_GZ2_2 (gt,a + 5t,a) )
gﬁﬂ = HJ_GZ2_2 (gA,a + 5./4,@) ) gfa = ILL_GZQ_2 (gv,a + 5v,a) )
g¢ = =" (ge + )., 98 = W Z1Z57 (95 + ) - (4.36)

The fact that the bare couplings are independent of the scale i establishes the g-functions.

For disorder coupling to fermion bilinears, we have

d d
0= —e (gf + 55) —2 (gf + 55) M@ 1Og Zy + M@éf + B{v 5 =S, (t7 a)a ("47 a)a (Ua CL)7 (437)
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p p a a
2
O ey (b) —itr® (£2) (¢) —ien® (L, 552)
a,0 a,0 a,j a,J
(d) —iwy® (32, %=e) (e) =iy’ (32, %)

Figure 4.5: Feynman diagrams which contribute to the fermion self-energy at O(ge, 1/2N).

where B¢ = pdge/dp and a = x,y, z. Similarly, the S-functions for the flux disorder are

d
0= —€(ge+0¢) + M@&s + B¢,

d
0=—€(gs+dp)+2(98+0p) (2 —1)+ M@tszs + Bs. (4.38)

In the second equation, the relation z — 1 = pdlog (Z1/Zs) /du has been used.

The fermion self-energy diagrams which determine the counter terms §; and d, to leading
order are shown in Fig. 4.5. These are evaluated in Appendix C.2, and the divergent pieces
are listed below the corresponding diagram in the figure. Only the photon loop in Fig. 4.5(a)

contributes to Z,. In order to cancel this divergence, we must have

82
5 c

= SN (4.39)

The frequency counter term, on the other hand, receives contributions from all of the dia-
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| | N/ |
I I N 2 X :
@ Weyllel(-&)  ®) [V¥eyllel] (L) (@ retiel (%)

@) Lo 1ot (-2) (@) e[t o 1] ()

Figure 4.6: Diagrams which contribute when only SU(2N)-preserving, bilinear disorder is
considered (¢to = gaa = gva = 0). Both Figs. 4.6(c) and 4.6(d) are accompanied by a
diagram with the interaction on the other vertex. Partner diagrams to Fig. 4.6(e) with the
fermion loop direction reversed and/or the vertex switched are also present. These diagrams

4 2
sum to [1 0 1] 191 { £ + S - S|

grams in Fig. 4.5:

84> 1
=+ —
' 372(2N)e - 27e

gs + Z (gt,a + 9v,a + 2gA,a)] ’ (44())

It follows from Eq. (4.35), the dynamic critical exponent is

1
z=14—

o (4.41)

s + Z (gt,a + 29.4,@ + gv,a)

The provision that all couplings be positive implies that z > 1 always.
The bilinear counter terms, d¢, £ = s, (¢,a), (A, a), (v,a), are determined by adding dia-
grams like those in Fig. 4.6. In particular, Fig. 4.6 shows all diagrams which renormalize

disorder coupled to the SU(2/V)-symmetric mass when all other couplings have been tuned

95



Chapter 4 — QEDg3 with quenched disorder

to zero. The integrals are performed in Appendix C.3, and the remainder of the diagrams
renormalizing the bilinear disorder are shown in Appendix C.4 in Tables C.1, C.2, and C.3.

The resulting counter terms are

* 7w(2N) 72N

1
Ota = [gm ( Gta — Z gt b> ~ 20t (29A,a -> gA,b) + Gta (2%,@ - ng,b>
b b

48gt a
aYs 4 a a, 2 — 4 aYv,aq, 2 — 2 abe c :
+ Gt,a9s + 49t0a9 408 9t,a9v,ad Z ‘f |9t,b9A, 7(2N)

1 9i.bG¢.c Gv.bGv.c 169A aﬂQ
4] a— | — YsYv,a — abe < — 2 c : . > - :
~ [ Jodv Zbc [T 2040040 + 75 37(2N)

1 649.9"  489.4°
b= —— [92 + = oy 92 Gt o = 2040) =23 Graiaa

TE
1
51},(1 = _E |: —Gva <2gv,a - Z gv,b) —Gva <2gt,a - Z gt,b) - 291},(1 <2gA,a - Z g.A,b)
b b b
169,..4°
abc v,a,
— Gv,a9s — 2gsgA,a -2 ; |‘E ‘ GvpGA.c — 37T(2N) : (442)

The graphs which renormalize the topological disorder stengths, g and gz, are actually three

loop diagrams at leading order. These are calculated in Appendix C.5 where we find

4 4

s e

Differentiating the bare couplings (Eq. (4.36)) with respect to u, solving for the -functions
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to O(gZ, ge/2N), and setting 4° = 1, we obtain

mhs = MEGs + gs

Js + Z (gt,a + gv,a - 2gA,a) + 2c

—2 Z Gv.a9A,a
<2gt,a -> gt,h) +2 (29A,a +) gA,b) - <6gv,a +> gv,b)
b b b

+ Gtafs — 26] —2) €| gragac
be

7T-ﬁt,a = T€Gta + Gt.a

gv,bgv,c>

TBaa = T€Yaa — YsGva — Y €] (M + 294094+ 75
be

2

Wﬂv,a = T€Gv,a — Gu,a [ (29v,a - Z gv,b> + <2gt,a - Z gt,b) + 2gv,a (29A,a - Z g.A,b) + Js
b b b

- 2gsg.A,a -2 Z ‘Eabc| Gv,bGA,cs
bc

TPl = mege — 39598,

ﬂ-ﬂB = Tegp — 39398 — 9B |gs + Z(gt,a + 2gA,a + gv,a) (444>
where
64
= —. 4.45
“T 3N (4.45)

In what follows we will work in 2 spatial dimensions and set € = 0.

4.3.2 SU(2N) FLAVOUR SYMMETRY

Since disorder coupling to the U(1) gauge currents is irrelevant, the only finite couplings
which preserve the SU(2/N) flavour symmetry of QEDj are g5, ge, and gg. With g;4 = gr.a =

Gv,a = 0, the only non-trivial g-functions are

TBs = g2 + 2¢gs, TBe = —39s98, 65 = —gs (39 + gs) - (4.46)
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Bs is entirely determined by the fermion self-energy diagrams in Figs. 4.5(a) and 4.5(b) and
the 4-point diagrams in Fig. 4.6. Figs. 4.6(a) and 4.6(b) cancel, and Fig. 4.6(c) contributes
the second term in [§,. This is precisely the same term found in Ref. 108 for free Dirac
fermions. The second term in [, results from interactions with the photon. In fact, this is
simply the anomalous dimension of Ny(r) = \/%—Nl/_}w(r) in pure QED;3 (Eq. (4.19)). Since
gs > 0, both terms in (8, are positive, and, as the energy scale is taken to zero, g, flows to
zZero.

On inspecting the g-functions for the topological disorder strengths, we note an apparent

inconsistency with our claim that J _ is a conserved current. In particular, as indicated

top
near the beginning of Sec. 4.2.2, the scaling dimensions of the spatial and time components
of a conserved current are non-perturbatively protected to be 1 4+ z and 2 respectively, and

this should be reflected in their S-functions. However, this is not the case in the expression

above for either J. or J°

top top When gs # 0. Fortunately, this result makes sense in the context

of the parity anomaly: when a single species of Dirac fermions is coupled to a mass, a Chern-
Simons term at level 1/2 is generated ~ 1P A,0,A,/4w. In the disordered system, this
manifests itself through the induced coupling of the two topological currents.

Regardless, both of the g-functions for the topological disorder are directly proportional
to the SU(2N)-symmetric mass coupling and so vanish when g, = 0. However, we argue
that higher order effects ultimately destabilize the clean critical point in the absence of time
reversal symmetry. To start, we observe that the Dirac equation has an additional discrete,
anti-unitary symmetry under which both time and charge flip, leading us to refer to it as

“CT” symmetry. J{,

is even under the action of C7, while both ¢ and thop are odd.
Imposing this symmetry sets gs = g¢ = 0 and allows only g to be finite. The lowest order
diagram which contributes is the fermion self-energy shown in Fig. 4.7. Like the diagrams in

Fig. 4.5, its divergence is cancelled by Z;, yielding a dynamic critical exponent greater than
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unity:

gs
=1 . 4.4
T e (4.47)

Even though time-reversal is broken, the C7 symmetry ensures that no diagrams mixing gz
and ge are generated. We conclude that since flux is still conserved, the only contribution
to the p-function of g arise from the corrections to the dynamic critical exponent given in

Eq. (4.47). In Sec. 4.2.2, we showed that the dimension of disorder coupling to J2  is

top
lg5] =2(1+ 2) — 2 [Jg,,] =2(z— 1), (4.48)

and, therefore, the S-function is
7B = —JB. (4.49)

It follows that this theory flows to strong coupling, albeit at a higher order in g¢ and 1/(2N)
than what is considered in the rest of the paper: O(g%/2N) ~ O(1/(2N)?) instead of
O(1/(2N)?).

This continues to be true even upon breaking C7 and allowing finite g¢ and g;. The g
disorder strength will flow to zero and need not be considered further. Then, the irrelevance
of monopoles ensures that ge remains marginal and that gz flows to strong coupling (we note
ge will give an additional contribution to z and, consequently, 5z). In summary, the clean
theory is unstable to SU(2/N) symmetric disorder when time reversal is broken.

Finally, when both the SU(2N) flavour symmetry and time reversal are imposed, only

disorder coupling to J7

iop 18 allowed, and the theory is exactly marginal to all orders in

perturbation theory.
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0 0

Figure 4.7: The only disorder diagram to contribute to O(gg/2N) when B(z) is the only
random field coupled to QED3. Note that it is subleading to the self-energy diagrams we

consider elsewhere in the paper (Fig. 4.5). It contributes a divergence —ipyy" (27r(92‘§\[)6 :

4.3.3 SU(2)xSU(N) FLAVOUR SYMMETRY

If we instead allow disorder to break the symmetry from SU(2/N) — SU(2) x SU(V), no non-
trivial fixed point is found; the system flows to strong disorder, and out of the perturbative

regime. Setting ¢, = 9t, Gv.a = Go, a0d g4, = g4, the resulting set of S-functions is

TBs = gs [9s + 39: + 39y — 694 + 2¢c] — 69,94,
B = Gi [—9¢ + gs — 990 + 694 — €],

a4 = —4g% — 9; — 92 — GsGu,

By = Go [gv — gs + gt — 29.4] — 29594,

TBe = —39.98,

P = —39sgs — 95 [9s + 3(9t + 294 + 9v)] - (4.50)

The third equation indicates that if either ¢;, g4, or g, is non-zero, g4 always flows to strong
coupling. The four negative terms in 54 can be traced to the diagrams in the first, fifth, and
seventh rows of Table C.1, and the second row of Table C.2 (shown in Appendix C.4). In
these diagrams, the anticommutation properties of the Pauli matrices ensure that the “box”
and “crossing” diagrams do not cancel as they did for the singlet mass term (Figs. 4.6(a)
and (b)). In fact, it is shown in Appendix C.1 that disorder symmetric under any continuous
non-abelian subgroup #H of SU(2N) will have this property and, consequently, flow to strong
coupling.

This may appear to contradict the argument of the previous section: since g4 couples
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disorder to the spatial components of a conserved current, in the absence of a random mass
Mg(z), should it not be exactly marginal like ge? The key difference is that because SU(2)
is non-ablelian, the SU(2)xSU(N) flavour symmetry is only present on average. The action
for a specific realization of disorder, Aj(z), only has a SU(N) flavour symmetry, and, as a
result, the scaling dimension of iy 0%) is not protected.

Similarly, if gg is non-zero and any of the other four fermion bilinears couplings are non-

zero, disorder coupling to J2

top also becomes strong. Again, this is because the dynamical

critical exponent is greater than 1 when g,, g¢, g4, or g, are non-zero. We recall that the
dimensional analysis of Sec. 4.2.2 indicated that when z # 1, the critical scaling dimension

is no longer 2, but instead 1 + 2. Therefore, [J2 | = 2 < 1 + 2z, making it a relevant

top

perturbation.

4.3.4 U(1)xSU(N) SYMMETRY

We turn, finally, to the case of greatest interest in the present paper. When the disorder
couples to a U(1) subgroup of SU(2N), we find a fixed line with both finite disorder and
interactions.

We begin by considering an XY anisotropy where g. . is allowed to differ from ¢., = ¢., =
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g..1. With this restriction, the S-functions in Eq. (4.44) reduce to

05 = G [9s + Gtz + 2010 — 2942 — 49a1 + Goz + 2001 +2¢] — 29,2942 — 4Gv,1 94,1,
Btz = Gz [tz — 2060 + 694z + 4941 + Gs — T9uz — 2001 — ] —4G1 1941,
01 = g1 [~ Gtz + 9s + 8941 — Guz — 8GuL — €| — 2012941,
TBa: = —49%1 — il — 9ol — YsGu.
0L = —494194> — G296 L — Gv.2Gv, L — GsGv, L,
TBuz = Gz [~ vz + 2001 — Gtz + 2001 — 294 + 4941 — 95|, —29594.= — 49u, 1941
TBuL = ol [Goz + Gtz — Gs] — 295941 — 29v,29.4.1,
mBe = —39s9s,

s = —30s9e — 95 [9s + Gu- + 2045 + Gu + 2(961 + 2941 + Gu,1)] - (4.51)

These results are consistent with the RG equations obtained in Ref. 44. In this paper, the
authors considered Dirac cones interacting through a 3d Coulomb term instead of a strictly
2+1 dimension gauge field; we can compare to their results by setting the Coulomb coupling
in their equations to zero and g2 = g, = ¢,. = goL = ge = g5 = 0 in Eq. (4.42).

As in the previous section, the S-functions for the vector potential couplings, g4 . and
ga,1 are all negative. In order to ensure that they do not flow to infinity, all perpendicular
couplings must vanish, ga1 = ¢+1 = ¢, = 0. This describes a situation where the

U(1)xSU(N) symmetry of the underlying theory is preserved even in the presence of disorder.
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Figure 4.8: RG flow in the (a) (¢t.,94..) plane, (b) (g, 9».») plane, and (c) (gs, g».») plane
with all other couplings set to zero. (d) shows the (g 1,941 ) plane with g;, = ¢ and all
other couplings vanishing. The critical point with all couplings equal to zero (no disorder)
is marked in orange with “A” and the critical point with ¢, , = c is marked in green with a
“B” In (a), the critical line is drawn in green. Here ¢ = 128/37w(2N).
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The S-functions in the presence of this symmetry are

T0s = gs (gs + 9.2 — 2942 + 3Gu.2 + 2€) — 2942902,
Bz = Gtz (G2 + 9s +89az — Tgv. — €)
B4z = —9sGv.z»
TBoz = —Goz (Goz + Gs + Gtz +2942) — 295942,
mBe = —39s9s,

Wﬂlﬁ = _39395 — 9B (gs + Gt,z + 29,4,7; + gv,z> : (452>

Recalling that all couplings are positive, we find a single physical solution which breaks the

SU(2N) flavour symmetry to U(1)xSU(N). It is parametrized by the line

&
gtz = C— 8gA,27 JA,z < g ) (453>

with g and all other bilinear couplings equal to zero. Moreover, since gs, ¢,,., and gg are
absent, each realization of disorder is invariant under time reversal and, consequently, g¢ is
exactly marginal (see Sec. 4.3.2). The fixed line we discuss is more correctly a fixed plane
(though we will frequently refer to it only as a line). Referring to Eq. (4.41), the dynamical

critical exponent on this surface is
z2=1+c—6ga, (4.54)

In the presence of both time reversal and the U(1)xSU(2N) flavor symmetry, ¢g. | = 0,
the critical surface has one irrelevant and two marginal directions. It is stable to small
variations in g, . while perturbations in gs and g4, are marginal. As we saw in the previous
two sections, these couplings are associated with the spatial components of a conserved
current, implying that their scaling dimensions are non-perturbatively fixed at exactly two

when time reversal symmetry is present. The presence of these symmetries means that we
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do not expect the stability of the critical surface to change with the inclusion of higher order
diagrams provided N is sufficiently large. However, it is possible that that it will be reduced
to a single critical point. The RG flow in the (¢:.,94.) plane is shown in Fig. 4.8(a).

When time reversal only holds on average, gs, g,. and gg are allowed to be finite as
well. Disorder coupling to the SU(2N)-symmetric mass term remains irrelevant, but the
scalar potential-like disorder, g, . and gg, take the theory into the strong coupling regime,
as expected when the z > 1. The RG flows in the (g; ., 9,.) and (gs, g»») planes are shown
in Figs. 4.8(b) and 4.8(c).

The fixed surface is not stable to perturbations which explicitly break the U(1)xSU(2N)
flavour symmetry of the replicated theory. Fig. 4.8(d) shows the RG flow in the (g:1,94.1)
plane for ¢g,, = ¢, ga. = 0 and indicates that both parameters are relevant. This is true
along the entire critical surface. Conversely, it can also be shown that along the critical line

gy, 1 is irrelevant.

4.4 APPLICATION TO THE KAGOME ANTIFERROMAGNET

The large emergent symmetry of the QED3 CF'T implies that the currents and the fermion
bilinears which we couple to disorder can be interpreted in a number of ways. Nonetheless,
it is useful to directly relate our model to the microscopic operators of the spin-1/2 kagome
Heisenberg antiferromagnet (N = 2): Hy = J }_,;y Si-S;, where (ij) are nearest-neighbour
sites on the kagome lattice (see Fig. 4.1). Special attention will be given to the fixed line
found in Sec. 4.3.4. This section draws heavily from the discussion of Ref. 61, and more
details can be found therein.

We begin by reviewing how the CFT is obtained as the low energy description of the
kagome antiferrormagnet. We start by expressing the spin operators in terms of fermions,
S; = % fZ-TTa'TT/ fir', where o are the three Pauli matrices. This representation reproduces the
Hilbert space of the spins provided it is accompanied by the local constraint ZT:T, o JTf ir = L.

J i

The resulting Hamiltonian, Hyg = —+ (i) I fir ijT firr + const., can be approximated by a
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mean field Hamiltonian Hyp = — ) i) tij fiTT fj= + H.c., where t;; is chosen so as to minimize
the ground state energy while enforcing the condition ZT:T, f (firfiry = 1 on average. The
mean field ansatz which inserts m and zero flux through the kagome hexagon and triangle
plaquettes respectively is found to have a particularly low energy [58, 61, 139]. In this case,
the dispersion of Hyr has two Dirac cones per spin at a non-zero crystal momentum, +Q
[58, 61]. The low energy excitations of Hyp are described by expanding about these two
valleys, giving a free Dirac Lagrangian, Lp = —1.@,, where o labels both spin and valley
(the relation between the continuum Dirac spinors, 1, and the lattice fermions, f;,, is given
in the appendix to Ref. 61). However, since the physical spin operators, S;, are invariant
under local phase rotations, fir — €% f;,, the fermions carry an emergent gauge charge,
and, consequently, the true effective theory of Hy must take gauge fluctuations into account.
Provided monopoles do not the confine the theory, the low energy description of the kagome
antiferromagnet is QED3 and not the free Dirac theory [19, 28, 64, 132]. We note that while
Hy only had an SU(2) spin symmetry, QEDj3 has an emergent SU(4) symmetry under which
spin and valley indices are rotated into one another.

In order to calculate physical quantities, microscopic observables of the lattice theory must

be associated with continuum operators of QEDj3:

A~ eO(r), (4.55)

where A; is some function of local operators near the lattice site r, and O,(r) are a set of
operators belonging to the CFT. At long distances, the quantities to the left and right of
Eq. (4.55) must decay in the same manner. Given A;, the set of operators O, for which ¢,
is non-vanishing could be determined by repeating the steps used to derive QED3 from the
Heisenberg model on the microscopic operators O, [61]. However, it is easier to note that the
¢,’s can be non-zero if and only if A; and O, transform in the same manner under the action

of the microscopic symmetries of the theory. In particular, the action under time reversal
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and space group transformations will be important. The symmetry operations relevant to
the kagome antiferromagnet can be found in Ref. 61.

As discussed in Sec. 4.2.2, we only consider disorder coupling to the topological current and
the fermion bilinears. That is, we restrict O, to be either the conserved currents in Eqs. (4.14)
and (4.15), or the mass-like operators given in Eqgs. (4.17) and (4.18). By applying our large-
N results to the N = 2 case, we may be neglecting important types of disorder in the form
of monopole operators.

With this caveat in mind, we begin by identifying the singlet mass operator \/%Tvzhb with
the chiral mass term discussed in Ref. 58. Noting that \/%—N@w is odd under both parity and

time reversal, it’s not surprising that it can be associated with the scalar spin chirality,

Cssp CBA Z S S X Sk), (456)
(ijk)en
where @ is the position of a triangle in the lattice, and (ijk) are ordered as indicated by

the arrows in Fig. 4.1. Similarly, the flux disorder operator, JC . transforms in the same

top?
way as \/%—N@/_J@/}, indicating that it can also be associated with Csgp. We conclude that the
random fields M(z) and B(z) in Eq. (4.23) descend from disorder coupling to Cssp. The
renormalization group study of Secs. 4.3.2, 4.3.3, and 4.3.4 indicates that a randomly varying
scalar spin chirality remains a marginal perturbation to leading order. However, this is not
protected by any symmetry and, as discussed in Sec. 4.3.2, higher order diagrams make it
relevant.

The spatial components of the topological current are time reversal invariant and transform

as vectors under spatial rotations. The simplest operators invariant under time reversal are

the bond operators,
Pj;=S5;-5;, (4.57)

where ¢ and j are nearest-neighbours. In order to find the simplest combination of Pj;’s
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which rotate in the correct fashion, we calculate the irreducible representations governing

the bond configurations within a unit cell. Defining

Pe(z)= > eiPy, Pyx)= ) Py
ij€hex(x) ij€hex(x)

z T_L 1 -9 — Y T_l -1 —
(eij) _2\/5(2717 1,-2, 171)a (6) _2(0717170’ L, 1)7 (458)

and J!

we identity J top

fop with P, and P, respectively; these patterns are shown in Fig. 4.9.

This identification along with the results of Sec. 4.3.2 may then appear to indicate that

random bond disorder, corresponding to a Hamiltonian of the form

Hypg =Y J;S;- S;, (4.59)
ij
is an exactly marginal perturbation to the QEDj3 fixed point when time-reversal is preserved.
However, we will see shortly that this is not the case.
We next express the 15 generators of SU(4) as {¢%, i/, 0%’ } where 0® and p/ are commut-
ing sets of Pauli matrices with % acting on spin and p’ acting on valley indices. Following

the notation of Ref. 61, it’s useful to re-label the operators of Eqgs. (4.14) and (4.17) as

Jila’“ B Z'V,E,uia“fyugb, JBu = Wb, Jé‘,u = ipp Y,
N = du'o"y, Ng = o, NE =i - (4.60)

Each of these operators can couple to a random field to contribute to an action of the form
in Eq. (4.23).

In Ref. 61, the microscopic spin operators corresponding to each of the mass operators,
Nt N% and N, are identified. We will primarily be interested in N%. This is a spin triplet
and is even under time reversal. The simplest microscopic operator with this property is

the vector chirality operator C;; = S; x S;, where ¢ and j are nearest-neighbours. The
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linear combination of C;;’s within a unit cell which transform in the same way as Np can

be written

Cz)= > Cy, (4.61)
(i5)Ehex ()
where the sum is taken around the hexagon at « following the convention in Fig. 4.1. As we
indicated in Sec. 4.1, Cy is precisely the DM interaction term.

Similar reasoning suggests that the B-type currents, Jp ,(r), correspond to the spin op-
erators and currents. First, the space group symmetry acts on S; in the same way as it
acts on Jp; in particular, both § and Jp are invariant under spatial rotations and odd
under time reversal. It’s not surprising then that Jp, and Jp, correspond to spin currents.
They are both even under time reversal and are spin triplets. As with INg, this suggests
a linear combination of nearest-neighbour vector chirality operators, Cj;, as their natural

microscopic counterpart. Like J. | they must transform as vectors under spatial rotations,

top»

implying that the C;;’s should correspond to the Jp ; in the same way the P;;’s correspond

to thop:
C.(w)= >  €Cy, Cym)= > €Cy, (4.62)
ij€hex(x) ij€hex(x)
where ef; and ej; are given in Eq. (4.58) and shown in Fig. 4.9. In fact, since we assume

that fermion bilinears and topological currents are the only relevant operators of the CF'T,
all disorder coupling to the Cj;’s is taken into account by random fields coupling to Np,
JB ., and Jp,. In particular, modulo the caveats we have already discussed, the low energy

theory of the kagome AF with weak disorder of the form

HpM =) "Mz 8 x 8, (4.63)
(i)

where JZ]?M are sufficiently weak random variables, should be described by fixed line of
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(a) Current in z-direction. (b) Current in y-direction.

Figure 4.9: Bond ordering of bond order and vector chirality operators corresponding to the
topological currents, thop, and the spin currents Jg’j (r) in the z and y directions respectively.
Our convention is that in Cj; = S; x §;, the ith site points towards the jth. The double
arrows in (a) identify the bonds which are weighted twice as strongly as others, while the
absence of arrows on the horizonal bonds in (b) implies that they do not contribute at all.

Sec. 4.3.4.

Unlike Np, the remaining two mass bilinears in Eq. (4.60) carry valley indices. The
bilinear N} represents a set of three spin triplets and is odd under time reversal. Focusing
on the z component in spin space, Ni{z, three magnetic ordering patterns can be identified,
each with a crystal momentum at a different M point in the Brillouin zone. Under rotations
about the z-axis, the Ni{z’s transform into one another. Disorder resulting from magnetic
defects could couple to bilinears of this form, but the fixed line resulting in Sec. 4.3.4 is
particularly unlikely to occur. Except in cases of extreme anisotropy, we do not expect
disorder to exclusively couple to a single momentum channel.

Similarly considerations hold for N}. These operators are spin singlets and, like thop,
can be associated with bond ordering patterns P;; [58, 61]. In this case, two 3-dimensional
irreducible representations of bonds transforming in the same way as N/, are identified, and,
again, each ordering pattern within an irreducible representation is distinguished by having
a crystal momentum at one of the three M points. It follows that perturbing Hy by given
a generic random bond Hamiltonian Hgp in the UV results in finite disorder strengths for

i gia i
N¢, Jé,, as well as Ji, .

The appropriate form of disorder is not the the SU(2/N) symmetric
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case of Sec. 4.3.2, but rather the situation discussed in Sec. 4.3.3. We therefore conclude
that the kagome antiferromagnet is unstable to generic random bond disorder.

Finally, the same arguments hold for the microscopic analogues of Ji{i and Jé, -

4.5 FLAVOUR CONDUCTIVITY

The flavor conductivity is a universal observable of the CF'T; for the case of the kagome
antiferromagnet, this conductivity is interpreted as a spin conductivity. By the usual ar-
guments, we expect this conductivity to also be a universal observable along the fixed line
with U(1)xSU(N) symmetry found in Sec. 4.3.4. Because of the presence of continuously
variable critical exponents along this line, we also anticipate the flavor conductivity to be
continuously variable.

The flavor conductivity is determined by the two point correlators at zero external mo-

mentum of the following currents:

J2(p) = i Ty Y(p), Jo(p) = TV Y(p), Ji.(p) = iba" Ty ¢(p) = iha? Ty Y (p).
(4.64)

In particular, we calculate the optical conductivity, valid for frequencies greater than the
temperature T, allowing us to evaluate these correlators at zero temperature. The diagrams
which contribute to O(g: ., g4, 1/2N) are shown in Fig. 4.10. To this order, a non-zero gg
will not contribute.

We recall from the discussion of Sec. 4.2.2 that the dimensions of the spatial currents
JZ (z,7) and JZ (x, 7) are fixed at 14z and, therefore, their correlators contain no divergences
at zero external momentum. Moreover, an inspection of the diagrams in Appendix C.4
shows that the scaling dimensions of J;, remain unaltered to the order we are considering.
Appendix C.6 outlines how Figs. 4.10(a) to 4.10(e) are calculated, and also verifies that

counter term diagrams do not contribute. The photon diagrams, Figs. 4.10(f) and 4.10(g),
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q
H, T, V,S,B
q+p
(a)
q+k
w, Ty & g w, Ty & E
Z7j
q+p qg+k+p
w, & k V,S,B w, &
q q+k
Z’j
(d)
g
q+p qg+k+p
w, T, I/,S,B m, 7o
q q+k
loa
(f)

Figure 4.10: Diagrams which contribute to the current-current correlator.
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are determined in Ref. 69. Combining these results, we find

(S2a(po) 5 (=p0)) = (J5a(Po) I (=po))

1 a
= Oab |p0| { - E - ﬁ + avyt,z + aZ(gt,z + Q.gA,z)}
1 (y
= dab [Po] | — 6 anv T c(ay +as) — (8ay + 6ax)ga.. (4.65)
and
T T 1 a”Y
<Jj_a(p0)JJ_b(_p0)> = 6ab ‘pO‘ - 1_6 - ﬁ —avyiz + aE(gt,z + 2gA,z)

1 a
= 6ab |Po { — — — —L 4t c(—ay +ax) + (8ay — 6@2)9A,z} (4.66)

where ay, ay, and a, are derived from Figs. 4.10(b) and (c), Figs. 4.10(d) and (e), and

Figs. 4.10(f) and (g) respectively. The two disorder contributions are equal,

1
(ais = Ay = ax = g, (4.67)
and the photon contribution is [69]
=10. — . 4.
Q. <O 0370767 18%2) (4.68)

From the Kubo formula, it follows that the conductivities are

1 a

O'Z(O> = 03(0> = E + ﬁ - 2adis<c - 79/1,2)7
1 a
01(0) = 16 + ﬁ — 204isg A,z (4.69)

In both flavor channels, disorder suppresses the conductivity and, except when g4, = ¢/8,

and ¢, , = 0, the singlet and spin-z channels are affected more strongly. This is physically
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reasonable since we naturally expect transport in channels coupling directly to disorder to

decrease the most.

4.6 CONCLUSION

This paper examined the influence of quenched disorder on the 241 dimensional CFT of 2N
massless two-component Dirac fermions coupled to a U(1) field. The existence of this CFT
can be established for sufficiently large N by the 1/N expansion, and we combined the 1/N
expansion with a weak disorder expansion.

For generic disorder, our renormalization group analysis shows a flow to strong coupling,
and so we were unable to determine the fate of the theory. However, if we restrict the
disorder to obey certain global symmetries, then we were able to obtain controlled results.

For disorder respecting time reversal and the full SU(2N) flavor symmetry of the CFT,
we found in Sec. 4.3.2 that all allowed disorder perturbations were marginal to the order
we considered. Such a result does not apply to the CFT of 2N free Dirac fermions: in that
case, disorder coupling to a randomly varying chemical potential leads to a flow to strong
coupling [108]. However, once disorder is allowed to break time reversal, we again find a
runaway flow towards strong disorder, albeit at a higher order in perturbation theory.

