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T Quantum-critical

• Critical excitations control dynamics in the wide 
quantum-critical region at non-zero temperatures.                      

Important property of ground state at g=gc : temporal and spatial scale invariance;        
characteristic energy scale at other values of g: 

Quantum phase transition: ground states on either 
side of gc have distinct “order”

• Theory for a quantum system with strong correlations:          
describe phases on either side of gc by expanding in                            
deviation from the quantum critical point.

• Critical point is a novel state of matter without 
quasiparticle excitations                    
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I. Quantum Ising Chain
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Degrees of freedom: 1  qubits,  "large"
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Full Hamiltonian

leads to entangled states at g of order unity



Weakly-coupled qubits   
Ground state:
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Lowest excited states:
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Coupling between qubits creates “flipped-spin” quasiparticle states at momentum p

Entire spectrum can be constructed out of multi-quasiparticle states
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Dynamic Structure Factor :
          Cross-section to flip a   to a (or vice versa)
           while transferring energy

 
  and momentum 
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Three quasiparticle
continuum

Quasiparticle pole

Structure holds to all orders in 1/g

At 0,  collisions between quasiparticles broaden pole to 
a Lorentzian of width 1 where the  
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S. Sachdev and A.P. Young, Phys. Rev. Lett. 78, 2220 (1997)
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Ground states:
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Lowest excited states: domain walls
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Coupling between qubits creates new “domain-
wall” quasiparticle states at momentum p
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Dynamic Structure Factor :
          Cross-section to flip a   to a (or vice versa)
           while transferring energy

 
  and momentum 
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Two domain-wall 
continuum

Structure holds to all orders in g

At 0,  motion of domain walls leads to a finite  ,
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Entangled states at g of order unity
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Dynamic Structure Factor :
          Cross-section to flip a   to a (or vice versa)
           while transferring energy
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Quasiclassical 
dynamics

Quasiclassical 
dynamics
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S=1/2 spins on coupled 2-leg ladders
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II. Coupled Ladder Antiferromagnet

N. Katoh and M. Imada, J. Phys. Soc. Jpn. 63, 4529 (1994).
J. Tworzydlo, O. Y. Osman, C. N. A. van Duin, J. Zaanen, Phys. Rev. B 59, 115 (1999).
M. Matsumoto, C. Yasuda, S. Todo, and H. Takayama, Phys. Rev. B 65, 014407 (2002).



close to 1�

Square lattice antiferromagnet
Experimental realization: 42CuOLa

Ground state has long-range
magnetic (Neel) order 
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close to 0� Weakly coupled ladders

Paramagnetic ground state
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Excitation: S=1 exciton
(spin collective mode)

Energy dispersion away from
antiferromagnetic wavevector

S=1/2 spinons are confined 
by a linear potential.
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II.A Coherent state path integral
See Chapter 13 of Quantum Phase Transitions, S. Sachdev, 
Cambridge University Press (1999).
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Integrate out L and take the continuum limit

Berry phases can be neglected for coupled ladder antiferromagent
(justified later)Discretize spacetime into a cubic lattice 

Quantum path integral for two-dimensional quantum antiferromagnet 
Partition function of a classical three-dimensional ferromagnet      
at a “temperature” g

Quantum transition at �=�c is related to classical Curie transition at g=gc

S. Chakravarty, B.I. Halperin, and D.R. Nelson, Phys. Rev. B 39, 2344 (1989).
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� close to �c : use “soft spin” field

�
� 3-component antiferromagnetic 

order parameter

Oscillations of       about zero (for �����c )  
spin-1 collective mode
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II.B Quantum field theory for critical point
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III. Antiferromagnets with an odd number 
of S=1/2 spins per unit cell 

III.A Collinear spins, Berry phases, and bond-order
S=1/2 square lattice antiferromagnet with non-nearest neighbor exchange 
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Simplest large g effective action for the Aa�

This theory can be reliably analyzed by a duality mapping.

The gauge theory is always in a confiningconfining phase:

There is an energy gap and the ground state has a               
bond order wave. 

N. Read and S. Sachdev, Phys. Rev. Lett. 62, 1694 (1989).
S. Sachdev and R. Jalabert, Mod. Phys. Lett. B 4, 1043 (1990). 

K. Park and S. Sachdev, Phys. Rev. B 65, 220405 (2002). 





For large e2 , low energy height configurations are in exact one-to-
one correspondence with dimer coverings of the square lattice

2+1 dimensional height model is the path integral of the 
Quantum Dimer Model
�

There is no roughening transition for three dimensional interfaces, which 
are smooth for all couplings

There is a definite average height of the interface
Ground state has a bond order wave.
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A. W. Sandvik, S. Daul, R. R. P. Singh, and  D. J. Scalapino, cond-mat/0205270

Bond order wave in a frustrated S=1/2 XY magnet
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III.B Non-collinear spins and deconfined spinons.
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Non-magnetic state

Fluctuations can lead to a “quantum disordered” state in which za are 
globally well defined. This requires a topologically ordered state in 
which vortices associated with �1(S3/Z2)=Z2 [“visons”] are gapped 

out. This is an RVB state with deconfined S=1/2 spinons za

Recent experimental realization: Cs2CuCl4
R. Coldea, D.A. Tennant, A.M. Tsvelik, and Z. Tylczynski, Phys. Rev. Lett. 86, 1335 (2001).

