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based on N. P. Fournier, P. Armitage, and

R. L. Greene, Rev. Mod. Phys. 82, 2421 (2010).
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Lower Tc superconductivity in the heavy fermion compounds 2

Generally, the ground state of a Ce heavy-fermion sys-
tem is determined by the competition of the indirect Ru-
derman Kittel Kasuya Yosida (RKKY) interaction which
provokes magnetic order of localized moments mediated
by the light conduction electrons and the Kondo interac-
tion. This last local mechanism causes a paramagnetic
ground state due the screening of the local moment of
the Ce ion by the conduction electrons. Both interac-
tions depend critically on the hybridization of the 4f
electrons with the conduction electrons. High pressure is
an ideal tool to tune the hybridization and the position
of the 4f level with respect to the Fermi level. Therefore
high pressure experiments are ideal to study the criti-
cal region where both interactions are of the same order
and compete. To understand the quantum phase transi-
tion from the antiferromagnetic (AF) state to the para-
magnetic (PM) state is actually one of the fundamen-
tal questions in solid state physics. Different theoretical
approaches exist to model the magnetic quantum phase
transition such as spin-fluctuation theory of an itinerant
magnet [10–12], or a new so-called ’local’ quantum criti-
cal scenario [13, 14]. Another efficient source to prevent
long range antiferromagnetic order is given by the va-
lence fluctuations between the trivalent and the tetrava-
lent configuration of the cerium ions [15].

The interesting point is that in these strongly corre-
lated electron systems the same electrons (or renormal-
ized quasiparticles) are responsible for both, magnetism
and superconductivity. The above mentioned Ce-115
family is an ideal model system, as it allows to study
both, the quantum critical behavior and the interplay of
the magnetic order with a superconducting state. Espe-
cially, as we will be shown below, unexpected observa-
tions will be found, if a magnetic field is applied in the
critical pressure region.

PRESSURE-TEMPERATURE PHASE DIAGRAM

In this article we concentrate on the compound
CeRhIn5. At ambient pressure the RKKY interaction
is dominant in CeRhIn5 and magnetic order appears at
TN = 3.8 K. However, the ordered magnetic moment of
µ = 0.59µB at 1.9 K is reduced of about 30% in com-
parison to that of Ce ion in a crystal field doublet with-
out Kondo effect [17]. Compared to other heavy fermion
compounds at p = 0 the enhancement of the Sommerfeld
coefficient of the specific heat (γ = 52 mJ mol−1K−2) [18]
and the cylotron masses of electrons on the extremal or-
bits of the Fermi surface is rather moderate [19, 20]. The
topologies of the Fermi surfaces of CeRhIn5 are cylin-
drical and almost identical to that of LaRhIn5 which is
the non 4f isostructural reference compound. From this
it can be concluded that the 4f electrons in CeRhIn5

are localized and do not contribute to the Fermi volume
[19, 20].

By application of pressure, the system can be tuned
through a quantum phase transition. The Néel temper-

FIG. 2. Pressure–temperature phase diagram of CeRhIn5 at
zero magnetic field determined from specific heat measure-
ments with antiferromagnetic (AF, blue) and superconduct-
ing phases (SC, yellow). When Tc < TN a coexistence phase
AF+SC exist. When Tc > TN the antiferromagnetic order is
abruptly suppressed. The blue square indicate the transition
from SC to AF+SC after Ref. 16.

ature shows a smooth maximum around 0.8 GPa and
is monotonously suppressed for higher pressures. How-
ever, CeRhIn5 is also a superconductor in a large pres-
sure region from about 1.3 to 5 GPa. It has been shown
that when the superconducting transition temperature
Tc > TN the antiferromagnetic order is rapidly sup-
pressed (see figure 2) and vanishes at a lower pressure
than that expected from a linear extrapolation to T = 0.
Thus the pressure where Tc = TN defines a first critical
pressure p!

c and clearly just above p!
c anitferromagnetism

collapses. The intuitive picture is that the opening of a
superconducting gap on large parts of the Fermi surface
above p!

c impedes the formation of long range magnetic
order. A coexisting phase AF+SC in zero magnetic field
seems only be formed if on cooling first the magnetic or-
der is established. We will discuss below the microscopic
evidence of an homogeneous AF+SC phase.