Our main results, in Sec. 4.3.4, concerned the case in which disorder respects time-reversal
and U(1) x SU(N) symmetry. In this case, to leading order in 1/N, we found a non-trivial
fixed line with both interactions and disorder. This fixed line had continuously varying
exponents, in particular a dynamic critical exponent z > 1. It also had a continuously
varying, but cutoff independent, flavor conductivity.

We also discussed the possible relevance of our results to the spin-1/2 kagome lattice anti-
ferromagnet. In this case, the U(1) x SU(V) symmetric disorder corresponds to a randomly

varying Dzyaloshinkii-Moriya field, as we described in Secs. 4.1 and 4.4.
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SPECTRUM OF CONFORMAL GAUGE THEORIES ON
A TORUS

Many model quantum spin systems have been proposed to realize critical points or
phases described by 241 dimensional conformal gauge theories. On a torus of size
L and modular parameter 7, the energy levels of such gauge theories equal (1/L)
times universal functions of 7. We compute the universal spectrum of QEDj3, a
U(1) gauge theory with N; two-component massless Dirac fermions, in the large
Ny limit. We also allow for a Chern-Simons term at level k, and show how the
topological k-fold ground state degeneracy in the absence of fermions transforms
into the universal spectrum in the presence of fermions; these computations are

performed at fixed N;/k in the large Ny limit.

5.1 INTRODUCTION

While many fractionalized states of matter have been proposed, verifying their existence is
a formidable task. Not only are experimental measurements of fractional degrees of freedom
difficult, but even establishing the existence of these phases in simplified lattice models can
be challenging. Numerical techniques have made a great deal of progress and now provide
support for some of these states of matter.

In the context of quantum spin systems, the simplest fractionalized state with an energy
gap and time-reversal symmetry is the Z spin liquid. Recent work described the universal

spectrum of a spin system on a torus [163, 189] across a transition between a Zs spin liquid
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and a conventional antiferromagnetically ordered state [189]. Such a spectrum is a unique
signature of the transition between these states and goes well beyond the 4-fold topological
degeneracy of the gapped Z, state that is usually examined in numerical studies.

In this paper, we turn our attention to critical spin liquids with an emergent photon and
gapless fractionalized excitations. Commonly referred to as an ‘algebraic spin liquid’ (ASL)
or a ‘Dirac spin liquid’, it is a critical phase of matter characterized by algebraically decaying
correlators, and whose long-distance properties are described by an interacting conformal
field theory (CFT) called 3d quantum electrodynamics (QED3) [64, 86, 87, 140, 184]. For
the kagome antiferromagnet, and also for the J;-J; antiferromagnet on the triangular lattice,
there is an ongoing debate as to whether the ground state is a gapped Zs spin liquid [35,
79, 109, 152, 203, 212] or a U(1) Dirac spin liquid [73, 74], and we hope our results here can
serve as a useful diagnostic of numerical data.

In addition, although certain systems may not allow for an extended ASL phase, related
CFTs could describe their phase transitions [14, 52]. These ‘deconfined critical points’ [166,
170] require a description beyond the standard Landau-Ginzburg paradigm and are often
expressed in terms of fractionalized quasiparticles interacting through a gauge field. Our
methods can be easily generalized [97] to critical points of theories with bosonic scalars
coupled to gauge fields [166, 170], but we will limit our attention here to the fermionic
matter cases.

A close cousin of QEDj3 can be obtained by adding an abelian Chern-Simons (CS) term to
the action. When a fermion mass is also present, the excitations of the resulting theory are
no longer fermions, but instead obey anyonic statistics set by the coefficient, or ‘level’, of the
CS term. The critical ‘Dirac-CS’ theory (with massless fermions) has been used to describe
phase transitions between fractional quantum Hall plateaus in certain limits [26, 154] and
transitions out of a chiral spin liquid state [14, 65, 190]

In this paper, we study the finite size spectrum of the QED3 and Dirac-CS theories on the

torus. While the state-operator correspondence often motivates theorists to put CFT’s on
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spheres, the torus is the most practical surface to study on a computer. The energy spectrum
on the torus does not give any quantitative information regarding the operator spectrum of
the theory, but it is a universal function of the torus circumference L and modular parameter
7 and, therefore, can be used to compare with numerically generated data. The torus has
the additional distinction of being the simplest topologically non-trivial manifold. A defining
characteristic of topological order is the degeneracy of the groundstate when the theory is
placed on a higher genus surface. On the torus, the pure abelian CS theory at level £ has
k ground states [187, 194] whose degeneracy is only split by terms which are exponentially
small in L. Here, we will couple N; massless Dirac fermions to the CS theory and find a rich
spectrum of low energy states with energies which are of order 1/L. In the limit of large Ny
and k, we will present a computation which gives the k degenerate levels in the absence of
Dirac fermions and a universal spectrum with energies of order 1/L in the presence of Dirac
fermions.

Proposals for ASL phases typically begin with a parton construction of the spin-1/2 Heisen-

berg antiferromagnet
H=> 1J;Si8, (5.1)

where S; represent the physical spin operators of the theory and i,j label points on the
lattice. Slave fermions are introduced by expressing the spin operators as S; = % f;aaaﬁ figs
where f;, is the fermion annihilation operator and o = (0%, 0%, 0%) are the Pauli matrices.
This is a faithful representation of the Hilbert space provided it is accompanied by the local

constraint

S fhfa=1 (5.2)

Since the physical spin S; is invariant under the transformation f;, — €% fi,, the slave

fermions necessarily carry an emergent gauge charge. Replacing spins with slave fermions,
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decoupling the resulting quartic term, and enforcing < fiTa f¢a> = 1 on average returns an
ostensibly innocuous mean field Hamiltonian Hyp = —Z@.ﬂ Ly f;a fja + H.c. The mean
field theory is a typical tight-binding model, but with electrons replaced by slave fermions.
However, the stability of Hyp is by no means guaranteed, and gauge fluctuations must be
taken into account. This is achieved by supplementing the mean field hopping parameter
with a lattice gauge connection a;j: t;; — t;;¢'*7. Under the renormalization group, kinetic
terms for the gauge field are generated. Since the connection a,;; parametrizes the phase
redundancy of the f;,’s, it is a 27-periodic quantity, and the resulting lattice gauge theory
is compact. Determining the true fate of these theories is where numerics provide such great
insight.

The mean field Hamiltonians of the models we are concerned with possess gapless Dirac

cones. In the continuum they can be expressed

S, A] = — / B Dain® (B, — iA,) o, (5.3)

where r = (7,x) is the Euclidean spacetime coordinate, v, is a two-component complex
spinor whose flavour index « is summed from 1 to Ny, and A, is a U(1) gauge field that
is obtained from the continuum limit of the a;;. The gamma matrices are taken to be
= (0%,0Y,—0%), and ¢, = i1blo*. On the the kagome lattice, the mean field ansatz with
a m-flux through the kagome hexagons and zero flux through the triangular plaquettes has a
particularly low energy [58, 61, 139]. Its dispersion has two Dirac cones, which, accounting
for spin, gives Ny = 4.

By writing the theory in the continuum limit in the form of Eq. (5.3), we are implicitly
assuming that monopoles (singular gauge field configurations with non-zero flux) in the

lattice compact U(1) gauge theory can be neglected. In their absence, the usual Maxwell
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action can be added to the theory

1
Suld] = 5 / &r F,, ", F,, = 0,A, — 0,A,, (5.4)

resulting in the full QED3 action, Sqed[t), A] = Sp[¢, A] + Sm[A]. Importantly, when N is
smaller than some critical value, these manipulations are no longer valid. Sy[A] is never an
appropriate low-energy description of a lattice gauge theory with Ny = 0: for all values of
e?, monopoles will proliferate and confine the theory [127, 129]. In the confined phase, the
slave fermions cease to be true excitations, and remain bound within the physical spins S;.
However, matter content suppresses the fluctuations of the gauge field. For Ny large enough,
monopoles are irrelevant operators, [19, 28, 64, 132] and Sqeq[t), 4] is a stable fixed point
of the lattice theory [64]. In this limit, QEDj; is believed to flow to a non-trivial CFT in
the infrared, and this has been shown perturbatively to all orders in 1/N; [9, 75, 176, 177].
The critical theory is obtained by naively taking the limit e — oo, and, for this reason, the
Maxwell term will be largely ignored in what follows.

The Dirac fermions 1, represent particle or hole-like fluctuations about the Fermi level.
Consequently, any single-particle state violates the local gauge constraint in Eq. (5.2) and
is prohibited. Since fluctuations in A, are suppressed at Ny = oo, we might expect this
neutrality to be the only signature of the gauge field in the large Ny limit, and so the
spectrum on the torus is given by the charge neutral multi-particle states of the free field
theory. It is important to note that all of these multi-particle states are built out of single
fermions 1, which obey anti-periodic boundary conditions around the torus: such boundary
conditions (or equivalently, a background gauge flux of 7 and periodic boundary conditions
for the fermions) minimize the ground state energy, as we show in Appendix D.3. Some of
these energy levels are given in Table 5.2.

Even among the charge neutral multiparticle states, there are certain states of the free

field theory which are strongly renormalized even at Ny = co. These are the SU(Ny) singlet
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states which couple to the A, gauge field. Computation of these renormalizations is one of
the main purposes of the present paper. We show that the energies of these states are instead
given by the zeros of the gauge field effective action. A similar conclusion was reached in
Ref. 189 for the O(N) model, where the O(NV) singlet levels were given by the zeros of the
effective action of a Lagrange multiplier.

In Table 5.1, we list some of the lowest frequency modes of the photon in QED3 on a square
torus, obtained in the large N; computation just described. Because the theory on the torus
is translationally invariant, we can distinguish states by their total external momentum.
For each momentum considered, the left-most column gives the photon frequency with its
degeneracy is shown on the right. By including multi-photon states, the actual energy levels
of the photon are shown in Table 5.3 for the same set of momenta. The origin of the photon
shift will be apparent when we find the free energy in Sec. 5.2.3 and explicitly calculate the
energy levels in Sec. 5.3.

A similar story applies to the Dirac-CS theory with finite CS coupling k:

ik

Ses[4) = — / dr e A,0, A, (5.5)

The addition of this term gives the photon a mass and attaches flux to the Dirac fermions so
that they become anyons with statistical angle §# = 27(1—1/k). The Dirac-CS theory applies
to the chiral spin liquid which spontaneously breaks time reversal, generating a Chern-Simons
term at level £ = 2 [83]. Similarly, a CS term with odd level can be used to impose anyonic
statistics on the quasiparticles of a fractional quantum Hall fluid. The Dirac-CS CFT we
consider can describe the continuous transitions into and between such topological phases
(14, 65, 190]. Tt is given by Spcs[t, A] = Sp[v, A] + Scs[4] (after taking e* — o). As
k becomes very large, the anyons become more fermion-like, making an expansion in 27 /k
possible at large Ny [26, 154].

Once again, keeping A = Ny/k fixed, the critical Dirac-CS theory is both stable and
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q_:(070> q:(l,O) q:(Ll)
o, d o d o, d
1.437980 1

1.682078
1.739074
1.976292 1
2.311525 2
2.527606 1
2.658092 1
2.813224 1
3.156341
3.407832
3.517617
3.626671
3.814432 1
3.850225 2
4.092996 1
4.259784
4.330137
4.425387 1
4.523167 1
4.586816 2
4.657172 1
4.685590 1

Table 5.1: Photon modes in QED3 (CS level k = 0) on a square torus of size L. Frequencies
are shown for ¢ =0, ¢; = 27(1,0)/L, and g, = 27(1,1)/L. The 1st, 3rd, and 5th columns
list the frequencies, w,, while the column immediately to the right provides the degeneracy,

d,. The actual photon energy levels are given by these frequencies as well as integer multiples.
(q=Lq/2r, E = LE/271.)
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tractable in the large-N; limit. The qualitative features of the spectrum are very similar to
QED3. Again v, is not a gauge invariant quantity and cannot exist by itself in the spectrum.
The Gauss law mandates that it be accompanied by k units of flux. In the large-k limit,
these states have very high energies and can be neglected: only charge-neutral excitations
need be considered. Likewise, the energy levels of the SU(Ny) singlet states coupling to the
gauge field are strongly renormalized even at large Ny, while the mixed-flavor two-particle
excitations behave as free particles. As k/N; becomes large, the Chern-Simons term will
dominate and the topological degeneracy which was lost upon coupling to matter will reassert
itself. The photon modes of the zero external momentum sector are shown in Table 5.4 for
several values of .

We will calculate the energy spectrum using a path integral approach similar to that of
Ref. 97. In order to ensure that the gauge redundancy is fully accounted for, it is useful to
first calculate the free energy. This is done in Sec. 5.2, starting with two exactly solvable
theories, pure Chern-Simons and Maxwell-Chern-Simons, before moving on to QED3 and
the Dirac-CS theory in the large-/Ny limit. The structure of the free energy will allow us to
identify the multi-fermion states, along with their bound states which appear in the photon

contribution. In Sec. 5.3 we determine the energy levels and we conclude in Sec. 5.4.

5.2 PATH INTEGRAL AND FREE ENERGY

To understand the spectrum of the large-Ny QED3 and Dirac-CS theory, we evaluate its

path integral [97]. The path integral is

1 —S[Ay]
G / DADye (5.6)

where Vol(G) is the volume of the gauge group. For simplicity, we work on the square torus:
the modular parameter 7 = ¢ and the z- and y-cycles are equal in length: = ~ x + L,

y ~ y+ L. Eventually, we will specify to the zero-temperature limit, 1/7 = 3 — oo, but for
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now we leave [ finite.

The gauge field A can be split into zero and finite momentum pieces,

1

VBL?

/
Ay =a,+ A, Al = > Au(p)e™, (5.7)
p
where p sums over p, = 2mn,/L,, L, = (5,L,L) where n, € Z and the prime on the
summation indicates that the n, = (0,0,0) mode is not included. We note that while this
representation is completely sufficient for the theories we consider in the paper, it does allow
for non-trivial flux sectors, and this is discussed in more detail in Appendix D.6. Overlooking
this technicality, the measure of integration is DA = Da DA’. Unlike on R3, the zero modes

a are not pure gauge configurations. Instead, the gauge transformation which shifts a,
n,r
U=e 2me £ 5.8
 |on > | 59

is only well-defined provided n, € Z. Under the action of U, the zero modes transform as
a, — a, + 2mn,/L,, and so they are periodic variables and should be integrated only over

the intervals [0,27/L,,). Including a Jacobian factor of y//5L? for each component, we have

3/2 2 /B 27 /L
/Da = (5[42) / dao/ d2CL. (59)
0 0

The spatially varying portion of the gauge field can be decomposed further into A" = B+d¢
where ¢ parametrizes the gauge transformations of A, and B may be viewed as the gauge-
fixed representative of A’. Naturally, gauge invariance implies that the action is independent
of ¢: S|, A] = S[¢, a+ B|. Here, we work in the Lorentz gauge, 0*B,, = 0. The full measure

of integration is then

DA = Da DB D(d¢). (5.10)
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We begin by expressing D(d¢) directly in terms of the phases ¢. They can be related through

the distance function Z(w,w + dw) = (f |5w|2)1/2:

700+~ [ |5¢>|2)1/2

P2(dg, do + dé¢) = (/|d(5¢>|2)1/2 = (/ 3¢ (—V?) 5¢) 1/2. (5.11)

Changing variables, the measure becomes
D(d¢) = D'¢y/det’ (—=V?2) (5.12)

where the primes indicate that constant configurations of ¢ are not included and that the zero
eigenvalue of the Laplacian is omitted. This functional determinant is the familiar Faddeev-
Popov (FP) contribution to the path integral. As expected for abelian gauge theories, both
of these factors are independent of the gauge field B.

The volume of the gauge group can be divided in a similar fashion
Vol(G) = Vol(H)/D’(b, (5.13)

where H is the group of constant gauge transformations. [ D’¢ will cancel the identical
factor present in the numerator from the gauge field measure in Eq. (5.12), and Vol(H) can
be determined using the distance function defined above. A constant gauge transform has

¢ = ¢, a constant, where ¢ € [0,27). We find

2 PD(c,c+ dc) ™ Se 1/2
I(H) = ZiGetoe) oc [y
Vol(H) /0 de 5 /0 de 5 </ >

= 2w/ Vol (T? x S') = 2m+/[L2. (5.14)
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Putting these facts together, we are left with

BLQ 3 aBl/;]
S\/det! (=V?) [ d*a DB Dy e=5IP (5.15)

In the following two sections, we calculate the free energies and partition functions of the pure
Chern-Simons and the Maxwell-Chern-Simons theories. These serve as simple examples (and
verifications) of the normalization and regularization procedure, before we move on to the

third section and primary purpose of this paper, large-N; QED3 and Dirac-Chern-Simons.

5.2.1 PURE CHERN-SIMONS THEORY

It is well-known that pure abelian Chern-Simons theory should have Zcg = k [194]. Since
the action in Eq. (5.5) only has linear time derivatives, the Hamiltonian vanishes and it
may at first be surprising that Zcg is not simply unity: (0/0) = 1. One way to understand
this is through canonical quantization. The observable operators of the theory are the two
Wilson loops winding around either cycle of the torus. Their commutations relations are
determined by the Chern-Simons term, and at level k, it can be shown that the resulting
representation requires at least a k-dimensional Hilbert space (see e.g. [130]). The partition
function is therefore Zog = S2F_ (n|n) = k. Within the general framework of topological
field theories, the partition function on the torus should evaluate to the dimension of the
corresponding quantum mechanical Hilbert space.

The pure CS partition function is

L2
Tog = %\/det’ (=V2) /da DB e~ ScslBl, (5.16)

We write the Chern-Simons action in momentum space as Scs[B] = 5 -, Bu(—¢)11¢s(¢) Bo(q)

where

v ¢ 17
es(a) = 5-""ap. (5.17)
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with ¢, = 2mn,/L,, n, € Z. Performing the Gaussian integral, we find

Zcs =

It is simpler to work with the free energy and then return to the partition function at the

end of the calculation:

1 1
Fog = —Elog Zos = Fy+ Fr + Frp — = log [ (5.19)

BLQ}
3 :

21

We proceed to treat each contribution individually. The integral over the zero modes gives

F, = —% log U da} - —% log [(;72)23] . (5.20)

This cancels the volume-dependent constant in the free energy, leaving Frg = —% log(27)? +

F. + Frp. The FP determinant’s contribution is

Frp = —Blog\/det (—V Zlogq (5.21)

where ¢, = 2mn,/L,, n, € Z. As will be the convention throughout this paper, the prime on
the summation indicates that the zero momentum mode (n,, = (0,0,0)) is omitted. Finally,

the piece from the Gaussian integral is
1 114
F, = — logdet’ {%} : (5.22)

For each momentum g,,, the Chern-Simons kernel has three eigenvalues, 0 and %k |g| /2, but
only the non-zero values should be included. In fact, it is easy to verify that the eigenvector

corresponding to the 0 eigenvalue is proportional to g, and consequently arises from the pure
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gauge configurations ~ d,¢ which have already been accounted for. Therefore,

JoR >l LK o (5.23)
== og | ——q°| . :
28 < & | 4n? 42t
Using the zeta-function regularization identity Z; = —1, we have
1 ¢ 1 k
Fr=—> logg®— =log | — | . 24

The momentum sum in F; cancels exactly with the sum in Fgp. This is a direct consequence
of the fact that the CS theory has no finite energy states and, notably, is only apparent when
the Faddeev-Popov and gauge kernel determinants are considered together. All together, the

total free energy is

FCS = ——lOg k}, (525)

which gives Zcs = k as claimed.

5.2.2 MAXWELL-CHERN-SIMONS THEORY

It is also useful to understand how the topological degeneracy emerges in the presence of

finite-energy modes. This is easily accomplished by adding a Maxwell term:

SMes [A] = SM[A] + Scs [A], (526)

where Sy[A] is given in Eq. (5.4). The procedure for calculating the free energy is identical

to the pure CS case except that the gauge kernel is now

2 n\ ik
Mics(q) = % (5’“’ - qqZ ) + 5" (5.27)
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As above, this matrix has one vanishing eigenvalue in the pure gauge direction and two

non-trivial ones in orthogonal directions:

2

ik
2t lq] - (5.28)

Performing the functional integral and taking the logarithm, we find
1 < q4 k2 q2
F,=— log | =+ —1| . 5.29
2ﬁzqzog{e4+4w2] (529)

As in the pure CS case, the FP determinant cancels a factor of ¢? from F,. Now, however,
this does not completely remove the momentum dependence of the sum. The total free

energy is

4 2

1 1 2 k
Fyics = —B log A7* + F, + Fyp = Blog (;—W> Zlog {e + q + 4—] , (5.30)

where we've written ¢ = (e,,q) with €, = 27n/f8, n € Z. Analytically continuing to real

time, €, — —iw, the argument of the logarithm is w® — 72 where 74 = \/q2 + (e2k/2m)°.
We recognize the v,’s as the frequencies of a set of harmonic oscillators. As in the previous
section, this is only manifest when the sum F, + Fgp is considered: by itself, F} seems to
imply the existence of an extra set of oscillators whose frequencies are 4, = |q|.

The presence of the oscillators is even clearer upon performing the (imaginary) frequency

sum. Adding and subtracting the zero mode, we are left to evaluate an infinite sum

n* + (57"> ] . (5.31)

By using the known analytic properties of the zeta function for complex s, we can assign

1 2m
FMCS = _B lOg (%) Zlog

a value to the otherwise obviously diverging sum. For the logarithm, this representation
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results in the identification

Zlog n? + @ : :—limiz
~ 2m s—0 ds ~

(5.32)

where (¢(s;a?) is the Epstein zeta function. After some standard manipulations (given in

Appendix D.2), we arrive at the expression

FMCS = _E log k — E Zq:log {m} (533)
Re-exponentiating, we find
—Bva/2 >
ZMes = k;H Zq, Zq= 16——67 — o Pa/2 Z e P (5.34)
— e—Bq
q n=0

As observed, the partition function is a product over an infinite stack of harmonic oscillators
with frequencies 4. The topological degeneracy enters through the factor of k£ multiplying
Zcs: there are k identical sets of oscillators. We note that in the limit e? — oo, the barrier to
the first excited state becomes infinitely large, effectively projecting onto the lowest Landau

level. Ignoring some constants, we arrive back at the pure Chern-Simons described above.

5.2.3 QEDg3 AND DIRAC-CHERN-SIMONS THEORY

When we couple the gauge field to fermions, the partition function is no longer exactly
solvable. Nonetheless, when the number of fermion flavours, Ny, is large, a saddle-point
approximation is valid and allows a systematic expansion in 1/N;. As discussed in the
introduction, the QED3 and Dirac-CS fixed points are obtained in the limit e? — oo, and
so we will not explicitly include the Maxwell action Sy[A] in our calculations. In order to

avoid the parity anomaly [146, 147], we take Ny to be even in all that follows. The partition
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function is given in Eq. (5.15) with action
Spcs[y, A] = SplA, Y] + Scs[A]. (5.35)

where Sp[A, ] and Scs[A] are given in Eqs. (5.3) and (5.5) respectively. The Chern-Simons

level k is assumed to be of the same order as Ny. We begin by integrating out the fermions,

L2
ﬁ \/d t' (—V2) /daDB exp —Scs|[B ]+Nflogdetzlﬂ) (5.36)

where ) = o* (9, — ia, — iB,). We subsequently expand the determinant in terms of B:

1
i) + ¢

log det(ip) = trlog (i) + ¢t) + tr (ﬁ JB) — %tr( B B) +.o (5.37)

i)+ ¢

By rescaling B — B/ \/F , the subleading behaviour of the linear and quadratic terms, as
well as the Chern-Simons action, is clear.

On the plane, the saddle-point value of A vanishes by symmetry and gauge invariance.
However, since A — A + ¢ for constant c¢ is no longer a gauge transformation on the torus,
the zero modes are distinct and could conceivably have a non-zero expectation value: (a) =
a # 0. In fact, neither the pure CS nor Maxwell-CS actions depended on a,. The matter
lifts this degeneracy by creating an effective potential for the a’s, and a can be determined

by minimizing the free fermion functional determinant
Fy(a) = —trlog (i@ + ¢) = Zlog p+a)’. (5.38)

The summation above is over spacetime momenta p, = 27 (n, +1/2) /L, n, € Z as is ap-
propriate for our choice of fermions with antiperiodic boundary conditions. This calculation
is performed in Appendix D.3 where it is shown that the saddle-point value of the gauge

field is @, = 0: this is closely linked to the choice of anti-periodic boundary conditions for
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the fermions, which we have established also minimize the total energy.
The linear term in B in Eq. (5.37) vanishes, so that the subleading term in the determinant

expansion is

5,18 = Sl (Z; ) il T L B0l @B (5.39)

where

" B gl pt — SRV
I (q) = 2219 (P +q¢")+(p +Q)p2 p-(p+a) (5.40)
- BL P’ (p+q)
On the plane, this expression evaluates to [90]
4] "¢’
Y = =t o — — | . 5.41
e (5.41)

On the torus, a simple analytic formula is no longer available and II; must be calculated
numerically. Expressions for the components of H}“’ on the symmetric torus are given in
Appendix D .4.

Since k ~ O(Ny), the CS term will contribute at the same order as II;. Rescaling Eq. (5.17)
to bring out an overall factor of N, we write the momentum space kernel of the Chern-Simons

term as

v i v Ny
E4(a) = 55’45, A=-1 (5.42)
All together, the full effective potential is
ZB O (@)B,(g).  T*(q) =) + T (q). (5.43)
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and the large- Ny partition function is

o BLE o BN Fo(@) L v
A= ﬁg/det (—V2) e Ns /DB exp | =5 Eq B, (—q)11"(q) B, (q)
BLQ / — a 4 2m
== /det (—V2) e AN Fo(@) | et T ) (5.44)

The corresponding free energy is

g LZ] (5.45)

1 1
F=——logZ =N Fy+ Fo— =1 —_—
ﬁog ffo+ Fa BOg[%r

where the full gauge field contribution is
Fg = Frp + I

1 27 1
Fr = 3 log 4 [ det (H“”) Fyp = _Blog \/ det’ (=V2). (5.46)

ZERO EXTERNAL MOMENTUM, q = 0

We begin by considering the zero (spatial) momentum portion of the free energy. Denoting
the Euclidean spacetime momenta ¢* = (¢, q), we set ¢ = 0. In this case, only I1% (e, 0) # 0,
fori,j =x,y:

g e/2mA

1Y (¢, 0) = (5.47)

—e/2mA 1YY

Expressions for 113 and 1% are given in Eqgs. (D.25) and (D.26) of Appendix D.4. Taking

the determinant, the free energy is

62

L, 1 1 ¢
Fa=0 = 3 log 27 + 2 > "log [Hjﬁx (€n,0)” + e (5.48)
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where €, = 2mn/3, n € Z/{0}, and the symmetry of the torus has been used to set II%* =
IT%. The FP piece is

_ 1 <
FE0 = 25 > loger. (5.49)

Adding the two and taking the zero temperature limit, 5 — oo, the total gauge contribution

is

_ 1 [ de 2o 2 1
F&E =2 [ Zlog || L . 5.50
¢ 2/27r o8 ( € ) N 471'2)\2] (5.50)

For large €, the integral does not converge. Instead, II3* approaches its infinite volume limit

in Eq. (5.41):

MY, L (L), ] (5.51)
€ 472 \2 16 Am2)\2 ’

This is not a problem since an integral over a constant vanishes in the zeta regularization

scheme. Adding and subtracting the large frequency limit, the free energy is a finite function

0 1 [ de 1157\ 2 1 1)? 1
FI0 =2 [ =01 i —1 — — % 52
¢ 2/2%{ o8 ( € ) * 47r2/\2] o8 [(16) * 47r2/\2] } (5.52)

FINITE EXTERNAL MOMENTUM, q # 0

For the finite momentum piece, we begin by restricting the polarization matrix I1#(e, ) to
the physical subspace. As required by gauge invariance, it has a vanishing eigenvalue along

the ¢* = (¢, q) direction: ¢,II"” = 0. To determine the remaining two modes, we project
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onto the orthogonal directions

0 —q>
! ! (5.53)
Ur T ) UL T 2 | .
jal | * FINGET A
—qz €qy
and, after some simplifying, arrive at
1 (62 + q2) HOO /62 + q2 (quOm _ quOy)
Hproj - 5 (554)

2
q /62 + q2 (qu0x _ ngHOy) q2 (Hx:c + Hyy) o 6ZHOD

Taking the determinant, the contribution to the free energy is

1 /
F370 = ——log y [ det’ ( ) log2m + — ) logIT*
6 TImv Z /8 gq:

2
/d€zl { € +q) |:HOO (Hmz+Hyy_€_2H00) _
q

where the %log 27 term has vanished in the zero temperature limit. The Faddeev-Popov

portion of the free energy,
1 de
Fq;éo E 2 2
FP 7 g / 2w . log (6 q ) , (5.56)

perfectly cancels the €2 + g? prefactor inside the logarithm in Eq. (5.55). Had it not been
included, we may have erroneously assumed the existence of a state with energy F = |q| as
there is on the plane when k£ = 0.

As €* + g* becomes large, TI"” approaches its infinite volume limit (Eq. (5.41)) like in

the ¢ = 0 case. Here as well, the summand becomes a constant which vanishes in our
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regularization procedure. Putting this together, we have
1 [ de 1% € 1 )
FI70 — = / — E log [— (Hm + [1% — —HOO) — — (g, II"" — ¢, 11%
G 9 o . q2 q2 q4 ( Y )

x| (55) * e | 557

The total contribution of the gauge field to the free energy is given by the sum of this
expression with FZ~" in Eq. (5.52).
5.3 SPECTRUM

In this section we explicitly calculate the universal spectrum on the finite torus using the
path integral expansion we just derived.

As the photon is the only element of the theory which differs from the free theory of Ny
Dirac fermions, it is not surprising that the free theory spectrum can account for most of

the states. The free Hamiltonian is

Hp = —i/dZw Ul (x)0:0;a (), (5.58)

and can be diagonalized by first going to Fourier space,

1 o | C1a(P) o 1 1
wa(w)zﬁZeq , P=1 (nx+§,ny+§> . Mgy €7, (5.59)
p CQa(p)

and then changing basis to x+.(p):

c1a(P) _1 ! 1 X+a(P) | (5.60)

@] Y2\ Prpl —P/ipl) \ xa(p)
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where P = p, +ipy, |p| = \/p% + p2. In this basis, the Hamiltonian is
Ho = D 1ol [l (®)xsa(P) — xLa(@)X o (p)] (5.61)
P

We identify the vacuum as the state having all negative energy modes filled: yi.(p)|0) =
XT_a(p) |0) = 0. Consequently, Xia(p) is a particle creation operator carrying momentum p,
and x_.(p) is a hole creation operator carrying momentum —p. Note that all the fermionic
momenta correspond to anti-periodic boundary conditions around the torus, because these
minimize the ground state energy, as shown in Appendix D.3.

