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Foundations of quantum many body theory:	



1. Ground states connected adiabatically to	


independent electron states	



2. Quasiparticle structure of excited states
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Foundations of quantum many body theory:	



1. Ground states connected adiabatically to	


independent electron states	



2. Boltzmann-Landau theory of quasiparticles



Modern phases of quantum matter:	



1. Ground states disconnected from independent	


electron states: many-particle entanglement	



2. Boltzmann-Landau theory of quasiparticles



Modern phases of quantum matter:	



1. Ground states disconnected from independent	


electron states: many-particle entanglement	



2. Boltzmann-Landau theory of quasiparticles

Famous examples:

The fractional quantum Hall effect of electrons in two 
dimensions (e.g. in graphene) in the presence of a 

strong magnetic field. The ground state is described 
by Laughlin’s wavefunction, and the excitations are 

quasiparticles which carry fractional charge.



Modern phases of quantum matter:	



1. Ground states disconnected from independent	


electron states: many-particle entanglement	



2. Boltzmann-Landau theory of quasiparticles

Famous examples:

Electrons in one dimensional wires form the 
Luttinger liquid.  The quanta of density oscillations 
(“phonons”) are a quasiparticle basis of the low-
energy Hilbert space. Similar comments apply to 

magnetic insulators in one dimension.
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2. Quasiparticle structure of excited states2. No quasiparticles



Modern phases of quantum matter:	



1. Ground states disconnected from independent	


electron states: many-particle entanglement	



2. Quasiparticle structure of excited states2. No quasiparticles

Only 2 examples:

1. Conformal field theories in spatial dimension d >1 
!

2. Quantum critical metals in dimension d=2
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The dynamics of quantum criticality revealed by
quantumMonte Carlo and holography
WilliamWitczak-Krempa1*, Erik S. Sørensen2 and Subir Sachdev3

Understanding the dynamics of quantum systems without long-lived excitations (quasiparticles) constitutes an important
yet challenging problem. Although numerical techniques can yield results for the dynamics in imaginary time, their reliable
continuation to real time has proved di�cult. We tackle this issue using the superfluid–insulator quantum critical point of
bosons on a two-dimensional lattice, where quantum fluctuations destroy quasiparticles. We present quantum Monte Carlo
simulations for two separate lattice realizations. Their low-frequency conductivities turn out to have the same universal
dependence on imaginary frequency and temperature. Using the structure of the real-time dynamics of conformal field theories
described by the holographic gauge/gravity duality, we then make progress on the problem of analytically continuing the
numerical data to real time. Our method yields quantitative and experimentally testable results on the frequency-dependent
conductivity near the quantum critical point. Extensions to other observables and universality classes are discussed.

The quasiparticle concept is the foundation of our under-
standing of the dynamics of many-body quantum systems.
It originated in metallic Fermi liquids with electron-like

quasiparticles; but it is also useful in more exotic states, such as
the fractional quantum Hall states and one-dimensional Luttinger
liquids, which have quasiparticle excitations not simply related to
the electron. However, modern materials lacking a quasiparticle
description abound,1 and developing their theoretical description
remains one of the most important challenges in condensed matter
physics. Here we develop a quantitative description of the transport
properties of a system without quasiparticles by combining
high-precision quantum Monte Carlo with recent results from
string theory.

We focus on one of the simplest systems without a quasiparticle
description: the quantum-critical region of the quantum phase
transition between the superfluid and insulator in the Bose–
Hubbard model (BHM) in two spatial dimensions (Fig. 1a). This
quantum critical point (QCP) has special emergent symmetries at
low energies, Lorentz and scale invariance, and the quantum critical
dynamics is described by a conformal field theory (CFT). We will
look at lattice models closely related to the BHM, which are more
amenable to quantum Monte Carlo (QMC) studies: the quantum
rotor and the Villain models2,3. This QCP is also of great interest
because of its recent experimental realization in systems of ultra-
cold atoms loaded in optical lattices4–6.

Our studies are performed in an ‘imaginary’ time necessary
for e�cient simulations. We obtain high-precision results for
thermodynamic observables, and for the conductivity along the
imaginary frequency axis at the quantum-critical coupling. The
results for the conductivity, in units of the quantum of conductance
�Q = (e⇤)2/h (for carriers of charge e⇤), appear in Fig. 1b, and these
are muchmore precise than earlier studies7. They now convincingly
demonstrate that the conductivity, � , has a non-trivial and universal
dependence on h̄!/kBT = �h̄! (ref. 8), where T is the absolute
temperature. Furthermore, the results for the two di�erent lattice
realizations agree well with each other, confirming that they are

both computing the universal properties of the CFT describing the
superfluid–insulator transition. Complementary results along the
T =0 axis have appeared recently9.

For experimental comparison, we need predictions in real time,
and so cannot use the results from Fig. 1b directly. Without
further physical input, the analytic continuation from imaginary
to real frequencies represents an ill-posed problem in which
minute errors are invariably magnified by the continuation. We
argue here that powerful physical input can be obtained from
a tool that has recently emerged out of string theory, the
AdS/CFT or holographic correspondence10. It allows the study
of correlated CFTs (and deformations thereof), without relying
on weakly interacting quasiparticles, by postulating the duality
between specific CFTs/string theories. Of special interest is the
fact that one can tune the parameters of the CFT such that
it remains correlated, whereas, simultaneously, the string theory
description reduces to classical gravity on Anti de Sitter (AdS)
spacetime, in one higher spatial dimension. One can thus use well-
understood general relativity tools to study non-trivial quantum
field theories. We will show how such methods allow us to perform
the analytic continuation, and yield much information that is
potentially experimentally testable: on the frequency-dependent
conductivity and beyond, and on the positions of poles of response
functions in the lower-half of the complex frequency plane, which
we have identified as ‘quasinormal modes’11–13.

Simulating Bose–Hubbard quantum criticality
The extensively studied BHM realizes in a transparent fashion the
superfluid–insulator transition of interest to us; it is defined by
the Hamiltonian:

H =�t
X

hi,ji
b†
i bj �µ

X

i

ni +
U
2
X

i

ni(ni �1)

where b†
i is the creation operator for a boson at site i and ni =b†

i bi
measures the occupation number. Tuning t/U at commensurate
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expected to diverge at low frequencies, if the probe in use couples
longitudinally to the order parameter2,4,5,9 (for example to the real part
of Y, if the equilibrium value of Y was chosen along the real axis), as is
the case for neutron scattering. If, instead, the coupling is rotationally
invariant (for example through coupling to jYj2), as expected for
lattice modulation, such a divergence could be avoided and the

response is expected to scale as n3 at low frequencies3,6,9,17.
Combining this result with the scaling dimensions of the response
function for a rotationally symmetric perturbation coupling to jYj2,
we expect the low-frequency response to be proportional to
(1 2 j/jc)

22n3 (ref. 9 and Methods). The experimentally observed sig-
nal is consistent with this scaling at the ‘base’ of the absorption feature
(Fig. 4). This indicates that the low-frequency part is dominated by
only a few in-trap eigenmodes, which approximately show the generic
scaling of the homogeneous system for a response function describing
coupling to jYj2.

In the intermediate-frequency regime, it remains a challenge to
construct a first-principles analytical treatment of the in-trap system
including all relevant decay and coupling processes. Lacking such a
theory, we constructed a heuristic model combining the discrete spec-
trum from the Gutzwiller approach (Fig. 3a) with the line shape for a
homogeneous system based on an O(N) field theory in two dimen-
sions, calculated in the large-N limit3,6 (Methods). An implicit assump-
tion of this approach is a continuum of phase modes, which is
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Figure 3 | Theory of in-trap response. a, A diagonalization of the trapped
system in a Gutzwiller approximation shows a discrete spectrum of amplitude-
like eigenmodes. Shown on the vertical axis is the strength of the response to a
modulation of j. Eigenmodes of phase type are not shown (Methods) and n0,G

denotes the gap as calculated in the Gutzwiller approximation. a.u., arbitrary
units. b, In-trap superfluid density distribution for the four amplitude modes
with the lowest frequencies, as labelled in a. In contrast to the superfluid
density, the total density of the system stays almost constant (not shown).
c, Discrete amplitude mode spectrum for various couplings j/jc. Each red circle
corresponds to a single eigenmode, with the intensity of the colour being
proportional to the line strength. The gap frequency of the lowest-lying mode
follows the prediction for commensurate filling (solid line; same as in Fig. 2a)
until a rounding off takes place close to the critical point due to the finite size of
the system. d, Comparison of the experimental response at V0 5 9.5Er (blue
circles and connecting blue line; error bars, s.e.m.) with a 2 3 2 cluster mean-
field simulation (grey line and shaded area) and a heuristic model (dashed line;
for details see text and Methods). The simulation was done for V0 5 9.5Er (grey
line) and for V0 5 (1 6 0.02) 3 9.5Er (shaded grey area), to account for the
experimental uncertainty in the lattice depth, and predicts the energy
absorption per particle DE.
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2 for V0 5 10Er (grey), 9.5Er (black), 9Er (green), 8.5Er

(blue) and 8Er (red) as a function of the modulation frequency. The black line is
a fit of the form anb with a fitted exponent b 5 2.9(5). The inset shows the same
data points without rescaling, for comparison. Error bars, s.e.m.
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Figure 2 | Softening of the Higgs mode. a, The fitted gap values hn0/U
(circles) show a characteristic softening close to the critical point in quantitative
agreement with analytic predictions for the Higgs and the Mott gap (solid line
and dashed line, respectively; see text). Horizontal and vertical error bars
denote the experimental uncertainty of the lattice depths and the fit error for the
centre frequency of the error function, respectively (Methods). Vertical dashed
lines denote the widths of the fitted error function and characterize the
sharpness of the spectral onset. The blue shading highlights the superfluid

region. b, Temperature response to lattice modulation (circles and connecting
blue line) and fit with an error function (solid black line) for the three different
points labelled in a. As the coupling j approaches the critical value jc, the change
in the gap values to lower frequencies is clearly visible (from panel 1 to panel 3).
Vertical dashed lines mark the frequency U/h corresponding to the on-site
interaction. Each data point results from an average of the temperatures over
,50 experimental runs. Error bars, s.e.m.
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system with a recently developed scheme based on single-atom-
resolved detection24. It is the high sensitivity of this method that
allowed us to reduce the modulation amplitude by almost an order
of magnitude compared with earlier experiments20,21 and to stay well
within the linear response regime (Supplementary Information).

