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Quantum Entanglement: quantum superposition 
with more than one particle

Einstein-Podolsky-Rosen “paradox”: Non-local 
correlations between observations arbitrarily far apart
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At large    ground state is a “quantum paramagnet” with 
spins locked in valence bond singlets
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Square lattice antiferromagnet

Nearest-neighor spins are “entangled” with each other.
Can be separated into an Einstein-Podolsky-Rosen (EPR) pair.
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For λ ≈ 1, the ground state has antiferromagnetic (“Néel”) order,
and the spins align in a checkerboard pattern
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For λ ≈ 1, the ground state has antiferromagnetic (“Néel”) order,
and the spins align in a checkerboard pattern

No EPR pairs
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A. Oosawa, K. Kakurai, T. Osakabe, M. Nakamura, M. Takeda, and H. Tanaka, 
Journal of the Physical Society of Japan, 73,  1446 (2004).
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TlCuCl3

An insulator whose spin susceptibility vanishes 
exponentially as the temperature T tends to zero.
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TlCuCl3

Quantum paramagnet at 
ambient pressure
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TlCuCl3

Neel order under pressure
A. Oosawa, K. Kakurai, T. Osakabe, M. Nakamura, M. Takeda, and H. Tanaka, 
Journal of the Physical Society of Japan, 73,  1446 (2004).
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Excitation spectrum in the paramagnetic phase
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Christian Ruegg, Bruce Normand, Masashige Matsumoto, Albert Furrer, 
Desmond McMorrow, Karl Kramer, Hans–Ulrich Gudel, Severian Gvasaliya, 

Hannu Mutka, and Martin Boehm, Phys. Rev. Lett. 100, 205701 (2008)

Excitations of TlCuCl3 with varying pressure
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Longitudinal excitations

–similar to the Higgs boson

First observation of the Higgs !
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Excitations of TlCuCl3 with varying pressure

“Higgs” particle appears at theoretically predicted energy

Longitudinal excitations

–similar to the Higgs boson

First observation of the Higgs !

S. Sachdev, arXiv:0901.4103
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Quantum critical point with non-local 
entanglement in spin wavefunction
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depth of
entanglement

D-dimensional
space

Tensor network representation of entanglement
  at quantum critical point
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• Long-range entanglement

• Long distance and low energy correlations near the
quantum critical point are described by a quantum
field theory which is relativistically invariant (where
the spin-wave velocity plays the role of the velocity
of “light”).

• The quantum field theory is invariant under scale and
conformal transformations at the quantum critical
point: a CFT3

Characteristics of 
  quantum critical point
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• Allows unification of the standard model of particle
physics with gravity.

• Low-lying string modes correspond to gauge fields,
gravitons, quarks . . .

String theory
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• A D-brane is a D-dimensional surface on which strings can end.

• The low-energy theory on a D-brane is an ordinary quantum
field theory with no gravity.

• In D = 2, we obtain strongly-interacting CFT3s. These are
“dual” to string theory on anti-de Sitter space: AdS4.
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• A D-brane is a D-dimensional surface on which strings can end.

• The low-energy theory on a D-brane is an ordinary quantum
field theory with no gravity.

• In D = 2, we obtain strongly-interacting CFT3s. These are
“dual” to string theory on anti-de Sitter space: AdS4.

CFTD+1

Tuesday, January 17, 2012



depth of
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D-dimensional
space

Tensor network representation of entanglement
  at quantum critical point

M. Levin and C. P. Nave, Phys. Rev. Lett. 99, 120601 (2007)
F.  Verstraete, M. M. Wolf, D. Perez-Garcia, and J. I. Cirac, Phys. Rev. Lett. 96, 220601 (2006)
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String theory near 
a D-brane

depth of
entanglement

D-dimensional
space

Emergent direction
of AdS4
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D-dimensional
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Tensor network representation of entanglement
  at quantum critical point

Emergent direction
of AdS4 Brian Swingle, arXiv:0905.1317
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ρA = TrBρ = density matrix of region A

Entanglement entropy SEE = −Tr (ρA ln ρA)

B

A

Entanglement entropy
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D-dimensional
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Entanglement entropy

A

Draw a surface which intersects the minimal number of links

Emergent direction
of AdS4
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The entanglement entropy of a region A on the boundary 
equals the minimal area of a surface in the higher-dimensional 

space whose boundary co-incides with that of A.