To determine the excitations relevant to QED3 and the Dirac-CS theory, we recall that
once the theory is gauged, neither x.,(p) nor x_,(p) is gauge invariant, and all single-
particle states are prohibited. Similarly, only charge-neutral two-particle states are allowed.

We therefore expect the lowest fermion-like energy states to be of the form

Xia(®+a)x—5(p)0), Xra(=P)x-5(—P —q)|0). (5.62)

Here, we have taken advantage of the translational invariance of the theory to distinguish
states by their total external momentum g, where ¢ = 27 (ny,ny) /L, n,, € Z. Provided
the internal momentum p is not such that p + g = —p, these states are distinct for each

a, 3, and have energy

Ef(q,p) = |p+q| +|p|. (5.63)

Naively counting, for every q and p, the flavour symmetry gives (at least) QN? such states
(additional degeneracies may be present depending on the lattice and internal momentum,
but this will not be important for the subsequent discussion). When p + g = —p, the two
states in Eq. (5.62) are identical, and there are only NJ% possible states.

This story no longer holds even at Ny = oo. The gauge field only couples to single
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trace operators, so it is natural to expect that the corresponding states may be shifted
like in the O(N) model [189]. However, QED3 and the Dirac-CS theory differ from this
example by having four different single-trace fermion bilinear operators: the “mass” operator
M (x) = 1a1ba(z) and the global gauge currents, J*(z) = o y*1)o(x). It is apparent that the
current operators and the mass operator must be treated very differently when we consider

the equations of motion:

k ?

JM - Ejégp + ;eul/payt]top,pa (564)
where Jf, = €70, A, is the current of the topological U(1)p symmetry. This symmetry is

equivalent to the non-compactness of A, and the irrelevance of monopoles at the fixed point.
At Ny = oo, when k = 0, J, is more correctly understood as a descendant of the topological
current and not as a composite operator. In the e? — oo limit, it vanishes altogether and
should not be included in the spectrum: all states corresponding the poles of (J*(z).J"(0))
in the free theory no longer exist in large-Ny QED3. The degeneracy is reduced so that for
each total momentum g and internal momentum p (where p + g # —gq), QEDj3 has only
2N]% — 1 free-fermion-like states with energy Ef(q,p) (when p + g = —p, the degeneracy
is further reduced to NJ% — 1). This is discussed in more detail in Appendix D.5. For a
small set of momenta, these energy levels are shown in Table 5.2 along with their respective
degeneracies.

For non-vanishing k, the situation is very similar. Eq. (5.64) indicates that the CS term
attaches k units of charge to each unit of magnetic flux so that the charged state with the
lowest energy has k fermions accompanied by a single unit of magnetic flux. In the limit
k — oo, these states have very high energies and, as in the k£ = 0 case, will not contribute to
the low energy spectrum. The same free-fermion states whose energies are given in Table 5.2

also appear in the Dirac-CS theory with the same degeneracy theory regardless of the level

k.
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q=(0,0) q=(1,0) q=(L1)
E; d; E; d; E; d;

1414214 4N? -2 1414214 2N? —1 1414214 N} -1

2.288246 AN? —2  2.288246 4N} -2

2.828427 2N% — 1

3.162278 SN? —4 3162278 2N?—1  3.162278 2N7 -1
3.702459 4AN? -2

4130649 4N? —2 4130649 4N? —2

4.242640 4NJ§ -2
4.496615 4NJ% -2
4.670830 4Nf2 -2

Table 5.2: Energies of two-particle fermion states in QED3 (CS level £ = 0) on a square
torus of size L. Energies are shown for ¢ = 0, q¢; = 27(1,0)/L and g2 = 27(1,1)/L. The
1st, 3rd, and 5th columns list the energy levels, E¢, while the column to the right, labelled
dys, shows the degeneracy of the level. The energy levels with finite external momentum,
g1 = 2m(1,0)/L and g, = 27(1,1)/L, have an additional 4-fold degeneracy resulting from
the symmetry of the lattice. (§ = Lq/2w, E = LE/27.)
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For both QEDj3 and Dirac-CS, the removal of J* is counterbalanced by the addition of
A,,. The spectrum must be supplemented by the poles of the photon propagator, A, (z) =
(A,(z)A,(0)), and, unlike for the free-fermion states, the energies of the photon states depend
on the level k.

From the effective action in Eq. (5.43), the photon propagator is obtained by inverting the
polarization matrix I1#*(q). However, as discussed in the previous section, gauge invariance
is only fully taken into account once the FP determinant’s contribution is included as well.
Analogous to our identification of 74 as the frequencies in a set of harmonic oscillators for the
Maxwell-Chern-Simons theory in Eq. (5.30), the physical photon modes are actually given
by the zeros of the argument of the logarithms in Fi;. When Ny = oo, each mode represents
an infinite tower of states of a harmonic oscillator like in Maxwell-Chern-Simons: additional
energy levels are present as integer multiples of the modes determined from Fg. Egs. (5.52)

and (5.57) indicate that these modes occur when the functions

% (w, 0 2
Ko(w) = — <#) + Fiv (5.65)
_ 11w, q)

Kolw) (H%, g) + 1%(w,q) + ;;—jn%, q>) - @ ) — ()’

q2
vanish. Here, we have analytically continued to real frequencies, w = ie. In what follows e
will always denote an imaginary frequency, while w will represent a real frequency; the same
symbol for the polarization II*” is used for both. For £ = 0, some modes levels are listed
in Table 5.1 while Table 5.3 shows the lowest energy levels when multi-photon states are
included. Table 5.4 gives the lowest ten modes with zero external momentum for several
values of A = N¢/k.

To summarize, the Ny = oo theory does not have single-particle excitations. Instead, the
lowest energy states are of the form given in Eq. (5.62) or are created by the photon, A,,.
The free fermion 2-particle energies E¢(q, p) occur with either a (2N7 —1) or a (N} — 1)-fold

degeneracy depending on the internal momentum p (and before additional lattice symmetries
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q=(0,0) g = (1,0) g = (1,1)
E, d® & d° B d°
0.58413 2
1.16826
1.43798 1
1.68208 1
1.73907 1
1.75239 8
1.97629
2.02211 2
2.26621 2
2.31153 2
2.3232 2
2.33652 16
2.52761 1
2.56042 2
2.60624
2.65809 1
2.81322 1
2.85034 4
2.87596 2
2.89566
2.89566 4
2.90733 4
2.92065 32
3.11174 2
3.14455 4
3.15634 1
3.19037 8
3.24222 2
3.36416 2
3.39735 2

Table 5.3: Photon energy levels in QED3 (CS level k = 0) on a square torus of size L. Energies
are shown for states with total momentum q = 0, ¢, = 27(1,0)/L and g, = 27 (1,1)/L. The
Ist, 3rd, and 5th columns list the energy levels, E,, while the column immediately to the
right provides their degeneracy, d. (¢ = Lq/2w, E = LE/2.)
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] L
[ LI (w,0)
[E—TTY)

Figure 5.1: Plot of 113" (w,0) and |w| /27A. When k = 0, the modes are two-fold degenerate
and occur when I1%* = 0. For k # 0, the degeneracy splits and the frequencies are given by
the intersection points 115" (w,0) = £ [w| /(27A). For A = 4, this occurs when the solid blue
and dashed magenta lines cross. The lowest and second-lowest energies are shown in black
with an asterisk and a circle respectively. The vertical dash-dotted lines in red mark the
poles of 13" at the two-particle energies of the free theory. (w = Lw/27.)

are taken into account). The frequency modes of the photon operator are given by the gauge-
fixed poles of A, and correspond to the zeros of the expressions in Eq. (5.65). Each mode,
w., represents a harmonic oscillator so that the energies 2w.,, 3w,,wy +wy/, ... are present in

the spectrum as well. We will examine Eq. (5.65) in more detail in the subsequent sections.

5.3.1 ZERO EXTERNAL MOMENTUM, q =0

When the external momentum vanishes, the zeros of Eq. (5.65) occur when

wl

5% (w, 0) = Aot
7 (w.0) 21\

(5.66)
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In Fig. 5.1, the left-hand side is shown with a solid blue line and the right-hand side is shown
with a dashed magenta line for A = 4.

When k = 0 (A — o0), the energy modes are two-fold degenerate and are given by the point
where II7* crosses the x-axis. This degeneracy may be surprising since in 2+1 dimensions we
expect the photon to have a single polarization. However, if we had approached the problem
by gauge fixing in the Coulomb gauge, we would immediately see that the constraint V-A = 0
does not affect the g = 0 modes, again resulting in a degeneracy. In fact, the exact degeneracy
is a result of the additional symmetry of our torus, which gives I15* (e, 0) = 117" (e, 0).

To understand the effect of the gauge field on the theory, it’s useful to explicitly write the

form I3 (w, 0) takes:
2
Yo w 1 1
w,0) == —— —_—— 5.67
S vy A VE g p| 4p? — o2 (567)

where yo = —Y5(1/2) = 1.6156 for the function Y5(s) defined in Eq. (D.1). Schematically,

we see from Fig. 5.1 that we could rewrite this as a rational function:

H7 (w2 — wi)

I3 (w, 0) ~ [T, (@2 — E;(0,p)?)

(5.68)

where w, are the zeros of the polarization, I1*(w,,0) = 0, and E;(0,p) = 2 |p| are its poles.

Its contribution to the partition function is therefore something like

. N\2 2
o I1, [(ien)” + 4p]
777" ~ 1] S = (5.69)
i UL [(ien)” + (wy)7]
Not only are the interacting theory’s energies present as poles, but the free theory’s two-
particle energies are accounted for as zeros in the numerator, thereby removing them from

the spectral function. The fact that the function is squared accounts for the square symmetry

of the torus.
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0 0.5 1 1.5 2 25 3 3.5 4 4.5 5

1/

Figure 5.2: Plot of the modes of the Dirac-CS theory as a function of 1/A\. When 1/\ — 0,
the CS term vanishes, and the energies are two-fold degenerate, occurring when IT}* = 0.
These are marked with the dashed purple line. As 1/\ becomes large, the lowest mode
approaches zero and all others approach the two-particle energies of the free theory, shown

with a dash-dotted red line. (0 = Lw/2m, A = N;/k.)
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When £ is non-zero, the degeneracy splits. The energies are depicted in Fig. 5.1 as the
intersection points of I13* and =+ [w| /2w for A = 4. Fig. 5.2 plots the first few modes in blue
as a function of 1/\, and for several values of A, the first ten modes are listed in Table 5.4.
When A is very large, these modes have only a small splitting and are nearly the same as
in QED3, shown with the purple dashed line in Fig. 5.2. Conversely, as A — 0, the lowest
mode w; approaches zero while all other levels approach one of the free theory two-particle
energies, depicted with a dash-dotted red line in Fig. 5.2.

The lowest energy level, wj, can be identified as the splitting between the groundstates of
the pure CS theory induced by matter. In the limit of A and wj very small, the topological
degeneracy is restored (albeit in the & — oo limit). This aligns with out expectation that
gauge fluctuations are suppressed at large k even when N is small [26]. In a similar fashion,

_Mf

when the fermions have a large mass My, we find lim,_,o Hjﬁx(w,O) ~ e "7 once again

implying an effective topological ground-state degeneracy.

5.3.2 FINITE EXTERNAL MOMENTUM, q # 0

The situation for finite external momenta is very similar. Using Eq. (5.65), along with
Egs. (D.25) and (D.26), all levels can be numerically evaluated for any value of A.

The next-lowest energies occur when the total momentum is ¢; = 27 (1,0) /L, or any other
of the momenta related to it by a /2 rotation: 27(0,1)/L, 2x(—1,0)/L, and 27 (0, —1)/L.
The C, symmetry of the square torus implies an additional four-fold degeneracy for all
energy levels which would not generally be present. For these particular momenta, it turns
out that the second term of K4, (w) in Eq. (5.65) vanishes for all w when k£ = 0, and
the zeros of the determinant can be found by separately solving for the zeros of H(}D and
I} = 3" + 1% + w1 /g*. These functions are plotted in Fig. 5.3 and the resulting modes

are given in Table 5.1 along with the results for g, = 27(1,1)/L.
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A= Ny/k
0 1/10 1/4 1/2 1 4 10 0
0 0.012851 0.032056 0.063615 0.123519 0.347859 0.475391 0.584130

1.39173 1.358213 1.303479 1.201486 0.859690 0.700684
1.4142136 1.436722 1.470375 1.525588 1.629405 1.990723 2.171077 2.311525
3.142113 3.111848 3.061891 2.966946 2.626458 2.450844
3.162278  3.182355 3.212169 3.260552 3.349688 3.637930 3.765391 3.855225
4.235129 4.223855 4.205187 4.169170 4.025093 3.935641
4.242641 4.250129 4.261281 4.279522 4.313961 4.443737 4.761364 4.586816
5.086480 5.067543 5.036016 4.975471 4.519975 4.660037
5.099020 5.111437 5.129740 5.159072 5.211794 5.371116 5.439288 5.489309
5.820132 5.804317 5.779259 5.734850 5.599761 5.537818

Table 5.4: Dirac-Chern-Simons modes at Ny, k = oo with zero external momentum, q = 0.
(w=LE/2m.)

2

051

-0.5

-1.5

Figure 5.3: Plot of II%(w, ¢1) and II} (w, q1) for g1 = 2m(1,0)/L, shown in solid blue and
dashed magenta respectively. The vertical dash-dotted lines in red denote the two-particle
energies of the free theory, E;(qi,p). (0 = Lw/27.)
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5.4 (CONCLUSION

This paper has described the structure of 2+1 dimensional conformal gauge theories on the
two-torus T?. We computed the partition function on T? x R in the limit of large fermion
flavor number, Ny, using strategies similar to those employed for the computation on the
three-sphere S% in Ref. 97. We also deduced the energies of the low-lying states in the
spectrum. For large Ny, most of the states are simply given by the sum of the free fermion
energies with anti-periodic boundary conditions, as established in Appendix D.3. However,
singlet combinations of pairs of fermions which couple to the current operator are strongly
renormalized even at Ny = oco: these states appear instead as bound states given by the
zeros of the effective action for the gauge field. A similar phenomenon appears [189] in the
O(N) Wilson-Fisher conformal theory.

These results should be useful in identifying possible realizations of non-trivial conformal
field theories in exact diagonalization studies of model quantum spin systems in a manner
similar to the study in Ref. 163. For instance, focusing on the g = (0, 0) sector, a comparison
of Tables 5.2 and 5.3 indicates the existence of a two-fold degenerate singlet state with
significantly lower energy than the (NJ? — 1)-fold generate fermion states. Although higher
order effects from both the finite-N CF'T and the numerics will undoubtedly split the energies
of these fermion states, it is reasonable to predict that a significant gap will remain. This
and similar trends between numerics and analytics could serve as a useful diagnostic tool for

the state being simulated.
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Chapter 6

FERMIONIC SPINON THEORY OF SQUARE LATTICE
SPIN LIQUIDS NEAR THE NEEL STATE

Quantum fluctuations of the Néel state of the square lattice antiferromagnet are
usually described by a CP! theory of bosonic spinons coupled to a U(1) gauge
field, and with a global SU(2) spin rotation symmetry. Such a theory also has a
confining phase with valence bond solid (VBS) order, and upon including spin-
singlet charge 2 Higgs fields, deconfined phases with Z, topological order possibly
intertwined with discrete broken global symmetries. We present dual theories of
the same phases starting from a mean-field theory of fermionic spinons moving in
m-flux in each square lattice plaquette. Fluctuations about this 7-flux state are
described by 2+1 dimensional quantum chromodynamics (QCD3) with a SU(2)
gauge group and Ny = 2 flavors of massless Dirac fermions. It has recently
been argued by Wang et al. [179] that this QCDs3 theory describes the Néel-
VBS quantum phase transition. We introduce adjoint Higgs fields in QCDs,
and obtain fermionic dual descriptions of the phases with Z, topological order
obtained earlier using the bosonic CP' theory. We also present a fermionic spinon
derivation of the monopole Berry phases in the U(1) gauge theory of the VBS
state. The global phase diagram of these phases contains multi-critical points,
and our results imply new boson-fermion dualities between critical gauge theories

of these points.

6.1 INTRODUCTION

Spin liquid states of the square lattice antiferromagnet, with global SU(2) spin rotation

symmetry, have long been recognized as important ingredients in the theory of the cuprate
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high temperatures superconductors [8, 16, 96, 148]. The earliest established examples of
gapped states were ‘chiral spin liquids,” which were constructed by analogy to the fractional
quantum Hall states [83, 188]. These have a topological order which is not compatible with
time-reversal symmetry. Soon after, ‘Zy spin liquids’ were proposed [12, 45, 54, 145, 157,
167, 183]: their topological order is compatible with time-reversal symmetry, and exactly
solvable examples were later found in Kitaev’s toric code and honeycomb lattice models
(94, 95, 185]. Wen [184] used a fermionic spinon representation of the antiferromagnet to
obtain a plethora of possible square lattice spin liquid states, distinguished by different
realizations of ‘symmetry-enriched’ topological order [27, 43]. Wen’s classification criterion
was that the spin liquid states preserve time-reversal, SU(2) spin rotations, and all the square
lattice space group symmetries. However, in the application to the cuprates, there is no
fundamental reason all such symmetries should be preserved. If we also allow for breaking of
time-reversal and /or point group symmetries, then many more spin liquid states are clearly
possible, all of which preserve SU(2) spin rotations and the square lattice translational
symmetry [15, 21, 145, 157]. This proliferation of possible spin liquids, intertwining with
broken symmetries, sets up a daunting task of deciding which states, if any, are relevant for
the pseudogap phase of the underdoped cuprates.

We need an energetic and physical criterion to focus on a smaller set of relevant spin
liquid states, rather than relying exclusively on symmetry and topology. In recent work,
Chatterjee et al. [23] proposed examining spin liquids which are proximate to the magnet-
ically ordered Néel state. These proximate states are reachable by continuous (or nearly
continuous) quantum phase transitions involving the long-wavelength excitations of the an-
tiferromagnet. Specifically, they used a CP' theory of quantum fluctuations of the Néel
state, expressed in terms of bosonic spinons, z,, to argue for the importance of 3 possible Z,
spin liquid states. These 3 states are identified here as A,, By, and C}, and appear below in
Figs. 6.1(a) and 6.2(a). The state A, preserves all symmetries [205], while B, breaks lattice

rotation symmetries and so has Ising-nematic order [145]. The state Cj, breaks inversion
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and time-reversal symmetries, but not their product, and was argued to possess current loop
order.

A related motivation for the physical importance of these states comes from an examination
of the classical phase diagram of frustrated antiferromagnets on the square lattice. By
examining models with two-spin near-neighbor and four-spin ring exchange interactions,
Ref. 23 found magnetically ordered states with canted, spiral, and conical spiral order near
the Néel state. Quantum fluctuations about these classical ordered states can be described
by extensions of the CP' theory, and the ‘quantum disordered’ states obtained across a
continous transition involving loss of magnetic order are precisely the three Zy spin liquids,

with the correspondence [22, 23]
canted order — A, , spiral order — B}, conical spiral order — Cj . (6.1)

One of the purposes of the present paper is to present a unified theory of the 3 Zy spin
liquids noted above, but using the fermionic spinon approach [2, 3, 184]. For gapped Z,
spin liquid states, a mapping between the fermionic and bosonic spinons approaches has
been achieved for specific states on the kagome, triangular, square, and rectangular lattices
[21, 43, 106, 107, 136, 204, 205, 208, 211]. This mapping relies on the fusion rules of the toric
code [94]: the fusion of any two of the anyon species yields the third. In Z, spin liquids,
the three types of anyons are bosonic spinons, fermionic spinons, and a bosonic Zo-flux
spinless vison. We will extend such mappings here to the states of interest on the square
lattice, but using a method which allows us to treat the 3 Zs spin liquids and the quantum
phase transitions between them in a unified manner. We will obtain a phase diagram of
the states proximate to the Néel state using the fermionic spinon approach, and propose
critical theories of the phase transitions involving massless Dirac fermions. The connection
to the earlier analysis [23] using the bosonic spinons of the CP' model will also lead us to
propose new boson-fermion dualities of the strongly-coupled, gapless, quantum field theories

describing the (multi-)critical points.
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Our point of departure will be a boson-fermion duality of a conformal field theory (CFT)
proposed by Wang et al. [179]. They examined the critical theory of the Néel-valence bond
solid (VBS) transition in the CP' theory [143, 144, 166, 170], and proposed that it was
equivalent to quantum chromodynamics (QCD) with a SU(2) gauge group and Ny = 2
flavors of massless, two-component Dirac fermions (note: the SU(2) gauge group is not to
be confused with the global SU(2) spin rotation symmetry). The latter theory can also
be obtained from the fermionic spinon approach to the square lattice antiferromagnet: it
describes fluctuations about a 7-flux mean-field theory [2, 3, 184], which is labeled by Wen
as SU2Bn0Onl1.

Starting from the SU(2) QCDj3 theory, we will explore routes to condensing Higgs fields
for fermionic bilinears, so that the SU(2) gauge group is ultimately broken down to Z, and
we obtain gapped spin liquids with Zs topological order. Our main results are contained in
the phase diagrams in Fig. 6.2. These phase diagrams contain the phases Ay, By and CY,
which are fermionic counterparts of the A,, By, and C, states obtained from the bosonic CP!
theory.

One important feature of the fermionic phase diagram in Fig. 6.1(b) is that it does not
contain the counterparts of the magnetically ordered Néel and canted states in the bosonic
phase diagram in Fig. 6.1(a). Instead Fig. 6.1(b) contains two critical phases, with mass-
less Dirac fermions interacting with gapless SU(2) and U(1) gauge bosons. Building on the
fermion-boson equivalence of Wang et al. [179], we argue here that these critical phases of
Fig. 6.1(b) are unstable to the corresponding magnetically ordered phases in Fig. 6.1(b); the
instability is assumed to be driven by relevant operators which are allowed by the symme-
tries of the underlying square lattice antiferromagnet. However, given the strongly-coupled
nature of the critical theories, this conclusion is based upon circumstantial, rather than firm,

evidence.
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(P)#0 , (za) = g (P)=0, (z)=0
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- I:II:I Zg spin liquid Ay, U(1) spin liquid with spin gap Dy,
U0L) suin Towid swith o T 5 all symmetries preserved, unstable to VBS,
Zy spin liquid Ay, (1) spin ‘?;‘st:ﬁclt;pm B Wen: Z2Bzzlz Wen: U1Cn0nl
all symmetries preserved valence bond solid (VBS)
51 S1
Critical U(1) spin liquid Critical SU(2) spin liquid,
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Figure 6.1: (a) Schematic phase diagram of the CP! theory in Eq. (6.4) as a function of g and
s1 (sg in Eq. (6.7) is large and positive); Eq. (6.2) describes the deconfined critical Néel-VBS
transition at a critical ¢ = g.. (b) Schematic phase diagram of the SU(2) QCDj3 theory with
Ny = 2 flavors of massless Dirac fermions in Eq. (6.6) as a function of s and 31 (5, in Eq. (6.8)
is large and positive). The ‘Wen’ labels refer to the naming scheme in Ref. 184. The Z, spin
liquids A, and Ay in (a) and (b) are argued to be topologically identical, as are the confining
states with VBS order. The critical spin liquids in (b) to be unstable to the corresponding
phases with magnetic order in (a), with the critical SU(2) spin liquid surviving only at the
Néel-VBS transition. All Zs spin liquids are shown shaded in all figures.
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6.1.1 SUMMARY OF RESULTS

Let us first recall the bosonic spinon approach [10, 23] to the phases in Fig. 6.1(a). This is
obtained by extending the Lagrangian for the theory of deconfined criticality for the Néel-
VBS transition [156]

Loy = g (0, — iby)zal* + S5 (6.2)

The Lagrangian is in three spacetime dimensions with p a spacetime index in Minkowski
signature (4, —, —), and «, 5 =1,] so there is global SU(2) spin rotation symmetry. The
Néel order parameter is 2},05 525, where 0 are the Pauli matrices. The U(1) gauge field b, is
compact, and monopole tunneling events are permitted, and associated with a Berry phase
Sp [53, 144]. The spinons are represented by the bosonic complex scalar z, which is of unit

length

D lzl? =1, (6.3)

[0}

and carries unit U(1) charge. For small g, z, is condensed, and this yields the Néel phase
with broken spin rotation symmetry. For large g, z, is not condensed, and we appear to
obtain a U(1) spin liquid (which we call D,) with a gapless photon b,, and gapped z,
spinons. However, the condensation of monopoles yields the confinement of spinons and
the appearance of VBS order [143, 144]. The transition from the Néel state to the VBS
is described by a deconfined critical theory [166, 170] at g = g. in which monopoles are
suppressed.

We will now extend Ly, by including complex, charge 2 Higgs fields whose condensation
can induce phases with Z, topological order, while preserving SU(2) spin rotation symmetry.
We can construct such Higgs fields by pairing spinons, but the simplest possibility, €,52423,
vanishes identically. Any such spinon pair Higgs field must involve gradients, and the simplest
non-vanishing cases involve a single temporal or spatial gradient. We consider first the Higgs

field, P, conjugate to a pair of spinons with a single temporal gradient, and will include the
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spatial gradient Higgs field, @; later. The Lagrangian for z,, b,, and P is
ﬁb = £dcp + |((9# - 2lb#)P|2 — 81’P|2 + )\1 P é‘agzaaoZB + )\1 Peagz;E)ozg + ... 3 (64)

where £,4 is the unit anti-symmetric tensor, and so SU(2) spin rotation symmetry is main-
tained. For s; large and positive, when there is no P condensate, we obtain the phases of
Lgcp already described. For smaller s;, when there is a P Higgs condensate, we obtain the
canted antiferromagnet and the symmetric Z, spin liquid A, for small and large g respec-
tively, as shown in Fig. 6.1(a). The Z, spin liquid A, was first obtained in Ref. 205, where
it was called Z[0, 0].

Now we turn to our results for the fermionic counterpart of Fig. 6.1(a), which is shown in
Fig. 6.1(b). We start with fermionic equivalent of the deconfined Néel-VBS critical theory,
which was identified by Wang et al. [179] as SU(2) QCD3 with Ny = 2, described by the
Lagrangian

Lqcp, = itr (X+"(0,X +iXa,)) (6.5)

Here X represents the massless Dirac fermions, 4* are Dirac matrices, and the details of
the index structure will be specified in Section 6.2.2. The SU(2) gauge field is represented
by a,. The fermion kinetic term in Eq. (6.5) has a global SO(5) symmetry, which is an
enlargement of the global SU(2) spin rotation and Z, lattice rotation symmetries of the
lattice Hamiltonian [179]. To obtain Fig. 6.1(b), we extend Eq. (6.5) in Section 6.3.2 by
adding two real Higgs fields, ® = &%¢c* and &, = ®{o“, both of which transform as adjoints

of the gauge SU(2). So we have the Lagrangian

L;=Lqgcp, + (D2 —s (D)% 4+ Xy D% tr (c"Xp¥X)

+ (D@9 =51 (9))° +iXg D5 tr (0" X X) + -+ - (6.6)

Here D, is a covariant derivative, a is SU(2) gauge index, o are Pauli matrices, while p¥ is

a Pauli matrix which acts on the flavor space. We assume the higher order terms are such
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that when both Higgs condensates are present, (®) and (®1) will be oriented perpendicular
to each other in SU(2) gauge space. For instance, the topological order would be stabilized
by the presence of a term like —u (@%‘f)z when p > 0. By varying s and s; we can obtain
four phases in which the two Higgs condensates are either present or absent, as shown in
Fig. 6.1(b). We will show in Section 6.4.1 that the gapped Z, spin liquid, Ay, so obtained is
topologically identical to the Zs spin liquid A, in Fig. 6.1(a).

We will also examine the U(1) spin liquid with a spin gap, Dy, obtained when there is
only a ® condensate. We compute the monopole Berry phases in this state in Section 6.4.3,
and find that they are identical to those indicated by Sp in the bosonic theory in Eq. (6.4).
As monopoles are eventually expected to proliferate in this U(1) spin liquid [143], we expect
VBS order to appear, just as in the corresponding phase in Fig. 6.1(a).

Now we turn our attention to the critical U(1) and SU(2) spin liquids in Fig. 6.1(b). As we
noted earlier, we expect that in the absence of fine-tuning, there are relevant perturbations
to L; which will drive these critical phases to the corresponding magnetically ordered phases
in Fig. 6.1(a). These perturbations will break the SO(5) flavor symmetry of Locp, down to
the symmetries of the underlying lattice Hamiltonian [179].

Finally, we note that both Figs. 6.1(a) and 6.1(b) contain multicritical points accessed by
tuning 2 couplings where all 4 phases meet. A natural conjecture is that these multicritical
points are identical to each other. On the bosonic side, this is the theory obtained by tuning
g and sp, so that both the matter fields 2z, and P are critical. On the fermionic side, this
is the theory obtained by tuning s and s;, so that the bosonic matter fields ® and &, are
critical, while the fermionic matter X remains critical. A further conjecture is that the
Yukawa couplings A\; and A3 renormalize to zero at the multicritical point: then both the
bosonic and fermionic theories will represent CF'Ts.

We also extend our results to include additional Higgs fields which lead to phases with
Zs topological order and broken lattice rotation and/or time-reversal symmetries. On the

bosonic side, we introduce the complex, charge 2 Higgs field @);, where ¢« = x,y is a spatial
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Figure 6.2: (a) Schematic phase diagram of the CP' theory in Eqs. (6.4) and (6.7) as a
function of s; and s, (for large g). (b) Schematic phase diagram of the SU(2) QCD3 theory
with Ny = 2 flavors of massless Dirac fermions in Eqgs. (6.6) and (6.8) as a function of 3;
and S (for s < 0 and |s| large). All four phases in (a) and (b) are argued to be topologically
identical. So for the Zy spin liquids A, = Ay, By = By, and C, = C. Phases By and C do
not appear in Wen'’s classification [184] because they break global symmetries.

index, leading to the Lagrangian [157]
Lg) = Eb + |(6u — 22b,u)Qz|2 — 32|QZ‘|2 + )\4 Q;( €a52’aai25 + )\4 Qz 50162;81"2; + - (67)

In the absence of magnetic order, so that ¢ is large, the phase diagram obtained by varying
s1 and sq, with possible condensates of P and @); is shown in Fig. 6.2(a). There are now 3
Zs spin liquids, and these meet at a possible multicritical point with the VBS state.