The results for selected lattice depths V0 are shown in Fig. 2b. We
observe a gapped response with an asymmetric overall shape that will
be analysed in the following paragraphs. Notably, the maximum
observed temperature after modulation is well below the ‘melting’
temperature for a Mott insulator in the atomic limit25, Tmelt < 0.2U/kB

(kB, Boltzmann’s constant), demonstrating that our experiments probe
the quantum gas in the degenerate regime. To obtain numerical values
for the onset of spectral response, we fitted each spectrum with an error
function centred at a frequency n0 (Fig. 2b, black lines). With j
approaching jc, the shift of the gap to lower frequencies is already
visible in the raw data (Fig. 2b) and becomes even more apparent for
the fitted gap n0 as a function of j/jc (Fig. 2a, filled circles). The n0 values
are in quantitative agreement with a prediction for the Higgs gap nSF at
commensurate filling (solid line):

hnSF=U~ 3
ffiffiffi
2
p

{4
" #

1zj=jcð Þ
$ %1=2

j=jc{1ð Þ1=2

Here h denotes Planck’s constant. This value is based on an analysis of
variations around a mean-field state7,16 (throughout the manuscript,
we have rescaled jc in the theoretical calculations to match the value
jc<0:06 obtained from quantum Monte Carlo simulations26).

The sharpness of the spectral onset can be quantified by the width of
the fitted error function, which is shown as vertical dashed lines in
Fig. 2a. Approaching the critical point, the spectral onset becomes
sharper, and the width normalized to the centre frequency n0 remains
constant (Supplementary Fig. 3). The constancy of this ratio indicates
that the width of the spectral onset scales with the distance to the
critical point in the same way as the gap frequency.

We observe similar gapped responses in the Mott insulating regime
(Supplementary Information and Fig. 5a), with the gap closing con-
tinuously when approaching the critical point (Fig. 2a, open circles).
We interpret this as a result of combined particle and hole excitations
with a frequency given by the Mott excitation gap that closes at the
transition point16. The fitted gaps are consistent with the Mott gap

hnMI=U~ 1z 12
ffiffiffi
2
p

{17
" #

j=jc
$ %1=2

1{j=jcð Þ1=2

where nMI is the Mott gap as predicted by mean-field theory16 (Fig. 2a,
dashed line).

The observed softening of the onset of spectral response in the
superfluid regime has led to an identification of the experimental
signal with a response from collective excitations of Higgs type. To
gain further insight into the full in-trap response, we calculated the
eigenspectrum of the system in a Gutzwiller approach16,22 (Methods
and Supplementary Information). The result is a series of discrete
eigenfrequencies (Fig. 3a), and the corresponding eigenmodes show
in-trap superfluid density distributions, which are reminiscent of the
vibrational modes of a drum (Fig. 3b). The frequency of the lowest-
lying amplitude-like eigenmode n0,G closely follows the long-wave-
length prediction for homogeneous commensurate filling nSF over a
wide range of couplings j/jc until the response rounds off in the vicinity
of the critical point due to the finite size of the system (Fig. 3c). Fitting
the low-frequency edge of the experimental data can be interpreted as
extracting the frequency of this mode, which explains the good
quantitative agreement with the prediction for the homogeneous com-
mensurate filling in Fig. 2a. Modes at different frequencies from the
lowest-lying amplitude-like mode broaden the spectrum only above
the onset of spectral response.

An eigenmode analysis, however, does not yield any information
about the finite spectral width of the modes, which stems from the
interaction between amplitude and phase excitations. We will consider
the question of the spectral width by analysing the low-, intermediate-
and high-frequency parts of the response separately. We begin by
examining the low-frequency part of the response, which is expected
to be governed by a process coupling a virtually excited amplitude
mode to a pair of phase modes with opposite momenta. As a result,
the response of a strongly interacting, two-dimensional superfluid is
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Figure 1 | Illustration of the Higgs mode and experimental sequence.
a, Classical energy density V as a function of the order parameter Y. Within the
ordered (superfluid) phase, Nambu–Goldstone and Higgs modes arise from
phase and amplitude modulations (blue and red arrows in panel 1). As the
coupling j 5 J/U (see main text) approaches the critical value jc, the energy
density transforms into a function with a minimum at Y 5 0 (panels 2 and 3).
Simultaneously, the curvature in the radial direction decreases, leading to a
characteristic reduction of the excitation frequency for the Higgs mode. In the
disordered (Mott insulating) phase, two gapped modes exist, respectively
corresponding to particle and hole excitations in our case (red and blue arrow in
panel 3). b, The Higgs mode can be excited with a periodic modulation of the
coupling j, which amounts to a ‘shaking’ of the classical energy density
potential. In the experimental sequence, this is realized by a modulation of the
optical lattice potential (see main text for details). t 5 1/nmod; Er, lattice recoil
energy.
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Excitations across the 
superfluid-insulator transition

Manuel Endres, Takeshi Fukuhara, David Pekker, Marc Cheneau, Peter Schaub, Christian Gross, 
Eugene Demler, Stefan Kuhr, and Immanuel Bloch, Nature 487, 454 (2012).



Excitations across the 
superfluid-insulator transition

expected to diverge at low frequencies, if the probe in use couples
longitudinally to the order parameter2,4,5,9 (for example to the real part
of Y, if the equilibrium value of Y was chosen along the real axis), as is
the case for neutron scattering. If, instead, the coupling is rotationally
invariant (for example through coupling to jYj2), as expected for
lattice modulation, such a divergence could be avoided and the

response is expected to scale as n3 at low frequencies3,6,9,17.
Combining this result with the scaling dimensions of the response
function for a rotationally symmetric perturbation coupling to jYj2,
we expect the low-frequency response to be proportional to
(1 2 j/jc)

22n3 (ref. 9 and Methods). The experimentally observed sig-
nal is consistent with this scaling at the ‘base’ of the absorption feature
(Fig. 4). This indicates that the low-frequency part is dominated by
only a few in-trap eigenmodes, which approximately show the generic
scaling of the homogeneous system for a response function describing
coupling to jYj2.

In the intermediate-frequency regime, it remains a challenge to
construct a first-principles analytical treatment of the in-trap system
including all relevant decay and coupling processes. Lacking such a
theory, we constructed a heuristic model combining the discrete spec-
trum from the Gutzwiller approach (Fig. 3a) with the line shape for a
homogeneous system based on an O(N) field theory in two dimen-
sions, calculated in the large-N limit3,6 (Methods). An implicit assump-
tion of this approach is a continuum of phase modes, which is
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Figure 3 | Theory of in-trap response. a, A diagonalization of the trapped
system in a Gutzwiller approximation shows a discrete spectrum of amplitude-
like eigenmodes. Shown on the vertical axis is the strength of the response to a
modulation of j. Eigenmodes of phase type are not shown (Methods) and n0,G

denotes the gap as calculated in the Gutzwiller approximation. a.u., arbitrary
units. b, In-trap superfluid density distribution for the four amplitude modes
with the lowest frequencies, as labelled in a. In contrast to the superfluid
density, the total density of the system stays almost constant (not shown).
c, Discrete amplitude mode spectrum for various couplings j/jc. Each red circle
corresponds to a single eigenmode, with the intensity of the colour being
proportional to the line strength. The gap frequency of the lowest-lying mode
follows the prediction for commensurate filling (solid line; same as in Fig. 2a)
until a rounding off takes place close to the critical point due to the finite size of
the system. d, Comparison of the experimental response at V0 5 9.5Er (blue
circles and connecting blue line; error bars, s.e.m.) with a 2 3 2 cluster mean-
field simulation (grey line and shaded area) and a heuristic model (dashed line;
for details see text and Methods). The simulation was done for V0 5 9.5Er (grey
line) and for V0 5 (1 6 0.02) 3 9.5Er (shaded grey area), to account for the
experimental uncertainty in the lattice depth, and predicts the energy
absorption per particle DE.
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2 for V0 5 10Er (grey), 9.5Er (black), 9Er (green), 8.5Er

(blue) and 8Er (red) as a function of the modulation frequency. The black line is
a fit of the form anb with a fitted exponent b 5 2.9(5). The inset shows the same
data points without rescaling, for comparison. Error bars, s.e.m.
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Figure 2 | Softening of the Higgs mode. a, The fitted gap values hn0/U
(circles) show a characteristic softening close to the critical point in quantitative
agreement with analytic predictions for the Higgs and the Mott gap (solid line
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denote the experimental uncertainty of the lattice depths and the fit error for the
centre frequency of the error function, respectively (Methods). Vertical dashed
lines denote the widths of the fitted error function and characterize the
sharpness of the spectral onset. The blue shading highlights the superfluid

region. b, Temperature response to lattice modulation (circles and connecting
blue line) and fit with an error function (solid black line) for the three different
points labelled in a. As the coupling j approaches the critical value jc, the change
in the gap values to lower frequencies is clearly visible (from panel 1 to panel 3).
Vertical dashed lines mark the frequency U/h corresponding to the on-site
interaction. Each data point results from an average of the temperatures over
,50 experimental runs. Error bars, s.e.m.
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system with a recently developed scheme based on single-atom-
resolved detection24. It is the high sensitivity of this method that
allowed us to reduce the modulation amplitude by almost an order
of magnitude compared with earlier experiments20,21 and to stay well
within the linear response regime (Supplementary Information).