At ambient pressure CeRhIn5 orders in an incommen-
surate magnetic structure [21] with an ordering vector
of qic=(0.5, 0.5, δ) and δ = 0.297 that is a magnetic
structure with a different periodicity than the one of the
lattice. Generally, an incommensurate magnetic struc-
ture is not favorable for superconductivity with d wave
symmetry, which is realized in CeRhIn5 above p!

c [22].
Neutron scattering experiments under high pressure do
not give conclusive evidence of the structure under pres-
sures up to 1.7 GPa which is the highest pressure studied
up to now [23–25]. The result is that at 1.7 GPa the in-
commensurability has changed to δ ≈ 0.4. The main dif-
ficulty in these experiments with large sample volume is
to ensure the pressure homogeneity. Near p!

c the control
of a perfect hydrostaticity is a key issue as the material
reacts quite opposite on uniaxial strain applied along the
c and a axis.

From recent nuclear quadrupol resonance (NQR) data

G. Knebel, D. Aoki, and J. Flouquet, arXiv:0911.5223.
Tuson Park, F. Ronning, H. Q. Yuan, M. B. Salamon, R. Movshovich, 
J. L. Sarrao, and J. D. Thompson, Nature 440, 65 (2006) 
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“Yukawa” coupling between fermions and
antiferromagnetic order:

�2 ⇠ U , the Hubbard repulsion
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The Hubbard Model
Decouple U term by a Hubbard-Stratanovich transformation 
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Fermi surface+antiferromagnetism

The electron spin polarization obeys
�

⌃S(r, �)
⇥

= ⌃⇥(r, �)eiK·r

where K is the ordering wavevector.

+

Metal with “large” 
Fermi surface
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Mean field theory

Fermi surface+antiferromagnetism

In the presence of spin density wave order, ~' at wavevector

K = (⇡,⇡), we have an additional term which mixes electron

states with momentum separated by K

Hsdw = �~' ·
X

k,↵,�

c†k,↵~�↵�ck+K,�

where ~� are the Pauli matrices. The electron dispersions ob-

tained by diagonalizing H0 +Hsdw for ~' / (0, 0, 1) are

Ek± =

"k + "k+K

2

±

s✓
"k � "k+K

2

◆
+ �2'2
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Metal with “large” Fermi surface

Fermi surface+antiferromagnetism
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Fermi surfaces translated by K = (�,�).

Fermi surface+antiferromagnetism

Wednesday, July 11, 12



“Hot” spots

Fermi surface+antiferromagnetism
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Electron and hole pockets in

antiferromagnetic phase with h~'i 6= 0

Fermi surface+antiferromagnetism
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Metal with “large” 
Fermi surface

h~'i = 0

Metal with electron 
and hole pockets

Increasing SDW order

h~'i 6= 0

S. Sachdev, A. V. Chubukov, and A. Sokol, Phys. Rev. B 51, 14874 (1995). 
A. V. Chubukov and D. K. Morr, Physics Reports 288, 355 (1997).

Increasing interaction

Fermi surface+antiferromagnetism
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N. P. Armitage et al., Phys. Rev. Lett. 88, 257001 (2002).

Photoemission in Nd2-xCexCuO4
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Nd2�xCexCuO4

T. Helm, M. V. Kartsovnik, 
M. Bartkowiak, N. Bittner, 

M. Lambacher, A. Erb, J. Wosnitza, 
and R. Gross, 

Phys. Rev. Lett. 103, 157002 (2009). 

Quantum oscillations

Increasing SDW order

s
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Physical Review B 34, 8190 (1986)
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Pairing by SDW fluctuation exchange

We now allow the SDW field ~' to be dynamical, coupling to elec-

trons as

Hsdw = �
X

k,q,↵,�

~'q · c†k,↵~�↵�ck+K+q,� .

Exchange of a ~' quantum leads to the e↵ective interaction

Hee = �1

2

X

q

X

p,�,�

X

k,↵,�

V↵�,��(q)c
†
k,↵ck+q,�c

†
p,�cp�q,�,

where the pairing interaction is

V↵�,��(q) = ~�↵� · ~���
�2

⇠�2
+ (q�K)

2
,

with �2⇠2 the SDW susceptibility and ⇠ the SDW correlation length.
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BCS Gap equation

Pairing by SDW fluctuation exchange

In BCS theory, this interaction leads to the ‘gap

equation’ for the pairing gap �k / hck"c�k#i.

