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Outline

|. Quantum “disordering” magnetic order in
two-dimensional antiferromagnets
Topological defects and their Berry phases

2. Unified theory of spin liquids

Majorana liquids

3. Loss of magnetic order in a metal
d-wave pairing and
(modulated) Ising-nematic order
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|. Quantum “disordering” magnetic order in

two-dimensional antiferromagnets
Topological defects and their Berry phases
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Square lattice antiferromagnet

H=Y J;S;-S;
(i5)

Ground state has long-range Néel order

Order parameter is a single vector field G = n;S;

n;, = 1 on two sublattices
@) # 0 in Néel state.

Saturday, May 29, 2010



Square lattice antiferromagnet

(17)

Add perturbations so ground state no
longer has long-range Néel order
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Square lattice antiferromagnet

H = ZJZJ e

(i7)
Add perturbations so ground state no
longer has long-range Néel order

Describe the resulting state by an effective theory of fluctuations
of the Néel order:
R.(z,7)|Néel)

where R is a SU(2) spin rotation matrix related to the Néel order

2 —2Z .
Rz — ( f >|<¢ > : SBZZZ;O-QBZB

Ginzburg-Landau paradigm: Effective action for R, (x,7), de-
duced by symmetries, describes quantum transitions and phases
“near” the Néel state.
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Order parameter description 1s incomplete

Underlying electrons cannot be 1gnored even
though charged excitations are fully gapped.

They endow topological defects in the order
parameter (hedgehogs, vortices...) with Berry phases:

the defects acquire additional degeneracies and
transform non-trivially under lattice space group
e.g. with non-zero crystal momentum
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Metals (in the cuprates)

«| Hole
states
occupied T~
Electron

1 states
occupied [T—

)

E twcmcm_ E 5kaaCka

1<9

e Begin with free electrons.
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Fermi surface+antiferromagnetism

Hole
states
occupied | ™

occupied [T—

T

Electron
\ 7<\ states

+

rm

T'he electron spin polarization obeys

(S(r,7)) = @, )e™

where K is the ordering wavevector.
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Spin density wave theory

In the presence of spin density wave order, ¢ at wavevector K =
(7, ), we have an additional term which mixes electron states with
momentum separated by K

—

Hygw = @ - E Ck,a0aBCk+K,3

k7a7/8

where o are the Pauli matrices. The electron dispersions obtained
by diagonalizing Hy + Hgqgy for ¢ o< (0,0,1) are

Ek T CkiLK Ck — Ek+K
Ek:l:: 2+ ::\/( 2+>—|—902

This leads to the Fermi surtaces shown in the following slides for
half-filling
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Half-filled band

< Increasing SDW order

S. Sachdev,A.V. Chubukoyv, and A. Sokol, Phys. Rev. B 51, 14874 (1995).
A.V. Chubukov and D. K. Morr, Physics Reports 288, 355 (1997).
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Half-filled band

<

Increasing SDW order

ZAN AN
NN

S. Sachdev,A.V. Chubukoyv, and A. Sokol, Phys. Rev. B 51, 14874 (1995).
A.V. Chubukov and D. K. Morr, Physics Reports 288, 355 (1997).
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Half-filled band

<

Increasing SDW order

ZA AN
NN

Hot spots

S. Sachdev,A.V. Chubukoyv, and A. Sokol, Phys. Rev. B 51, 14874 (1995).
A.V. Chubukov and D. K. Morr, Physics Reports 288, 355 (1997).
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Half-filled band

< Increasing SDW order

ZA AN
NN

L]
_ N\
poHcklets \lx ﬂjL
Y
\_/
Electron
pockets

Hot spots

Fermi surface breaks up at hot spots
into electron and hole “pockets”

S. Sachdev,A.V. Chubukoyv, and A. Sokol, Phys. Rev. B 51, 14874 (1995).
A.V. Chubukov and D. K. Morr, Physics Reports 288, 355 (1997).
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Half-filled band

< Increasing SDW order
A NVZAN VAN
Insulator | 7 B

N\_/

N4

Hot spots

Insulator with Neel order has electrons
filling 2 band, and no Fermi surface

S. Sachdev,A.V. Chubukoyv, and A. Sokol, Phys. Rev. B 51, 14874 (1995).
A.V. Chubukov and D. K. Morr, Physics Reports 288, 355 (1997).
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Half-filled band

<——Increasing SDW order——

Insulator

Insulator with Neel order has electrons
filling a band, and no Fermi surface

S. Sachdev,A.V. Chubukoyv, and A. Sokol, Phys. Rev.B 51, 14874 (1995).
A.V. Chubukov and D. K. Morr, Physics Reports 288, 355 (1997).
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Square lattice antiferromagnet
R.(x,T) |Néel>
Perform SU(2) rotation R, on filled band of electrons:

(o )=(a 3)()

/\\@D: states empty

\/\| Y4 states filled
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Square lattice antiferromagnet
R.(x,T) |Néel>
Perform SU(2) rotation R, on filled band of electrons:

(o)=(2 )0

This 1s invariant under

o =7 ewza : ¢+ — 6_i9¢+ ; lb— — €i9¢. _
We obtain a U(1) gauge theory of
e bosonic neutral spinons z,;

e spinless, charged fermions ¥+ occupying filled bands;

o an emergent U(1) gauge field A4,,.
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The Néel phase is the Higgs state with (z,) # 0.
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Nature of quantum “‘disordered” phase

The Néel phase is the Higgs state with (z,) # 0.

In the quantum “disordered” phase, with (z,) = 0 and
z, €xcitations gapped, let us examine the theory for the
Y+ fermions. For simplicity, we focus on the honeycomb
lattice, where this can be written in Dirac notation:

Lo = i7" (B — 14,0%) 6 + mBpla™y

where 7 /p are Pauli matrices in spin/valley space.