The results for selected lattice depths V0 are shown in Fig. 2b. We
observe a gapped response with an asymmetric overall shape that will
be analysed in the following paragraphs. Notably, the maximum
observed temperature after modulation is well below the ‘melting’
temperature for a Mott insulator in the atomic limit25, Tmelt < 0.2U/kB

(kB, Boltzmann’s constant), demonstrating that our experiments probe
the quantum gas in the degenerate regime. To obtain numerical values
for the onset of spectral response, we fitted each spectrum with an error
function centred at a frequency n0 (Fig. 2b, black lines). With j
approaching jc, the shift of the gap to lower frequencies is already
visible in the raw data (Fig. 2b) and becomes even more apparent for
the fitted gap n0 as a function of j/jc (Fig. 2a, filled circles). The n0 values
are in quantitative agreement with a prediction for the Higgs gap nSF at
commensurate filling (solid line):

hnSF=U~ 3
ffiffiffi
2
p

{4
" #

1zj=jcð Þ
$ %1=2

j=jc{1ð Þ1=2

Here h denotes Planck’s constant. This value is based on an analysis of
variations around a mean-field state7,16 (throughout the manuscript,
we have rescaled jc in the theoretical calculations to match the value
jc<0:06 obtained from quantum Monte Carlo simulations26).

The sharpness of the spectral onset can be quantified by the width of
the fitted error function, which is shown as vertical dashed lines in
Fig. 2a. Approaching the critical point, the spectral onset becomes
sharper, and the width normalized to the centre frequency n0 remains
constant (Supplementary Fig. 3). The constancy of this ratio indicates
that the width of the spectral onset scales with the distance to the
critical point in the same way as the gap frequency.

We observe similar gapped responses in the Mott insulating regime
(Supplementary Information and Fig. 5a), with the gap closing con-
tinuously when approaching the critical point (Fig. 2a, open circles).
We interpret this as a result of combined particle and hole excitations
with a frequency given by the Mott excitation gap that closes at the
transition point16. The fitted gaps are consistent with the Mott gap
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where nMI is the Mott gap as predicted by mean-field theory16 (Fig. 2a,
dashed line).

The observed softening of the onset of spectral response in the
superfluid regime has led to an identification of the experimental
signal with a response from collective excitations of Higgs type. To
gain further insight into the full in-trap response, we calculated the
eigenspectrum of the system in a Gutzwiller approach16,22 (Methods
and Supplementary Information). The result is a series of discrete
eigenfrequencies (Fig. 3a), and the corresponding eigenmodes show
in-trap superfluid density distributions, which are reminiscent of the
vibrational modes of a drum (Fig. 3b). The frequency of the lowest-
lying amplitude-like eigenmode n0,G closely follows the long-wave-
length prediction for homogeneous commensurate filling nSF over a
wide range of couplings j/jc until the response rounds off in the vicinity
of the critical point due to the finite size of the system (Fig. 3c). Fitting
the low-frequency edge of the experimental data can be interpreted as
extracting the frequency of this mode, which explains the good
quantitative agreement with the prediction for the homogeneous com-
mensurate filling in Fig. 2a. Modes at different frequencies from the
lowest-lying amplitude-like mode broaden the spectrum only above
the onset of spectral response.

An eigenmode analysis, however, does not yield any information
about the finite spectral width of the modes, which stems from the
interaction between amplitude and phase excitations. We will consider
the question of the spectral width by analysing the low-, intermediate-
and high-frequency parts of the response separately. We begin by
examining the low-frequency part of the response, which is expected
to be governed by a process coupling a virtually excited amplitude
mode to a pair of phase modes with opposite momenta. As a result,
the response of a strongly interacting, two-dimensional superfluid is

a
1

2

V

Re(   )
Im(   )

Higgs mode
Nambu–

Goldstone
mode

j/jc      1

0 100 200 300 400
0

5

10

15

20

Time (ms)

 L
at

tic
e 

de
pt

h 
(E

r)

Lattice loading Modulation Hold time Ramp to 
atomic
 limit

Temperature
measurement

V0

Ttot = 200 ms

A = 0.03V0

Tmod = 20W
W

b

3

j/jc * 1

j/jc , 1

Ψ
Ψ

Figure 1 | Illustration of the Higgs mode and experimental sequence.
a, Classical energy density V as a function of the order parameter Y. Within the
ordered (superfluid) phase, Nambu–Goldstone and Higgs modes arise from
phase and amplitude modulations (blue and red arrows in panel 1). As the
coupling j 5 J/U (see main text) approaches the critical value jc, the energy
density transforms into a function with a minimum at Y 5 0 (panels 2 and 3).
Simultaneously, the curvature in the radial direction decreases, leading to a
characteristic reduction of the excitation frequency for the Higgs mode. In the
disordered (Mott insulating) phase, two gapped modes exist, respectively
corresponding to particle and hole excitations in our case (red and blue arrow in
panel 3). b, The Higgs mode can be excited with a periodic modulation of the
coupling j, which amounts to a ‘shaking’ of the classical energy density
potential. In the experimental sequence, this is realized by a modulation of the
optical lattice potential (see main text for details). t 5 1/nmod; Er, lattice recoil
energy.
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system with a recently developed scheme based on single-atom-
resolved detection24. It is the high sensitivity of this method that
allowed us to reduce the modulation amplitude by almost an order
of magnitude compared with earlier experiments20,21 and to stay well
within the linear response regime (Supplementary Information).

The results for selected lattice depths V0 are shown in Fig. 2b. We
observe a gapped response with an asymmetric overall shape that will
be analysed in the following paragraphs. Notably, the maximum
observed temperature after modulation is well below the ‘melting’
temperature for a Mott insulator in the atomic limit25, Tmelt < 0.2U/kB

(kB, Boltzmann’s constant), demonstrating that our experiments probe
the quantum gas in the degenerate regime. To obtain numerical values
for the onset of spectral response, we fitted each spectrum with an error
function centred at a frequency n0 (Fig. 2b, black lines). With j
approaching jc, the shift of the gap to lower frequencies is already
visible in the raw data (Fig. 2b) and becomes even more apparent for
the fitted gap n0 as a function of j/jc (Fig. 2a, filled circles). The n0 values
are in quantitative agreement with a prediction for the Higgs gap nSF at
commensurate filling (solid line):
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Here h denotes Planck’s constant. This value is based on an analysis of
variations around a mean-field state7,16 (throughout the manuscript,
we have rescaled jc in the theoretical calculations to match the value
jc<0:06 obtained from quantum Monte Carlo simulations26).

The sharpness of the spectral onset can be quantified by the width of
the fitted error function, which is shown as vertical dashed lines in
Fig. 2a. Approaching the critical point, the spectral onset becomes
sharper, and the width normalized to the centre frequency n0 remains
constant (Supplementary Fig. 3). The constancy of this ratio indicates
that the width of the spectral onset scales with the distance to the
critical point in the same way as the gap frequency.

We observe similar gapped responses in the Mott insulating regime
(Supplementary Information and Fig. 5a), with the gap closing con-
tinuously when approaching the critical point (Fig. 2a, open circles).
We interpret this as a result of combined particle and hole excitations
with a frequency given by the Mott excitation gap that closes at the
transition point16. The fitted gaps are consistent with the Mott gap
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where nMI is the Mott gap as predicted by mean-field theory16 (Fig. 2a,
dashed line).

The observed softening of the onset of spectral response in the
superfluid regime has led to an identification of the experimental
signal with a response from collective excitations of Higgs type. To
gain further insight into the full in-trap response, we calculated the
eigenspectrum of the system in a Gutzwiller approach16,22 (Methods
and Supplementary Information). The result is a series of discrete
eigenfrequencies (Fig. 3a), and the corresponding eigenmodes show
in-trap superfluid density distributions, which are reminiscent of the
vibrational modes of a drum (Fig. 3b). The frequency of the lowest-
lying amplitude-like eigenmode n0,G closely follows the long-wave-
length prediction for homogeneous commensurate filling nSF over a
wide range of couplings j/jc until the response rounds off in the vicinity
of the critical point due to the finite size of the system (Fig. 3c). Fitting
the low-frequency edge of the experimental data can be interpreted as
extracting the frequency of this mode, which explains the good
quantitative agreement with the prediction for the homogeneous com-
mensurate filling in Fig. 2a. Modes at different frequencies from the
lowest-lying amplitude-like mode broaden the spectrum only above
the onset of spectral response.

An eigenmode analysis, however, does not yield any information
about the finite spectral width of the modes, which stems from the
interaction between amplitude and phase excitations. We will consider
the question of the spectral width by analysing the low-, intermediate-
and high-frequency parts of the response separately. We begin by
examining the low-frequency part of the response, which is expected
to be governed by a process coupling a virtually excited amplitude
mode to a pair of phase modes with opposite momenta. As a result,
the response of a strongly interacting, two-dimensional superfluid is
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Figure 1 | Illustration of the Higgs mode and experimental sequence.
a, Classical energy density V as a function of the order parameter Y. Within the
ordered (superfluid) phase, Nambu–Goldstone and Higgs modes arise from
phase and amplitude modulations (blue and red arrows in panel 1). As the
coupling j 5 J/U (see main text) approaches the critical value jc, the energy
density transforms into a function with a minimum at Y 5 0 (panels 2 and 3).
Simultaneously, the curvature in the radial direction decreases, leading to a
characteristic reduction of the excitation frequency for the Higgs mode. In the
disordered (Mott insulating) phase, two gapped modes exist, respectively
corresponding to particle and hole excitations in our case (red and blue arrow in
panel 3). b, The Higgs mode can be excited with a periodic modulation of the
coupling j, which amounts to a ‘shaking’ of the classical energy density
potential. In the experimental sequence, this is realized by a modulation of the
optical lattice potential (see main text for details). t 5 1/nmod; Er, lattice recoil
energy.
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system with a recently developed scheme based on single-atom-
resolved detection24. It is the high sensitivity of this method that
allowed us to reduce the modulation amplitude by almost an order
of magnitude compared with earlier experiments20,21 and to stay well
within the linear response regime (Supplementary Information).