This can be seen both the string and tensor-network pictures

Entanglement entropy

S. Ryu and T.  Takayanagi, Phys. Rev. Lett. 96, 18160 (2006).
Brian Swingle, arXiv:0905.1317
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J. McGreevy, arXiv0909.0518
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AdSd+2

CFTd+1

Rd,1

Minkowski

Emergent holographic direction

Quantum 
matter with
long-range 

entanglement
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Classical
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waves

Dilute
triplon

gas

Quantum
critical

Neel order
Pressure in TlCuCl3

S. Sachdev and J. Ye, Phys. Rev. Lett. 69, 2411 (1992).
A. V. Chubukov, S. Sachdev, and J. Ye, Phys. Rev. B 49, 11919 (1994).
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Excitations of a ground state 
with long-range entanglement
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A 2+1 
dimensional 
system at its 

quantum 
critical point

AdS4-Schwarzschild black-brane

AdS/CFT correspondence at non-zero temperatures
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quantum 
critical point

Black-brane at 
temperature of 

2+1 dimensional 
quantum critical 

system

AdS4-Schwarzschild black-brane

AdS/CFT correspondence at non-zero temperatures

Provides successful description 
of many properties of quantum 

critical points at non-zero 
temperatures
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The cuprate superconductors

Davis
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Ground state has long-range Néel order 

Square lattice antiferromagnet

H =
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Hole-
doped

Electron-
doped

Superconductor
Bose condensate of pairs of electrons

Short-range entanglement
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doped

Resistivity
∼ ρ0 +ATn

Electron-doped cuprate superconductors

Figure prepared by K. Jin and and R. L. Greene
based on N. P. Fournier, P. Armitage, and

R. L. Greene, Rev. Mod. Phys. 82, 2421 (2010).
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Ishida, Nakai, and Hosono
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Iron pnictides: 
a new class of high temperature superconductors
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Temperature-pressure phase diagram of 
an organic superconductor

N. Doiron-Leyraud, P. Auban-Senzier, S. Rene de Cotret, A. Sedeki, C. Bourbonnais, D. Jerome, 
K. Bechgaard, and Louis Taillefer, Physical Review B 80, 214531 (2009)
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Generally, the ground state of a Ce heavy-fermion sys-
tem is determined by the competition of the indirect Ru-
derman Kittel Kasuya Yosida (RKKY) interaction which
provokes magnetic order of localized moments mediated
by the light conduction electrons and the Kondo interac-
tion. This last local mechanism causes a paramagnetic
ground state due the screening of the local moment of
the Ce ion by the conduction electrons. Both interac-
tions depend critically on the hybridization of the 4f
electrons with the conduction electrons. High pressure is
an ideal tool to tune the hybridization and the position
of the 4f level with respect to the Fermi level. Therefore
high pressure experiments are ideal to study the criti-
cal region where both interactions are of the same order
and compete. To understand the quantum phase transi-
tion from the antiferromagnetic (AF) state to the para-
magnetic (PM) state is actually one of the fundamen-
tal questions in solid state physics. Different theoretical
approaches exist to model the magnetic quantum phase
transition such as spin-fluctuation theory of an itinerant
magnet [10–12], or a new so-called ’local’ quantum criti-
cal scenario [13, 14]. Another efficient source to prevent
long range antiferromagnetic order is given by the va-
lence fluctuations between the trivalent and the tetrava-
lent configuration of the cerium ions [15].

The interesting point is that in these strongly corre-
lated electron systems the same electrons (or renormal-
ized quasiparticles) are responsible for both, magnetism
and superconductivity. The above mentioned Ce-115
family is an ideal model system, as it allows to study
both, the quantum critical behavior and the interplay of
the magnetic order with a superconducting state. Espe-
cially, as we will be shown below, unexpected observa-
tions will be found, if a magnetic field is applied in the
critical pressure region.

PRESSURE-TEMPERATURE PHASE DIAGRAM

In this article we concentrate on the compound
CeRhIn5. At ambient pressure the RKKY interaction
is dominant in CeRhIn5 and magnetic order appears at
TN = 3.8 K. However, the ordered magnetic moment of
µ = 0.59µB at 1.9 K is reduced of about 30% in com-
parison to that of Ce ion in a crystal field doublet with-
out Kondo effect [17]. Compared to other heavy fermion
compounds at p = 0 the enhancement of the Sommerfeld
coefficient of the specific heat (γ = 52 mJ mol−1K−2) [18]
and the cylotron masses of electrons on the extremal or-
bits of the Fermi surface is rather moderate [19, 20]. The
topologies of the Fermi surfaces of CeRhIn5 are cylin-
drical and almost identical to that of LaRhIn5 which is
the non 4f isostructural reference compound. From this
it can be concluded that the 4f electrons in CeRhIn5

are localized and do not contribute to the Fermi volume
[19, 20].