�k = �
X

p

✓
3�2

⇠�2
+ (p� k�K)

2

◆
�p

2

q
"2p +�

2
p

Non-zero solutions of this equation require that

�k and �p have opposite signs when p� k ⇡ K.
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Pairing “glue” from antiferromagnetic fluctuations
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Unconventional pairing at and near hot spots

�
��

D
c†k�c

†
�k⇥

E
= ��⇥�(cos kx � cos ky)
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Metal with “large” 
Fermi surface

h~'i = 0

Metal with electron 
and hole pockets

Increasing SDW order

h~'i 6= 0

s
S. Sachdev, A. V. Chubukov, and A. Sokol, Phys. Rev. B 51, 14874 (1995). 

A. V. Chubukov and D. K. Morr, Physics Reports 288, 355 (1997).

Fermi surface+antiferromagnetism
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Fluctuating
Fermi

pockets
Large
Fermi

surface

Strange
Metal

Spin density wave (SDW)

Underlying SDW ordering quantum critical point
in metal at x = xm

Increasing SDW order

T*
Quantum
Critical

Fermi surface+antiferromagnetism
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Relaxation and equilibration times ⇠ ~/kBT are robust

properties of strongly-coupled quantum criticality

Increasing SDW order
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Quantum
Critical
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surface

Strange
Metal

Spin density wave (SDW)

Relaxation and equilibration times ⇠ ~/kBT are robust

properties of strongly-coupled quantum criticality

Increasing SDW order

T*
Quantum
Critical
Strange
Metal ?

Fermi surface+antiferromagnetism
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Large
Fermi

surface

Strange
Metal

Spin density wave (SDW)

d-wave
superconductor

Small Fermi
pockets with 

pairing fluctuations
Fluctuating, 
paired Fermi

pockets

Pairing “glue” from antiferromagnetic fluctuations

Fermi surface+antiferromagnetism

M. A. Metlitski and
S. Sachdev,
Physical Review
B 82, 075128 (2010)
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At stronger coupling, 
different effects compete:

• Pairing glue becomes stronger.

• There is stronger fermion-boson
scattering, and fermionic quasi-
particles lose their integrity.

• Other instabilities can appear
e.g. to charge density waves/stripe
order.
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“Hot” spots
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Low energy theory for critical point near hot spots
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v1 v2

�2 fermions
occupied

�1 fermions
occupied

Theory has fermions  1,2 (with Fermi velocities v1,2)

and boson order parameter ~',
interacting with coupling �

k
x

ky
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Sung-Sik Lee, Phys. Rev. B 80, 165102 (2009) 
M. A. Metlitski and S. Sachdev, Phys. Rev. B 85, 075127 (2010)
M. A. Metlitski and S. Sachdev, Phys. Rev. B 85, 075128 (2010)

• In d = 2, we must work in local theores

which keeps both the order parameter and

the Fermi surface quasiparticles “alive”.

• The theories can be organized in a 1/N ex-

pansion, where N is the number of fermion

“flavors”.

• At subleading order, resummation of all

“planar” graphics is required (at least): this

theory is even more complicated than QCD.
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A.  J. Millis, Phys. Rev. B 45, 13047 (1992)
Ar. Abanov and A.V. Chubukov, Phys. Rev. Lett. 93, 255702 (2004)

G
fermion

⇠ 1p
i! � v.k

Two loop results: Non-Fermi liquid spectrum at hot spots
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M. A. Metlitski and S. Sachdev, Phys. Rev. B 85, 075127 (2010)

k?

kk

G
fermion

=
Z(kk)

! � vF (kk)k?
, Z(kk) ⇠ vF (kk) ⇠ kk

Two loop results: Quasiparticle weight vanishes

upon approaching hot spots
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Weak-coupling theory

1 + �2⇢(EF ) log

✓
EF

!

◆
Fermi
energy

Pairing by SDW fluctuation exchange

Density of states

at Fermi energy
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M. A. Metlitski and S. Sachdev, Phys. Rev. B 85, 075127 (2010)
(see also  Ar. Abanov, A. V. Chubukov, and A. M. Finkel'stein, Europhys. Lett. 54, 488 (2001)) 

Antiferromagnetic critical point

1 +

sin ✓

2⇡
log

2

✓
EF

!