On the fermionic side, in Section 6.3.3, we add another real Higgs field, ®,;, which trans-

forms as the adjoint of SU(2). We now extend L; in Eq. (6.6) to
=Ly + (D,D5) — 55 (P5;)% + ids DYt (0°X 0, X) + - - (6.8)

The phase diagram obtained by varying s; and Sy, to obtain possible Higgs condensates of
®; and ®y; is shown in Fig. 6.2(b). We assume that s is negative, so that a Higgs condensate

® is always present in Fig. 6.2(b). We obtain 3 Zs spin liquids in Fig. 6.2(b), and one of our
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main results is that these are topologically identical to the corresponding Zs, spin liquids in
Fig. 6.2(a). The relative orientations of the condensates of ®, ®;, and ®, in gauge space
are discussed in Section 6.3.4. Note that the spin liquids By and C'y do not appear in Wen’s
classification: this is because they break global symmetries associated with the appearance
of Ising-nematic and current loop order respectively.

Again, the multicritical points in Figs. 6.2(a) and 6.2(b), if present, are expected to map
to each other, setting up possible dualities of critical fermionic and bosonic gauge theories.

The paper is organized as follows. In Sec. 6.2, we provide the background information
necessary for our analysis. We begin by discussing the relevant symmetries and reviewing
the m-flux phase, showing that its low energy dynamics are described by Ny =2 QCD. The
section finishes with a brief summary of the boson-fermion duality proposed by Wang et
al. [179]. Sec. 6.3 explains our procedure for finding spin liquids and how these phases are
classified. Using this, we next list all gapped spin liquids accessible using our methods and
which are either fully symmetric or have Ising-nematic order. We also describe how spin
liquids breaking additional discrete symmetries can be realized, with particular focus given
to the Zs spin liquid C; with current-loop order. These spin liquids, both symmetric and
ordered, are subsequently identified in Sec. 6.4. We start by using the symmetry fraction-
alization technique to verify the correspondence between the Zs spin liquids we study and
those realized using Schwinger bosons. This allows us to verify the equivalence of Ay, By,
and Cy with Ay, By, and C,. A comparison with Wen’s [184] lattice classification scheme
is also provided before we turn to the unstable U(1) spin liquid D; and demonstrate that
the proliferation of monopoles necessarily results in a confined phase with VBS order. We
conclude in Sec. 6.5 with some discussion.

We note a related paper [78] which appeared while our work was being completed, describ-

ing phases of antiferromagnets with only a U(1), ‘easy-plane’, global spin rotation symmetry.
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6.2 m-FLUX PHASE AND N; =2 QCD
6.2.1 MODEL AND SYMMETRIES

We are interested in this paper in spin liquid states of the spin-1/2 Heisenberg model on the

square lattice, with Hamiltonian of the form

Hy=J) 8;-Sj+-- (6.9)
(i3)
where the summation is over nearest-neighbours and the ellipsis indicates interactions over
further distances or terms which comprise three or more spin operators. In the absence of
these higher order terms, the ground state is known to have Néel order; nonetheless, we
will operate under the assumption that the terms contained in the ellipsis provide enough
frustration that the ground state loses long-range magnetic order.

It has been shown that a fully symmetric phase describing spin 1/2’s on a square lattice
must have topological order [59, 103]. It turns out that there are many possible such sym-
metric spin liquids, and a large body of work has been directed at classifying these phases.
One such scheme is provided by Wen in Ref. 184. He extended the physical symmetry group
to include gauge transformations, and showed that distinct spin liquids can be differentiated
based on the behaviour of the gauge degrees of freedom. We take this approach and apply
it it to a continuum formulation of the phases in question. However, as discussed, the true
hallmark of a spin liquid is topological order, not the absence of broken symmetries, and
there is no a priori reason to restrict to fully symmetric spin liquids. We therefore also
consider phases in which certain discrete symmetries are broken.

The physical symmetries relevant to the problem are the SU(2) spin symmetry, time
reversal 7, and the space group symmetries. The space group of the lattice is generated

by the two translation operators, T, and T, the inversion operator P,, and the rotation
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operator Ry /. These act on the lattice sites as

Tyt iy, 1y) = (ip + 1,4y), Ty : (igyiy) — (g, 0y + 1),

P, (igyiy) — (i, —iy), Rujs : (igsiy) > (—iyy i) (6.10)

In addition, these generators imply a symmetry under inversion of the x-coordinate, P, =

-1

/2 An equivalent

RW/QPyR;/lw as well as reflection about the v = y axis, P, = PR

definition of the space group is given through its commutation relations:

T\ T, T,T, ' =1, P RepoPyReps = 1,

PTPT, " =1, Ryp=1,

PT,P,T, =1, R_\ToReoTy = 1,
P’=1, R_\TyRepoT, ' = 1. (6.11)

The generators all commute with time reversal, G'T'GT = 1, G = {T,,T,, P,, R:2}.
Because the fundamental degrees of freedom are bosonic spins, we have 72 = 1.

Naturally, a different set of commutation relations is required to describe the space group
in a symmetry broken phase, and these will be presented as needed. To make contact with
these phases, we will often describe the action of P, independently from the other symmetries

even when considering fully symmetric spin liquids.

6.2.2 HEISENBERG ANTIFERROMAGNET AND THE 7-FLUX STATE

We now present a lattice derivation of the m-flux model. We begin by re-writing the spin

operators in terms of so-called slave fermions [184]:

1
S; = §f2a0aﬁfw’ (6.12)

where o = (0%, 0Y,07%) are the Pauli matrices. This expression introduces additional degrees

of freedom and therefore cannot reproduce the Hilbert space of the spin operators without be-
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ing supplemented by a constraint. It can easily be verified that provided ) f, Jaf ia = 1 on ev-
ery site, the representation in Eq. (6.12) is correct. This further implies that ) 5 €apliafip =

Za’ 5 €aB sza fjﬁ = 0 where €, is the fully anti-symmetric 2-index tensor. By defining a matrix

-
X; = Ja —hy (6.13)

fu
we see that these constraints generate an SU(2) gauge symmetry which acts on &; as
SU2), : X — XU/ . (6.14)
The physical spin symmetry acts on X; on the left:

The absence of a charge degree of freedom suggests that a more natural fermionic represen-

tation may be obtained by replacing the complex f-fermions with Majoranas:

1 1
it = —= (X4,0 T 1X4,2) il = = (—Xiy + Xiz), 6.16
fir \/§<X,0 Xiz) fil \/é(x,y Xiz) (6.16)

where X,I?a = Xia a0d {Xia, Xjb} = dapdij. In this notation, the matrix A; is written A; =

(Xio0 + ixia0®) and the local constraints can be expressed as the conditions

o)

2

tr (wxjxi) —0. (6.17)

The first step to an approximate solution to Hy is to loosen the local constraint on the

fermions to

<tr <aw§2¢-)> — 0. (6.18)

Next, we decouple the 4-fermion interaction through a Hubbard-Stratonovich transformation,

leaving a quadratic mean field Hamiltonian. The most general such Hamiltonian which can
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be made symmetric under spin rotation symmetry is [24, 184]

Hyr = Z [iaijtr (X;é\?) + fjtr (a“XiTXj> + 1y;5tr (UaXiTO'an) } , (6.19)

(i3)

where a;;, B3

i, and ~;; are real numbers. In accordance with its name, the 7-flux state is

obtained by threading a 7-flux through every plaquette: we take 5i; = ~;; = 0 and
a5 = — i, Qitai = Q, Qirgi = (—1)=a. (6.20)
This gives
H, = —mz [tr (X Xis) + (=) tr (X Xigg)] - (6.21)

While it is clear that this ansatz preserves the full SU(2) gauge and spin symmetries, the
invariance of the m-flux Hamiltonian under the space group symmetries may be less clear.
In particular, translations in the z-direction do not preserve the form of H,. However, the
original Hamiltonian can be recovered through a gauge transformation, implying that the
symmetry transformed state is (gauge) equivalent to the original. Wen [184] termed this
extended symmetry group the “projective symmetry group” (PSG) and used it to show the
existence of eight distinct fully-symmetric SU(2) spin liquids on the square lattice. In his
scheme, the Hamiltonian H, describes the SU2Bn0 state (this is shown in Appendix E.3.1).
We will discuss the PSG extensively in subsequent sections, albeit in a slightly different
context than originally formulated. His scheme is briefly reviewed in Appendix E.2.

The band structure of H, has two Dirac cones. We expand about these cones, labelling
them by a valley index v = 1,2. A convenient expression for the resulting theory is achieved

by defining the 4 x 2 matrix operator

1
Xowpg = — 0008 + 1Xav0ag) 6.22
w8 \/§(X07 5+ XawTas) (6.22)
where «, (8, and v are spin, gauge, and valley indices respectively. The low energy excitation
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of Hyr are described by the relativistic Dirac Lagrangian
Ly = itr (X7"0,X) (6.23)

where ¥ = x17°, (7°,7%,7¥) = (7¥,i7%,i7%). Here and in what follows, we express operators
in real time.

While Eq. (6.18) may hold in the ground state of H,, the full constraint in Eq. (6.17) does
not, and gauge fluctuations must be included to take this into account. The SU(2) gauge

transformation in Eq. (6.14) becomes
SU2),: X = XU}, a, — Uga,Uf +i0,U,U], (6.24)
in the continuum. As before, global spin rotations act the Majorana X on the left,
SU(2), : X = U, X. (6.25)

Letting D§ X = 8, X +iXa,, the inclusion of quantum fluctuations results in the following

Lagrangian:
Lqcp, = itr (X4"DiX) . (6.26)
Lqcp, can be expressed in a more familiar form by defining Dirac fermions

) , 1 .
¢1,v = E (Xx,v - ZXy,v) ) ¢2,v = = (XO,v + 1sz) . (6'27>

>

In terms of these operators, the Lagrangian becomes

Locp, = Y iy (9, — ialo®) ¥y (6.28)

v=1,2

That is, the low energy physics of the m-flux state is described by QCDs with Ny = 2

fermions. The Dirac representation is not nearly as useful as the Majorana representation of
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Lqcep,: while gauge transformations act of the t-fermions in the usual fashion, the action of
the spin symmetry is nontrivial. We will therefore primarily use the form given in Eq. (6.26).
A side-effect of the expansion about the Dirac cones is that the x fermions transform

nontrivially under time reversal and the space group symmetries:

T, x — WX, Rupg:x — ™ Aem Ay (—y 1),
T, x = 11X, Py x = 7t x(—x,y),
T:x—=>7uy, i— —i, P, x = —m"u"x(z, —y). (6.29)

In addition, the spin and space group symmetries of the model are significantly enlarged at
this fixed point. Not only is Lqcp, Lorentz invariant, but it is symmetric under rotations
mixing the spin and valley indices of X: X — LX, where L is a 4 x 4 unitary matrix.

Because X is composed of Majorana fermions, there is an important reality condition,
X" =0'X0o"?, (6.30)

and therefore only L such that LYoV = ¢ are allowed. This reduces what would have been
a U(4) symmetry to Sp(4). Finally, since both SU(2), and Sp(4) share the nontrivial element

—1, the true global symmetry is obtained by taking the quotient: Sp(4)/Zs = SO(5).

6.2.3 DUAL DESCRIPTION

As with any mean field approach involving a continuous gauge group, the existence of Lqcp,
is by no means guaranteed once gauge fluctuations have been taken into account. However,
in spite of some of the terminology, in this paper we do not view the m-flux ‘phase’ as a
stable state of matter existing over a finite region in parameter space. Instead we treat it
as a parent theory with instabilities potentially leading to U(1) and Zs spin liquids, as well
as to ordered phases like Néel and VBS. This approach is motivated by a duality between

Lqocp, and CP' proposed by Wang et al. [179] to describe the Néel-VBS transition. We

122



Chapter 6 — Fermionic spinon theory of square lattice spin liquids near the Néel state

discuss the relation between CP' and QCDj in this context.
One of the key components to their proposal is the SO(5) symmetry we just discussed.

On the QCDj side of the duality, an order parameter for this symmetry is
nt = tr ()_(FjX) , = {5, (o, po?, pvo’}. (6.31)

The symmetry transformations in Eq. (6.29) indicate that n' and n* are the VBS order
parameters, while n®, n*, and n® correspond to the Néel order parameter. Using this, Refs. 1,

168, 175 showed that taking Lqcp, to
EQCD3,¢ = EQCD3 + m¢] tr (XF]X) s (632)

and subsequently integrating out the fermions, yields a non-linear sigma model for ¢ with
a Wess-Zumino-Witten (WZW) term. This topological term manifests itself physically by
making the defects of the order parameter of one symmetry transform nontrivially under
the action of the other symmetry. These nontrivial correlations prompted Tanaka and Hu
[175] and Senthil and Fisher [168] to propose this non-linear sigma model as a description
of the critical theory describing the Landau-forbidden continuous phase transition between
Néel and VBS.

Conversely, the CP' formulation of the phase transition circumvents the obstruction to
continuity by eschewing the traditional notion of an order parameter. While the Néel phase
is entered through the condensation of N® = z'g%, the VBS phase is described by the
proliferation of monopoles, events which change the flux of the gauge field by 27 (or,
equivalently, change the global skyrmion number by one). Not only do these monopoles
confine the U(1) gauge field, but, because they transform nontrivially under the space
group, this symmetry is necessarily broken in the condensate. In spite of the very dif-
ferent forms the Néel and VBS order parameters take, numerics [121] have observed an
emergent SO(5) symmetry between the two, implying that SO(5) emerges as a symme-

try in the IR. In this version, the VBS portion of SO(5) order parameter is given by
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(¢1,02) = 2(Re M, Im M) where M denotes the monopole operator, while the remaining
pieces are simply (@3, @4, P5) = (zTU’”z, 2tovz, zTazz).

Wang et. al. [179] suggest that both of these models flow to the same SO(5) symmetric
CFT in the IR. An important feature of this CFT is the absence of a relevant singlet operator.
The critical point is instead obtained by tuning the coupling p of a relevant, anistropic

operator to zero,

(B+6+03) — 2 (F+6). (6.3

ol D

L= LSO(5) + ,quzn Oun ~

When g > 0, the system has VBS order, while when p < 0, it orders along the Néel directions.
The approach we take is slightly different in spirit to this proposal, and we discuss this further
in Sec. 6.4.3.

6.3 SPIN LIQUIDS PROXIMATE TO THE m-FLUX PHASE

In this section, we describe the Higgs descendants of QCD; and our approach to their
classification. We start by discussing which operators can couple to the Higgs field, before
turning to a more complete discussion of the projective symmetry group than what was
provided in the previous section. Given a set of criteria described below, we conclude that
there exists a single (spin) gapped U(1) spin liquid among the Higgs descendents of QCDj.
We next list all gapped and fully symmetry Zs spin liquids, as well as all gapped Zs, spin
liquids with Ising-nematic order. Special note is taken of the spin liquids A; and By, though
we wait until until Sec. 6.4.1 to prove their equivalence to A, and A;. The section finishes

with a description of the gapped Zs spin liquid with current-loop order we call C.

6.3.1 HIGGS FIELDS

We being by examining the set of operators we will be coupling to the Higgs field. QCDg
is strongly coupled in the IR, and so very little can be said with certainty regarding the

operators and their scaling dimensions in the IR. We focus on fermion bilinears since these
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are the most relevant gauge invariant bosonic operators of the UV theory. Non-perturbative
operators such as monopoles are not considered.

We consider interaction terms of the form
tr (pXMX) = o%r (c°XMX) (6.34)

where ¢ = p®0® is a generic Higgs field transforming in the adjoint representation of SU(2),
and M is a matrix acting on the sublattice, colour, and/or flavour space of the fermions and
which may or may not contain derivatives. The physical properties of the various possible
Higgs phases are defined primarily by the bilinear it couples to.

Restricting for the moment to bilinears without derivatives, those which are charged under

the gauge group are
tr (0" X~+"X), tr (o* XTI X)), tr (0" XT7X). (6.35)

where TV = {p?, —u®, p?o®} and T = {u¥, 0%, p*o®, p*c®} are the vector and adjoint rep-
resentations of SO(5) respectively. The first set of operators are the gauge currents J**.
These cannot couple a Higgs field since the gauge theory description of the Heisenberg model
is predicated on the requirement that these currents vanish. In fact, the gauge fields can be
interpreted as Lagrange multipliers which have been added to Lqcp, in order to impose the
J4* = 0 constraint.

No such obstacles exist for the other two sets of bilinears. The second group of operators,
tr (J“X eyt X ), are SO(5) and spacetime vectors in addition to gauge adjoints. The presence
of the gamma matrices v* indicates that the fermions will remain massless upon coupling
these bilinears to a condensed .

On the other hand, should the Higgs field couple to one of the final operators in Eq. (6.35),
(p) # 0 will act as a mass for the fermions. The only other bilinears which act as masses
to the fermions are the singlet and SO(5) vector, neither of which are fully symmetric.

Therefore, given the aforementioned restriction on which operators we consider, we conclude
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that an operator of the form tr (U“)_( TiX ) must couple to a condensed Higgs field in A; and
Dy. (It can also be verified that these colour-singlet mass terms cannot provide a spin gap
to the ordered spin liquids, By or Cf.)

We will see shortly that the operators in Eq. (6.35) are not sufficient to reproduce the
phase diagram in Figs. 6.1(b) and 6.2(b). Consequently, we also allow the Higgs field to

couple to bilinears which contain a single derivative:
tr (0°Xi0,X) , tr (0*X17i0,X) tr (c°XT7~"i0,X) . (6.36)

We now discuss how symmetries manifest in Higgs phases. The action of the space group
and time reversal on the bilinears listed above is given in Tables 6.1 and 6.2; the spin
symmetry rotates operators with spin indices among themselves in the usual way. It naively
appears that a Higgs field coupling to any of these bilinears will necessarily break one or
more symmetries upon condensing. As with the 7-flux Hamiltonian in Eq. (6.21), H,, this
intuition does not account for the fact that the Higgs field is not a gauge invariant operator.
A symmetry is only truly broken if the original and symmetry transformed actions are not
gauge equivalent.

For instance, in Eq. (6.6), tr (aa)_(,qu) couples to the Higgs field ®. Since tr (U“Xqu)
maps to minus itself under 7, T, and T}, the naive argument would suggest that these
symmetries are broken when (®%) # 0. However, it’s not difficult to find a gauge transfor-
mation capable of “undoing” the action of these symmetries. In particular, supposing that
only (®*) # 0, we see that the gauge transformation V' = io* takes tr (am)? WX ) to minus
itself, thereby proving the equivalence of the original and symmetry transformed actions.

This set of gauge transformations comprises the PSG and is what we use to characterize

the Higgs descendants. More generally, when a group element acts on a bilinear as

G tr(0c°XMX) — tr (0"XUgMUgX) (6.37)
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9 T P, P, T, T, Ryp

ILLy + + — — l’[’y

o’ - - + + o
Mxo.a + + _ + _ /LZO.(L
MZUG _|_ _ _"_ _ _|_ _MIUH

Table 6.1: Transformation properties of tr (U“)_( TiX ) under the action of the physical sym-
metries. T7 = {p¥, 0% u*o®, p?c} are the 10 generators of SO(5).

I T P. P, T, T, Rup
“170 + - + 4 — quO
e e Gl
e e s Lot
Mz,yo +  + _ - 4+ _ Iu;t,.yo
Wyt = = = =+ =ty
pyr -+t =+ e
wo'y?  + — = = = oy’
oyt — + = = = o™y
ployy  — — + = = —pfo™y”

Table 6.2: Transformation properties of tr (aa)? [iymX ) under the action of the physical
symmetries. [V = {u®, u?, uYo®} transform under the vector representation of the emergent

SO(5).

where Ug = 4°Ut4?, the projective symmetry group is defined as
PG tr (0" XMX) = tr (Vio"VeXUeMUGX) (6.38)
where
tr (Vio"VeXUaMUGX ) = tr (0" XMX) . (6.39)

We will see that requiring the existence of a Vi for every Ug places stringent conditions
on which operators can couple to a Higgs field while preserving certain symmetries in the

condensed phase.
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pytid, T Py P, To T, Rep Wi, T Py P, To T, Raup
Wi,  + - = = = pu¥y%id 0y + - - + + Do
wylio, - + — — —  p¥yYio, i0;, — + - + + i,
wy%o, - - + - — —u¥y%a, i0y — — + + + —io,
pATI0y  — A+ = = = iy pridy  — + — + —  pFioy
WA, A = = = = P prid,  + - = + = pfio,
py*io,  + + + = = —u¥yYio, pto, + + + + = —pfio,
wavio, — — 4+ = — —p¥ytidy widy — — 4+ = 4+ —puTidy
o,  + + + = = —p¥ytig, pid, + + + = + —ptig,
EAPIG, A = = = = il pridy, 4+ - = = 4+ i,

Table 6.3: Symmetry transformation properties of bilinears of the form tr (JaX 10, X ),
tr (U“XF%’@MX), and tr (U“)_(Tj'y”i(?yX) which do not transform under spin. The oper-
ators which can couple to a Higgs fields in a gapped symmetric spin Z, spin liquid are
coloured; entries with the same colour transform into one another under R /s.

6.3.2 SYMMETRIC SPIN LIQUIDS

In this section, we focus on fully symmetric and gapped spin liquids (by ‘gapped,” we are
referring specifically to the matter content). As mentioned, in order to simultaneously gap
the fermions and Higgs the gauge boson, an operator of the form tr (OQX TiX ) where TY
is a generator of SO(5) must couple to a Higgs field. These are listed in Table 6.1. Of
the ten generators of SO(5), nine transform as vectors under the spin symmetry, and we
show in Appendix E.1 that a fully symmetry spin liquid cannot be formed by coupling a
Higgs field to any of these bilinears. Roughly, the argument relies on the fact that in order
to preserve the spin symmetry, a linear combination of the form ~ " tr (aaX Mo*X ) for
M =1, p*, ¥ must couple to the Higgs, which then makes it impossible preserve all of the
discrete symmetries.

This observation establishes tr (U“)_( WX ) as the only fermion bilinear capable of both
giving the fermions a mass and coupling to a Higgs field. As indicated in Eq. (6.6) and
Section 6.3.1, we denote the Higgs field coupling to this bilinear as ®*. Since the action
remains invariant under all gauge transformations about the direction of the condensate, ¢

cannot fully Higgs the SU(2) gauge symmetry down to Zs. For instance, if we will assume
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that only (®%) # 0, U(1) operations of the form X — Xe~" remain a gauge symmetry.
We label this U(1) spin liquid Dy.

It is well-known [64] that without gapless degrees of freedom, a U(1) gauge theory is
unstable to the proliferation of monopoles and confinement [126]. We will ignore the ultimate
fate of D until Sec. 6.4.3 where we show that the true ground state is a VBS.

With this caveat in mind, we deduce the projective symmetry group of the gapped U(1)

spin liquid from Table 6.1:

V, =g, Vie = €707
0pyo® 0tyo® ;2
Vpy = "7, Viy = "7 io”,
0pyo® i0r0®
Ve = €77 V,=¢e"", (6.40)

where the fg are arbitrary angles parametrizing the residual U(1) gauge degree of freedom.
Here, the subscripts ¢, px, py, tx,ty and r indicate that these gauge transformation accom-
pany the action of T, P,, P, T,,T,, and R/, respectively.

We note that while the physical symmetries are all preserved in Dy, the emergent SO(5)
symmetry of QCD; has been broken. Of the SO(5) generators, T7 = {u?, 0%, u®c®, u*c®}, the
U(1) gauge theory is only invariant under {u¥} x {0}, indicating that the SO(5) is broken
to U(1)xSU(2). From the perspective of the SO(5) order parameter, n/ = tr (XIVX),
7 = {u®, p?, p¢o”}, the VBS order parameters, n' and n? can no longer be rotated into the
Néel order parameters, n?, n*, and n®.

To break the gauge group down to Zs, an additional Higgs field ®; is needed. However,
there are strict constraints on which bilinears can couple to ®; in order for the resultant
Z.5 spin liquid to preserve all physical symmetries. We approach this problem from a vector
representation by associating an SO(3) matrix ) to each SU(2), gauge transformation V.
That is, instead of looking at V' such that tr (chMX) — tr (VTQDVXMX), we consider @)
such that ¢%tr (c°XMX) — (Qp)"tr (¢°X M X). In this notation, when (®*) # 0, we must
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have
1 0
Qac = , G = px,py,r, (6.41)
0 Rg
and
-1 0
Qa = ) , G =t,tx, ty, (6.42)
0 Rg

where Rg and RG are determined by the bilinear coupling to ®;. The constraints on this
bilinear arise from the fact that ()¢ must be special orthogonal, therefore implying that Rqg
and Rg must be 2 x 2 orthogonal matrices with determinants +1 and —1 respectively.

We now argue that none of the operators in Table 6.2 satisfy these requirements. First,
all bilinears with spin indices can be excluded by the same reasoning given above and in
Appendix E.1. Next, we note that all remaining operators still transform differently than
tr (J“X' WX ) under at least one of the symmetries, and therefore the ®; condensate must
be perpendicular to x in colour space. For the remaining six operators, the obstruction to
forming a spin liquid may be understood by studying the action of a 90° rotation. The last
column of the table indicates that R/, maps each bilinear to plus or minus another bilinear
in the table, eg. Rq : tr (0°Xp"7°X) — tr (0°Xp*7°X). In order for this to describe a
rotationally symmetric phase, both bilinears must couple to a Higgs field. We might imagine
that ®; couples to both operators in a pair, but this is not a viable option because the other
discrete symmetries do not act on the members of each pair in the same way. For instance, no
gauge transformation can preserve the form of (®f) tr (0“)_( O £ ] X ) under P,, P,, T,
and T, since tr (0°X7°u*X) and tr (0°X7°1*X) behave differently under these symmetries.
We might try coupling each of these operators to different Higgs fields, ®; and @/, and
require that they condense in mutually perpendicular channels, eg. (®Y) # 0 and (®}°) # 0.

However, the matrix required to undo the action of the time reversal symmetry is then
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SPSG M Qt/‘/;f Qpat,py/‘/px,py Qtz,ty/‘/;fr,ty QT‘/VT‘

diag(—1,1,1) diag(1,—1,—1) diag(—1,—1,1 1

1 My,yoz'ao’ 'uy (’)/T’Law +7ylay) lag( ) a ) lag( ) ) . ) lag( ) ’ )
i0Y i0” 107 1
iag(—1,1,1 iag(1,—1,—1 iag(—1,—-1,1 iag(1,—1,—1
2 My (,.Yatzal _ ,yyzay) dlag( ’ ? ) dlag( ) ) . ) dlag( ? ’ ) dlag( ) 7. )
i0Y i0” Toxd 107
diag(—1,1,1 1 diag(—1,-1,1) diag(1,—1,-1
3 Uy (,szay + ,szai) 1ag( ) , ) lag( ) a ) lag( ) 7' )
i0Y 1 10* 10"
diag(—1,1,1 1 diag(—1,-1,1 1
oad 1 Yot 1
5 ion diag(—1,1,1) diag(l,-1,—-1) diag(-1,1,-1) 1
0 ead i0” 10Y 1

Table 6.4: All symmetric PSG’s associated with symmetric Z» spin liquids in which (<Izm) # 0
where ® couples to tr (O'aX WX ) These are listed as a function of the operator tr (aaX MX )
which ®; couples to. We assume that only (®Y) # 0.

Q; = diag(—1,1,1) which is not an element of SO(3). We conclude that this does not work
either.

We next perform the same analysis on bilinears containing a single derivative. Once
again, the arguments in Appendix E.1 are valid, and we immediately exclude all operators
in Eq. (6.36) which transform nontrivially under spin rotations. The action of the space
group and time reversal symmetries on the remaining operators is provided in Table 6.3.
Again, R;/; maps many of the operators to plus or minus a different operator in the table.
As discussed in the previous paragraph, only bilinears which transform in the same way
under T, P, P, T,, and T} as their partner under R,/ are suitable candidates, and these
have been highlighted in different colours. In Table 6.4 we list the PSG’s of all gapped and
symmetric Zs spin liquids which can be formed using this set of operators.

In Sec. 6.4.1 we determine which (if any) bosonic ansatz these PSG’s correspond to. We
find that sPSG5 corresponds to the fully symmetric spin liquid A,, and for this reason, we

denote it Ay.
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6.3.3 7y SPIN LIQUIDS WITH ISING-NEMATIC ORDER

As emphasized in Section 6.1, it is not necessary to restrict to fully symmetric spin liquids.
We therefore also study gapped, nematic Zy spin liquids proximate to the gapped U(1)
spin liquid Dy. In particular, we investigate spin liquids which are obtained by coupling a
third Higgs field, ®o;, to the operators in Tables 6.1, 6.2, and 6.3, and which preserve the
continuous spin symmetry, 7, P, P,, Ty, and T,, but break the 90° rotation symmetry,
Ry /2. The absence of rotation symmetry makes it possible to couple any of the operators in
Tables 6.1 and 6.2 to the Higgs field, and the ten candidates we find are listed in Table 6.5.

We note that nPSG5 and nPSG6 are continuously connected to sPSG1-2 and sPSG3-4 re-
spectively. For instance, in the case of nPSGH, if the Higgs field couples as Zizw
then phases where the condensate satisfies (95 ) = + <<I>gy> do not break R,/ and are pre-
cisely sPSG1 and sPSG2. The same considerations hold for nPSG6 in relation to sPSG3
and sPSG4.

In all cases, the phase with (®) = 0 and (®;) # 0 is a fully symmetric U(1) spin liquid.
However, unlike Dy, the matter sector is gapless.

In the next section we find that nPSG7 is the fermionic version of the bosonic phase By,

leading us to label it By.

6.3.4 75 SPIN LIQUID WITH CURRENT-LOOP ORDER

So far, we have defined three separate Higgs fields. To ensure that the condensed phases had
a spin gap, ¢ and tr (0“)_( WX ) were required to couple. We then identified which bilinears
could couple to a second Higgs field, ®;, such that the phase with (®) # 0, (®;) # 0, and
(®) L () was a fully symmetric spin Z, liquid. Similarly, we determined in the previous
section which bilinears could couple to a Higgs field ®,; such that the phase with (®) # 0
and (®y;) # 0 was a Zy spin liquid with Ising-nematic order, again provided (®) L (Py;).