The results for selected lattice depths V0 are shown in Fig. 2b. We
observe a gapped response with an asymmetric overall shape that will
be analysed in the following paragraphs. Notably, the maximum
observed temperature after modulation is well below the ‘melting’
temperature for a Mott insulator in the atomic limit25, Tmelt < 0.2U/kB

(kB, Boltzmann’s constant), demonstrating that our experiments probe
the quantum gas in the degenerate regime. To obtain numerical values
for the onset of spectral response, we fitted each spectrum with an error
function centred at a frequency n0 (Fig. 2b, black lines). With j
approaching jc, the shift of the gap to lower frequencies is already
visible in the raw data (Fig. 2b) and becomes even more apparent for
the fitted gap n0 as a function of j/jc (Fig. 2a, filled circles). The n0 values
are in quantitative agreement with a prediction for the Higgs gap nSF at
commensurate filling (solid line):
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Here h denotes Planck’s constant. This value is based on an analysis of
variations around a mean-field state7,16 (throughout the manuscript,
we have rescaled jc in the theoretical calculations to match the value
jc<0:06 obtained from quantum Monte Carlo simulations26).

The sharpness of the spectral onset can be quantified by the width of
the fitted error function, which is shown as vertical dashed lines in
Fig. 2a. Approaching the critical point, the spectral onset becomes
sharper, and the width normalized to the centre frequency n0 remains
constant (Supplementary Fig. 3). The constancy of this ratio indicates
that the width of the spectral onset scales with the distance to the
critical point in the same way as the gap frequency.

We observe similar gapped responses in the Mott insulating regime
(Supplementary Information and Fig. 5a), with the gap closing con-
tinuously when approaching the critical point (Fig. 2a, open circles).
We interpret this as a result of combined particle and hole excitations
with a frequency given by the Mott excitation gap that closes at the
transition point16. The fitted gaps are consistent with the Mott gap
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where nMI is the Mott gap as predicted by mean-field theory16 (Fig. 2a,
dashed line).

The observed softening of the onset of spectral response in the
superfluid regime has led to an identification of the experimental
signal with a response from collective excitations of Higgs type. To
gain further insight into the full in-trap response, we calculated the
eigenspectrum of the system in a Gutzwiller approach16,22 (Methods
and Supplementary Information). The result is a series of discrete
eigenfrequencies (Fig. 3a), and the corresponding eigenmodes show
in-trap superfluid density distributions, which are reminiscent of the
vibrational modes of a drum (Fig. 3b). The frequency of the lowest-
lying amplitude-like eigenmode n0,G closely follows the long-wave-
length prediction for homogeneous commensurate filling nSF over a
wide range of couplings j/jc until the response rounds off in the vicinity
of the critical point due to the finite size of the system (Fig. 3c). Fitting
the low-frequency edge of the experimental data can be interpreted as
extracting the frequency of this mode, which explains the good
quantitative agreement with the prediction for the homogeneous com-
mensurate filling in Fig. 2a. Modes at different frequencies from the
lowest-lying amplitude-like mode broaden the spectrum only above
the onset of spectral response.

An eigenmode analysis, however, does not yield any information
about the finite spectral width of the modes, which stems from the
interaction between amplitude and phase excitations. We will consider
the question of the spectral width by analysing the low-, intermediate-
and high-frequency parts of the response separately. We begin by
examining the low-frequency part of the response, which is expected
to be governed by a process coupling a virtually excited amplitude
mode to a pair of phase modes with opposite momenta. As a result,
the response of a strongly interacting, two-dimensional superfluid is
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Figure 1 | Illustration of the Higgs mode and experimental sequence.
a, Classical energy density V as a function of the order parameter Y. Within the
ordered (superfluid) phase, Nambu–Goldstone and Higgs modes arise from
phase and amplitude modulations (blue and red arrows in panel 1). As the
coupling j 5 J/U (see main text) approaches the critical value jc, the energy
density transforms into a function with a minimum at Y 5 0 (panels 2 and 3).
Simultaneously, the curvature in the radial direction decreases, leading to a
characteristic reduction of the excitation frequency for the Higgs mode. In the
disordered (Mott insulating) phase, two gapped modes exist, respectively
corresponding to particle and hole excitations in our case (red and blue arrow in
panel 3). b, The Higgs mode can be excited with a periodic modulation of the
coupling j, which amounts to a ‘shaking’ of the classical energy density
potential. In the experimental sequence, this is realized by a modulation of the
optical lattice potential (see main text for details). t 5 1/nmod; Er, lattice recoil
energy.
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system with a recently developed scheme based on single-atom-
resolved detection24. It is the high sensitivity of this method that
allowed us to reduce the modulation amplitude by almost an order
of magnitude compared with earlier experiments20,21 and to stay well
within the linear response regime (Supplementary Information).

The results for selected lattice depths V0 are shown in Fig. 2b. We
observe a gapped response with an asymmetric overall shape that will
be analysed in the following paragraphs. Notably, the maximum
observed temperature after modulation is well below the ‘melting’
temperature for a Mott insulator in the atomic limit25, Tmelt < 0.2U/kB

(kB, Boltzmann’s constant), demonstrating that our experiments probe
the quantum gas in the degenerate regime. To obtain numerical values
for the onset of spectral response, we fitted each spectrum with an error
function centred at a frequency n0 (Fig. 2b, black lines). With j
approaching jc, the shift of the gap to lower frequencies is already
visible in the raw data (Fig. 2b) and becomes even more apparent for
the fitted gap n0 as a function of j/jc (Fig. 2a, filled circles). The n0 values
are in quantitative agreement with a prediction for the Higgs gap nSF at
commensurate filling (solid line):
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Here h denotes Planck’s constant. This value is based on an analysis of
variations around a mean-field state7,16 (throughout the manuscript,
we have rescaled jc in the theoretical calculations to match the value
jc<0:06 obtained from quantum Monte Carlo simulations26).

The sharpness of the spectral onset can be quantified by the width of
the fitted error function, which is shown as vertical dashed lines in
Fig. 2a. Approaching the critical point, the spectral onset becomes
sharper, and the width normalized to the centre frequency n0 remains
constant (Supplementary Fig. 3). The constancy of this ratio indicates
that the width of the spectral onset scales with the distance to the
critical point in the same way as the gap frequency.

We observe similar gapped responses in the Mott insulating regime
(Supplementary Information and Fig. 5a), with the gap closing con-
tinuously when approaching the critical point (Fig. 2a, open circles).
We interpret this as a result of combined particle and hole excitations
with a frequency given by the Mott excitation gap that closes at the
transition point16. The fitted gaps are consistent with the Mott gap
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where nMI is the Mott gap as predicted by mean-field theory16 (Fig. 2a,
dashed line).

The observed softening of the onset of spectral response in the
superfluid regime has led to an identification of the experimental
signal with a response from collective excitations of Higgs type. To
gain further insight into the full in-trap response, we calculated the
eigenspectrum of the system in a Gutzwiller approach16,22 (Methods
and Supplementary Information). The result is a series of discrete
eigenfrequencies (Fig. 3a), and the corresponding eigenmodes show
in-trap superfluid density distributions, which are reminiscent of the
vibrational modes of a drum (Fig. 3b). The frequency of the lowest-
lying amplitude-like eigenmode n0,G closely follows the long-wave-
length prediction for homogeneous commensurate filling nSF over a
wide range of couplings j/jc until the response rounds off in the vicinity
of the critical point due to the finite size of the system (Fig. 3c). Fitting
the low-frequency edge of the experimental data can be interpreted as
extracting the frequency of this mode, which explains the good
quantitative agreement with the prediction for the homogeneous com-
mensurate filling in Fig. 2a. Modes at different frequencies from the
lowest-lying amplitude-like mode broaden the spectrum only above
the onset of spectral response.

An eigenmode analysis, however, does not yield any information
about the finite spectral width of the modes, which stems from the
interaction between amplitude and phase excitations. We will consider
the question of the spectral width by analysing the low-, intermediate-
and high-frequency parts of the response separately. We begin by
examining the low-frequency part of the response, which is expected
to be governed by a process coupling a virtually excited amplitude
mode to a pair of phase modes with opposite momenta. As a result,
the response of a strongly interacting, two-dimensional superfluid is
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Figure 1 | Illustration of the Higgs mode and experimental sequence.
a, Classical energy density V as a function of the order parameter Y. Within the
ordered (superfluid) phase, Nambu–Goldstone and Higgs modes arise from
phase and amplitude modulations (blue and red arrows in panel 1). As the
coupling j 5 J/U (see main text) approaches the critical value jc, the energy
density transforms into a function with a minimum at Y 5 0 (panels 2 and 3).
Simultaneously, the curvature in the radial direction decreases, leading to a
characteristic reduction of the excitation frequency for the Higgs mode. In the
disordered (Mott insulating) phase, two gapped modes exist, respectively
corresponding to particle and hole excitations in our case (red and blue arrow in
panel 3). b, The Higgs mode can be excited with a periodic modulation of the
coupling j, which amounts to a ‘shaking’ of the classical energy density
potential. In the experimental sequence, this is realized by a modulation of the
optical lattice potential (see main text for details). t 5 1/nmod; Er, lattice recoil
energy.
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system with a recently developed scheme based on single-atom-
resolved detection24. It is the high sensitivity of this method that
allowed us to reduce the modulation amplitude by almost an order
of magnitude compared with earlier experiments20,21 and to stay well
within the linear response regime (Supplementary Information).