◆

✓ is the angle between Fermi lines.

Independent of interaction strength

U in 2 dimensions.

Pairing by SDW fluctuation exchange

Fermi
energy
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M. A. Metlitski and S. Sachdev, Phys. Rev. B 85, 075127 (2010)

Antiferromagnetic critical point

1 +

sin ✓

2⇡
log

2

✓
EF

!

◆

• Universal log2 singularity arises from Fermi lines;

singularity at hot spots is weaker.

• Interference between BCS and quantum-critical logs.

• Momentum dependence of self-energy is crucial.

• Not suppressed by 1/N factor in 1/N expansion.

Pairing by SDW fluctuation exchange
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Summary:

 Field theory/RG provide strong evidence that there 
is unconventional (“pairing-amplitude-sign-changing”) 
spin-singlet superconductivity at the antiferromagentic 
quantum critical point in all two-dimensional metals.

 The flow to strong-coupling indicates that Feynman 
graph/field theory/RG methods have reached their 
limits, and we have reached an impasse........
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v1 v2

Theory has fermions  1,2 (with Fermi velocities v1,2)

and boson order parameter ~',
interacting with coupling �

k
x

ky

To faithfully realize low energy theory in quantum Monte Carlo,

we need a UV completion in which Fermi lines don’t end

and all weights are positive.
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Low energy theory for critical point near hot spots
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We have 4 copies
of the hot spot theory......
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and their Fermi lines are 
connected as shown:
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Reconnect Fermi lines and 
eliminate the sign problem !
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Hot spots in a single band model

QMC for the onset of antiferromagnetism
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Hot spots in a two band model

QMC for the onset of antiferromagnetism

E. Berg, 
M. Metlitski, and 

S. Sachdev, 
arXiv:1206.0742
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Hot spots in a two band model

No sign problem in 
fermion determinant Monte Carlo !

Determinant is positive because of Kramer’s
degeneracy, and no additional symmetries are needed; holds for 

arbitrary band structure and  band filling, provided K only 
connects hot spots in distinct bands

E. Berg, 
M. Metlitski, and 

S. Sachdev, 
arXiv:1206.0742

QMC for the onset of antiferromagnetism
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QMC for the onset of antiferromagnetism

Electrons with dispersion "

k

interacting with fluctuations of the

antiferromagnetic order parameter ~'.
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Electrons with dispersions "
(x)
k

and "

(y)
k

interacting with fluctuations of the
antiferromagnetic order parameter ~'.
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QMC for the onset of antiferromagnetism

E. Berg, 
M. Metlitski, and 

S. Sachdev, 
arXiv:1206.0742
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QMC for the onset of antiferromagnetism

No sign problem !

E. Berg, 
M. Metlitski, and 

S. Sachdev, 
arXiv:1206.0742
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Hot spots in a two band model

QMC for the onset of antiferromagnetism

E. Berg, 
M. Metlitski, and 

S. Sachdev, 
arXiv:1206.0742
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QMC for the onset of antiferromagnetism

Center Brillouin zone at (π,π,)

E. Berg, 
M. Metlitski, and 

S. Sachdev, 
arXiv:1206.0742

Wednesday, July 11, 12



−1 0 1
−1

−0.5

0

0.5

1

 kx/π

k y/π

−1 0 1
−1

−0.5

0

0.5

1

k y/π
 kx/π

K

a) b)

QMC for the onset of antiferromagnetism

Move one of the Fermi surface by (π,π,)

E. Berg, 
M. Metlitski, and 

S. Sachdev, 
arXiv:1206.0742
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QMC for the onset of antiferromagnetism

Now hot spots are at Fermi surface intersections

E. Berg, 
M. Metlitski, and 

S. Sachdev, 
arXiv:1206.0742
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QMC for the onset of antiferromagnetism

Expected Fermi surfaces in the AFM ordered phase

E. Berg, 
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are larger than the presumed doping levels, 0.11, 0.085, and
<0:05, respectively, it is clear that the pocket size scales
qualitatively with the doping level as predicted theoreti-
cally [6,10]. Interestingly, two fluid models of the pseudo-
gap state do predict the observed discrepancy between the
pocket size and carrier concentration or doping level [22].
The finding of a finite nodal FS rather than a ‘‘nodal’’ point
at low T for the Tc ¼ 0 K sample is at variance with
recently reported findings under the same conditions
[23]. The measured Fermi pockets are, however, in
good agreement with those predicted by the YRZ
ansatz. In Fig. 2(b) we show the spectral function calcu-

lated at EF as a function of doping, where Að ~k; 0Þ ¼
$ð1=!Þ ImGYRZð ~k; 0Þ and where GYRZð ~k; 0Þ is Green’s
function taken from Ref. [6]. The experimental observa-
tions are remarkably well reproduced by this model with
the doping level as the only adjustable parameter.