A natural extension is to ask which phases result when all three Higgs fields have con-
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) x p=0 ioY io” 1 (Toad i0”
Y 20 i0Y 1 i0® i0” oY
5 x wyY i0* 1 1 i0” (Toad
wryr i0* 1 1 ioY To
5 x Y, i0* io” io” (lopd i0”
wry* 10* 107 Topd 10% oY
x 19y%i0,, p¥y%idy | io? 1 ic” i0” i0?
4
y 0.8 YnYs . . . P
)
Wy iy, pdYidy | io io 1 io io
5 x Yy i0, Yoxd io” io” i0” i0”
1YyYi0, ioY io” io” 10” (Topd
T Y~vT40, ioY 1 1 10” 107
6 Y
(YYD, io¥ 1 1 io®  io®
7 T 10y 107 Yo 10Y i0Y
10y i0” io® 1 ioY ioY
g x 1Fidy i0” 1 io* ioY io?
w?idy io? io” 1 wo® oY
g © W10y ioY 1 1 io? oY
110y ioY 1 1 oY o
10 1530, ioY io® io® ioY io?
W10y Toxd 0% 107 io* ioY

Table 6.5: Nematic PSG’s associated with order parameters of the form ®%tr (aaX WX ) +
®gtr (0 X M*X). We have not included tr (0°X 89X ) since this operator is invariant under
the action of R/, and already accounted for as sPSG5. The labels z, y are simply a
convenient notation and do not necessarily signify a physical direction.
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densed: (®) # 0, (®1) # 0, and (Py;) # 0. However, there are clearly a large number
of possibilities. Not only have we identified many candidate s- and nPSG’s, but different
symmetries will be broken depending on the relative orientation of the Higgs fields. There-
fore, we focus on producing the phase diagram in Fig. 6.2(b) and restrict our study to the
situation where the symmetric and nematic spin liquids are Ay and By, the phases described
by sPSG5 and nPSGT.

This scenario describes four different patterns of symmetry breaking:
L (@) L (®1), (@) L (Do), & (O1) || (P2)

2. (@) L (1), (01) L (Pai), & (D) || (D)

3. (Pai) L (®), (Pai) L (1), & (@) || (1)

4. (D) L (D) L (Do)

In Table 6.6 we list which symmetries are broken for each of these cases.

Referring to the phase diagram in Fig. 6.1(b), it is natural to restrict to the case where Ay
and By are accessible by taking (®;) or (®;) to zero. Since both the second and third cases
have (®) parallel to either (®1) or (®y;), we eliminate these options. Of the remaining two
phases, the resulting spin liquid only possesses current-loop order when (®;) || (®o;). This
situation is further distinguished by breaking the fewest symmetries. We refer to this phase

as Cy and later equate it and the bosonic phase C}.

6.4 SPIN LIQUID IDENTIFICATION

We now identify the phases examined above with previously studied spin liquids. On the
lattice, Wen [184] showed that 58 distinct Zy PSG’s can be accessed from the w-flux state
(SU2Bn0). However, his PSG classification gives no indication of the physical properties of
these phases and, moreover, as we will see, it includes certain “anomalous” PSG’s which can-

not be obtained from a mean field ansatz. We therefore begin by discussing the “symmetry
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Direction Broken
(@) (P1) (Do) Symmetries
Lz oy y T, P,
2 x Y T P, T, T,
3wy T, P, P,, To, T,
4 =z Yy z P, T, T,

Table 6.6: Symmetries broken depending on the orientation in gauge space taken by the
Higgs condensates. The fields couple to the bilinears as tr (<I>X X ) + tr (<I>1X 109 X ) +
tr (P, X0, X).

fractionalization” approach to spin liquid classification, and relate it to Wen’s scheme. This
will significantly simplify the process of relating the symmetric U(1) spin liquids and the
phases in Table 6.4 to the spin liquids studied by Wen. Its greatest power, however, will be
to treat fermionic and bosonic mean field ansatze on the same footing, allowing us relate our
results to phases described using Schwinger bosons, and prove our earlier claim that Ay, By,
and Cy are fermionic versions of A;, By, and Cj.

We next show that the gapped U(1) spin liquid Dy corresponds to Dy. The gapless gauge
degrees of freedom invalidate the symmetry fractionalizaton approach to comparing spin
liquids represented with bosons and fermions. Instead, we show through linear response that
the proliferation of monopoles induces the condensation of the VBS order parameters given
by the first two components of the vector in Eq. (6.31). We provide additional verification
by demonstrating that the Berry phase of the monopole matches the calculation performed

by Haldane [53] and Read and Sachdev [144].

6.4.1 SYMMETRY FRACTIONALIZATION AND Zsy SPIN LIQUID IDENTIFICATION

In this section, we relate the gapped Zs spin liquids determined in the previous section to
spin liquids obtained using Schwinger bosons by Yang and Wang [205] and Chatterjee et
al. [21]. Since these phases are gapped, they are completely defined via their “symmetry

fractionalization” [43]. Of the PSGs listed in Tables 6.4 and 6.5, we find that precisely
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Group relations sPSG1 sPSG2 sPSG3 sPSG4 sPSGH vison twist Z2[0,0] Zs[0,7]

1 T,'T,T,T, ! -1 -1 -1 -1 -1 -1 1 1 1
2 P'T,P,T,* -1 -1 1 1 ~1 -1 1 1 1
3 PB/'T,P,T, -1 -1 1 1 -1 1 1 -1 -1
4 P2 -1 -1 1 1 -1 1 -1 1 1
5 Py'Rpj2PyRy)s 1 -1 -1 1 1 1 1 1 -1
6 R, 1 1 1 1 1 -1 -1 1 1
T R_ToRe )T, -1 -1 -1 -1 -1 ~1 1 1 1
8 R,y Ry, -1 -1 -1 -1 -1 11 -1 -1
9 R, T 'RepaT 1 -1 -1 1 1 1 1 1 -1
10 P/'T-'P,T -1 -1 1 1 -1 1 -1 1 1
11 7,7\, T 1 1 1 1 =1 1 1 -1 -1
12 T M7\, T 1 1 1 1 -1 1 -1 -1
13 72 -1 -1 -1 -1 -1 1 1 -1 -1

Table 6.7: The columns labeled “sPSG1-5,” list the symmetry fractionalizations of the
gapped, symmetric Zs spin liquids given in Table 6.4. The corresponding bosonic sym-
metry fractionalization numbers are obtained by multiplying the sPSG numbers with the
those given in the ‘vison’ and ‘twist” columns. We see that sPSG5 corresponds to the Z;|0, 0]
state of Ref. 205. No bosonic counterparts to sPSG1-4 are present in Ref. 205.

one matches onto the spin liquid A,, and one onto B, of Fig. 6.2(a). We begin by briefly
reviewing this classification scheme in the context of Z, topological order. The reader is
referred to Ref. 43 for more details.

One of the defining characteristics of topological order is the presence of anyonic excita-
tions. For the Zs case we consider here, there are two bosonic particles, typically denoted
e and m, which are mutually semionic: the wavefunction picks up a minus sign upon the
adiabatic motion of an e particle travelling around an m particle. A bound state of an e and
m is a fermionic excitation, € ~ em, and it also satisfies mutual semionic statistics with e
and m. We will frequently refer to the m particle as the ‘vison’ and the e and ¢ particles
as the bosonic and fermionic ‘spinon’ respectively. These excitations carry Zs gauge charge
and therefore must appear in pairs. Nonetheless, the Zs gauge field is gapped and these
phases are deconfined, meaning that e, m, and € particles may be very far from one another.

A comparison of these particles with the excitations in the Higgs phases implies that the

fermionic spinons € should be identified with the excitations of the field operator X. In
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addition, in 241d the Abrikosov vortices of the condensate are pointlike, and we associate
these with the vison excitations m. The remaining particle, the bosonic spinon e, is therefore
described by a bound state of X and the vortex. In contrast, CP! is formulated in terms of
the bosonic spinons. The vison is present as a vortex in the condensate as before, but now
it is the fermionic spinon that is expressed as a bound state.

This representation of the degrees of freedom of a gapped Z, spin liquid provides a means
to compare phases described using fermionic and bosonic ansatze. In a manner analogous
to the classification of symmetries in terms of quantum numbers, these symmetry enriched
topological phases can be classified by what is known as symmetry fractionalization numbers.
Independent of any formalism, suppose we create from the groundstate two € (or e or m)
excitations and separate them so that they lie at very distant points » and 7/: |r,r’). Since
the rest of the system is indistinguishable from the groundstate, the action of an unbroken

symmetry G will exclusively affect these regions:
Glr,v') =9.(r)4.(r") |r,r"), (6.43)

where @.(r) only has support in the region immediately surrounding r. As discussed in
Sec. 6.2.1, the generators of a symmetry group satisfy certain commutation relations, and
for the space group of the square lattice (plus time reversal), these relations are given in
Eq. (6.11) and below. It follows that the action of any of these operations on all wavefunc-
tions must be equivalent to the identity. For example, since T, T, T, T =1, it must map

lr,r') to itself:
v’y =T ' T, T,T, " |r,r'). (6.44)
In terms of the local symmetry operations, this becomes

r, 1) = T, (1) (1) Ty (7) T (1) (6.45)

€,x
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Since the transformations are localized at either  and 7/, they must be independent from
one another and therefore constant. However, because of the Zs gauge degree of freedom,
Croty = Ty (1) T () T2y (1) 7,1 (1) need not necessarily equal unity: the symmetry can be
fractionalized such that (i, = —1. The value of (;,,, will be consistent for every excitation
of that species within a phase

It is not difficult to connect this to the PSG classification of the previous section. The
PSG is the set gauge transformations required to preserve the form of the action following a

symmetry transformation, as shown in Eq. (6.39). Now, however, we present the PSG action

solely in terms of operator which creates fermionic spinons, X:
PG X — UgXV]. (6.46)

The same argument given above then requires that under the action of 7, 'T.T,7', X is

mapped to plus or minus itself:
T\T,T,T, [X] = UL Uy Us UL, X Vi, VIV V,, = £X. (6.47)

This factor is precisely the fractionalization number of e. When time reversal is involved,

this is modified to

GITIGTIX] = Ul o' Ubo" UL UL X VeV o' VE o'V,

T?[X] = Ufo"Uo? X 0¥V, o"V,T (6.48)

where the reality condition in Eq. (6.30) has been used. Table 6.1 lists the numbers cor-
responding to each of the sPSG’s in Table 6.7. (We note that the 7th group relation,

R—l

- /ngRn 12T, = 1, can be fixed by a gauge transformation on the relative sign of V;, and

Viy- In keeping with the convention of Ref. 205, we require that the symmetry fractionaliza-
tion number be —1 for the fermionic spinons.)

The argument also demonstrates a shortcoming of the PSG classification. While it im-
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mediately returns the symmetry fractionalization of the fermionic spinons, it provides no
information regarding the symmetry fractionalization of the vison and bosonic spinon. How-
ever, it fortunately turns out that the vison’s fractionalization numbers are independent of
the precise Zs spin liquid under study and can be obtained by examining a fully frustrated
transverse-field Ising model [76, 158, 197, 205]. We quote these results in the column labeled

“vison” in Table 6.7.

CORRESPONDENCE BETWEEN FERMIONIC AND BOSONIC ANSATZE

Comparing fermionic and bosonic ansatze may appear straightforward from this point: since
e ~ £m, it seems reasonable to assume that the symmetry fractionalization of the bosonic
spinon is obtained through a simple multiplication of the symmetry fractionalization numbers
of the fermionic spinon and the vison. However, the mutual statistics of € and m occasionally
change this relation. For instance, upon rotating e by 360°, R} /2 either the vison will encircle
the fermionic spinon or vice versa. In either case, an extra factor of —1 must be taken into
account. These additional multiplication factors were worked out in Ref. 205, and we quote
them under the column labeled “twist” in Table 6.7.

The comparison with the bosonic symmetry fractionalization allows us to identify sPSGbH
with Z50, 0], showing that Ay = A, as promised. We do not find fermionic counterparts to
the remaining four spin liquids in Ref. 205.

Using a slightly altered set of commutation relations to account for the symmetry breaking,
the exact same analysis can be performed for the nematic spin liquids. These symmtery
fractionalization numbers are shown in Table 6.5, and, as claimed, by comparing with the
analysis of Ref. [21] we positively identify By (nPSG7) with the Ising-nematic Zs, spin liquid
By.

Finally, the equivalence of Ay and By with A, and B, indicates the equivalence of Cy and
Cp. In Appendix E.4, we provide additional verification of this result using the symmetry

fractionalization technique.
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6.4.2 LATTICE CLASSIFICATION OF FERMIONIC PSG’s

The data compiled in Table 6.7 can also be used to compare the phases we find against
fermionic spin liquids described on the lattice. In Appendix E.2, we review Wen’s classifica-
tion scheme [184] and identify the lattice PSG’s corresponding to the two U(1) spin liquids
as well as the five symmetric Zs spin liquids. This classification is useful since it allows us
to express the phases we've studied on the lattice without having to reverse engineer the
bilinears.

We identify the gapped U(1) spin liquid, Dy, with U1CnOnl and the gapless U(1) spin
liquid ((®1) # 0) with U1Bz11n. The lattice PSG’s corresponding to the five symmetric Zs
spin liquids we obtained are shown in Table 6.8.

Both sPSG1 and sPSGH seemingly correspond to multiple lattice PSG’s. However, in
Appendix E.2.4, we prove that while the spin liquids have the same symmetry fractionaliza-
tions, of the two shown, only one of each pair actually corresponds to the spin liquids we
consider. In the case of sPSGb5, it is not difficult to show that Z2Bxz2z is always gapless,
immediately ruling it out as a description of the gapped phase Ay. Further, we show that
Z2Bxx2z is not proximate to either the gapped or gapless U(1) spin liquids U1CnOnl and
UlBz11n. Similarly, we find that Z2Bzx23 is not proximate to U1Cn0Onl, leaving Z2Bxx13
as the sole realizable lattice PSG capable of reproducing sPSG1.

These statements can be verified explicitly by comparing our continuum theory with mean
field Hamiltonians on the lattice which have been constructed using only information pro-
vided by the lattice PSG. In Appendix E.3 we study the lattice Hamilonians for the gapped
and gapless U(1) spin liquids, as well as Ay. We find that a low-energy expansion of the
mean field Hamiltonian describing U1Cn0Onl corresponds to adding tr (ax)_( WX ) to the
m-flux Hamiltonian as expected, but that no analogous statement can be made for either
UlBx1ln or Z2Bxxlz. In particular, we demonstrate that no mean field ansatz on the
lattice can realize the U(1) spin liquid UlBz11ln. This should not be too surprising as

the continuum realization of this phase is the product of condensing ®; when coupled to
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sPSG1  sPSG2  sPSG3  sPSG4 sPSG5 (Ay)

L 1
Lattice PSG “20""13 7980003 72B0013 z2Booor oDt
22Bax23 j—

Table 6.8: Spin liquids according to the labeling scheme given in Ref. 184 and reviewed in
Appendix E.2.4. All of the spin liquids listed are found to be proximate to the m-flux phase
SU2n0 though not necessarily U1CnOnl. While the symmetry fractionalization of sPSG1
and sPSG5 corresponds to multiple fermionic PSG’s, the two which have been italicized
(Z2Bx223 and Z2Bzx2z) are not proximate to U1Cn0Onl and therefore cannot represent the
Higgs phases we obtain (see Appendix E.2.4).

tr (J“)_( Do X ), the time component of a vector. This description is manifestly dependent on
the presence of temporal fluctuations in contrast to the purely static mean field analysis.
Conversely, a lattice Hamiltonian describing the Z, phase A; does exist. However, upon
expanding the resulting Hamiltonian about its Dirac cones, the hopping term which breaks
the U(1) symmetry down to Z; appears to arise from coupling tr (0*X p#9,0, [02 — 92] X) to
a condensed Higgs field. We can see why this may be the case by observing how symmetries

act on 2 = tr (¢ X p¥0,0, [0? — 35} X):
TE] =-&, P,,[E] = —E, T, ,[E] = —E, R )2[Z] = Z. (6.49)

It follows that a Higgs field @} which couples to = may have a non-zero expectation value

in the Ay phase provided it is perpendicular in colour space to both ® and ®;. That is,

supposing (&%) # 0 and (®5) # 0, having (®,°) # 0 will not break any of the symmetries.
It can also be shown that the Ising-nematic spin liquid, By, is not ‘anomalous’ in the

manner just discussed.

6.4.3 IDENTIFICATION OF U(1) SPIN LIQUID

The arguments which allowed us to compare Z, spin liquids expressed using bosonic and
fermionic spinons breaks down in the presence of gapless degrees of freedom. In both cases,

these phases are unstable to the proliferation of monopoles, and their true ground states
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Group relations vison twist nPSGz

1 2 3 4 5 6 7 8 9 10
1 T,'T,T,T; ! -1 1 1 1 1 -1 -1 -1 -1 1 1 1
2 P 'T,P,T, 1 1 -1 1 -1 1 -1 1 1 1 1 -1
3 P'T,P,T, " -1 1 1 1 -1 -1 -1 1 -1 -1 1 -1
4 P'T,P,T;* -1 1 -1 1 -1 1 -1 1 1 1 1 -1
5 P/'T,P,T, 1 1 1 -1 -1 -1 1 -1 -1 1 -1
6 P2 1 -1 -1 1 -1 1 -1 1 1 1 1 -1
7 P 1 -1 1 1 -1 -1 -1 1 -1 -1 1 -1
8 P;'P PP, -1 -1 i 1 1 1 1 1 1 1 1
9 T, '7T'T,T 1 -1 -1 ~1 1 1 1 1 -1
10 T,'7'T,T 1 1 11 -1 -1 1 -1 -1 1
11 P lTP.T 1 -1 -1 1 -1 1 -1 1 1 1 1 -1
12 P'T'P,T -1 1 1 -1 -1 -1 1 -1 -1 1 -1
13 T2 1 1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1

Table 6.9: Symmetry fractionalization of nematic PSG’s (nPSG’s) for spin liquids listed in
Table 6.5. nPSG7x (highlighted in blue) corresponds to the fermionic PSG determined in
[21]. The columns labelled ‘v’ and ‘t’ list the vison fractionalization numbers and the twist
factors respectively.

will break any symmetries under which the monopoles transform nontrivially. In order to
ensure that Dy actually corresponds to the massive phase of the CP' theory, Dy, we verify
that the two spin liquids share the same fate and ultimately realize a VBS. We approach
this problem from two perspectives. We first follow the method outlined in Ref. 48 and
determine which bilinear operators respond to a weakly varying flux and, consequently, the
monopoles’ presence. We complement this analysis by calculating the Berry phase of the
monopole in a certain limit and show that it agrees with the analogous calculation performed

using Schwinger bosons in Ref. 144.

FLuX RESPONSE

The effective Lagrangian describing Dy is

Lyay = itr (X" [0, X + iXUxaﬂ) + X (@°) tr (6" X ¥ X) . (6.50)
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Because both a, and aj, are gapped, only aj, is included in Ly(). In what follows, we drop
the ‘z’” index, taking aj, — a, (this a, should not be confused with the gauge field of the
original SU(2) gauge field). Finally, at this point in the discussion, it is more convenient to

express the Lagrangian in terms of Dirac spinors. Using Eq. (6.27), we find
Lyqy = Yir" (O — 10,0") ¥ + mipo” i’y (6.51)

where m = Ay (®%).

In the context of a U(1) gauge theory, a monopole is a topologically nontrivial field con-
figuration of a,. In imaginary time, this configuration corresponds exactly to a (stationary)
Dirac monopole in 3+1d electromagnetism. However, instead of behaving as a particle, in
2+1d the monopole is actually an instanton: it describes tunneling between different vacua
or topological sectors labeled by their total flux, [ dS,e"*d,a) = 2mn where n is an integer.
This number is zero in the deconfined phase of the gauge theory whereas it fluctuates and
ceases to take a definite value once the monopoles proliferate.

A complete treatment of the monopole proceeds by first expanding the gauge field into
a classical background piece A, and a quantum fluctuation piece a,, a, = A, + a,, and
quantizing the theory about this background. Because the monopole background breaks
translational symmetry, this is quite an involved calculation which we will not perform.
Instead, we investigate the impact a non-zero flux has on the other operators of the the-
ory. That is, we assume that the classical monopole configuration described by A, varies
very slowly and, through linear response, determine which operators, O, the flux couples
to at leading order: (O(z)) = [ &3’ xf(z, 2')Au(2’) where x5 = (O(z)yYy*o(z')). This

calculation is outlined in Appendix E.5 and at low energies yields
_ 1 B
<¢7“uy¢> = —€e'"0,Ap. (6.52)
T

Consequently, whenever there is a net flux, [ d*z (0,A, — 8,A,) # 0, we expect (7 u¥ep) #

0 as well. This allows us to identify 1y*uYe with the topological current. The topological
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charge is then obtained by integrating the zeroth component of the current over space:

Q= %/d%‘ YO ). (6.53)

The factor of 1/2 is chosen to ensure that () is always an integer, as follows from Eq. (6.52).

A conserved charge is the generator of the associated symmetry, meaning that () generates
the flux conservation symmetry. However, this operator should be familiar from Sec. 6.3.1
where it was observed to be the generator of the U(1) VBS symmetry. This can be confirmed
by checking that

(@, Va] =iV, Q. V] = =iVa. (6.54)

where V, = %&/ﬁw, Vy = %&uzw. It follows that () is conjugate to the VBS order parameters.

When the gapped U(1) gauge theory confines, the monopole proliferation induces large
fluctuations in ). This in turn suppresses the fluctuations of the operators conjugate to
Q, ultimately resulting in long range order. We conclude from the analysis above that the
proliferation of monopoles triggers the condensation of one of the VBS order parameters,
proving that D; is unstable to a VBS and therefore equivalent to D,. This mechanism
should be contrasted with the scenario outlined in Sec. 6.2.3 where VBS order was achieved

by tuning x> 0 in Eq. (6.33).
BERRY PHASE

A separate argument for the identification of the U(1) spin liquid proceeds by a computation
of the monopole Berry phase, along the lines of the original arguments using the semiclassical
quantization of the antiferromagnet [53], or the Schwinger boson theory of the U(1) spin

liquid [144]. Here, this argument starts from a lattice Hamiltonian for the U1CnOnl U(1)
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spin liquid, which we obtain from Eq. (E.46) for a generic direction of the Higgs field ®

H=— Z {m (%T?/JH@ + (—)’Wlww + h.c.) + @(—)i=Tiv <1/,lf7-a¢i+2i X %TTCLI/}H% n h.c.>

(2

— cbaao(—)iz“w}rwi}. (6.55)

We are interested in saddle-points of the associated action where the ®* Higgs field, and the
associated SU(2) gauge field (not written explicitly in Eq. (6.55)) take the configuration of
't Hooft-Polyakov monopoles [66, 128] in 2+1 dimensional spacetime. After obtaining such
saddle points, we have to compute the fermion determinant in such a background, and the
phase of this determinant will yield the needed monopole Berry phase. This is clearly a
demanding computation, and we will not attempt to carry it out in any generality. However,
assuming the topological invariance of the needed quantized phase, we can compute it by
distorting the saddle point Lagrangian, without closing the fermion gap, to a regime where
the phase is easily computable. Specifically, consider the limit where the parameter ag in
Eq. (6.55) is much larger than all other parameters, including o and . For the 't Hooft-
Polyakov monopole at the origin of spacetime, ®* ~ 7% where 7* is a unit radial vector in
spacetime. Ignoring all but the ag term in Eq. (6.55), we then have to compute the Berry
phases of single fermions, each localized on a single site, in the presence of a staggered field
x ®*. However, this Berry phase is precisely that computed by Haldane [53]; in his case the
staggered field was the antiferromagnetic order parameter which acts in the spin SU(2) space
(in contrast to the staggered field in the gauge SU(2) space in our case), and the Berry phase
arose from that of a quantized S = 1/2 spin. As the Berry phase of a spin 1/2 localized
fermion is equal to the spin Berry phase, we conclude that the 't Hooft-Polyakov monopole
Berry phase is equal to that obtained by Haldane [53] for S = 1/2. Therefore, the monopole
Berry phases in the fermionic spinon U(1) spin liquid U1Cn0Onl are equal to those of the

U(1) spin liquid of the bosonic CP' theory of the square lattice antiferromagnet [10, 156].

145



Chapter 6 — Fermionic spinon theory of square lattice spin liquids near the Néel state

6.5 CONCLUSIONS

Two distinct classes of 2 4+ 1 dimensional fermion-boson dualities have recently seen much
discussion in the literature.

One class concerns gapped Zs spin liquids which have both bosonic and fermionic spinon
excitations. Binding with a vison transmutes a spinon from a boson to a fermion, or vice
versa [142], and this allows one to map between Z, spin liquids obtained in mean-field theory
using fermionic or bosonic ansatze. Specific examples of such dualities have been described
on a variety of lattices [21, 43, 106, 107, 136, 204, 205, 208, 211], and our results for such
dualities appear in Figs. 6.1 and 6.2. We described the dualities between the bosonic Zs
spin liquids A, By, Cp and the fermionic spin liquids Ay, By, Cy respectively. The first two
of these dualities have been obtained earlier [21, 205], but we obtained all three in a unified
manner with reference to continuum theories.

The second class of dualities concern conformal gauge theories with fermionic and bosonic
matter [25, 82, 85, 111, 118, 164]. Most relevant to our considerations is the proposed duality
[179] between the critical bosonic CP' U(1) gauge theory, and fermionic SU(2) QCDs with
Ny = 2 flavors of Dirac fermions.

Among our results was a demonstration of the compatibility between these two classes
of dualities. We Higgsed the critical bosonic CP* and fermionic QCDjy theories, and found
nontrivial consistency between the gapped Z, spin liquids so obtained. We also obtained
a fermionic counterpart to the U(1) spin liquid with gapped bosonic spinons on the square
lattice originally obtained by Arovas and Auerbach [10] (which is equivalent to the gapped
%o phase of the CP' theory [143, 144]): the U(1) spin liquid with gapped fermionic spinons
was identified as U1CnOnl (in Wen’s notation). Both the bosonic and fermionic U(1) spin
liquids are eventually unstable to monopole proliferation, confinement, and VBS order, and
have identical monopole Berry phases (as shown in Section 6.4.3).

Our analysis also led us to propose new fermion-boson dualities between multi-critical
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theories. One example is the duality between (7) the U(1) gauge theory in Eq. (6.4) with
two unit charge bosons z,, a doubly charged Higgs field P, and the masses of both fields
tuned to criticality; and (4) the SU(2) gauge theory in Eq. (6.6) with Ny = 2 massless
fundamental Dirac fermions 1, and two adjoint Higgs fields ®, &1, and the masses of both
Higgs field tuned to criticality.

The fermionic approach to square lattice spin liquids [2, 3, 184] yields a variety of critical
spin liquids coupled to U(1) and SU(2) gauge fields. Two examples are in Fig. 6.1(b), the
states labeled by Wen as UlBz11ln and SU2Bn0. The results of Wang et al. [179] indicate
that the SU(2) critical state SU2Bn0 cannot appear as an extended critical phase in a square
lattice antiferromagnet, and it is only realized as a critical point between the Néel and VBS
states. From our comparison of Fig. 6.1(b) and Fig. 6.1(a), we obtain evidence that the
critical U(1) spin liquid UlBz1ln also cannot be realized as an extended phase on the

square lattice: it is unstable to the appearance of canted antiferromagnetic order.
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APPENDIX TO CHAPTER 2

A.1 DMEAN FIELD THEORY WITH BOUNDARY

In this appendix, we consider the mean field equations in the presence of a boundary. We
define the lattice to be finite in the x-direction, x; = 1,..., N, and infinite in the y-direction
(to remove factors of i, we actually switch the z- and y-directions compared to Eq. (2.6)).

We rewrite the Fourier transform, which is now only valid in the y-direction:

dk dk
Cijo = /%elk% Cikos dijo = /%6 Mi 2080k Cira + (Cittka — Ciotka)] s
dk .
fijo :/%emyjfilw- (A.1)

Translational invariance in the y-direction implies that the mean field parameters will
depend only on the distance from the boundary — the roman indices i, j, etc. label the

x-coordinate only. We express the Hamiltonian in block form as

Hyr =) U, Ho(k) Vs, O, = (o oo Mo S )
k

_ T T T T
= <¢1ka7 Yok - - - a¢1+N,kav 1/’2+N,1w> - >

he(k)  her(k
oy = | 1o e H, (k) = Ho(—k)° (A.2)

hig(k)  hy(k)
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with blocks given by

2cosk 1 0 010 w0 0
t 1 2cosk 1 1 01 0 0
he(k) = —51 —tocosk =
0 1 2cosk 010 0 0 pus
(A.3)
2x1y cos k X1z 0 0
X1z 2X2y cosk X2z 0
1 0 X2 2x3ycosk  Xso
hy(k) = —3
QXNfl,yCOSk XN-1,z
XN-1z 2X Ny cosk
A 0 0 O
0 X 0 O
0 0 X3 O
+ (A.4)
)\N—l 0
0 v
2Visin k —V5 0
1 Vi 2V, sin k -V
hef(k) = 3 (A.5)
0 Vs 2V5sink

To determine correlation functions, we diagonalize the Hamiltonian numerically. For each
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k, we find the matrices U (k) such that
UH(k)U (k) = A(k), Nij(k) = 0 E;(k) . (A.6)
Then, the mean field equations of Egs. (2.9) — (2.11) may be expressed as

dk dk; dk
1= Z/ fk;afkja Z/ wkg+Na¢kg+Na = 2/ Z (Ei(k +Nl(k>UlT,j+N(k)

(A7)

2N

=2 [ 5 () = > [ 52 (vhiatsn) =2 [ 5> alE) Uk} B)

=1

(A.8)

_ _J_QK Z / % <d;rkafika = Z/ 2a smk Zmfl,m> < el kaflka> - <C;'r—1,kafika>:|
Z/ 204 Smk ¢zkawZ+N ka> <¢)@+1 kawz—&-N koz> - <¢L17kawi+N,ka>}

dk |
= —Jg / o Zn(Ez(k:)) [2 sin k Ui-t,-N,l(k)UlJ[i(k?) + Uz‘+N,z(k?)UZi+1(/€) — Ui+N,l(k)UzT,i_1(k)}
=1

(A9
Z [ 52 [(Flessadi) + {Fhativrsn)
Z [ 5 [(thoransatinmsn) + (Honsatinnsisa)]
=Jn / de (Ei(k [ z+Nl(’<)UZi+N+1(k)+Ui+N,1,z(k)UZ,-+NH(k)} (A.10)
Z / 2005k (fhafiva) = Ty / X cosk (W wpathiencia)
2 [ Z n(E(K)) cos k Upoa(K)U, (1) (A1)
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B.1 THE “SENTHIL-FISHER” MECHANISM

Here we reproduce the discussion in Ref. 168, and demonstrate how the GSM of the order
of &y (and similarly 1)7) is enlarged from S? to SO(3). First we couple the N; = 4 QED

to a three component dynamical unit vector field N (x, 7):
L = ¥y,(0, —ia)Y +mipoy - N. (B.1)

The flavor indices are hidden in the equation above for simplicity. Now following the standard
1/m expansion of Ref. 1, we obtain the following action after integrating out the fermion );:
1 2, . : 7, 1o

Lo = 5(8MN) + i2rHopf [N + i2a,,J, + gfuw (B.2)

where 1/g ~ m. JI = ﬁeachaabeach is the Skyrmion density of N, thus JE is the

Skyrmion current. The second term of Eq. (B.2) is the Hopf term of N which comes from
the fact that m3[S?| = Z.