By application of pressure, the system can be tuned
through a quantum phase transition. The Néel temper-

FIG. 2. Pressure–temperature phase diagram of CeRhIn5 at
zero magnetic field determined from specific heat measure-
ments with antiferromagnetic (AF, blue) and superconduct-
ing phases (SC, yellow). When Tc < TN a coexistence phase
AF+SC exist. When Tc > TN the antiferromagnetic order is
abruptly suppressed. The blue square indicate the transition
from SC to AF+SC after Ref. 16.

ature shows a smooth maximum around 0.8 GPa and
is monotonously suppressed for higher pressures. How-
ever, CeRhIn5 is also a superconductor in a large pres-
sure region from about 1.3 to 5 GPa. It has been shown
that when the superconducting transition temperature
Tc > TN the antiferromagnetic order is rapidly sup-
pressed (see figure 2) and vanishes at a lower pressure
than that expected from a linear extrapolation to T = 0.
Thus the pressure where Tc = TN defines a first critical
pressure p!

c and clearly just above p!
c anitferromagnetism

collapses. The intuitive picture is that the opening of a
superconducting gap on large parts of the Fermi surface
above p!

c impedes the formation of long range magnetic
order. A coexisting phase AF+SC in zero magnetic field
seems only be formed if on cooling first the magnetic or-
der is established. We will discuss below the microscopic
evidence of an homogeneous AF+SC phase.

At ambient pressure CeRhIn5 orders in an incommen-
surate magnetic structure [21] with an ordering vector
of qic=(0.5, 0.5, δ) and δ = 0.297 that is a magnetic
structure with a different periodicity than the one of the
lattice. Generally, an incommensurate magnetic struc-
ture is not favorable for superconductivity with d wave
symmetry, which is realized in CeRhIn5 above p!

c [22].
Neutron scattering experiments under high pressure do
not give conclusive evidence of the structure under pres-
sures up to 1.7 GPa which is the highest pressure studied
up to now [23–25]. The result is that at 1.7 GPa the in-
commensurability has changed to δ ≈ 0.4. The main dif-
ficulty in these experiments with large sample volume is
to ensure the pressure homogeneity. Near p!

c the control
of a perfect hydrostaticity is a key issue as the material
reacts quite opposite on uniaxial strain applied along the
c and a axis.

From recent nuclear quadrupol resonance (NQR) data

G. Knebel, D. Aoki, and J. Flouquet, arXiv:0911.5223.
Tuson Park, F. Ronning, H. Q. Yuan, M. B. Salamon, R. Movshovich, 
J. L. Sarrao, and J. D. Thompson, Nature 440, 65 (2006) 

Temperature-pressure phase diagram of 
an heavy-fermion superconductor

Tuesday, January 17, 2012



Ordinary metals (Fermi liquids)

Metal with “large” 
Fermi surface

Momenta with
electron states

occupied

Momenta with
electron states

empty

Tuesday, January 17, 2012



Fermi surface+antiferromagnetism

The electron spin polarization obeys
�

�S(r, τ)
�

= �ϕ(r, τ)eiK·r

where K is the ordering wavevector.
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Challenge to string theory:

Describe quantum critical points and phases of 
metallic systems

Can we obtain holographic theories 
of superconductors and 

ordinary metals (Fermi liquids)?
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Challenge to string theory:

Describe quantum critical points and phases of 
metallic systems

Does holography yield metals other than
ordinary metals ?

Yes,  lots of them, with many “strange” 
properties !
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Challenge to string theory:

Describe quantum critical points and phases of 
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Challenge to string theory:

Describe quantum critical points and phases of 
metallic systems

Do any of the holographic “strange metals” have
the correct type of long-range entanglement ?

Yes, a very select subset has the proper 
logarithmic violation of the area law of 

entanglement entropy !!
These are now being studied intensively.........

N. Ogawa, T. Takayanagi, and T. Ugajin, arXiv:1111.1023; L. Huijse, S. Sachdev, B. Swingle, arXiv:1112.0573
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Conclusions

Phases of matter with long-range 
quantum entanglement are 

prominent in numerous modern 
materials.
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Conclusions

Simplest examples of long-range 
entanglement are at 

quantum-critical points of insulating 
antiferromagnets
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Conclusions

More complex examples in metallic 
states are experimentally 

ubiquitous, but pose difficult 
strong-coupling problems to 
conventional methods of field 

theory
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Conclusions

String theory and holography offer 
a remarkable new approach to 

describing states with long-range 
quantum entanglement.

Tuesday, January 17, 2012



Conclusions

String theory and holography offer 
a remarkable new approach to 

describing states with long-range 
quantum entanglement.

Much recent progress offers hope of a 
holographic description of “strange metals”
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