The results for selected lattice depths V0 are shown in Fig. 2b. We
observe a gapped response with an asymmetric overall shape that will
be analysed in the following paragraphs. Notably, the maximum
observed temperature after modulation is well below the ‘melting’
temperature for a Mott insulator in the atomic limit25, Tmelt < 0.2U/kB

(kB, Boltzmann’s constant), demonstrating that our experiments probe
the quantum gas in the degenerate regime. To obtain numerical values
for the onset of spectral response, we fitted each spectrum with an error
function centred at a frequency n0 (Fig. 2b, black lines). With j
approaching jc, the shift of the gap to lower frequencies is already
visible in the raw data (Fig. 2b) and becomes even more apparent for
the fitted gap n0 as a function of j/jc (Fig. 2a, filled circles). The n0 values
are in quantitative agreement with a prediction for the Higgs gap nSF at
commensurate filling (solid line):
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Here h denotes Planck’s constant. This value is based on an analysis of
variations around a mean-field state7,16 (throughout the manuscript,
we have rescaled jc in the theoretical calculations to match the value
jc<0:06 obtained from quantum Monte Carlo simulations26).

The sharpness of the spectral onset can be quantified by the width of
the fitted error function, which is shown as vertical dashed lines in
Fig. 2a. Approaching the critical point, the spectral onset becomes
sharper, and the width normalized to the centre frequency n0 remains
constant (Supplementary Fig. 3). The constancy of this ratio indicates
that the width of the spectral onset scales with the distance to the
critical point in the same way as the gap frequency.

We observe similar gapped responses in the Mott insulating regime
(Supplementary Information and Fig. 5a), with the gap closing con-
tinuously when approaching the critical point (Fig. 2a, open circles).
We interpret this as a result of combined particle and hole excitations
with a frequency given by the Mott excitation gap that closes at the
transition point16. The fitted gaps are consistent with the Mott gap
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where nMI is the Mott gap as predicted by mean-field theory16 (Fig. 2a,
dashed line).

The observed softening of the onset of spectral response in the
superfluid regime has led to an identification of the experimental
signal with a response from collective excitations of Higgs type. To
gain further insight into the full in-trap response, we calculated the
eigenspectrum of the system in a Gutzwiller approach16,22 (Methods
and Supplementary Information). The result is a series of discrete
eigenfrequencies (Fig. 3a), and the corresponding eigenmodes show
in-trap superfluid density distributions, which are reminiscent of the
vibrational modes of a drum (Fig. 3b). The frequency of the lowest-
lying amplitude-like eigenmode n0,G closely follows the long-wave-
length prediction for homogeneous commensurate filling nSF over a
wide range of couplings j/jc until the response rounds off in the vicinity
of the critical point due to the finite size of the system (Fig. 3c). Fitting
the low-frequency edge of the experimental data can be interpreted as
extracting the frequency of this mode, which explains the good
quantitative agreement with the prediction for the homogeneous com-
mensurate filling in Fig. 2a. Modes at different frequencies from the
lowest-lying amplitude-like mode broaden the spectrum only above
the onset of spectral response.

An eigenmode analysis, however, does not yield any information
about the finite spectral width of the modes, which stems from the
interaction between amplitude and phase excitations. We will consider
the question of the spectral width by analysing the low-, intermediate-
and high-frequency parts of the response separately. We begin by
examining the low-frequency part of the response, which is expected
to be governed by a process coupling a virtually excited amplitude
mode to a pair of phase modes with opposite momenta. As a result,
the response of a strongly interacting, two-dimensional superfluid is
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Figure 1 | Illustration of the Higgs mode and experimental sequence.
a, Classical energy density V as a function of the order parameter Y. Within the
ordered (superfluid) phase, Nambu–Goldstone and Higgs modes arise from
phase and amplitude modulations (blue and red arrows in panel 1). As the
coupling j 5 J/U (see main text) approaches the critical value jc, the energy
density transforms into a function with a minimum at Y 5 0 (panels 2 and 3).
Simultaneously, the curvature in the radial direction decreases, leading to a
characteristic reduction of the excitation frequency for the Higgs mode. In the
disordered (Mott insulating) phase, two gapped modes exist, respectively
corresponding to particle and hole excitations in our case (red and blue arrow in
panel 3). b, The Higgs mode can be excited with a periodic modulation of the
coupling j, which amounts to a ‘shaking’ of the classical energy density
potential. In the experimental sequence, this is realized by a modulation of the
optical lattice potential (see main text for details). t 5 1/nmod; Er, lattice recoil
energy.
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Excitations across the 
superfluid-insulator transition

expected to diverge at low frequencies, if the probe in use couples
longitudinally to the order parameter2,4,5,9 (for example to the real part
of Y, if the equilibrium value of Y was chosen along the real axis), as is
the case for neutron scattering. If, instead, the coupling is rotationally
invariant (for example through coupling to jYj2), as expected for
lattice modulation, such a divergence could be avoided and the

response is expected to scale as n3 at low frequencies3,6,9,17.
Combining this result with the scaling dimensions of the response
function for a rotationally symmetric perturbation coupling to jYj2,
we expect the low-frequency response to be proportional to
(1 2 j/jc)

22n3 (ref. 9 and Methods). The experimentally observed sig-
nal is consistent with this scaling at the ‘base’ of the absorption feature
(Fig. 4). This indicates that the low-frequency part is dominated by
only a few in-trap eigenmodes, which approximately show the generic
scaling of the homogeneous system for a response function describing
coupling to jYj2.

In the intermediate-frequency regime, it remains a challenge to
construct a first-principles analytical treatment of the in-trap system
including all relevant decay and coupling processes. Lacking such a
theory, we constructed a heuristic model combining the discrete spec-
trum from the Gutzwiller approach (Fig. 3a) with the line shape for a
homogeneous system based on an O(N) field theory in two dimen-
sions, calculated in the large-N limit3,6 (Methods). An implicit assump-
tion of this approach is a continuum of phase modes, which is
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system with a recently developed scheme based on single-atom-
resolved detection24. It is the high sensitivity of this method that
allowed us to reduce the modulation amplitude by almost an order
of magnitude compared with earlier experiments20,21 and to stay well
within the linear response regime (Supplementary Information).

The results for selected lattice depths V0 are shown in Fig. 2b. We
observe a gapped response with an asymmetric overall shape that will
be analysed in the following paragraphs. Notably, the maximum
observed temperature after modulation is well below the ‘melting’
temperature for a Mott insulator in the atomic limit25, Tmelt < 0.2U/kB

(kB, Boltzmann’s constant), demonstrating that our experiments probe
the quantum gas in the degenerate regime. To obtain numerical values
for the onset of spectral response, we fitted each spectrum with an error
function centred at a frequency n0 (Fig. 2b, black lines). With j
approaching jc, the shift of the gap to lower frequencies is already
visible in the raw data (Fig. 2b) and becomes even more apparent for
the fitted gap n0 as a function of j/jc (Fig. 2a, filled circles). The n0 values
are in quantitative agreement with a prediction for the Higgs gap nSF at
commensurate filling (solid line):

hnSF=U~ 3
ffiffiffi
2
p

{4
" #

1zj=jcð Þ
$ %1=2

j=jc{1ð Þ1=2

Here h denotes Planck’s constant. This value is based on an analysis of
variations around a mean-field state7,16 (throughout the manuscript,
we have rescaled jc in the theoretical calculations to match the value
jc<0:06 obtained from quantum Monte Carlo simulations26).

The sharpness of the spectral onset can be quantified by the width of
the fitted error function, which is shown as vertical dashed lines in
Fig. 2a. Approaching the critical point, the spectral onset becomes
sharper, and the width normalized to the centre frequency n0 remains
constant (Supplementary Fig. 3). The constancy of this ratio indicates
that the width of the spectral onset scales with the distance to the
critical point in the same way as the gap frequency.

We observe similar gapped responses in the Mott insulating regime
(Supplementary Information and Fig. 5a), with the gap closing con-
tinuously when approaching the critical point (Fig. 2a, open circles).
We interpret this as a result of combined particle and hole excitations
with a frequency given by the Mott excitation gap that closes at the
transition point16. The fitted gaps are consistent with the Mott gap

hnMI=U~ 1z 12
ffiffiffi
2
p

{17
" #

j=jc
$ %1=2

1{j=jcð Þ1=2

where nMI is the Mott gap as predicted by mean-field theory16 (Fig. 2a,
dashed line).

The observed softening of the onset of spectral response in the
superfluid regime has led to an identification of the experimental
signal with a response from collective excitations of Higgs type. To
gain further insight into the full in-trap response, we calculated the
eigenspectrum of the system in a Gutzwiller approach16,22 (Methods
and Supplementary Information). The result is a series of discrete
eigenfrequencies (Fig. 3a), and the corresponding eigenmodes show
in-trap superfluid density distributions, which are reminiscent of the
vibrational modes of a drum (Fig. 3b). The frequency of the lowest-
lying amplitude-like eigenmode n0,G closely follows the long-wave-
length prediction for homogeneous commensurate filling nSF over a
wide range of couplings j/jc until the response rounds off in the vicinity
of the critical point due to the finite size of the system (Fig. 3c). Fitting
the low-frequency edge of the experimental data can be interpreted as
extracting the frequency of this mode, which explains the good
quantitative agreement with the prediction for the homogeneous com-
mensurate filling in Fig. 2a. Modes at different frequencies from the
lowest-lying amplitude-like mode broaden the spectrum only above
the onset of spectral response.