Now if we introduce the CP! field z, = (21, 22)" = (nq +ing, n3+iny)! for N as N = zloz,

the Hopf term becomes precisely the ©—term for the O(4) unit vector n with © = 27

2
i2rHopf[N| = ;—Zeabcdnaaxnbaync(hnd. (B.3)
T
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1

5= CupOuQp, Where ay, is the gauge field

In the CP! formalism, the Skyrmion current JZ =

that the CP! field z, couples to. The coupling between a, and «,
12

Qia#J;f = %eu,,pa#&,au (B.4)

takes precisely the form of the mutual CS theory of a Z5 topological order, and it implies
that the gauge charge z, is an anyon of a Z, topological order, and the condensate of z,
(equivalently the order of N) has a GSM = SO(3) = 5°%/Z,, where S? is the manifold of the

unit vector 7.

B.2 DERIVING THE WZW TERM

Let us consider a theory of QED3 with N; = 4 flavors of Dirac fermions coupled to a matrix

order parameter field P:
E == E 1@(%(3# - iau)&j + mP”)wJ (B5)
2%

P takes values in the target manifold P € M = %. We can parametrize the matrix

field P = UTQU, where U € SU(4) and Q = 0* ® 1a,5. P satisfies P? = 14,4 and trP = 0.

The effective action after integrating over the fermion fields formally reads
Sefflay,P] = —In / DD exp {— / dPrL(Y, a,,, 77)]
= —Indet[D(a,, P)] = —TrIn[D(a,, P)]. (B.6)
The expansion of S.ss has the following structure
Sesslan, PI = Serslan = 0,P] + O(a) (B.7)

and we will look at the first term in the expansion. In general, all terms that respect the
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symmetry of the original action will appear in the expansion of the fermion determinant.
Here we want to derive the topological term of P. One way to obtain the effective action is

the perturbative method developed in Ref. 1. Let us vary the action over the matrix field P

6S.;; = —Tr(méP(D'D) DY) (B.8)

and then expand (D'D)~! in gradients of P:

(D'D) ™ = (=0 + m* — m7,0,P) !
= (=0*+m*H! [(—82 + mQ)_lm%@uP]n (B.9)

n=0
Since the coefficient of the WZW term is dimensionless, we will look at the following term

in the expansion

1
5W(P) = —TI' |:m25pm [(—02 + mz)_lm’yuaup} 373
=-K / d*z Tr[6P (7,0, P)*P] (B.10)
where
d3p m® 1
K= / (2m)3 (p2 + m2)* 64w (B.11)

is a dimensionless number, and “Tr” is the trace over both the Dirac and flavour indices.

After tracing over the Dirac indices,

Tr(v,70Y,) = 2i€u, (B.12)

we obtain the following term for the variation

271
oAz e

SW (P) = / & tr[5P0, PO, PO, PP, (B.13)

where “tr” now refers to a trace over the flavour indices only.
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We can restore the topological term of the nonlinear o-model by the standard method of

introducing an auxiliary coordinate u. The field P(z,u) interpolates between P (x,u = 0) =

Q and P(x,u = 1) = P(z). The topological term reads

. o ! g
W(P) = _Lzzeuupé/ dU/d?)x tr[P0, PO, PO, POsP]. (B.14)
2567 0

The extra factor of 1/4 comes from the anti-symmetrization of the u coordinate with other

indices.
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C.1 GENERAL NON-ABELIAN SUBGROUP OF SU(2N)

In this appendix, we briefly discuss the RG flow which results upon breaking the flavor
symmetry from SU(2N)— GxSU(2N)/G, where G is a continuous non-abelian subgroup of

SU(2N). The most general form the disorder could take is

Sgis[w, Y] = /ddas dr [Mf(x)wTaz/J(a:, T) + iA]ga(:E)T“’ij(x, ) + VI (2)TY % (x, 7)

(C.1)
where T are the generators of G. Averaging over disorder, we assume
GG HA / NG () A9 (1)
M (x) My () = = “0ud(x — '), Mg () Ay (") = 0,
G G (1) — /1’76)‘A d / g Gl
Aja(2) Ajy (') = =5 da030" (2w — '), Mg (z)Vy' (') = 0,
Torue i ! A9 (VI (1)
VE@V (@) = == 0ud"(x = 2'), AZ (@) V7 (2') = 0. (C.2)

We can study this theory in the same way we did in Secs. 4.2.2 and 4.3.1. The Feynman
rules will be analogous to those shown in Fig. 4.3.
From the calculations in Appendix C.3, we see that only the diagrams in Figs. C.2(a)

and (b), and Figs. C.3(a) and (b) contribute to the renormalization of A4. In particular,
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letting T' 4 be the vertex function whose spinor indices are proportional to i/ ® iv;, we find

Taind ® iy = g ( + 4N+ 227 04 3 [T T @ T~ T*T* © T
ab
A+ AN+ X)) iy @iy Z (7. T @ [T, ]

ab

1 .
=5 (W +A+ )i @iy Y T @T" (C.3)

1
:4_%(

where we’ve used the fact that

Z [Ta’ Tb] ® [Ta77-b] _ Zifabc ifadec ® Td _ Z(Schc ® Td _ ZTCL ®T?,
cd a

ab abed
(C4)
where fe¢ are the structure constants of the algebra. It follows that
Ta=— (AN +4X4+ 7). (C.5)
C.2 FERMION SELF-ENERGY
In this section, we calculate the fermion self-energy diagrams given in Fig. 4.5.
SELF-ENERCY CONTRIBUTION FROM PHOTON: FIG. 4.5(A)
16 dPq ip+ Qo . 0w
Fig. 4.5(a) = —u "¢ 2/ iyH iy” 2 C.6
T (2m)P (p+q)? 4l (©56)
Using the identity
1 1 1— n—1
LI / gy — =7 - (C.7)
AB™  Jo  [A+z(B - A)]

156



Appendiz C' — Appendix to Chapter 4

and the fact that y#v%y, = (20" — v*y*) v, = —(D — 2)7*, we write

Fig. 4.5(a) = i(D —2)16p~¢4° #/ dPq /1 1 q. + (1 —x)p,
4. 2N 2m)P J, "1 —x g2 + 2(1 — m)p2]3/2
. 84 :
= —inyH — finite. .
D <37TQ(2N)6) + finite (C.8)

SELF-ENERCY CONTRIBUTION FROM SINGLET MASS DISORDER: F1G. 4.5(B)

. d"q i(q + p)uy"
Fig. 45(0) = . [ 3 2nd(an) L
. d'q i[(qg+p)Y + por’] o/ 9s .
— zgs/ 2 Gt —ipoy (ﬁ) + finite. (C.9)

SELF-ENERCY CONTRIBUTION FROM SU(2) MASS DISORDER: F1G. 4.5(C)
The contribution from the SU(2) mass disorder is the same, since the Pauli matrices square
to the identity:

D

: a__a d q Z(Q+p) ,y,u - 0 gt,a .
Fig. 4.5(c) = g140% /W 27T(5(QO)W = —ipoy <%) + finite. (C.10)

SELF-ENERGY CONTRIBUTION FROM SCALAR POTENTIAL DISORDER: FIG. 4.5(D)

D

. d . Z + o . . v,a .
Fig. 4.5(d) = —gv,a/ﬁ%ré(qo)z'y()(qqﬂwo = —ipy?° <g_m> + finite.  (C.11)

SELF-ENERGY CONTRIBUTION FROM VECTOR POTENTIAL DISORDER: FIG. 4.5(E)

. d"q g+ p)ar”, . 9Aa .
Flg. 45(6) =0JdAa / W27T6(%))Z’le’h = —Zpo’}/o (?) + finite. (C12)
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a,l b, ¢ 4 H a,l
—_————
a3 = 276(q0) [1], [1] q = 2m6(qo) [17"] 4 [i7"]ca
—»—:—»—
d,m e,m d,m n o

Figure C.1: Feynman rules for diagrams without flavor indices. a, b, ¢, d on the graphs label
the spinor indices, and ¢ and m label the replica indices. The vertex on the left describes
mass-like disorders, such as M,(r) and M, ,(r), and the diagram on the right corresponds to
the SU(2) scalar and vector potential disorder, V,(r), and A, ,(r).

C.3 DIAGRAMS WITHOUT FLAVOR INDICES

Since the spinor and flavor structure of the interactions factor, it’s convenient to first calculate
the diagrams which correct the four-point interaction without reference to the fermion flavor
indices. We denote these generalized vertices with the Feynman graphs shown in Fig. C.1.
The set of diagrams with only internal mass-like disorder and photon lines is shown in
Fig. C.2, while diagrams with only gauge-like disorder and photon lines are shown in Fig. C.3.
Finally, Fig. C.4 lists those diagrams which have contributions from both mass and gauge-like

disorder. While there are many repetitions, all integrals have been included for completeness.

C.3.1 DIAGRAMS WITH MASS-TYPE DISORDER AND PHOTON LINES: Fig: C.2

In this section, we evaluate the diagrams with only internal mass disorder and photon lines.

These are listed in Fig. C.2.
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o> > oo et —
° ° o° % ° °
(2) ¥ © 75 (—37) () L& 1 (5) (d) T@1 ()
1 ud RG
—
] o ]
1 i\ Pu
244> 244>
(e) Convergent (f) Convergent (g)1®l <_W€V)6> (h)1®1 <_Wg]\7)e)
———>— ————— — —
:ﬁ .ﬁ SN SN
v p v 1 1 1
4 4
1ol (le(gz\/)e) Hilel (ﬂ;g}v)e) (k) Cancels Fig. 121 (1) Cancels Fig. 12k

Figure C.2: 4-point diagrams with photon and mass-like disorder internal lines. Below each
diagram, the divergent piece, if present, is given. (The factor of 2md(qy) has been been
suppressed for simplicity.)
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v 12 v 1
v o w v
_Z"Yj®7jv (1,v) = (0,0), (k,€) Z‘7j®’7j7 (1,v) = (0,0), (k, €)
@ ()] b) ()4~
101-9"®9% (u,v)=(0,0),(¢0) 1e1+9"@9°%, (uv)=(0,0),(0)
K v H
u E
v v v I
(c) 2n(po)7° © 7" (a5) (d) 27(po)r° ©1° (3xc) (e) Convergent
% gHO |: §v0 + Z 51/] x 50 [_5#0 + Zj 5#]}
m v
2
(f) 26 (po)y* @ y* (_% (g) 276 (po)Y* @ v+ 37r28(£2N) ) (h) Convergent
1 p Iz 1
%u iz iz iz
(i) Vanishes (j) Vanishes (k) Cancels Fig. 131 (1) Cancels Fig. 13k

Figure C.3: 4-point diagrams with photon and gauge-like disorder internal lines. Below
each diagram, the divergent piece, if present, is given. (The factor of 27d(qy) has been been
suppressed for simplicity.)
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(g) Cancels Fig. 14h

p=0,

(h) Cancels Fig. 14g

-7 ®, p=0,

—191-7"®+", p==zy

e — ——————
l& SN
>
v o v W
2
(i) tr[Of] 9y (7=) () tr[0n] &y (1)
x(2—6,,)1®1 x(2—6,,)1®1

Figure C.4: 4-point diagrams with both mass-like and gauge-like disorder internal lines.

Below each diagram, the divergent piece, if present, is given.

(The factor of 2wd(qy) has

been been suppressed for simplicity.) The tr [Oy] term in Figs. C.4(i) and (j) indicates that
once the action on the flavour indices has been specified, a trace over this operator should

be taken.
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TWO INTERNAL MASS LINES, NO CROSSING: F1G. C.2(A)

. [ d’q i[~¢—p)," _ila+p)s”
Fig. C.2(a) = E/ 27w (qo)2m0(qo + 2R
g ( ) H (27T)D (QO) (qo pO) <q+p>2 (q+p)2
d'q / L q4*/2
=2 - dzx ! ® v,
7(po)pt / i Jy T a0 — P
A 1
= 27?'(]90)’)/] ® Vi (_4_7T€) + finite. (013)

TWO INTERNAL MASS LINES, WITH CROSSING: Fia. C.2(B)

dPq 97" _ (g +p)g”
Fig. C2(b) =pu ¢ 2md(qo)2md
1g ( ) H /(QW)D ™ (QO) m (qo +p0) q2 ® (q+p)2
i 1 .
=27 (po)7Y’ ® i (R) + finite. (C.14)
VERTEX CORRECTION FROM DISORDER: FIGS. C.2(C) AND (D)
d"q igay® (¢ —p)s7"
Fig. C2(c) = pu ¢ 21md(qo)2md 1
lg. 0.2(c) = p / @2mP " (30)2n5 (o) ¢  (¢—p) ¥
- 7j®vj/ dq /1 ¢ ] .
=27 — dx ® 1 + finite
(po) :u |: 2 (27T)d 0 [q2 _|_ :U(l o x)pQ]Q
1
The other vertex gives the same correction:
1
Fig. C.2(d) =27(pp) 1 ® 1 (2—) + finite. (C.16)
e
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ONE INTERNAL GAUGE-LIKE DISORDER LINE AND ONE PHOTON LINE: Fias. C.2(E)

AND (F)

The diagrams are both convergent. We see this by writing

—€ 2 D s a ; B
. g dPk (=ikay®) _ . ik +q)py
Fig. C.2(e) = o (k A z
i C20e) = 58 | G 2mOW) o |k\ R O T g
—e 2 d
ug 'k, . 1
TN ) ol T O G k)
= finite, (C.17)

where we have assumed that ¢ = (go,0). The same reasoning shows that Fig. C.2(f) is

convergent as well.

VERTEX CORRECTION FROM PHOTON: Fi1ags. C.2(G) AND (H)

16p~g° [ d”q . ,iq." Z(q+p>mﬁ L o1

Fig. C.2(g) = 276 i
& C-2e) o) 5N (27T)D7 @ (q+p)? “IQI

164> dPq ! — Gads — z(1 — 2)paps

:27]’6 - = M~ B ®]l/ / d - « «
(Po) =577 2m)P \/ TR
o) &1 (——2F ) 4 finit (C.18)

= 27w (pg 22N nite. .

Similarly,

Fig. C.2(1) = 278(po)1 1 [ ——22 ) 1 finit (C.19)

ig. C. = 2710 (po 22NV nite. .

INTERNAL FERMION LOOP WITH TWO PHOTON LEGS: F1as. C.2(1) AND (J)

Because of the sum over N in the internal fermion loop, several two-loop diagrams contribute
to the order in perturbation theory we are considering. Since the frequency J-function which
renormalizes disorder must come entirely from the single disorder leg in Figs. C.2(i) and (j),

we can determine the divergence by sending zero (spatial) momentum through this diagram.
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Figure C.5: Fermion loop subdiagrams which appear in the O(gZ, g¢/2N) bilinear counter
terms.
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Therefore, it becomes easier to first calculate the vertices shown in Fig. C.5.

We have

—€ 2 D . a; B8 i — P
. _uyg d”q | [igay®iqsy” . ,ilq — k),
Fig. C.5(a) = — 2N/ (27T)Dtr [ PR iy TR AH

. dPq 4aqs(q — k)
— e 2/ tr [AYAPAM a4p P
w8 | T et e
_ dPq (q—k) _ dPq [* 2eMP(1 — x)k
-9 € _2_uvp P € 2/ / d P
e / erP@q—k2 ") enP e Ve e — o)k

(C.20)

We note that since the photons are diagonal in flavour space, the mass disorder in the loop
must also be diagonal. It follows that this diagram will only contribute to disorder coupling
to the singlet mass operator, 1), and, for this reason, we have taken the flavour trace to be

2N. The full diagram is then

4 dPk . i(k+p)ey? . ,(16) d?q ! 2¢'P(1 — x)k
Fig. C.2(i) = —27m8(po)1 265—/ iy o jp / /d p
ig. C.2(i) mo(po) L ® p 2np"! iy 5 ),

(k +p)? k> J (2m)P @+ x(1 — 2)k?]
(C.21)
We set p =0 and use an IR cutoff. Then, we can take k,k, — d,,k*/d and
i ) _ 1 v opA _
_C_Z’Y VY Cuve = C—ZV A€ Copv = 1. (022)

Inserting this into the expression above, we find

de dPq 1—2
Fig. C.2(1) = =276 (po)1 @ 1 - 2162*26 / /
ig. C.2(i) 76 (po) (16) oN D 2m)P 12 (g2 + a(l — 2k
(o)t &1 [ —7 Y 4 finit (C.23)
— “ToWPo T2 (2N )e e ’

For the second diagram, we calculate the vertex in Fig. C.5(b).

Fig. C.5(b) = “ “7

(C.24)

{anv iqe” . i g+ k)",
¢ (q+k)?
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This is identical to Eq. (C.20) except with k — —k and p <> v:

d’q [* 2evtP(1 — )k
F'.C.“b:‘62/ /d P = Fig. C.5(a). C.25
ig. Cob) =u's” | 555 | el -ok?° (@) (C.25)
It follows that
Fig. C.2(j) = Fig. C.2() = 200 (p0)1 © 1 [ —22) + fnit (C.26)
1g. C.2()) = Fig. C.2(1) = 2mo(po 22N)e nite .

INTERNAL FERMION LOOP WITH ONE PHOTON AND ONE DISORDER LINE: F1as. C.2(K)

AND (L)

As above, we approach the two-loop diagrams by first calculating the relevant fermion loop

vertices, shown in Figs. C.5(c) and (d). We have

—€/2 2 dP a0~ GaayP (g — k).~°
s p g q . ligay*igey” . Lilg — kK)o
Flg. C.O(C) = —Wtr [Ofl]/ (27‘(‘)Dtr |: q2 q2 Z’}/u (q — ]{;)2 1 (027)

Here, we leave the flavour index behaviour of the vertices arbitrary by letting Oy be a general

2N x 2N Hermitian matrix. Similarly

—€/2 2 P ; k) ~° iaayB iaq. A
. g q  [ilg+k)or . ,igsy” igay
Fig. C.5(d) = -2 2 ¢ t o 2

Taking ¢ — —q and noting that tr[y7#7%y2] = tr[y*y?~v#~], this becomes

—€/2 2 dP i~ GaanyP (g — k) .~°
. Wy q . [iga*igey” . ilq )071 .
Fig. C.5(d) = —=tr|O / tr{ iyt = —Fig. C.5(c).
g C.5(d) (O] ( 2 e VT he g- C.5(c)
(C.29)

It follows that the divergences in Figs. C.2(k) and (1) cancel.
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C.3.2 DIAGRAMS WITH GAUGE-LIKE DISORDER AND PHOTON LINES: F1G. C.3

TWO INTERNAL GAUGE-LIKE DISORDER LINES, NO CROSSING: FIG. C.3(A)

. 1 - Y 1 .
Fig. C.3(a) = 27T(p0)§ g YAy & yHyiy <_ﬁ> + finite
J

.

_Zj7j®7jv (:U?V):(O?O)

= 2m(po) (L) 101 —-7"99% (uv)=(0,0),(¢0) +fnite  (C.30)

4re

k_Z]’f}/j@ﬁYJ” (M7V>:(€>k>

TWO INTERNAL GAUGE-LIKE DISORDER LINES, WITH CROSSING: FI1G. C.3(B)

e

1 . 1
Fig. C.3(b) = 27(po)5 > Yy @ vyt (2 ) + finite
J

Zj7j®7j> (M7V>:(O7O)
= 27(po) (ﬁ) 1®1+1°®9°% (nv)=(0,0),(¢0) +finite  (C.31)
\Zj’yj@’}/j’ (u,y):(k,ﬁ)
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VERTEX CORRECTION FROM GAUGE-LIKE DISORDER: F1GS. C.3(C) AND (D)

dPq igay® . 1 g — D] 3 o
270(qo) 270 Y »
(27T>D ™ <QO) ™ (p())/lfy q2 ny (q p)2 ny ®7’7,Uz
1 ddq /1 q2 )
=27 — | —= dx Yl by, @ Y + finite
(Po) { 2/(27r)d L T E e o) Y T e

(

Fig. C.3(c) = /

0 (1, v) = (£,0), (€, k)
1

= 2m(po) (—> X2 ®4° (u,v) = (0,0) + finite

2me

70 @9 (u,v) =(0,0)

= 27(po)7’ ®° <2 )5“0 5”%25”]] (C.32)

The other vertex gives the same correction:

— MO 1 Z SH

J

+ finite (C.33)

1
: _ 0 A0 (L 1\ 500
Fig. C.3(d) = 27(po)y” ® v <2m> J

ONE INTERNAL GAUGE-LIKE DISORDER LINE AND ONE PHOTON LINE: Fias. C.3(E)
AND (H)

This situation is identical to the one in Eq. (C.17) except for some - matrices: both

Fig. C.3(e) and Fig. C.3(h) are finite.

VERTEX CORRECTION FROM PHOTON: F1Gs. C.3(F) AND (G)

- 16# ‘g’ v e Wila+p)”. 1
o ’ Z (a+p)?  "ldl
= 270 ( po 27 ~y ’Y”Vﬁv ® 7“/ dPq 1 \/— ¢aqp — (1 — 2)paps
v (27‘{' 0 [q + .’E(l $)p2]5/2
= 270 (po) Y @ Y* ——852 + finite (C.34)
° 3m2(2N)e ' '
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Similarly,

2

: 8g :
— T - A
Fig. C.3(g) = 27 (po)7" ® = ( 37r2(2N)e) + finite. (C.35)

INTERNAL FERMION LOOP WITH ONE DISORDER AND TWO PHOTON LEGS: Fi1cs. C.3(1)
AND (J)

None of the gauge-like disorder terms are diagonal in the flavour indices. As we remarked
above, this is because the global U(1) current has scaling dimension 3, making it extremely
irrelevant. Therefore, the gauge-like disorder in Figs. C.3(i) and (j) inserts an 2N x 2N

traceless Hermitian matrix into the fermion loop. Upon taking the trace, both vanish.

INTERNAL FERMION LOOPS WITH TWO DISORDER AND ONE PHOTON LEG: FI1as. C.3(K)

AND (L)

As we did for the two loop diagrams with mass-like disorder above, we first calculate the

fermion loop vertices. The vertices relevant to our diagrams are shown in Figs. C.5(e) and (f).

We have

—€/2 D : B ; «a i — P
. [ g dq . Tiggy” . ,ig”. ila—k)" . ,

Fig. C.5(e) = ——==tr|O / tr[ ola 1 0
& C3te) = ="y 0l | mpt T " T 0 T

—e/2 dD —k
K 4 q v oc.B «a qaqﬁ(q )0'
=——=+tr|O —tr P # —_— C.36

where Oy is the matrix in flavour space coming from disorder vertices. Similarly, reversing

the direction of the fermion loop, we have

—€/2 D ; a ; B ; P
. ng d°q . [igaY™ . LigsY" . ila+ k).,
Fig. C.5(f) = —=——Z+¢r [0 / tr[ iy i
& Co) = =g onl | ot [T e T g vy
—€/2 P k
H 4 q « B .o v qaCZﬁ(qu )0'
_r " Jvi0 Bl S PV poyv] DB T Mo C.37
van ﬂ]/@w)D ) (30
Noting that
tr [y aH2 -yt ] = (1) [yt (C.38)
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and taking ¢ — —¢q, we have

—€/2 dP —k
. /"[/ ﬂ q v o o Qaq q [ .

We conclude that Figs. C.3(k) and (1) cancel one another.

C.3.3 DBOTH POTENTIAL AND MASS DISORDER DIAGRAMS

ONE INTERNAL MASS-LIKE AND GAUGE-LIKE DISORDER LINES, NO CROSSING: F1G. C.4(A)

D a

. dPq =gl Lilg+p)en”
Fio. . _ o e A2 sF T
ig. C.4(a) /(27T)D27T5(QO)27T5 (¢ +p) iv 7 ® vy (¢ +p)?
. Sy [ dig (! ¢
= —216(po)V*y' ® W-—J/ /dff + finite
( 0)7 v v 9 (27r)2 0 [q+ :U(l . :U)p2]2

. 1 )
= 271'(5([)0) Z”}/“’}/J X ’}/”’Yj <R> + finite

J

-2 @y, =0,

=276 — 4

wom) (v ) o (C.40)
-7 v, o H=

ONE INTERNAL MASS-LIKE AND GAUGE-LIKE DISORDER LINES, WITH CROSSING: FIG. C.4(B)

Fig. C.4(b) = —2md(po) Z'y“’y] ® ¥ Vu (4_7re) + finite

J

_ 28(r0) (L) -3 7 ®7;, =0, )

4me
191 -7"®9% p=1¢
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MASS DISORDER VERTEX CORRECTION FROM POTENTIAL DISORDER: Fias. C.4(c)

AND (D)
Fig. C.4(c) =27(po) 1 ® 1 (—%) + finite (C.42)
e
and
Fig. C.A(d) =27(py) 1 ® 1 (—%) + finite (C.43)
e

POTENTIAL DISORDER VERTEX CORRECTION FROM MASS DISORDER: F1GS. C.4(E) AND (F)

d”q igay® il —pls7”
Fig. C.4(e) = 278 oS o '
1g (e) /(27T)D ™ (CIO) ™ (po) 7 7 (q—p)2 ® i,
1 ddq /1 q2 :| ‘
=7 2) @i ), ¢ Ity @ 4" + finite
1
= 27(po)0""7" ® 7 (_) + finite (C.44)
2me
Similarly,
1
Fig. C.A(f) = 270(po)0"*" ® 7" (2_) + finite (C.45)
Te

INTERNAL FERMION LOOP WITH INTERNAL GAUGE AND PHOTON LEGS: FiGs. C.4(q)
AND (H)

In order to calculate Figs. C.4(g) and (h), we being by determining the subdiagrams in
Figs. C.5(g) and (h):

—¢/2 D 0~ iaanB (g — o
. u- g d”q iy . Ligey? . i(qg— K)oy
Fig. C. - t t o

B OO =N rlos | (2m)P [ e e gy

(C.46)
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where Oy; is the matrix in flavour space resulting from disorder vertices. Similarly, the other

diagram gives

_6/2 dD . o . 6 . k -
Fig. C.5(h) = ~2 [of,]/( q . {zqav VAL N ekl }

V2N 2m)P ¢ ¢ (q+ k)
—e/2 D 0o~ daaB (g — o
w g d°q . [igay® . Liqey” . il — K)oy } .
= ——+1r|O / tr{ iyt 1 = —Fig. C.5
\/W [ fl] (27T)D q2 Y q2 Y (q — k’)Q g (g)
(C.47)

where in the last line we took ¢ — —¢q. It follows that these diagrams cancel with each other.

INTERNAL FERMION LOOP WITH INTERNAL MASS AND GAUGE DISORDER AND PHOTON
LINES: Fias. C.4(1) AND (J)

We start by evaluating the fermion loop vertices in Figs. C.5(j) and (j). Actually, it’s not
difficult to see that up to the photon vertex coupling, u~“%5/v/2N, these diagrams are

identical to the vertices in Figs. C.5(a) and (b), determined in Egs. (C.20) and (C.25):

Fig. C.5(i) = Fig. C.5(j)

Py [ ek,
TN [Oﬂ]/(%)D/o ! 2 + (1 — o)k (C48)

Proceeding as we did for this case, we have

Fig. C.4(i) = Fig. C.4(j)
—€ 2

g
= —2m0(po)1 ® —=—tr(Ogi]

dPk ko 16/ dPq /1 26 (1 — )k
X — 97w (kp )iy —Z it — dx P
| it S [ s | PRI

—€ 2

32
= —2715(po)l ® E-Z_tr [0 )]

2N
dok; dPq [t 6707 1 1—x

" 4z (=) P eyt — C.49

/(QW)d/(QW)D/O ZE( 1)77'76110 d |]{:| [q2+$(1_x)k2]2 ( )

where tr [Oy| indicates that, in order to allow disorder vertices which are off-diagonal in the

flavour indices, we have not yet explicitly taken the trace over the flavours. Moreover, we
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sum over v, g, and p but not p. With this in mind, we note

(d—d7)1. (C.50)

Ul

v v_ o j 1 vj
=g 2V w38 = 5D P e =

oprj vAjJ

Performing the ¢, k, and = integrals, we obtain,
Fig. C.4(i) = Fig. C.4(j)

(1
=210 (po)1 ® Ltr [Og] ;—N (4_7re) (2 —0,;) + finite

27r5(p0)tr [Oﬂ] i % 1® ]l, on = O,
: () o)

2
276 (po)tr [O ] ;’—N (ﬁ) 11, p=uzy

C.4 4-POINT DIAGRAMS CONTRIBUTING TO FERMION BILINEAR COUNTER

TERMS

The diagrams which contribute to the f-functions at O(gg, g¢/N) are shown in Fig. 4.6 and in
Tables. C.1 through C.3. The divergences are based on the integrals determined in Sec. C.3
and only diagrams which do not vanish are shown. The label “n;” indicates the degeneracy
of the diagram or else the existence of a diagram with a nearly identical form.

Some of the diagrams result in divergences proportional to [v* ® v*][1 ® 1] and would
appear to imply that disorder coupling to the U(1) gauge current J* is generated. While
counter terms are technically required to render the theory finite, we emphasize that it is
not necessary to consider them since J* already has a large scaling dimension at the QED3

fixed point.
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diagram ‘ Ng ‘ divergence

H diagram ‘ ng ‘ divergence

a b ) a b )
-t E {,W [V eyllel] o Sap (2t ) {w [V @] 1 e1]
n n 1 N
s + 3. |ee| [+ ® ] [ac®ac]} olaten |+ [e| [ @] [ac®oc]}
a b b a
b i” So b u w
2
n 2 | T, 22 (2000 — Xy 90) (L © 1] [0° @ 0] nt . (fiim’)e) [1®1])[0* ®od
——e—p— ———p—
a a
a a
- -
no 2 |2, (-55) [V @y o ® odl ,\\"‘/\\ Yo (%57:) [V ©75] [0 ® oa]
———— ——p—0—
a a
a,? s a [N
s oo
l 2 X, () te e n S (£252) [1 8 1] [0° @ ]
———p— ———p—
a
b, j a,i b, j a,i saa
- b (7“‘ 94, ”) Yol [V @ ;] loe ® o] >ab (7A o b) X e [v @] [oe ® o]
1
Aol | s (-2 penen +5, (B2 ol te
b, j a,i a,i b,
m “w b,0 b,0
; 5 e . Ea 7% 2917,@ - Z Gv,b
©7 |1, (355 Y el ot 9l <,;aﬁ0 () G = )
> - x [v* ®7°] [0* ® 0a]
a,j a,0
b,0 a,0 ] b,0 a,0
1 Sap Pt T lee] [+ @] oe @ o] =( g « g Sap et Te e [V @ 5] o ® o]
2
+2. (82) enlnen Lo | (-5 enlnsy
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a,0 a,0
Table C.1: Feynman diagrams which determine the bilinear counter terms.
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‘ diagram ‘ ng ‘ divergence

H diagram ‘nd ‘ divergence
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Table C.2: Feynman diagrams which determine the bilinear counter terms.
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‘ diagram ‘nd ‘ divergence H diagram ‘nd ‘ divergence
£, e f_ oo
b a,j o o a,j a,j
; |previne} s (2 Coae - Tioan)
: N » Y, 9t,a7rg€A.b >, }eabc| {7 [1®1][0° ® o] n X [1®1][0% ® oq]
a,j b
_ [’YO ®,YO] [0 ® 0] }
b b
———— —
n 4 2 n 4 g 2
b 8 Za gnaTgr:\.a,zl [1®1][0°® oa) b 8 >, <7gt"a7‘r7:'ai> [1T®1][0" ® oq]
o q, ] |4 a,0
m a,j K a,0

Table C.3: Feynman diagrams which determine the bilinear counter terms.