N. Read and S. Sachdev, Phys. Rev. Lett. 66, 1773 (1991).   
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2D Antiferromagnets with an odd number of S=1/2 spins per unit cell

A. Collinear spins, Berry phases, and bond-order

B. Non-collinear spins and deconfined spinons.

Néel ordered state

Quantum 
transition 
restoring 

spin 
rotation 

invariance
Bond-ordered state with confinement 

of spinons and S=1 spin exciton

Non-collinear ordered antiferromagnet

Quantum 
transition 
restoring 

spin 
rotation 

invariance
RVB state with visons, deconfined

S=1/2 spinons, Z2 gauge theory

N. Read and S. Sachdev, Phys. Rev. Lett. 66, 1773 (1991; Int. J. Mod. Phys. B 5, 219 (1991).
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IV. Quantum transitions between BCS superconductors





Evolution of ground state
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BCS theory fails near quantum critical points



G. Sangiovanni, M. Capone, S. Caprara,                   
C. Castellani, C. Di Castro, M. Grilli, 
cond-mat/0111107

Microscopic study of square lattice model



Gapless Fermi Points in a 
d-wave superconductor at
wavevectors 
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{For  terms with fermions
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         Chiral symmetry breaking in the Higgs-Yukawa model}
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Crossovers near transition in d-wave superconductor
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M. Vojta, Y. Zhang, and S. Sachdev, Phys. Rev. Lett. 85, 4940 (2000).
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In a Fermi liquid, quasiparticle relaxation rate ~ 
In a BCS  superconductor, quasiparticle relaxation rate ~ 

In a gapped BCS  superconductor, (as in the
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Nodal quasiparticle Green’s function
k wavevector separation from node

In quantum critical region:



Photoemission on BSSCO 
(Valla et al Science 285, 2110 (1999))

Damping of Nodal Quasiparticles

Width of quasiparticle energy distribution curve (EDC) ~ Bk T



Observations of splitting of the ZBCP

Spontaneous splitting 
(zero field) Magnetic field splitting

Covington, M. et al. Observation of Surface-Induced Broken Time-Reversal 
Symmetry in YBa2Cu3O7-� Tunnel Junctions, Phys. Rev. Lett. 79, 277-281 (1997)

Yoram Dagan and Guy Deutscher, Phys. Rev. Lett. 87, 177004 (2001).
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Conclusions: Phase transitions of BCS superconductors

Examined general theory of all possible candidates for zero 
momentum, spin-singlet order parameters which can induce a 

second-order quantum phase transitions                                 
in a d-wave superconductor

Only cases 

have renormalization group fixed points with a non-zero 
interaction strength between the bosonic order parameter 
mode and the nodal fermions, and so are candidates for 

producing damping ~ kBT of nodal fermions. 
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A. Coherent state path integral 
B. Quantum field theory for critical point

III. Antiferromagnets with an odd number 
of S=1/2 spins per unit cell. 
A. Collinear spins, Berry phases, and bond-order.
B. Non-collinear spins and deconfined spinons.

IV. Quantum transition in a BCS superconductor

V. Conclusions
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Superconductivity in a doped Mott insulator

Hypothesis: cuprate superconductors have low energy 
excitations associated with additional order parameters

Theory and experiments indicate that the most likely 
candidates are spin density waves and associated 

“charge” order

Competing orders are also revealed when superconductivity is 
suppressed locally, near impurities or around vortices.
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Superconductivity can be suppressed globally by 
a strong magnetic field or large current flow.
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I. Experimental introduction



Phase diagram of the doped cuprates
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Dominant effect: uniformuniform softening of spin 
excitations by superflow kinetic energy
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• Theory should account for dynamic quantum spin fluctuations

• All effects are ~ H2 except those associated with H induced superflow.

• Can treat SC order in a static Ginzburg-Landau theory
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Coupling between S=1/2 fermionic quasiparticles and 
collective mode of spin density wave order                      

Strong constraints on 
the mixing of  
quasiparticles and the 
�

�
collective mode by 

momentum and energy 
conservation: nodal 
quasiparticles can be 
essentially decoupled 
from nonzero K
collective modes



Dominant effect: uniformuniform softening of spin 
excitations by superflow kinetic energy
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Main results
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Structure of long-range SDW order in SC+SDW phase
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Fourier Transform of Vortex-Induced LDOS map
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K-space locations of vortex induced LDOS

Distances in k –space have units of 2�/a0
a0=3.83 Å is Cu-Cu distance

K-space locations of Bi and Cu atoms



(extreme Type II superconductivity)

T=0
Summary of theory and experiments

STM observation of CDW 
fluctuations enhanced by superflow 

and pinned by vortex cores.

Neutron scattering 
observation of SDW 
order enhanced by 

superflow.

E. Demler, S. Sachdev, and Y. Zhang, Phys. Rev. Lett. 87, 067202 (2001).

Quantitative connection between the two experiments ?
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Conclusions
I. Cuprate superconductivity is associated with doping 

Mott insulators with charge carriers

II. The correct paramagnetic Mott insulator has bond-order 
and confinement of spinons

III. Mott insulator reveals itself vortices and near 
impurities. Predicted effects seen recently in STM and 
NMR experiments. 

IV. Semi-quantitative predictions for neutron scattering 
measurements of spin-density-wave order in 
superconductors; theory also establishes connection to 
STM experiments.

V. Future experiments should search for SC+SDW to SC 
quantum transition driven by a magnetic field.

VI. Major open question: how does understanding of low 
temperature order parameters help explain anomalous 
behavior at high temperatures ?