An eigenmode analysis, however, does not yield any information
about the finite spectral width of the modes, which stems from the
interaction between amplitude and phase excitations. We will consider
the question of the spectral width by analysing the low-, intermediate-
and high-frequency parts of the response separately. We begin by
examining the low-frequency part of the response, which is expected
to be governed by a process coupling a virtually excited amplitude
mode to a pair of phase modes with opposite momenta. As a result,
the response of a strongly interacting, two-dimensional superfluid is
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coupling j 5 J/U (see main text) approaches the critical value jc, the energy
density transforms into a function with a minimum at Y 5 0 (panels 2 and 3).
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corresponding to particle and hole excitations in our case (red and blue arrow in
panel 3). b, The Higgs mode can be excited with a periodic modulation of the
coupling j, which amounts to a ‘shaking’ of the classical energy density
potential. In the experimental sequence, this is realized by a modulation of the
optical lattice potential (see main text for details). t 5 1/nmod; Er, lattice recoil
energy.
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system with a recently developed scheme based on single-atom-
resolved detection24. It is the high sensitivity of this method that
allowed us to reduce the modulation amplitude by almost an order
of magnitude compared with earlier experiments20,21 and to stay well
within the linear response regime (Supplementary Information).

The results for selected lattice depths V0 are shown in Fig. 2b. We
observe a gapped response with an asymmetric overall shape that will
be analysed in the following paragraphs. Notably, the maximum
observed temperature after modulation is well below the ‘melting’
temperature for a Mott insulator in the atomic limit25, Tmelt < 0.2U/kB

(kB, Boltzmann’s constant), demonstrating that our experiments probe
the quantum gas in the degenerate regime. To obtain numerical values
for the onset of spectral response, we fitted each spectrum with an error
function centred at a frequency n0 (Fig. 2b, black lines). With j
approaching jc, the shift of the gap to lower frequencies is already
visible in the raw data (Fig. 2b) and becomes even more apparent for
the fitted gap n0 as a function of j/jc (Fig. 2a, filled circles). The n0 values
are in quantitative agreement with a prediction for the Higgs gap nSF at
commensurate filling (solid line):

hnSF=U~ 3
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Here h denotes Planck’s constant. This value is based on an analysis of
variations around a mean-field state7,16 (throughout the manuscript,
we have rescaled jc in the theoretical calculations to match the value
jc<0:06 obtained from quantum Monte Carlo simulations26).

The sharpness of the spectral onset can be quantified by the width of
the fitted error function, which is shown as vertical dashed lines in
Fig. 2a. Approaching the critical point, the spectral onset becomes
sharper, and the width normalized to the centre frequency n0 remains
constant (Supplementary Fig. 3). The constancy of this ratio indicates
that the width of the spectral onset scales with the distance to the
critical point in the same way as the gap frequency.

We observe similar gapped responses in the Mott insulating regime
(Supplementary Information and Fig. 5a), with the gap closing con-
tinuously when approaching the critical point (Fig. 2a, open circles).
We interpret this as a result of combined particle and hole excitations
with a frequency given by the Mott excitation gap that closes at the
transition point16. The fitted gaps are consistent with the Mott gap
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where nMI is the Mott gap as predicted by mean-field theory16 (Fig. 2a,
dashed line).

The observed softening of the onset of spectral response in the
superfluid regime has led to an identification of the experimental
signal with a response from collective excitations of Higgs type. To
gain further insight into the full in-trap response, we calculated the
eigenspectrum of the system in a Gutzwiller approach16,22 (Methods
and Supplementary Information). The result is a series of discrete
eigenfrequencies (Fig. 3a), and the corresponding eigenmodes show
in-trap superfluid density distributions, which are reminiscent of the
vibrational modes of a drum (Fig. 3b). The frequency of the lowest-
lying amplitude-like eigenmode n0,G closely follows the long-wave-
length prediction for homogeneous commensurate filling nSF over a
wide range of couplings j/jc until the response rounds off in the vicinity
of the critical point due to the finite size of the system (Fig. 3c). Fitting
the low-frequency edge of the experimental data can be interpreted as
extracting the frequency of this mode, which explains the good
quantitative agreement with the prediction for the homogeneous com-
mensurate filling in Fig. 2a. Modes at different frequencies from the
lowest-lying amplitude-like mode broaden the spectrum only above
the onset of spectral response.

An eigenmode analysis, however, does not yield any information
about the finite spectral width of the modes, which stems from the
interaction between amplitude and phase excitations. We will consider
the question of the spectral width by analysing the low-, intermediate-
and high-frequency parts of the response separately. We begin by
examining the low-frequency part of the response, which is expected
to be governed by a process coupling a virtually excited amplitude
mode to a pair of phase modes with opposite momenta. As a result,
the response of a strongly interacting, two-dimensional superfluid is
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a, Classical energy density V as a function of the order parameter Y. Within the
ordered (superfluid) phase, Nambu–Goldstone and Higgs modes arise from
phase and amplitude modulations (blue and red arrows in panel 1). As the
coupling j 5 J/U (see main text) approaches the critical value jc, the energy
density transforms into a function with a minimum at Y 5 0 (panels 2 and 3).
Simultaneously, the curvature in the radial direction decreases, leading to a
characteristic reduction of the excitation frequency for the Higgs mode. In the
disordered (Mott insulating) phase, two gapped modes exist, respectively
corresponding to particle and hole excitations in our case (red and blue arrow in
panel 3). b, The Higgs mode can be excited with a periodic modulation of the
coupling j, which amounts to a ‘shaking’ of the classical energy density
potential. In the experimental sequence, this is realized by a modulation of the
optical lattice potential (see main text for details). t 5 1/nmod; Er, lattice recoil
energy.
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filling results in a continuous quantum phase transition from a
Mott insulator to a superfluid, as shown in the phase diagram
in Fig. 1a. The intervening conformal QCP is characterized by a
U(1) conserved charge and belongs to the so-called (2+ 1)D XY
critical universality class. This is the simplest non-trivial CFT in two
dimensions with a continuous symmetry, and it describes a wide
range of critical systems. It is strongly correlated, so that many of
its basic finite-temperature properties remain unknown.

We performed QMC simulations at µ = 0, corresponding to
integer filling, on a quantum rotor model and its Villain version3,14;
these are closely related to the BHM and have been shown to have
QCPs in the same universality class for µ = 0. The details of the
simulations are discussed in theMethods. First, we have determined
the temperature scaling of various thermodynamic quantities in
the quantum critical regime, such as the compressibility (charge
susceptibility), � , and heat capacity, cV , and have confirmed the
CFT predictions:

� =A�

kBT
(h̄c)2

, cV =AcV

✓kBT
h̄c

◆2
(1)

where A� = 0.339(5) for the Villain model, for which the velocity
of ‘light’, c, is known. This result is close to the large-N field theory
estimate of 0.24 (ref. 15). In the case of the quantum rotormodel, c is
not known and so ameaningful quantity to give is the dimensionless
ratio W =AcV /A� = cV/(kBT�), which we found to be 6.2(1), in
excellent agreement with the field theory estimate of 6.14 (ref. 15).
Combining this with the value of A� for the Villain model, we find
AcV =2.1, which lies close to a recent non-perturbative RG result16,
1.8; the field theory estimate15 is 1.5. Exploiting the universality of
Equation (1) it is now possible to estimate c for the quantum rotor
model. In the simulations h̄=1 as well as the lattice spacing a=1;
in that case c has dimensions of energy and it is then natural to
estimate c/U . By calculating�/(kBT )U 2 =A�/(c/U )2 =3.87(3) for
the quantum rotor model, combined with the previous result for A�

obtained from the Villain model, we then find at the critical point
c/U = 0.29(1), in complete accordance with a spin-wave estimate
yielding c/U =p

t/(2U )=0.295 at the QCP. To our knowledge, our
simulations are the first to determine these universal coe�cients.

We now turn to themain result, namely the imaginary-frequency
conductivity in the quantum critical regime, Fig. 1b. It was obtained
by first extrapolating the finite-size data to the thermodynamic
limit, which was facilitated by the fact that much larger system

system sizes were used than previously. Second, we extrapolated to
zero temperature to obtain the universal scaling dependence, the
latter procedure being shown in Fig 2a,b. Both models, although
distinct at the lattice level, show the same conductivity, confirming
the universality of our results. As has been mentioned in the
introduction, to get the observable real-time conductivity one needs
to perform a di�cult analytic continuation. Our main claim is that
holography can be of practical help in this, and below we describe
the crux of the method.

A hand from string theory
We first briefly summarize the holographic computation of � (!/T );
we refer the reader to a number of reviews on AdS/CFT aimed
towards condensed matter applications17–21, and a brief discussion
in the Supplementary Information. The key ingredient in the
calculation is that a current operator in the CFT, Jµ(t , x , y), maps
to a dynamical gauge field in the higher dimensional gravitational
theory, Aµ(t , x , y; r), where r is the coordinate along the extra
dimension, see Fig. 3. The spacetime inwhich the gauge field evolves
is described by the metric:

ds2 = r 2

L2

⇥�f (r)dt 2 +dx2 +dy2⇤+ L2dr 2

r 2f (r)

where f (r)=1� r 30 /r 3, and L is the radius of AdS4. It asymptotically
tends to AdS4 as r ! 1, and contains a black hole whose event
horizon is located at r = r0. The latter allows a finite temperature
in the boundary CFT, which is in fact determined by the position of
the horizon, r0 =T (4⇡L2/3). Heuristically, the Hawking radiation
emanating from the black hole escapes to r =1 and ‘heats up’ the
boundary, where the CFT exists. The behaviour of the gauge field is
determined by extremizing the action22,23:

Sbulk =
Z

d4x
p

�g
✓

� 1
4g 2

4
FabFab +�

L2

g 2
4
CabcdFabF cd

◆
(2)

where Fab =@aAb �@bAa is the field strength (roman indices run over
t , x , y and r) and g4 is the bulk gauge coupling, which determines
the T = 0 conductivity of the CFT: � (!/T ! 1) = 1/g 2

4 . Cabcd
is the Weyl tensor, that is, the traceless part of the Riemann
curvature tensor and � a dimensionless coupling. The conductivity
is obtained by solving the modified Maxwell equation associated
with equation (2) for Fourier modes with frequency !. (The spatial
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filling results in a continuous quantum phase transition from a
Mott insulator to a superfluid, as shown in the phase diagram
in Fig. 1a. The intervening conformal QCP is characterized by a
U(1) conserved charge and belongs to the so-called (2+ 1)D XY
critical universality class. This is the simplest non-trivial CFT in two
dimensions with a continuous symmetry, and it describes a wide
range of critical systems. It is strongly correlated, so that many of
its basic finite-temperature properties remain unknown.