C.5 DIAGRAMS RENORMALIZING FLUX DISORDER, g¢ AND g5

The renormalization of ge¢ and gz result from terms in the photon self-energy which are
proportional to 27 (pg). It follows that the usual 1/2N corrections to the photon propagator,
like shown in Fig. C.6(a), do not renormalize the flux disorder.

In order to renormalize g¢ and gz we must have a disorder line going through the middle.
This would allow a diagram like that shown in Fig. C.6(b). The trace over fermion flavours
means that the only disorder we could place between the two loops is the singlet mass-like

disorder, with coupling g,. This diagram is O(2Ngs) ~ O(1) and so thankfully it vanishes:

dPq  [igay™i s APk [iky” ik + p),y?
Fig. C.6(b) :271_5(])0)2]\7”—255298/ q tr [ZQO/V Z(Q‘}'p)ﬁ’y i’}/”}/ tr |:Z 577 i( —Fp)p’)/ i

Jer " T ey ) @op TR Gy
I*:Ep) I;Ep)
(C.52)
where
I"(p) = —itr [y*7"7"] / o / gttt (C.53)
@2m)P Jo @+ —a)p '

We next consider the situation with two internal disorder lines. These lines must go
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(a) (b)

Figure C.6: Diagrams which enter into the photon self-energy at leading order. (a) will not
renormalize the disorder and (b) vanishes.

Figure C.7: Diagrams which renormalizes the flux disorder at O(ge, g¢/2N). Depending on
whether the internal indices are (o, p) = (0,0) or (7, 7), the coupling constant are —gg or ge
respectively.

between the two bubbles otherwise they will be cancelled by a vertex or a field strength
renormalization and will not lead to a renormalization of the flux disorder. Furthermore,
one of the internal lines must correspond to a flux disorder interaction since otherwise the
divergence will be cancelled by one of the bilinear disorder counter terms we determined in
the previous two sections. This leaves the diagrams with one internal disorder line coupling to
the topological current and one to the mass since all other bilinear disorder types will vanish
upon tracing over the flavour indices. These diagrams are shown in Fig. C.7. Depending
on whether the internal indices (o, p) are (0,0) or (7,7) the diagrams are proportional to
—g%9s95 or g*g.ge respectively. They therefore contribute at the same order as the diagrams
in the previous two sections. We note that diagrams which two internal flux disorder lines
appear at a order in g¢ and 1/2N.

Ignoring coupling constants for the moment, for any give u, v, o, and p, it’s easy to check

that the four diagrams being added in Fig. C.7 all have the same value. Therefore, their

177



Appendiz C' — Appendix to Chapter 4

sum is equal to

Fig. C.7 — 4(—1)2(16)2/ (;iﬁ)kD / (;W)QD (;waD 270 (k)27 (—ko + po) (50/) - %)

w97 ila+ W) ila+ pw] o F(ﬁ +o YN i+ k) Wpifafva/l. }
¢ (¢+k)? (q+p)? (¢+p)?*  ((+F) 4

(C.54)

X tr [m

Noting that

Z(g +p)N’Y’V Z(g + k‘)[j/ . Ze /’Y X 2.60/")/0/ . Z(g + ]{,‘)B/ Z(é —|—p)>\/"y>‘/
t — _t v o
{ Qrp? (Cxkp e e T R (gt pp

(C.55)
we define a function
Fro(k,p) = / g:)q r [v#7*y P q‘;((gj’,gigjjgg : (C.56)
It follows that
, 9 dk . . kok,
Fig. C.7 = 4(16) -27r5(p0)/ (27r)d]:u (k,p)F"*(k,p) ((im - ?) . (C.57)

By dimensional analysis and gauge invariance, we know that any divergence arising from the

sum of these diagrams must take the form
1 — nv,op 2 p,uplj
Fig. C.7=C X 27 (po)p <5uv — ) + finite (C.58)
p?

where C*9? is a constant proportional to 1/e. It follows that our problem can be significantly
simplified by differentiating twice with respect to p, setting it to zero, and using a cuttoff

g to regulate the IR divergence. That is

e — 16 | % (5gp ok > 882 F 0 FP(,0)],  (C.59)

up to finite pieces. Noting that we should only differentiate with respect to p* = p2 + p2,
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since pg = 0, we have

2
8a_p2 (77 (K, 0)F(k, 0)] = %z Z (0,00 FroF*P + FrooP 0, F"° + 20, F* ¢ F**] . (C.60)

j
where 0; = 0/0p;.
We start by finding F#7(k,0):

SR T
oty [tinanaagon] [ 404 133 2(1 — z)
= tr [y y ]/(27T)D/o d R TRTE

2

X (q— [—I(Sagk)\ — xéﬂkka + (1 — I)5a>\]€g] + 1’2(1 — x)ka]{?gk)\>

D
_tr [y Y
B 128 | k|

kokgk
<36a>\kﬂ - 50&51{3)\ - 55Aka + %)

~0. (C.61)

Here, we have set D = 3 since the integral is finite; we will continue to do so below. So the

first two terms in the derivative of F*? F*P vanish, leaving only the third. We are left to find

d”q galq+k) 2qrq
TpHo — 5. HAQ a0 BN o B _ Adn Y
0; F" (k,0) = g tr [7 ~NEYT APy ]/(27r) OErEE (677,\ " > (C.62)

We separate this into two terms:

dq qalq+k)s
(27) (¢%)*(q + k)%’

ol [ S0

0,77 (k, 0)] , = §tr [v"7*77 "] /
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The “A” contribution is

(0,57 (k,0)] , = Gjytr [1"777777"] / (;iﬂ.)qD [ +2x(11—_512)k2]3 (%56“5 — (1= x>k°‘kﬂ)

_ s WMty (o kak
an 32 k| o2

22 g’ 1 ana loge? [e}% o
=3 3377 (—eu Tt g [k - kT + ek ]) : (C.64)

The “B” part is slightly more complicated,

(k. 0)) = 685, tr [0 [ - | R 4<q"‘qﬁ o
(2m)P J, (2 + z(1 — 2)k?]

2

+ % |:£L‘2 (50[5/{3)\/{377 + 55)\]{/‘@]677 + (SﬁnkakIA) - l’(l - ZL’) (604/\kﬁkn - 5o¢nkﬁk)\ - (S)\nk‘ak‘ﬁ)

— %1 — x)kzakjgkz,\kzn) : (C.65)

and so we further separate this into three pieces:

qu 1 (1 _$)2

Lo n_ a5 fimn OB n

[8]‘7 (k70)]B 65]”] tI‘ [’7 ’7 ’y ’7 ’y } / (2W)DA dl‘ [q2 +$(1 —J})k’2]4 aﬂ)@(Qa k)a
(C.66)

where

fagrn (@ k) = Gasangy,
2

Fan(a: k) = % ©* (bapknky + Opakaky + Opnkaky) — x(1 — x) (Sarkaky — dankskr — Oxpkaks) |,

2,3,\77(% k) = —2°(1 — x)kokgkak,. (C.67)
For the first part of [0;F"?(k,0)]; we replace the four ¢’s with

(4°)
Gaq89rqn — m (0080 + 0arday + Sandpn) (C.68)
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which gives

3
[0, (k, 0)]y = ~0j 5 256 k] r [ ] (Basdny + Gardam + Sandpn)

2i
=0;
7256 |k|

- 15¢H, (C.69)
The second piece evaluates to

1
[0;F" (k, 0)]5 = 65 tr [v"7*77 7] ( 6T [Oaskaksy + Oaxkaky + dapkaks]

3
—|— W [6a)\kﬁk77 - 5ankﬁk)\ — 5)\77kakﬁ] )
0
—0jn m (7% k" + 4€7 M kg k* + 4" ko kT + 3€“U"k2) . (C.70)
Finally, the third part is
0 (.00, = 83y 2 tr [y9272 2] Kbk, =~ 30k, (C.71
256 | k| 256 ||
Adding the three contributions, we find
o 21 o 1 oo ona o' o
05 (10l = by g (367 5 ka4 Mk 4 ) (CT2)
and, upon including [0;F*?(k,0)] ,, we obtain
' 1
0; F" (k,0) = 0, —322]k| <e“"’7 + yE [€"7%ka k" + €7 ko k" + e“mk’aka]) : (C.73)

We can now extract the divergence. When we only consider the magnetic disorder, the

internal indices in Eq. (C.59) are fixed at (o, p) = (0,0). In this case, we have

Ak 1 2 - 4 dik 1
pr,00 J THO vp Wi SV S 2
00 — 4(16)? / o 2 §z:yaf (k,0)0;F"*(k,0) = —"16*6,,2(16) T 16)2/ PO
. 1
—gmigvis [ ). 74
55(%(m) (C.74)
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When we have (o, p) = (i, 7) we find

vid A% 1 2 0 i i kik;
Z C“’J:4(16)2/(2W)dﬁﬁ Z O F"(k,0)0,F" (k,0) <5ij_ k2j>

1,j=x,y i, j=x,y

1
= 0§50 (—> : (C.75)

Te
Multiplying by the corresponding coupling constants, we obtain the counter terms cited in

Eq. (4.43):
¢ = 9.8 ( — s = 5'g.0¢ (— ) - (C.76)
& s9B . ) B sY¢e i .

C.6 CURRENT-CURRENT CORRELATORS

In this appendix we review our calculation of the Feynman diagrams shown in Figs. 4.10(a)

to (e). Since no divergences are present in these diagrams, no counter-terms will be necessary.

C.6.1 BARE LOOP

The leading term is shown in Fig. 4.10(a). It is simply

ar G i B
Fig. 4.10(a) = (=1)tr [T"T*] tr [0"0"] / 2" {qu 1 N D
v

__ __STs abm uu_pupy
= —omo (5 p ) (C.77)

where we used tr [T77%] = £°. Setting p = 0 and p = v = 2,we have

Fig. 4.10(a) = —’71’—‘;5’- (C.78)
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BTy u e = \\\
" - —»@—»—
P z z Z,j Z,j
(a) (b) (c) (d)

Figure C.8: Subdiagrams which contribute to the flavour conductivity.

C.6.2 VERTEX DIAGRAMS

CONTRIBUTION PROPORTIONAL TO gy .

We begin by calculating the 1-loop vertex contribution shown in Fig. C.8(a):

dPk (g +p)ay®ilg+Ek+p)sy” . ilg+E)er” ig”
Fig. C.8(a) = ¢,.T" ® 070%* | ——2m5(k o z ol e
lg. CO8(a) = gi.T" @ 0700 /(W R P N P ) B R
. r z _a__z a o + a
ZWMT®oaow®7WW7¢§%ﬁ%%hA%mw (C.79)
where
SRR S VS NV o S
podo, o ‘%w¥(%VK%+pP+kﬂ%+kﬂ d (2m)7 [(qo + po)? + K?] g5 + k2]
Io(l;c;po) Id(t;o,,po)

(C.80)

The full diagram in Fig. 4.10(b) is then

fq(q+pk%1

21)3 (¢ + p)2g®

(q+Dp)ad,

(q+p)*¢?
q0(q0 + o)

[(q0 + p0)? + q%] 45 + q°]

(C.81)

Fig. 4.10(b) = —1 x 2 x g, .tr[T"T*]tr[o* 00 0”tr [y*7v"77"7"] (2)2/ ( (g0, po)

= —21,6" 5" / & tr [V Y ] | Iv,o(qo, po) + (d )]v (g0, po)
¢ (27)3 T 2 D
3 _

d d—2
=4na5rs5ab/(27:§3 (fv,o(CIo»po)‘F( 5 )fv,d(Qmpo))

where 7, = +1 and 7, , = —1.
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We perform the integral over k in Iy and Iy 4 and analytically continuing to d =2+ ¢

spatial dimensions:

d - 2) 1 q0(q0 + Po) a
IY (qo,po) = I , +< I o) =——< 1+ lo 0
1ot (40, Po) v,0(40, Po) 5 v.d(40, Po) 47r{ Po(po + 20) g (9 + po)?
(C.82)
Performing the q integral, we have
/ d*q q0(g0 + po) _ 1 (g0 + po) o { % } (C.83)
(2m)2 [(q0 + po)* + ¢*] [a5 + ¢°] 4m po(po + 24o0) (90 + po)?
Plugging these into Eq. C.81 and integrating over gy we find,
Fig. 4.10(b) = 1,6"6* - g, Z@- (C.84)
T 96T
CONTRIBUTION PROPORTIONAL TO JA,z
The diagram in Fig. 4.10(d) vanishes. We can see this by noting that
dPk i(q+p)ay®. ilg+k+p)sy? . Lilg+ K)oy ign”
Fig. C.8(b) = ZTT®Z“Z/—25k i’ " =
& C8b) =194 v (27T)d7r(0) (@+p? | (atk+p? Z e
: : (¢ +P)adp
= —iga. 1" ®c*c%%* Q YA VPN vy —E13,(q0, C.85
g4, VY g (40, 10) (C.85)
where 15, (qo, po) is defined in Eq. C.80. The full diagram is therefore
- d’q (q+p)ag
. o 2 Idaal] z _a__z b a B.x o T -\ 2 adp
Fig. 4.10(d) = (—1)% x 2 X ga tr[T"T*|tr[o*0%c*0”]tr [fy Y APy y ] (1) / on)? <q+p)2q21gg(q0,p(
d’q (d—2) (¢ +P)ag
= 20 Zérséab/ tr [Py Y ] (2 —d) | T ., po) + I , aip
NagA, (27)3 [V ] ( ) ( v.0(qo; Po) 5 v.d(q0, Po) (q + )2
1
= (d—2)gu X ( Fig. 4.10(b)) : (C.86)
t,z

Noting that Fig. 4.10(b) has no epsilon pole, when € — 0, this diagram vanishes: Fig. 4.10(d)=0.
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C.6.3 SELF-ENERGY DIAGRAM

CONTRIBUTION PROPORTIONAL TO gy .

The self-energy subdiagram is

. .. dPk i(qg+ k)gy? o [ dE q
Fig. C.8(c) = ¢1.0°0° @ / 2m)P 24 ko)W = 1,207 /(27r)d @ + k2

1 1 1
= 9:..17q0 [—— + —log [47re VE} — Elog qg} . (C.87)

2 A7

~~

Ix.(qo0)

The full diagram is therefore

: d? 1o . oiq7” +
Fig. 4.10(c) = —1 x 2 x g, tr[T"T*tr [0“0"] / (27;;3‘51“ [ qqg i° qsg " (z]q +p;§7 iy ] q01x(qo0)

— 4gt (srs(sab/ d3q QO(QO +p0)(q2 - q(Q]) [E(QO)
’ (27) (g2 + g]* [(q0 + po)? + 2]
= i §regab s / dqo QO(CIO +po)IE(CI0) (1 + qg + (QO +po)2 1o [ qS 2})
21 po(po + 2q0) 2po(po + 2q0) (g0 + po)

(C.88)

We see that the constant (and divergent) portion of Iy (pg) integrate to zero since it is odd.

The term proportional to the log on the other hand, can be rewritten and solved:

. dqgo @ + (0 + po)? @ q0(q0 + po) @
Fig. 4.10(c) = g~ (5”3(5‘“’ / (1 + lo lo
8 (c) = 2m 2po(po + 2qo) & (90 +p0)?] ) po(po + 2qo) (g0 + po)

_ grsgab Z@ C.89
9t, 967 ( )

CONTRIBUTION PROPORTIONAL TO 9A,z

This diagram is nearly identical to the previous one:

d? o p
Fig. 4.10(e) = —1 x 2 x g tr[T"T*]tr [0%0”] / ()I tr [ 47" iy iy iy, 1957 " e tp)n”, i7" | qols(qo)

(2m)3

d3 _|_ 2 _ 2
=2 X 4g,4,z(5’"55“b/ 5 q3 ZqO(qg 5 ZOIC 2%) 5 Is(qo)
(2) 45 + a?]" [(q0 + po)? + ¢?]

57"5501) 2 ‘pOl ‘
96 (C.90)

¢ q? (¢ +p)?
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where Ix(qo) is given in Eq. C.87.
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APPENDIX TO CHAPTER 5

D.1 GENERALIZED EPSTEIN ZETA FUNCTION

We define the function Y3(s) to be

o0

Ya(s)=

ny,neg=——0o0

(D.1)

+12+ +12*
n — n —
1o 2Ty

It is only convergent for Re s > 1/2; but can be defined by analytically continuing outside of

this domain. Specifically, it can be expressed in terms of the special functions A and 5 [213]:

Ya(s) =427 A(s)B(s), (D.2)
where
=> (-1)"(2n+1)" AMs) = (2n+1)7" = (1-27)((s) (D.3)

with ((s) = > "2, n~*, the Riemann zeta function.
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D.2 ANALYTIC CONTINUATION OF MAXWELL-CHERN-SIMONS FREE EN-

ERGY

In Eq. (5.32) we expressed the summation over imaginary frequencies in terms of the Epstein
zeta function
e}

Ce(s;a?) = Z [n? + d?] -, (D.4)

n=—0oo

where a = [(7,/2m. This expression is only valid for Res > 1/2, but can be analytically

continued onto the entire complex plane. To see this, we use the identity

1 s e
- dt tsfl —7tA D.5
A5 T(s) /0 < (D-5)

to write

Celsia®) = FZ) /OOO dt 1=t (n¥a?) (D.6)

For sufficiently large values of s, we can exchange the summation and the integral, and,

subsequently, use the Poisson summation formula:

S

™ oo 2 2 e o 2 1 2
CS s CL2 — _/ dt tsflefﬂ'ta e TN — / dt tsflefﬂ'ta - e*ﬂ'f /t. D.7
) =) 2w i B

0 n

We see that divergence for Res < 1/2 is due to the £ = 0 term in the sum. Separating this

term out and evaluating the integral, we have

1-2s \/EF(S — 1/2) 2m° /OO dt tsf3/2677ra2t677rf2/t' (DS)
0

SO =TT )

=1
We can now extend s all the way to zero. Taking the derivative and limit, we have

© —2mal

14

d
— lim d—gg(s; a’®) = 2ra — 2 = 2ma + 2log (1 — e™2™). (D.9)
s

s—0
/=1

188



Appendiz D — Appendix to Chapter 5

Plugging this result into Eq. (5.31), we obtain

e —Bvq/2
} (D.10)

1 — e—P7a

Fyves = ——logk — —Zlog {

D.3 LEADING ORDER CONTRIBUTION

The leading order contribution in the zero temperature limit is

:——Zlog (p+a)’ = Z/—logw —|—p—|—a))
:_Z/%logw2—2|p+a|, (D.11)
P P

where p = (w, p), p = 2m(n, +1/2,n,+1/2)/L, (ny,n,) € Z*. The first term vanishes using

zeta-reg and the second one can be evaluating by analytically continuing to arbitrary s:

Fyla)=— (p+a) ™ =—N; (2;) 3 (n+%+a)28 (D.12)

P n

where
Q, = —a,. (D.13)

We can write this as

27T —2s 71'5 1 [e'e) o1 o . [e'e) . 0 .
Fo(a)——<f) B S_1+/1 dtt*="0 . (ut)+/1 dtt™ | © (it) — 1

a
(D.14)
where O is shorthand for a product of Jacobi theta functions
o a; +1/2 0 0
) @=1]?|" / (0lit), © @ity =[] ¥ (0fit). (D.15)
0 j=1,2 0 o =12 |—a; —1/2
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and we’ve used the following definition for the Jacobi theta functions with characteristics:

9 Z (vl7) = exp [mia®T + 2mia(v + )] 9w + ar + b7
= i exp [mi(n + a)*t + 2mi(n + a)(v + b)] . (D.16)
For s = —1/2, we have
Fy(a) :% —§+/Oodtt‘3/2@ “ (it)+/oodt\/f ) ! (it)y—1]]. (D.17)
1 0 1 -

This function is plotted in Fig. D.1 and clearly has a minimum at « = (0,0). In terms of

the function Y5 defined in Appendix D.1 in Eq. (D.1), this

Fy(0) = —Q%YQ (—%) | (D.18)

D.4 POLARIZATION DIAGRAM

Here we calculate the leading 1/N; contribution to the gauge kernel from the fermions. It

is given by the polarization diagram:

SEEEAEYET)
- %B%Ztr (]%B(—@ k) $<q>)

1 bl Pp(P+4)
=357 Ztr ofo Bﬂ(—q)By(q)—q)é\ (D.19)

where we have dropped all explicit references to a = 0. The internal momentum, p, corre-

sponds to a fermionic field, p* = 2x(n* +1/2)/L,, n, € Z, whereas the external momentum
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0.4

Figure D.1: Plot on the free energy of a free Dirac fermion on the torus as a function of its
boundary conditions, a,, a,.

is appropriate for a bosonic field, ¢* = 2mn*/L,, n* € Z. This can be written as

S8 = 5 3 Bu~0) () B, (a) (D.20)

with

1 Po(P+4)
MY (q) = — Y tr(cfoto?c”) 2L A
! BV Z,,: ( P (p+9q)°

9 BV v v Y ¥ — §HV .
:5L2Zp (P +q)+ @ +d")p p-(p+a) (D.21)

P2 (p+q)°

In what follows, we will consider the zero temperature limit, g — oo.
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We begin by calculating the the xo component:

= ( dw pe (P2 + qe) — Py(Dy + @) — W(W +€)
(e a) LQZ/ (w2 +p?) (w+e)°+ (p+q)°)

_ L [t @) — ooy +a) (1 1\  |pl+lp+al
x| @ Fva)

L? (Ip|+|p+g)*+e \lp| |p+d Ip| + |p+q|)* + €

(D.22)

This is formally divergent but can be regulated by adding and subtracting the divergent

piece and analytically continuing using zeta functions:

H:m:<€ q Zpac px+Qw py(Py+qy) (L—k 1 >
L2 ~ (pl+Ilp+a)*+¢ \lpl [p+aq

_ pl+lp+q 1 1
; {(’p‘ + ‘p+Q|)2—|—62 2|p‘} +Zp: 2 |p| } (D.23)

The divergent term is

Ly, 179, (D.24)

1L
Zm 52_2":\/?1/2)_“

where Y5(s) is defined for all s in Appendix D.1. The finite expression is therefore

1 1 lp[+|p+4| 1 }
1% (e, q) = ———Y5(1/2) — — { _
Flea) =gl LQZ (lpl +lp+al)+e  2lp]
ZP (Pz + 4r) = Py (Py +4y) (_+ ) (D.25)
~ (pl+Ilp+q)’+e \lpl Ip+adl
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Similarly, we find

1 1 lp[+|p+4| 1 ]
1% (e, ——Ya(1/2 { —
V(e.q) = — 7 Ya(1/2) - L2Z ip+iptal e 2lp

prpqux py<py+Qy)<i+ 1 )
\p|+!p+q!)+62 pl Ip+4ql/)’

p
L2 |p|+|p+q|) +e2 \|p| |p+al/)’
% e lellp+q\—p~(p+q> (L+ 1 )
A (Ip| + !p +q))*+e \Ipl Ip+al/)’

p

HOz 6 q L2Z

Pi P +qz~) (D.26)

|p|+|p+q|) + €2 <Ip| Ip+ q|

D.5 OPERATOR CONTRIBUTIONS TO THE SPECTRUM

In Sec. 5.3 we stated that in addition to imposing charge-neutrality, the gauge field alters
the spectrum in two ways at Ny = oco. First, its presence enforces the constraint J#(x) = 0,
removing one state from the spectrum for every choice of external momentum q and internal
momentum p, thereby decreasing the degeneracy of the free theory spectrum. Further, the
photon creates states which contribute to the spectrum as well; their energies coincide with
the poles of the photon propagator, A, (z) = (A,(2)A,(0)).

We can understand how this comes about by translating the field theoretic operators to

the quantum mechanical language of the free theory. We write

W=D, D= 3 et )
i B (qp)=F
M(z) = % ZE eI g (q), Mg(q) = ; Da(P + @) 0a(p). (D.27)
¢ Ey(ap)=E

For the moment, we specify to the case where p+q # —p. Eq. (5.62) shows the two distinct
states which exist for each energy E(q,p) (additional degeneracies may be present due to

the symmetry of the lattice, but this does not alter any of the following discussion). It
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follows that J%(q) and Mg(q) create states of the form

JE(@)10) = [P a(p + @)x-alp) + o (PN (~P)X-a(—P ~ @] [0).

Mg(q) |0) = [viM P)X 0+ @) X-a(P) + 03 (D)X 0 (—P)X—al—P — Q)} 0y,  (D.28)

where the “E” subscript on v'(p) and v (p) has been dropped for notational ease. These

coefficients are easily computed, and are found to be

_ P PtQ P+Q . P+Q
00 — ¢ 1 Ip| Ip+al o — 1 Ipl T oral oY — M Ipl T foral
2 _PPiQ |’ 2 r+Q |’ 2\ 7 _ P ]’
1 [p| [p+q] Ipl - |p+q| Ip| Ip+q|
1+ P P+Q
7
oM — 5 Ipllp+al | (D.29)
1+ P P+Q
Ipl Ip+ql

where P = p, + ip,, @ = ¢, + iq,. While it may not be obvious, it can be verified that the
state created by the mass operator is orthogonal to the three states created by the current
operators, and that these states are all proportional to one another.

The linear dependence of the current states actually follows directly from the conservation

law 0, J* = 0. In terms of the states, this reads

[—i(lp+4q| + |pl) J2(q) + ¢ J5(q) + ¢, J%(q)] |0) = 0. (D.30)

The space spanned by x'.(p+q)x_a(P) [0) and x\.,(=p)x_o(—p — q) |0) is a 2-dimensional
complex vector space, equivalent to a 4d real vector space. Eq. (D.30) shows that the three
J1.(q) |0) states actually only span a 2d real subspace, ie. a 1d complex vector space. As
claimed, the currents only create a single state. The orthogonality of Mg(q) |0) to this state

is then obvious since Eq. (D.29) implies that
(v")to™ = 0. (D.31)
Returning to the large- Ny theory, the gauge current states cease to exist, but the mass state
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remains, resulting in (at least) a 2N7 — 1 degeneracy.

In the special case p + g = —p, there is only a single state for each «, 8 pair, and so only
a N]% degeneracy in the free theory. Eq. (D.29) shows that only the current operators create
states of this form, and, as above, this state is removed at N; = oo, resulting in a Nf2 -1

degeneracy.

D.6 FLUX SECTORS

In this appendix we review the role of non-trivial flux sectors in the theories we considered
in Sec. 5.2. When we defined the gauge field in Eq. (5.7), we did not consider its ability to
carry non-trivial flux. This is possible because the photon is only defined modulo 27 /L and

so can wind around either cycle of the torus so that
1
2mn = 3 / d*r (0, A, — 0,A,) # 0. (D.32)

Gauge field configurations with non-zero flux cannot be defined on the entire space with a
single function: multiple functions defined on different patches are necessary. However, in
regions intersecting one or more patches, the descriptions of A must differ only by a gauge
transformation. Analogous to the quantization of electric charge through the existence of
magnetic monopoles, this forces n to be an integer. Furthermore, at finite temperature, the
photon can also wind around the time direction, introducing the possibility of Fy, or Fy
integrating to a non-zero value. For simplicity, we will only focus on the flux through the
spatial torus though our arguments generalize easily to this case.
One way to represent a non-trivial flux state is to write

2mny
L

Ay =a, + A+ (D.33)
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The Chern-Simons partition function in Eq. (5.16) is modified by replacing Scg with

S5 41A] = Sos[B] + ik / 1 a2 — Seo[A] + 8k n ap. (D.34)

2

The path integral must sum over the flux sectors separately; it becomes

_BLQ / 2 - —iBkna —Scs[B]
chfgy/det(—V) > [ dae o [ dBeSeslBl, (D.35)

n=—oo
Upon integrating over ag, n is restricted to be zero, and we get the partition function we
determined in the main body of the paper. Similarly, when a Maxwell term is present, the
action in the presence of flux is modified to

n . 21\ ?
SIE/I()JS [A] = Swmes[B] + iBknag + % <%) : (D.36)

Integrating over ag from 1 to 27/ again sets n to zero.

In the presence of matter, the flux sector no longer completely vanishes. However, Dirac
fermions in the presence of flux have a higher energy than without. The saddle-point ap-
proximation we employ in Sec. 5.2.3 only expands about the ground state of free fermion
theory; it does not take possible winding of A into account. Provided N is large enough,

this is a good approximation.
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APPENDIX TO CHAPTER 6

E.1 SPIN LIQUIDS WITH PROJECTIVE SPIN SYMMETRY

We expand upon our assertion in Sec. 6.3.2 that a fully symmetric, gapped spin liquid
cannot be obtained through the condensation of a Higgs field ® coupling to a bilinear which
transforms in a nontrivial manner under the SU(2) spin symmetry. As discussed, in order
for the resulting spin liquid to have a spin gap, ® must couple to one of the operators
in Tab. 6.1. We start by studying N* = tr (U“)_(abX) and couple it to a Higgs field as
Dy PN = tr (PN), where ‘tr’ refers to a trace over the spin and colour vector labels (as
opposed to the usual trace ‘tr’ over spin and colour spinor indices). In the Higgs phase, we
write ® = () # 0.

Naturally, having the Higgs couple to N implies that spin symmetry is realized projec-
tively in the condensed phase, if at all. We associate SO(3) matrices to both the SU(2)
gauge and spin transformations. That is, instead of studying the action of gauge and spin

transformations U, and U, we consider matrices @), R € SO(3) such that

SU(2), : N = tr (6*XUIo"U,X) = N (RT)?

SU(2)y : N — tr (Uyo"Uj X" X) = QN (E.1)
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Under a projective spin transformation,
ZSU(2), : tr (PN) — tr (PQNR") = tr (®N) , (E.2)

implying that Q = ® ' R. The requirement that @ € SO(3) implies that & € SO(3) as well,
for example &% = |®| 52,

The obstruction to forming a fully symmetric spin liquid is then apparent. Since N —
—N® under T, P, and P,, the equivalence of the original and symmetry transformed states
requires that ® be gauge equivalent to —®. This in only possible if Qs pupy = —1 € SO(3).

These considerations apply equally to tr (0“)_( prFob X ) as indicated in Section 6.3.2.