Turning to the question of whether the pocket areas are
temperature dependent, we show in Fig. 3(a) the observed
Fermi arc for the Tc ¼ 45 K sample measured at three
different temperatures: 60, 90, and 140 K, all in the normal
state but well below T%. The measured FS crossings in
the figure are determined by the same method used in
Figs. 1 and 2 rather than from the spectral weight at the
Fermi level. In Fig. 3(b) we show the measured arc length
as a function of temperature. It is clear that any changewith
temperature is minimal and certainly not consistent with an
increase by more than a factor of 2 between the data taken
at 140 and 60 K as would be expected by a T=T% scaling of
the arc length [21]. The discrepancy arises because pre-
vious experiments have not fully determined whether or
not a band actually crosses the Fermi level.

The picture of the low energy excitations of the normal
state emerging from the present study is of a nodal FS
characterized by a Fermi ‘‘pocket’’ that, at temperatures
above Tc, shows a minimal temperature dependence and an
area proportional only to the doping level. We now turn our
attention to the antinodal pseudogap itself.

Several theories of the pseudogap phase propose the
formation of preformed singlet pairs above Tc in the anti-
nodal region of the Brillouin zone [24]. The YRZ spin
liquid based on the RVB picture is one such model as it
recognizes the formation of resonating pairs of spin sin-
glets along the copper-oxygen bonds of the square lattice
as the lowest energy configuration. Figures 4(a)–4(d) show
a series of spectral plots along the straight sector of the
LDA FS in the antinodal region at a temperature of 140 K
for the Tc ¼ 65 K sample at the locations indicated in
Fig. 4(e). Figure 4(f) shows intensity cuts through these
plots along the horizontal lines indicated in Figs. 4(a)–4(d).
It is evident that a symmetric gap exists at all points along
this line. The particle-hole symmetry in binding energy
observed here is in marked contrast to the particle-hole
symmetry breaking predicted in the presence of density
wave order and is a necessary condition for the formation
of Cooper pairs. Thus the present observations add support
to the hypothesis that the normal state is characterized by
pair states forming along the copper-oxygen bonds and is
consistent with earlier studies.
The combination of Figs. 2 and 4 points to a more

complete picture of the low energy excitations in the nor-
mal state of the underdoped cuprates. For Tc < T < T%, a
Fermi pocket exists in the nodal region with an area pro-
portional to the doping level. One does not need to invoke
discontinuous Fermi arcs to describe the FS of underdoped
Bi2212, and Luttinger’s sum rule, properly understood, is
seen to still approximately stand. However, as is evident in
the inset of Fig. 2(a), the area of the hole pockets would
appear to be larger than assumed doping level at the higher
doping levels. This may reflect the presence of electron
pockets at the higher doping level or it may reflect the
presence of a bilayer splitting, even though the latter is
not observed in the present study. We note that the splitting
will be smaller in the underdoped region and in the nodal
region. Although not verified in the present study, one
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FIG. 2 (color online). (a) The pseudopockets determined for
three different doping levels. The black data correspond to the
Tc ¼ 65 K sample, the blue data correspond to the Tc ¼ 45 K
sample, and the red data correspond to the nonsuperconducting
Tc ¼ 0 K sample. The area of the pockets xARPES scales with the
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FIG. 3 (color online). (a) The Fermi surface crossings deter-
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The Fermi surface topologies of underdoped samples of the high-Tc superconductor Bi2Sr2CaCu2O8þ!

have been measured with angle resolved photoemission. By examining thermally excited states above the