We performed QMC simulations at µ = 0, corresponding to
integer filling, on a quantum rotor model and its Villain version3,14;
these are closely related to the BHM and have been shown to have
QCPs in the same universality class for µ = 0. The details of the
simulations are discussed in theMethods. First, we have determined
the temperature scaling of various thermodynamic quantities in
the quantum critical regime, such as the compressibility (charge
susceptibility), � , and heat capacity, cV , and have confirmed the
CFT predictions:

� =A�

kBT
(h̄c)2

, cV =AcV

✓kBT
h̄c

◆2
(1)

where A� = 0.339(5) for the Villain model, for which the velocity
of ‘light’, c, is known. This result is close to the large-N field theory
estimate of 0.24 (ref. 15). In the case of the quantum rotormodel, c is
not known and so ameaningful quantity to give is the dimensionless
ratio W =AcV /A� = cV/(kBT�), which we found to be 6.2(1), in
excellent agreement with the field theory estimate of 6.14 (ref. 15).
Combining this with the value of A� for the Villain model, we find
AcV =2.1, which lies close to a recent non-perturbative RG result16,
1.8; the field theory estimate15 is 1.5. Exploiting the universality of
Equation (1) it is now possible to estimate c for the quantum rotor
model. In the simulations h̄=1 as well as the lattice spacing a=1;
in that case c has dimensions of energy and it is then natural to
estimate c/U . By calculating�/(kBT )U 2 =A�/(c/U )2 =3.87(3) for
the quantum rotor model, combined with the previous result for A�

obtained from the Villain model, we then find at the critical point
c/U = 0.29(1), in complete accordance with a spin-wave estimate
yielding c/U =p

t/(2U )=0.295 at the QCP. To our knowledge, our
simulations are the first to determine these universal coe�cients.

We now turn to themain result, namely the imaginary-frequency
conductivity in the quantum critical regime, Fig. 1b. It was obtained
by first extrapolating the finite-size data to the thermodynamic
limit, which was facilitated by the fact that much larger system

system sizes were used than previously. Second, we extrapolated to
zero temperature to obtain the universal scaling dependence, the
latter procedure being shown in Fig 2a,b. Both models, although
distinct at the lattice level, show the same conductivity, confirming
the universality of our results. As has been mentioned in the
introduction, to get the observable real-time conductivity one needs
to perform a di�cult analytic continuation. Our main claim is that
holography can be of practical help in this, and below we describe
the crux of the method.

A hand from string theory
We first briefly summarize the holographic computation of � (!/T );
we refer the reader to a number of reviews on AdS/CFT aimed
towards condensed matter applications17–21, and a brief discussion
in the Supplementary Information. The key ingredient in the
calculation is that a current operator in the CFT, Jµ(t , x , y), maps
to a dynamical gauge field in the higher dimensional gravitational
theory, Aµ(t , x , y; r), where r is the coordinate along the extra
dimension, see Fig. 3. The spacetime inwhich the gauge field evolves
is described by the metric:

ds2 = r 2

L2

⇥�f (r)dt 2 +dx2 +dy2⇤+ L2dr 2

r 2f (r)

where f (r)=1� r 30 /r 3, and L is the radius of AdS4. It asymptotically
tends to AdS4 as r ! 1, and contains a black hole whose event
horizon is located at r = r0. The latter allows a finite temperature
in the boundary CFT, which is in fact determined by the position of
the horizon, r0 =T (4⇡L2/3). Heuristically, the Hawking radiation
emanating from the black hole escapes to r =1 and ‘heats up’ the
boundary, where the CFT exists. The behaviour of the gauge field is
determined by extremizing the action22,23:

Sbulk =
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where Fab =@aAb �@bAa is the field strength (roman indices run over
t , x , y and r) and g4 is the bulk gauge coupling, which determines
the T = 0 conductivity of the CFT: � (!/T ! 1) = 1/g 2

4 . Cabcd
is the Weyl tensor, that is, the traceless part of the Riemann
curvature tensor and � a dimensionless coupling. The conductivity
is obtained by solving the modified Maxwell equation associated
with equation (2) for Fourier modes with frequency !. (The spatial
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Basic characteristics of CFTs
Primary operators of CFT, O
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hO
a

(x)O
b

(0)i = �
ab

|x|2�a

where �
a
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Physical picture of electrical transport in a CFT3

OPE co-e�cient �.
Obeys bound |�|  1/12.

Current
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Conductivity at T > 0 determined by

“scattering” of current by

thermal stress-energy tensor.
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This action is characterized by 3 dimensionless parameters, which
can be linked to data of the CFT (OPE coe�cients): 2-point cor-
relators of the conserved current Jµ and the stress energy tensor
Tµ⌫ , and a 3-point T , J , J correlator. Constraints from both the
CFT and the gravitational theory bound |�|  1/12 = 0.0833..
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Figure 1 | Probing quantum critical dynamics. a, Phase diagram near the superfluid–insulator quantum phase transition as a function of t/U (hopping
amplitude relative to the on-site repulsion) and temperature T at integer filling of the bosons. The conformal quantum critical point (QCP) at T =0 is
indicated by a blue disk. b, Quantum Monte Carlo data for the frequency-dependent conductivity, � , near the QCP along the imaginary frequency axis, for
both the quantum rotor and Villain models. The data has been extrapolated to the thermodynamic limit and zero temperature. The error bars are statistical,
and do not include systematic errors arising from the assumed forms of the fitting functions, which we estimate to be 5–10%.

filling results in a continuous quantum phase transition from a
Mott insulator to a superfluid, as shown in the phase diagram
in Fig. 1a. The intervening conformal QCP is characterized by a
U(1) conserved charge and belongs to the so-called (2+ 1)D XY
critical universality class. This is the simplest non-trivial CFT in two
dimensions with a continuous symmetry, and it describes a wide
range of critical systems. It is strongly correlated, so that many of
its basic finite-temperature properties remain unknown.

We performed QMC simulations at µ = 0, corresponding to
integer filling, on a quantum rotor model and its Villain version3,14;
these are closely related to the BHM and have been shown to have
QCPs in the same universality class for µ = 0. The details of the
simulations are discussed in theMethods. First, we have determined
the temperature scaling of various thermodynamic quantities in
the quantum critical regime, such as the compressibility (charge
susceptibility), � , and heat capacity, cV , and have confirmed the
CFT predictions:

� =A�

kBT
(h̄c)2

, cV =AcV

✓kBT
h̄c

◆2
(1)

where A� = 0.339(5) for the Villain model, for which the velocity
of ‘light’, c, is known. This result is close to the large-N field theory
estimate of 0.24 (ref. 15). In the case of the quantum rotormodel, c is
not known and so ameaningful quantity to give is the dimensionless
ratio W =AcV /A� = cV/(kBT�), which we found to be 6.2(1), in
excellent agreement with the field theory estimate of 6.14 (ref. 15).
Combining this with the value of A� for the Villain model, we find
AcV =2.1, which lies close to a recent non-perturbative RG result16,
1.8; the field theory estimate15 is 1.5. Exploiting the universality of
Equation (1) it is now possible to estimate c for the quantum rotor
model. In the simulations h̄=1 as well as the lattice spacing a=1;
in that case c has dimensions of energy and it is then natural to
estimate c/U . By calculating�/(kBT )U 2 =A�/(c/U )2 =3.87(3) for
the quantum rotor model, combined with the previous result for A�

obtained from the Villain model, we then find at the critical point
c/U = 0.29(1), in complete accordance with a spin-wave estimate
yielding c/U =p

t/(2U )=0.295 at the QCP. To our knowledge, our
simulations are the first to determine these universal coe�cients.

We now turn to themain result, namely the imaginary-frequency
conductivity in the quantum critical regime, Fig. 1b. It was obtained
by first extrapolating the finite-size data to the thermodynamic
limit, which was facilitated by the fact that much larger system

system sizes were used than previously. Second, we extrapolated to
zero temperature to obtain the universal scaling dependence, the
latter procedure being shown in Fig 2a,b. Both models, although
distinct at the lattice level, show the same conductivity, confirming
the universality of our results. As has been mentioned in the
introduction, to get the observable real-time conductivity one needs
to perform a di�cult analytic continuation. Our main claim is that
holography can be of practical help in this, and below we describe
the crux of the method.