E.2 WEN’S LATTICE PSG CLASSIFICATION SCHEME

In this appendix, we relate our results to the spin liquid classification scheme proposed in
Ref. 184 by Wen. We begin by reviewing his conventions and formalism before explaining
what it means for two spin liquids to be “proximate” in this language. We then discuss
how we determined that the gapped and gapless U(1) spin liquids in Fig. 6.1b correspond to
U1Cn0Onl and UlBx11n respectively. We subsequently consider the Z, sPSG’s and explain
how the identification in Table 6.8 was obtained.

We note that frequent reference will be made to information that is only present in the

arXiv version of Ref. 184.

E.2.1 CONVENTIONS AND FORMALISM

Here, we briefly review the spin liquid classification scheme proposed in Ref. 184; for a
complete discussion the reader is referred to the original paper. In keeping with these

conventions, we express the mean field Hamiltonian of Eq. (6.19) in terms of fermions ¢ =
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T
(1, wg)T = ( I, ff) . The mean field ansatz is written in terms of the matrix

iy — gj aL- Bij _ U;z (E.3)
Bij  —auj
The average constraint in Eq. (6.18) become s
(el7'v:) =0 (E.4)
where 7¢ are Pauli matrices (with 7° = 1) and the mean field Hamiltonian can then be

written

Hyr = ; [31‘3? (%“m) - (%Tuij% + h-C-) } + Zagl/}Wlﬁi- (E-5)
v 1

Here, u;; is the analogue to asj, 535 (when ~;; # 0 the spin symmetry is realized projectively,

a possibility this formalism does not take into account [24]). af are Lagrange multipliers

enforcing the constraint in Eq. (E.4). In order for Hyr to preserve spin, we must choose

iuz; € SU(2). Finally, the SU(2) gauge symmetry acts on the 1 fermions and ansatz as
Wi — W (i), ui; — W(8)u; Wi(5). (E.6)

The projective symmetry group in this context is expressed as the invariance of the ansatz
u;; under the joint action of a symmetry transformation G and a gauge transformation We:

Eq.
WgG [U”] = uij (E7)
where

G[u”] = uG(i)7G(j) WG [u”] = Wg(z)u”W(T;(g), Wg(l) € SU(Q) (E8)
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Here, we have assumed that G is a space group operation; for time reversal, we have T [u;;] =

—u;5. The invariant gauge group (IGG) is the set of gauge transformations which do not

alter the ansatz,

W = {W (i) | W (i)u; W (5)T, W (i) € SU2)},

(E.9)

and, therefore, 20 can either be SU(2), U(1), or Zs. In the main body of the text, this is

what we simply refer to as the gauge group or, sometimes in a Higgs phase, the “residual

gauge group.”

In order to make use of the symmetry fractionalization technique, we translate the com-

mutation relations in Eq. (6.11) and below to the lattice case:

10.

11.

12.

13.

Wtj(zx,z'y + DWWy, iy + D)Wy (in — 1,4, + VW, (in,4,) €20

W_l(ixv _iy)th(ix’ _iy)Wpy(ix - 17 _iy)thl(i% 2.y) €W

p

Wp_l(ix, iy YWy (i, =iy ) Wiy (i, —iyy — V) Wiy (i, iy + 1) € 20

Wy (i 1y ) Wiy (i, —1y) € 20

W Hia, =iy )Wy (igy =iy ) Wiy (—iy, —ia) Wi (—iy, iy) € 20
Wiz, i)W (i, —t0) Wi (—ts, 1)) Wi (—iy, i) € 20

W (=g, g ) Wia (=i, i )W (—iy — 1,0 ) Wiy (i, iy + 1) € 20
W (=g, 0 )Wy (=i, 0 ) Wi (=g, i — VYW, (i, 1,) € 20
Wi (i iy )W, =iy, i) Wi (=i, i ) Wi ( =iy, i) € 20
W, (i iy )W,y (i, =iy ) Wi i, —iy) Wy (i, —iy) € 20

Wi (i i )W (i + 1, )Wolip + 1,4, )Wip (i + 1,4,) € 20
Wi (i i) YW iy iy + D)Woilig, iy + V)W (i, i, + 1) € 20

ty

Wi(ig, 1) Wi (ig, iy) € 00

200
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Group relations Gapped (Dy) Gapless
1 T,'LT,T;! —e 7201 =0sy)0” -1
2 PT,P,T; o210y 0 _ 2ibra0"
3 P/'T,P,T, %0pu” ~1
4 Pp? e~ 200" -1
5 Py_lRﬂ/gPyRﬂ/g g—2ibro” 1
6 Ri/2 o—4i0,0 o—4i0,0
7 R;}QTzRﬁ/gTy 0200:0°+i(Brs—01,)0°  _ = i(Bro+0ey)0”
8 R;/lgTwamT{l 02i0r0" —i(01s—01y)0* i(0ea—0uy) 0
9 R_,T 'RepoT 207 1
10 Py—lT—lpyT e2i0py0” e2i0i0”
n AT T —2i(0r 400 )0 -1
12 T '77'T, T —2i(0:401,)0” -1
13 72 1 210107

Table E.1: Symmetry fractionalization of U(1) spin liquids.

E.2.2 SU(2) SPIN LIQUID CLASSIFICATION

We presented the mean field ansatz of the w-flux phase in Sec. 6.2.2. In Wen’s notation, it

corresponds to the spin liquid SU2Bn0, and consequently has the following PSG:

Wiz (1) = (_)iygtfm W () = <_>izgpxa Wy (2) = (_)iziygpwy’

Wty(i) = Gpy> Wpy(":) <_>iy9pyv Wi(2) = (_)%Hygt: (E.11)

where g¢ € SU(2), € = ta, ty, pz, py, pry, t. All PSG’s proximate to SU2Bn0 can be obtained
by fixing the values of the g: to a specific element in SU(2) (the PSG’s are only defined
modulo the IGG). In Appendix B of Ref. 184, Wen enumerates which U(1) and Z, PSG’s
are proximate to SU2Bn0. All of the phases we consider must be identified with one of these

options.

E.2.3 U(1) SPIN LIQUID CLASSIFICATION

Wen [184] finds that the following U(1) phases are proximate to SU2Bn0:
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U1B000n U1BnlOn UlCnOnn UlCllnn
U1B0001 UlBz10x U1lCnOnl UlCllnz
U1B001n UlBzlln UlCn0z1 UlCllzn
U1B0011 UlBzllx U1lCn0ln UlCllzx

In this section we determine which of these lattice PSG’s corresponds to the gapped and

gapless U(1) spin liquids obtained by condensing ® and ®; respectively.

GapPED U(1) SPIN LIQUID (Dy)

To compare with Wen’s classification, we condense the Higgs’ fields in the z component.
Therefore, for the gapped U(1) spin liquid Dy, only (®*) # 0 and the PSG in Eq. (6.40)

should be rewritten:

0407 - 0y 0* 40,07
Vie = €7 4o”, Ve = €77, V,=¢e"7,

i0yo® » _x 0pyo® 00 : _x
Vi = €77 io”, Vi = €77 Vi, = e io”, (E.12)

The resulting symmetry fractionalization is shown in Table E.1.

We identify this phase in several steps. We note that independent from 6;, (W,U;)? = —1,
and therefore, of the spin liquids proximate to SU2Bn0, only those with W;(z) ¢ 7° are
possible candidates. Moreover, the U1B spin liquids all have Wy, = (=)%g3(0s), Wi, (3) =
g3(8y,) where go(8) = €. Inserting these into group relation #1 in Eq. (E.10) returns
—1, again independent of the angles 6;, and 6,,, invalidating these options. This leaves
four candidates: Ul1CnOnl, UlCn0z1, UlCllnx, and UlCllxz. We have computed the

symmetry fractionalization of each of these phases and determined that D corresponds to
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U1Cn0Onl whose lattice PSG is

U1Cn0nl :
Wia(2) = (=) g3(0es )i, Wiy (8) = g0 )it
We(2) = (=) g3(0pe), Wiy (3) = (=) g3(0py),
Wiey(2) = (=) g3 (Opay) » W (3) = (=)= g3 (6,)
Wi(i) = (=)' gs(0,)ir". (E.13)

GAPLESS U(1) SPIN LIQUID

The (continuum) PSG of the gapless spin liquid with (®%) # 0 is

_ ,i0z0" _ i0py0* __ifyo*
‘/tm—e = ‘/Pfﬂ_epy ’ ‘/T_GT ’

L oL -
Vi, = €% ig® V., = €077 ig" V, = e, E.14
ty ) Y ) t

From the symmetry fractionalization in Table E.1 and the arguments in the previous section,
we conclude that only U1B spin liquids with W, o< 7% are possible candidates: U1B000n,
U1Bnl10n, U1B001n, UlBx1lln. Computing the symmetry fractionalization of these four

spin liquid identifies U1Bz11n as the correct lattice analogue:

U1Bz1ln :
Wia(i) = (=) g3(00)7°, Wiy (4) = g3(01y)7°,
W (2) = (=) ga(Op )it Wiy (8) = (=) g3(0py )it",
Wiy (2) = (=) g3(Opay iT', W (8) = (=)""*" g3 (0,)
Wi(d) = (=) gs(0,)7°. (E.15)

In Appendix E.3.3 we show that this PSG has no lattice realization.
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E.2.4 7, SPIN LIQUIDS

Wen divides the Z, spin liquids into two classes. Their PSG’s are

Wi (1) = 7T Wpe (1) = niﬁaxn;%ygpyv Wiy () = (_)iziygpxw
Wty(i) = TO? Wpy(z) = n;:;yn;‘:ypxgpiﬁ Wt<z) = 7717;$+Zygt7 <E16)

where A spin liquids have 77 = +1 and B spin liquids have 77 = —1. Unlike for the SU(2)
case, each of the group elements g¢ takes only a single value. He labels these spin liquids

by Z2A (gp.) Gpay (9¢) m An equivalent short-

()., Ipey (gt)m and Z2B (gp.) (9py)

Nzpx Nzpy Nzpz Nzpy

hand notation replaces (7%, 7', 72, 7%) and (72, 71,73, 72) by (0,1,2,3) and (7°, 7%, 72,73) by
(n,z,y,z) (this is the notation used in the majority of the paper). There are 272 distinct
such PSG’s; however, though at least 72 of these are anomalous and cannot be described
with a mean field Hamiltonian on the lattice.

We can determine the symmetry fractionalization of each of these PSG’s using Eq. (E.10),
forming a table similar to Table 6.7, and this information is what leads to the identification in
Table 6.8. It is clear that the symmetry fractionalization does not completely determine the
PSG since both sPSG1 and sPSG5 have the same symmetry fractionalization as two different
spin liquids. We will show that in both cases, a single lattice PSG can be associated with
each of our continuum versions.

Our primary strategy will be to check that which PSG’s in Table 6.8 are proximate to
Ul1CnOnl. By studying Table E.1, we determine which values of 6 give the Z, symme-
try fractionalization of the phases we're interested in. In both cases we find only a single
possibility. We also verify that sPSG5 is proximate to UlBz11n.

We note that the symmetry transformations in Table E.1 depend on only five generators:
T,,T,, Py, Rrj2,T. To make contact with Wen’s conventions, we also display the gauge

transformations corresponding to P, = R, /QPyR;/lQ and P,, = R, /QPy_ L. their forms are also

determined by the angles 0, 0y, 0,,,0,, and 6,.
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LaTTICE PSG OF A; PHASE (sPSGH)

We begin by determining which choice of angles of the gapped U(1) spin liquid returns the

symmetry fractionalization of sPSG5. Setting 6;, = 0 fixes the remaining angles to be
0, = T, 0, = +—, 6, = 0,7, 6, =0, (E.17)

The choices only result in gauge transformations differing by a minus sign and, except for W,,,
do not affect the symmetry fractionalization. In what follows we choose positive prefactors
for all of the gauge transformations below. Modulo these considerations, this is the only PSG

proximate to UlCnOnl with the same symmetry fractionalization as sPSG1. This gives

Wi = (—)ith, Wy = —it!,
Whe = (=) i7", Wy = (—=)"ir?,
Wyny = (=) =ir®, W, = (=)sitier?,
W, = (=)=tirt, (E.18)

We can bring it into the form of Eq. (E.16) by performing the gauge transformation

(_)(iﬁiy)/?ﬁ?, iy + 1y = even,
W (i) = (E.19)
(—)Gatiy=1)/2473 G 4 iy = odd.

Under this transformation, the PSG in Eq. (E.18) becomes

Wi = ()7, W, = —7°,
Wye = (=)itinirs, W,, = (=)itinird,
Wpay = (=)= 0ir3, W, = (= )il 0,

W, = (-)tivir! a0
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Upon shifting i, — i,+ 1, we recognize this PSG as Z2Bz23z, and, rotating by 90° about the
y-axis this becomes Z2Bxx1z. This identifies Z2Bzx1z as the unique lattice PSG capable of
describing the phase Ay.

Another way we could have reached this conclusion is by studying the mean field ansatz
allowed by either of these PSG’s. It turns out that the mean field Hamiltonian corresponding
to the other candidate PSG, Z2Bzx2z, cannot be gapped, whereas no such restrictions exist
for Z2Bxx1z.

We also show that Z2Bxx1z is proximate to the gapless spin liquid UlBz11n. In order to
reproduce the symmetry fractionalization of sPSG5, the angles in Eq. (E.15) must be
T T

R b = F5 6, =0, b= +5. (E.21)

2

0y is un-determined, and therefore, unlike in the previous case, proximity to UlBx11n does
not fully determine the lattice PSG corresponding to sPSG5. The angles which are restricted

indicate that

Wt:}: = <—)iyi73, Wty = _2'7_37

W, = (—)=lvtz0, Wy = (=)= Tvir®, (B.22)
Rotating by 90° about the y-axis take 73 — 71. We then observe that all of the gauge trans-
formations shown above are equal to the corresponding gauge transformation in Eq. (E.18).

It can be shown that 6,, can be chosen to obtain Z2Bzz1z but not Z2Bxx2z. Therefore,

only Z2Bzxx1z is proximate to UlBx11n. .

sPSG1

Performing the same analysis as above, we find that the only way for the symmetry frac-

tionalization of U1CnOn1 to return the symmetry fractionalization of sPSG1 is if the angles
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in Eq. (E.13) are
0y = T, 0, = ig, 6, =0, 6, = ig, (E.23)

where, again, we've set 6, = 0. The gauge transformations associated with the symmetry

generators are then

Wi = (—)vir!, W, = —it?,
Wpe = (=)=i7?, Wy = (—)vir?,
Wiy = (=)ivir?, W, = (-)=tr0,
Wy, = (=)=Tir?, (E.24)

Performing the gauge transformation in Eq. (E.19), these become,

Wie = (_)in07 Wty = —7'07
Wpay = (=)= ir3, W, = (=)l 0,
Wt = iTQ. (E25)

It is not difficult to see that this corresponds to Z2Bz2z32, which is equivalent to Z2Bxx13.

E.3 LATTICE REALIZATIONS OF SPIN LIQUIDS

In this appendix, we use the lattice PSG’s determined in Appendix E.2 for the m-flux phase
and Ay, By, and Dy to write down the corresponding lattice Hamiltonian. Doing so will
serve as further verification of the symmetry fractionalization used in the main text. Further,
the calculation of the Berry phase in Sec. 6.4.3 requires the lattice description of the gapped

U(1) spin liquid corresponding to U1Cn0Onl.
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E.3.1 SUBn0 MEAN FIELD HAMILTONIAN

The ansatz for the m-flux state is given in Eq. (E.11). Gauge invariance and the form of the
translational symmetry operations compels the mean field parameters to take the following

form:

Uiirm = (=)t (E.26)

m:*

In order for the mean field Hamiltonian to be Hermition, ulj must equal uj;. This can be

used to show that

(=i, = (=) (=) (E.27)
which indicates

Next, Eq. (E.7) states that u;; must be invariant under the action of all (projective) symmetry

operations. In particular, acting P, P, and using Eq. (E.28), we find
Ui irm = Wpe PeWoy Pyt s m] = — (=)™ (=)™ (=)™ g, 70 (E.29)
Similarly, the action of time reversal requires
Ui itm = WiT [Wiitm] = (= )emy (= )matmyyl 20, (E.30)

Between these two equations, we conclude that ul, # 0 only when m, 4+ m, = odd. Finally,

we relate mean field parameters for different m’s through the action of P,, P,, and F,,:

0 o my 0 0 _ My ,,0 0 _ Mgy 0
Uy my) = (Z) " U gy Ume—my) = () Uy Umgama) = (7)™ Uy my)-

(E.31)
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The mean field ansatz we obtain is

Us i =TT, Uiirg = (—)"iar’. (E.32)

Inserting these hopping terms into Eq. (E.5) (and dropping the constant) we obtain
Hy = —ia Y (ftbiss + (=) "6ty + he.). (E.33)

We now show that the low-energy theory is precisely the Dirac Hamiltonian. In momentum

space, we find

w/2 dk‘ w/2 dk
= 2a/ / —2 Wl (sin k, 7170 + sin k, 71 1370) Wy, (E.34)

7.‘./2 27T 71./2 27T

where Wi, = (¢, Vk10,+0, ¢k+Qw¢k+Qy)T with Q, = (7,0) and Q, = (0,7), and

1 0 0 0 0 0 1 0 0100
0 -1 0 0 0 0 0 —1 1000
Pt = , Tt = , Popt = . (E.35)
0 0 —-10 1 0 0 0 0001
0 0 0 1 0 -1 0 0 0010

Equivalently, writing ¥y = (¢¥11.%, 1.2k, wg,w,wm,k)T, we can identify the 7%’s with Pauli
matrices acting on the first index of ¥;, and the ;“’s with Pauli matrices acting on the second.

Finally, to make contact with the expression in Sec. 6.2.2, we express H. in terms of

Uy, = Ay, (E.36)

The resulting mean field Hamiltonian is

w/2 w/2
:—2a/ dk. / dky\lﬂ smk:7ua — sin k, 3 u° 0)

ﬂ./2 27T 71./2 27(

k -
= 20 / (2m)? Ut (k7" + kyy°Y) Wy, (E.37)
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where we’ve rewritten the gauge-charged 7%’s as o*’s (as done in the main body of the text)
and used the fact that v* = (7Y,4¢7%,i7"). It is clear that once dynamic gauge fields are

included, this is equivalent to Lqcp, in Eq. (6.28).

E.3.2 U1lCn0Onl MEAN FIELD HAMILTONIAN

We now use the ansatz for Eq. (E.13) to determine the lattice Hamiltonian corresponding to
the gapped spin liquid phase Dy. We show that it is precisely H. plus a term which breaks
the SU(2) symmetry to U(1): Hp, = H} + H;.

Eq. (E.13) indicates that all bonds must be of the form
e = ()7 (1000 4 ()7 (E.39)

Further, hermiticity of the Hamiltonian requires uij = uj; and therefore

(=) (=il r® 4+ (=) H ) = (=) () (0 iy o (=) () )
(E.39)

implying that
u?n _ _(_)mzmyu(i"w ufn — (_1>mz+my(_)mzmyuim. (E40)

Similarly, to satisfy Eq. (E.7), u;; must be invariant under 180° rotations:

Ui itm = prPpryPy[ui,ier] = (_)izmy(_)mzmy - (_)mIerymgnTo + (_)iz+iyu§nTS )

(E.41)

where we've used the previous expression to relate u!, and v’ . It follows that u?, = 0
when (m,,m,) = (even,even) and that u, = 0 when (m,,m,) = (odd, odd). The ansatz

must also be invariant under 7T :
Uiiym = WiT [Usiym] = (=)™ (=)™ (=g, 70 + (=)= g, °) (E.42)
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showing that uQ, is non-zero only for m, + m, = odd and that u3, is only non-zero when
mg + m, = even. Together, these give

(=)ietivg? | (my, m,) = (even, even),
v — (E.43)

(=)="wiud 7% m, + m, = odd.
We can also show that the action of P,, P,, and P,, implies the following relations:

14

_ mg, £ L _ m _ My, £
u(mz,my) - (_) u(—mz,my)7 U’(mm,my) - (_) yu’(mz,—my)’ u(mz,my) - <_) ‘u

(my,mz)?
(E.44)
for £ =0, 3. Using these relations, we find,
Ui iva = iaT?, Uiiyor = (—)=TWBT?, wi ;= (=)= vagr?,
Uit = (=)=iat?, Ui 5428 = (=)=t BT, (E.45)

As expected, the nearest-neighbour bonds are identical to those we found for the m-flux phase
in the previous section. The SU(2) symmetry is already broken to U(1) by the inclusion of
the next-nearest neighbour bonds and so this is all we consider.

As in the previous section, the mean field Hamiltonian is obtained by inserting these

hopping terms into Eq. (E.5):

Hp, = H. + H,

Hi= S0 |6 (vlrbusas + vl ) = dulronl, @0

%

where H! is given above in Eq. (E.34). In momentum space, this becomes

w/2 dk w/2 dk
Hp, = / 5 z 2—y vl {204 (sin k72070 + sin ky 7' p70)
n/2 2T J_gj2 2T

— (2f [cos 2k, + cos 2k,| — ap) %0u173] Uy, (E.47)
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where we’ve used the same notation as in the previous section: Wy = (wk, Vit QutQys Ykt Qo ¢k+Qy)T
with Q, = (7,0) and Q, = (0,7), and the matrices defined in Eq. (E.35). In terms of

~ =23
\Ifk, = emmH /4\Ifk2

2 dk, [T dk, -
Hp, = /ﬂ/2 27: o 2—7: ol {2@ (sin k, 7' 0 — sin k, 72 100°)

— (28 [cos 2k, + cos 2k,] — ap) 7:2/1203} Ty, (E.48)

where, again, we've rewritten the SU(2) matrices 7¢ as ¢ in accord with the continuum

notation. Expanding Hp, about k = (0,0), we obtain

2k - ;
Hp, = / oy o { — 20 (k77" + kyy°Y) + (46 — ao) vouyaz] Uy, (E.49)

where v# = (7Y,17%,i7"). We conclude that the term which reduces the SU(2) symmetry

down to U(1) is precisely equivalent to pu¥o) ~ tr (6" X p#X).
E.3.3 UlBxlln MEAN FIELD HAMILTONIAN

In this subsection, we demonstrate that UlBxz11n has no lattice analogue. Referring to

Eq. E.15, we see that gauge and translational symmetry requires

Ui jrm = (=)™ (iu?nTO + Ui’nTS) ) (E.50)
We relate u”), = u%? using the fact that u}; ., = Ui rm.:
ul,, = —(=)""u,,, ud, = (=)l (E.51)

Then, acting on u; ;4 with P, P, and T gives

Woa P Wy Py [Uz’,i+m]

(=)o (=ymem (=) (=il 7+ 7).

T i im] = (=)™ (=)=t (—iugnTO —ud 3) . (E.52)

m
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Equating these expressions with u; ; 1y, implies that u2, # 0 only for m, + m, = odd, as for
SU2Bn0 and U1CnOnl; it can be shown that they must satisfy identical constraints as the
79-bonds allowed by these PSG’s. In particular, the nearest-neighbour values are identical to
those in Eq. (E.32). Conversely, there are no consistent solutions for u2 : it always vanishes

and is therefore unable to break the SU(2) gauge symmetry to U(1).

E.3.4 7Z2Bzxlz MEAN FIELD HAMILTONIAN

We choose a gauge such that Eq. (E.18) describes the PSG of Z2Bxzxzlz. Translational

symmetry and gauge invariance implies that
Uiirm = (=)™ (g " + Uy, 7+ (=)= [ug, 7 + 0w, 7)) . (E.53)
Hermiticity then requires

Wy = = ()l = () g, = ()" () g, (BL5)

Under the action of P, P, and T the ansatz transforms as
W PeWoy Pyt iym] = (_)ixmy(_)mxmy < - (_)mx+myiu9n7—0 + <_)mx+myu12n7'1
+ (—)i”iy [ufnTZ + uinT?)] ),

Tuiipm] = (=)™ (=) (=g, 7 = g7+ (=) [ug, 7 4 2, 7))

(E.55)

These relations imply that u, = 0 for all m, u?, # 0 only for m,+m, = 0, and that uZ3 # 0

only for (my, m,) = (even, even). By studying the action of P,, P,, and P,,, we obtain the
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following relations:

0 (_)mzuo 2 — 2 3

U(—mg,my) = (maymy)r W(emamy) = "W memy)y Y(—mamy) = Yima,my)
0 _ my ,,0 2 .2 —
(mae—my) = () Uny gy Ynaomy) = Wimamy)s Womar-my) = Yma.my)»
0 . _ 2 3 3
u(my,mz) - u(mm,my)’ u(my,mz) - _u(mz,my)’ u(my,mz) - u(mw,my) (E56)

These show that ul3 are restricted to take the same values as in Eq. (E.45) for the gapped
U(1) spin liquid, leaving the u2, bonds to break the U(1) gauge symmetry down to Zs. It
turns out that its first non-zero value occurs at sixth nearest-neighbour:

Ui ipoarag = (=) T7?, Ui jrop—ag = —(—)"=Tvy7?,

Ui ipaarag = — (=) 7, Ui grap_og = (=)= T0y72, (E.57)

The contribution of these bonds to the Hamiltonian is

Hy =7 (=)=t [¢272¢i+2@+4g — YT Vi408-ag — VITWiras42g T VT Virae—2g — hoc. |,
(E.58)

and the minimal Hamiltonian needed to describe Z2Bzx1zis Hy, = Hp,+H,. In momentum

space, we have

o [Pk Py (0,22
Hy = 4y (sin 4k, sin 2k, — sin 2k, sin 4k,)) ¥, 7" p" 1V, (E.59)
—7/2 2T —r/2 2w

where Wy, in defined in Eq. (E.36), and the action of the Pauli matrices 7 and p’ is given in
Eq. (E.35) and below. Once more, we change notation such that Pauli matrices acting on

colour space, 7, becomes ¢'’s and express Hs in terms of the transformed fermion operator,
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Group relations fermionic vison twist bosonic
1 T,'T,T,T,"! -1 -1 1 1
2 P'T,PT ! -1 -1 1 1
3 PJlTyPyTy -1 1 1 -1
4 Py2 -1 1 -1 1
5 T, YTP,) 'T,(TP,) -1 1 1 -1
6 T, (TP,) 'T,(TP.) 1 -1 1 -1
7 PJl(TPT) P,(TP,) -1 -1 1 1
8 (TP,)? -1 1 1 -1

Table E.2: Symmetry fractionalization and twist factors for the fermionic and bosonic spinon
and the vison in the phase Zs spin liquid with current-loop order. By comparing with the
result in Ref. 23, are able to verify the equivalent of C'y and Cj.

U, = eint ,u3/4\11k

"2 dk, ([™* dk, . -
Hy = 47/ / — (sin4k, sin 2k, — sin 2k, sin 4k,)) \I/LTy,uyay\Ifk,
7r/2

/2 2w

>~ 16y / e [k ky (K2 —ki)’vouyay] Uy,. (E.60)

Notably, Hy does not correspond to any of the continuum operators in the action we study in
the main text, in particular tr (aaX 00X ) ~ 1o®0y). Instead, in the continuum language, Ho
is proportional to ¢uYc?0,0, (92 — 92) 1 ~ tr (0¥ X p¥9,0, [02 — 7] X). This is discussed

in Sec. 6.4.1.

E.4 SYMMETRY FRACTIONALIZATION OF CURRENT-LOOP ORDERED SPIN

LIQUID

We can also use symmetry fractionalization to verify that the phase Cy corresponds to Cj.
There are now only eight group relations, and these are listed in Table E.2. The PSG of the
reduced symmetry group is defined by the gauge transformations

‘/tfc = /io-y7 ‘{Dy = Z.O-x7

‘/;fx = io-y7 ‘/tpx - i027 (E61)
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T P P, T. T,

2o 109z z z w0Yz" ioYZ*
P —P P P P P

Table E.3: Symmetry action on the bosonic spinon and Higgs fields in the bosonic dual to
the theories studied here, as presented in Eq. (6.4) and Eq. (6.7) [23]. The spinon here is
written as a two-component spinor, z = (24, 2 i)T and that 70 acts on these indices. We note
that 7[z*] = —io¥z* and that T, ,[2*] = io¥z.

where the subscript tpx denotes the joint group action of 7 P,. With these, we determine the
fermionic symmetry fractionalization using the methods described in Sec. 6.4.1. The results
are shown in Table E.2 under the column labeled “fermionic.”

Both the symmetry fractionalization of the vison and the twist factors for the reduced
symmetry relations can be worked out from the ones already given; Table E.2 lists these
under the columns “vison” and “twist” respectively.

In order to determine the bosonic symmetry fractionalization, we borrow notation from
Ref. 23. In Table E.3, the symmetry transformation properties of the bosonic spinon and
Higgs fields in Egs. (6.4) and (6.7) are reproduced. It will be convenient to express the
bosonic spinon in terms of the four-component field Z = (z, z*)T = (zT, 1, 2%, zI)T We then
let Pauli matrices 7¢ act on this new index, while o-matrices will act on the spin indices
as before. The U(1) gauge transformations are expressed as U(1), : £ — € Z. In this

language, the symmetry transformations are expressed as
T[Z] =ic'T*Z, P, 2] =2Z, T,y 2] =107 Z. (E.62)

Using these, we obtain the numbers in the column of Table E.2 labeled “boson.”
Finally, we multiply the twist, vison, and boson columns and obtain the numbers in the

fermion column, thereby verifying the equivalence of C'y and C}.
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p+q

Figure E.1: Fermion bubble to calculate flux response.

E.5 LINEAR RESPONSE TO NONTRIVIAL FLUX

In this appendix, we calculate the relation in Eq. (6.52) in imaginary time. The residual
U(1) gauge field a, couples to the current J#* = Yy*o™). The response function of an
operator O is xf = (O(z)J*(2')), and the linear response equation in momentum space
is simply (O(q)) = x4(p)Au(q) (we specify to operators whose vacuum expectation values
vanish in the absence of perturbations). Assuming O = tr ()_( MX ), X6 (q) is represented by

the Feynman diagram in Fig. E.1 at leading order. We evaluate this as

d3p P+ imo” P+ g +imoTu?
K = — tr| M Ko™ . E.63
oo =- | 2r)? [ arm T v i m? (£.63)

If M « ¢%, it can be shown that the leading order term is quadratic in q. A ¢-linear piece

is obtained by assuming that tr (Mo®) = 0, in which case

Bag) = d’p 1 by Yy
Xo(a) = —m/ e P [T 9 - {patr [MA* A ]+ (p+ qatr [Mp#yHy ]}
= 8%% arctan (%) A, (q) (tr [ MAy~y*] — tr [M p¥+#~7]) . (E.64)

This is only non-zero for M = p¥+%. Expanding the inverse tangent in small ¢, we find
1 vao, ~Y /I/ ro
X (@) = ——e"qaAu(q) =~ 00 Ag(q)- (E.65)

Returning to real time, we obtain the result in Eq. (6.52).
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