Fermi level, we show that the observed Fermi surfaces in the pseudogap phase are actually components of

fully enclosed hole pockets. The spectral weight of these pockets is vanishingly small at the magnetic zone

boundary, creating the illusion of Fermi ‘‘arcs.’’ The area of the pockets as measured in this study is

consistent with the doping level, and hence carrier density, of the samples measured. Furthermore, the

shape and area of the pockets is well reproduced by phenomenological models of the pseudogap phase

as a spin liquid.
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Understanding the pseudogap regime in the high-Tc

superconducting cuprates is thought to be key to under-
standing the high-Tc phenomenon in general [1]. An im-
portant component of that understanding will be the
determination of the nature of the low lying normal state
electronic excitations that evolve into the superconducting
state. It is therefore critically important to know the exact
nature of the Fermi surface (FS). Photoemission studies of
the pseudogap regime reveal gaps in the spectral function in
directions corresponding to the copper-oxygen bonds and a
FS that seemingly consists of disconnected arcs falling on
the FS defined within the framework of a weakly interact-
ing Fermi liquid [2]. A number of different theories have
attempted to explain these phenomena in terms of compet-
ing orders whereby the full FS undergoes a reconstruction
reflecting the competition [3,4]. An alternative approach
recognizes that the superconducting cuprates evolve with
doping from a Mott insulating state with no low energy
charge excitations to a new state exhibiting properties
characteristic of both insulators and strongly correlated
metals.

Several theories have been proposed to describe the
cuprates from the latter perspective [5–7]. One such ap-
proach is represented by the so-called Yang-Rice-Zhang
(YRZ) ansatz [6], which, based on the doped resonant
valence bond (RVB) spin liquid concept [8], has been
shown to successfully explain a range of experimental
observations in the underdoped regime [9–12]. The model
is characterized by two phenomena, a pseudogap that
differs in origin from the superconducting gap and hole
pockets that satisfy the Luttinger sum rule for a FS defined
by both the poles and zeros of Green’s function at the
chemical potential [13]. The pockets manifest themselves
along part of the FS as an ‘‘arc’’ possessing finite spectral
weight corresponding to the poles of Green’s function as in
a conventional metal. The remaining ‘‘ghost’’ component

of the FS is defined by the zeros of Green’s function and
therefore possesses no spectral weight to be directly ob-
served. Importantly, the zeros of Green’s function at the
chemical potential coincide with the magnetic zone bound-
ary associated with the underlying antiferromagnetic
(AFM) order of the Mott insulating state and therefore
restrict the pockets to lying on only one side of this line.
The model further predicts that the arc and ghost portions
of the FS are smoothly connected into pockets. Several
theoretical studies indicate that within this framework the
pockets have an area that scales with the doping [6,10].
Recent photoemission studies have indeed provided some
indication that the pseudogap regime is characterized by
hole pockets centered in the nodal direction [14,15].
Furthermore, the possibility that FS in the underdoped
materials consists of a pocket structure is at the heart of
the interpretation of recent studies that identified quantum
oscillations in these materials [16]. In the present study, we
demonstrate for the first time that the FS of the underdoped
cuprates in the normal state is characterized by hole pock-
ets with an area proportional to the doping level.
The photoemission studies reported in this Letter were

carried out on underdoped cuprate samples, both Ca doped
and oxygen deficient. The Ca-rich crystal was grown from
a rod with Bi2:1Sr1:4Ca1:5Cu2O8þ! composition using an
arc-image furnace with a flowing 20% O2-Ar gas mixture.
The maximum Tc was 80 K. The sample was then annealed
at 700 #C giving a 45 K Tc with a transition width of 2 K.
The oxygen-deficient Bi2Sr2CaCu2O8þ! (Bi2212) crystals
were produced by annealing optimally doped Bi2212 crys-
tals, at 450 #C to 650 #C for 3–15 days. The spectra shown
in this Letter were all recorded on beam line U13UB at the
NSLS using a Scienta SES2002 electron spectrometer.
Each spectrum was recorded in the pulse-counting mode
with an energy and angular resolution of 15 meVand 0.1#,
respectively.
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• Fermi surface volume does not count
all electrons.

• Such a phase must have neutral S = 1/2 ex-
citations (“spinons”), and collective spinless
gauge excitations (“topological” order).

• These topological excitations are needed to
account for the deficit in the Fermi surface
volume, in M. Oshikawa’s proof of the
Luttinger theorem.

Characteristics of FL* phase

T. Senthil, S. Sachdev, and M. Vojta, Phys. Rev. Lett. 90, 216403 (2003)
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