A hand from string theory
We first briefly summarize the holographic computation of � (!/T );
we refer the reader to a number of reviews on AdS/CFT aimed
towards condensed matter applications17–21, and a brief discussion
in the Supplementary Information. The key ingredient in the
calculation is that a current operator in the CFT, Jµ(t , x , y), maps
to a dynamical gauge field in the higher dimensional gravitational
theory, Aµ(t , x , y; r), where r is the coordinate along the extra
dimension, see Fig. 3. The spacetime inwhich the gauge field evolves
is described by the metric:

ds2 = r 2

L2

⇥�f (r)dt 2 +dx2 +dy2⇤+ L2dr 2

r 2f (r)

where f (r)=1� r 30 /r 3, and L is the radius of AdS4. It asymptotically
tends to AdS4 as r ! 1, and contains a black hole whose event
horizon is located at r = r0. The latter allows a finite temperature
in the boundary CFT, which is in fact determined by the position of
the horizon, r0 =T (4⇡L2/3). Heuristically, the Hawking radiation
emanating from the black hole escapes to r =1 and ‘heats up’ the
boundary, where the CFT exists. The behaviour of the gauge field is
determined by extremizing the action22,23:

Sbulk =
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where Fab =@aAb �@bAa is the field strength (roman indices run over
t , x , y and r) and g4 is the bulk gauge coupling, which determines
the T = 0 conductivity of the CFT: � (!/T ! 1) = 1/g 2

4 . Cabcd
is the Weyl tensor, that is, the traceless part of the Riemann
curvature tensor and � a dimensionless coupling. The conductivity
is obtained by solving the modified Maxwell equation associated
with equation (2) for Fourier modes with frequency !. (The spatial
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Figure 4 | Holographic continuation. a, The black points represent Monte Carlo data for the conductivity at the superfluid–insulator QCP at imaginary
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A new ingredient is the need to rescale !/T by ↵ = 0.35. This
parameter does not appear naturally in the holographic procedure
described above, andmight inform us about the di�erences between
‘small-N ’ CFTs and those with simple AdS duals. Notwithstanding,
such a rescaling of the holographic form is benign in that it does not
alter the essential properties of � , such as the asymptotics, pole/zero
structure, or sum rules12,30 (see below). So we can view our analytic
continuation as a best fit of the imaginary frequency data to the
positions of the poles and zeroes of the conductivity in the lower-
half of the complex plane, while maintaining their relative positions
in the gravity theory.

There are numerous non-trivial merits of the holographic
continuationmethod. For example, the resulting conductivity obeys
a sum rule12,30,

R 1
0 d![Re� (!/T ) � � (1)] = 0, that was derived

usingAdS/CFTbutwhichwas conjectured12 to hold in genericCFTs.
It was in fact shown to hold12 at the conformal QCP of the quantum
O(N ) rotor model (a large-N extension of the one simulated
here) in the N = 1 limit, and for free Dirac fermions. Another
interesting point arises from the fact that � fixes the entire current
auto-correlation function, hJµJ⌫i ⇠ Cµ⌫(!, k). Thus, extracting �
from the fit, we can predict the momentum dependence13,25 of the
charge and current response using the conductivity data alone.
Other continuation procedures naturally do not give access to
such information. These predictions will be tested in further work
(W.W-K., E.S.S. and S.S., in preparation).

Fingerprint of excitations
The holographic continuation procedure in addition gives access
to the excitation spectrum of the QCP at finite temperature. The
holographic conductivity has poles and zeroes occurring at complex
frequencies12, specifically in the lower half-plane Im !  0, as
required by causality. These are the quasinormal modes (QNMs)
and can be interpreted as substitutes of quasiparticles in a strongly
correlated setting. Interestingly, on the gravitational side of the
AdS/CFT duality these correspond to damped eigenmodes of the
black hole11. From the holographic fit to the QMC data, we can
identify the QNMs of � , which are shown in Fig. 5 (cf. Fig. 4b,
which shows the three dominant poles). One of them is particularly
important: it is located directly on the imaginary axis closest to
! = 0, and was called12 the D-QNM due to its damped nature
(no real part) and formal relation to the Drude conductivity.
Such a purely imaginary pole was previously found31 in a large-N
extension of the quantum rotor model studied in this work from
O(2) symmetry to O(N ), as well as in the study of graphene in
the presence of Coulomb interaction32. It allows a sharp distinction
between particle-like and vortex-like responses: in the former case
the D-QNM is a pole whereas in the latter it is zero. In addition
to that pole, the spectrum contains two infinite branches of QNMs
composed of alternating poles and zeroes.

Insights into the QNM spectrum help in understanding why
Padé approximants are ill-suited for the analytic continuation. In
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Quantum criticality of Ising-nematic ordering in a metal
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• � fluctuation at wavevector ~q couples most e�ciently to fermions

near ±~k0.

• Expand fermion kinetic energy at wavevectors about ±~k0 and
boson (�) kinetic energy about ~q = 0.
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for d > 2 ) Fermions have higher energy than
bosons, and perturbation theory in g is OK.
Strongly-coupled theory in d = 2.
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Strongly-coupled theory without quasiparticles.
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Simple scaling argument for z = 3/2.
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Under the rescaling x ! x/s, y ! y/s

1/2
, and ⌧ ! ⌧/s

z
, we

find invariance provided

� ! � s
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(2z+1)/4

g ! g s
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So the action is invariant provided z = 3/2.
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Consider a metric which transforms under rescaling as

xi ! ⇣ xi, t ! ⇣

z
t, ds ! ⇣

✓/d
ds.

Recall: conformal matter has ✓ = 0, z = 1, and the metric is

anti-de Sitter

Generalized holography
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This is the most general metric which is invariant under the

scale transformation

xi ! ⇣ xi

t ! ⇣

z
t

ds ! ⇣

✓/d
ds.

This identifies z as the dynamic critical exponent (z = 1 for

“relativistic” quantum critical points). We will see shortly

that ✓ is the violation of hyperscaling exponent.

We have used reparametrization invariance in r to define it so

that it scales as

r ! ⇣

(d�✓)/d
r .

L. Huijse, S. Sachdev, B. Swingle, Physical Review B 85, 035121 (2012)
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At T > 0, there is a “black-brane” at r = rh.

The Beckenstein-Hawking entropy of the black-brane is the
thermal entropy of the quantum system r = 0.

The entropy density, S, is proportional to the
“area” of the horizon, and so S ⇠ r�d

h

r
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r

Under rescaling r ! ⇣(d�✓)/dr, and the

temperature T ⇠ t�1
, and so

S ⇠ T (d�✓)/z
= T deff/z

where ✓ = d�de↵ , the “dimension deficit”, is now identified

as the violation of hyperscaling exponent.

Generalized holography
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The null energy condition (stability condition for gravity)

yields a new inequality

z � 1 +

✓

d

The Fermi liquid has ✓ = d � 1 and z = 1: so the Fermi

liquid does not have such a gravity dual.

The non-Fermi liquid in d = 2 has ✓ = d�1, and this implies

z � 3/2. So the lower bound is precisely the value obtained

for the non-Fermi liquid!
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Application of the Ryu-Takayanagi minimal area formula to a dual

Einstein-Maxwell-dilaton theory yields

SE ⇠

8
<

:

P , for ✓ < d� 1

P lnP , for ✓ = d� 1

P ✓/(d�1) , for ✓ > d� 1

.

The non-Fermi liquid has log-violation of “area law”, and this ap-

pears precisely at the correct value ✓ = d� 1!

Moreover, the co-e�cient of P lnP computed holographically is in-

dependent of the shape of the entangling region just as expected for

a circular Fermi surface!!

Generalized holography
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Einstein-Maxwell-dilaton theory

Electric flux

C. Charmousis, B. Gouteraux, B. S. Kim, E. Kiritsis and R. Meyer, JHEP 1011, 151 (2010).
S. S. Gubser and F. D. Rocha, Phys. Rev. D 81, 046001 (2010).
N. Iizuka, N. Kundu, P. Narayan and S. P. Trivedi, arXiv:1105.1162 [hep-th].
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Holography of a non-Fermi liquid



ds

2 =
1

r

2

✓
� dt

2

r

2d(z�1)/(d�✓)
+ r

2✓/(d�✓)
dr

2 + dx

2
i

◆
Holography of a non-Fermi liquid

The r ! 1 limit of the metric of the Einstein-Maxwell-

dilaton (EMD) theory has the most general form with

✓ =

d2�

↵+ (d� 1)�

z = 1 +
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d
+

8(d(d� ✓) + ✓)2
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Holography of a non-Fermi liquid

Computation of the entanglement entropy in the EMD

theory via the Ryu-Takayanagi formula for ✓ = d� 1
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• Identify charge carriers: electrons near the Fermi surface. Com-
pute the scattering rate of these charged excitations o↵ the bosonic
� fluctuations.

• Analogous to electron-phonon scattering in metals, where we have
“Bloch’s law”: a resistivity ⇢(T ) ⇠ T 5.

• “Bloch’s law” for the Ising-nematic critical point yields
⇢(T ) ⇠ T 4/3.

• However, Bloch’s law ignores conservation of total momentum, or
phonon drag.

• The field theory for the Ising-nematic critical point has strong
electron�� scattering, and no quasi-particle excitations. Never-
theless, because of the central importance of the analog of phonon
drag, it has ⇢(T ) = 0.
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Quantum criticality of Ising-nematic ordering in a metal

J

P
The most-probable state with a non-zero current J

has a non-zero momentum P (and vice versa).

At non-zero density, J “drags” P.

• Focus on the interplay between Jµ and Tµ⌫ !

Transport without quasiparticles:



Quantum criticality of Ising-nematic ordering in a metal

J

P

The resistivity of this metal is not determined by the scattering

rate of charged excitations near the Fermi surface, but by the

dominant rate of momentum loss by any excitation, whether

neutral or charged, or fermionic or bosonic

The most-probable state with a non-zero current J
has a non-zero momentum P (and vice versa).

At non-zero density, J “drags” P.

• Focus on the interplay between Jµ and Tµ⌫ !
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Transport without quasiparticles:

⇢(T )

T

Resistivity from random-field disorder

S. A. Hartnoll, R. Mahajan, M. Punk and S. Sachdev, Physical Review B 89, 155130 (2014)
A. Lucas, S. Sachdev, and K. Schalm, Physical Review D 89, 066018 (2014)
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⇢(T ) ⇠ h2
0 T in region

with ‘relativistic’ criticality of �,
with dynamic critical exponent

z = 1.
Obtained by “memory function”

and by holography.
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 Strongly-coupled quantum criticality leads to a novel 
regime of quantum dynamics without quasiparticles.	


!

 The simplest examples are conformal field theories 
in 2+1 dimensions, realized by ultracold atoms in 
optical lattices. Quantitative predictions for transport 
by combining quantum Monte Carlo and holography.	


!

 Exciting recent progress on the description of 
transport in metallic states without quasiparticles, via 
field theory and holography.
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