Saturday, May 29, 2010



Nature of quantum “disordered’ phase

The Néel phase is the Higgs state with (z,) # 0.

In the quantum “disordered” phase, with (z,) = 0 and
2o excitations gapped, let us examine the theory for the
Y+ fermions. For simplicity, we focus on the honeycomb
lattice, where this can be written in Dirac notation:

Ly = ipy" (8, —iA,0% —iB,p¥) Y + mappYoy

where & /p are Pauli matrices in spin/valley space.

Introduce an external gauge field B, to
probe the structure of the gapped 1+ phase
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Nature of quantum “‘disordered” phase

After integrating out the fermions, the quantum spin
Hall physics implies a mutual Chern-Simons term be-
tween A, and B,
?
»Ceff — _GMVAA,uJaI/B)\

2T

Changing the A, flux (analog of electric field in QSHE),
induces a B,, charge (analog of spin in QSHE).
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Nature of quantum “‘disordered” phase

After integrating out the fermions, the quantum spin
Hall physics implies a mutual Chern-Simons term be-
tween A, and B,

»Ceff — LG,LLV)\A,UJaI/B)\

2T

Changing the A, flux (analog of electric field in QSHE),
induces a B,, charge (analog of spin in QSHE).

Monopoles in A,, carry B,, charge.

This endows A,, monopoles with
non-zero crystal momentum.
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Nature of quantum ‘“‘disordered” phase

(2a) 7 0
Néel state

(2a) =0
Valence bond solid (VBS)

N. Read and S. Sachdev, Phys. Rev. Lett. 62, 1694 (1989)

Saturday, May 29, 2010



Phase diagram of frustrated antiferromagnets

N. Read and S. Sachdev
Phys. Rev. Lett. 63, 1773 (1991)

C. Xu and S. Sachdev,
Phys. Rev. B79, 064405 (2009)

antiferromagnet | antiferromagnet
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Phase diagram of frustrated antiferromagnets

S ~ N. Read and S. Sachdev
Phys. Rev. Lett. 63, 1773 (1991)

C. Xu and S. Sachdev,
Phys. Rev. B79, 064405 (2009)

Z, spin liquid

antiferromagnet | antiferromagnet
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Phase diagram of frustrated antiferromagnets

N. Read and S. Sachdev
Phys. Rev. Lett. 63, 1773 (1991)

C. Xu and S. Sachdev,
Phys. Rev. B79, 064405 (2009)

Quantum
“disordering”™
spiral order leads to
a Z> spin liquid

antiferromagnet | antiferromagnet
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Phase diagram of frustrated antiferromagnets

N. Read and S. Sachdev
Phys. Rev. Lett. 63, 1773 (1991)

C. Xu and S. Sachdev,
Phys. Rev. B79, 064405 (2009)

antiferromagnet | antiferromagnet
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Phase diagram of frustrated antiferromagnets

N. Read and S. Sachdev
Phys. Rev. Lett. 63, 1773 (1991)

C. Xu and S. Sachdeyv,
Phys. Rev. B79, 064405 (2009)

Described by a deconfined 75

gauge theory, with topolog-
ical degeneracy on a torus,
and gapped spinon and vi-
son excitations with mutual

semionic statistics

N. Read and S. Sachdev, Phys.
Rev. Lett. 63, 1773 (1991).
(also X.-G. Wen, Phys. Rev. B
44, 2664 (1991))

antiferromagnet

Saturday, May 29, 2010



Phase diagram of frustrated antiferromagnets

N. Read and S. Sachdev
Phys. Rev. Lett. 63, 1773 (1991)

C. Xu and S. Sachdev,
Phys. Rev. B79, 064405 (2009)

antiferromagnet | antiferromagnet
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Phase diagram of frustrated antiferromagnets

N. Read and S. Sachdev
Phys. Rev. Lett. 63, 1773 (1991)

C. Xu and S. Sachdeyv,
Phys. Rev. B79, 064405 (2009)

Multicritical point M
described by
a doubled Chern-Simons

theory;
non-supersymmetric

analog of the
ABJM model

antiferromagnet | antiferromagnet
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Phase diagram of J;-J>-J3 antiferromagnet
on the square lattice

N. Read and S. Sachdev Phys. Rev. Lett. 63, 1773 (1991)
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Phase diagram of J;-J>-J3 antiferromagnet
on the square lattice

10 AN
- —]| Collinear
-~ | magnetic
’ order

5
(r.d (Neel) fo

~1/8 | <

(7,m) (0,7), ro
£ LRO

0 | | é
O 1 e

Jo/ Jg

N. Read and S. Sachdev Phys. Rev. Lett. 63, 1773 (1991)
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Phase diagram of J;-J>-J3 antiferromagnet
on the square lattice

- Valence i
' Bond | |
O SOlldS J1 2 3

N. Read and S. Sachdev Phys. Rev. Lett. 63, 1773 (1991)
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Phase diagram of J;-J>-J3 antiferromagnet
on the square lattice

| J,=0.35; |

5 - (O’n)SRO
2 (n’n)SRO
- (q.q)

~[1/§ - SRO

(1T, 7) (0,m)
— [ RO LRO
< (9,9),

O - [ | | | | \ | | | 1 1 l |
0 . 1 .

0.5 J2/J1 1.5

N. Read and S. Sachdev Phys. Rev. Lett. 63, 1773 (1991)
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Phase diagram of J;-J>-J3 antiferromagnet
on the square lattice

| J,=0.35; |

S ( Spiral (0:T)gp0
' magnetic [q,n
- SRO
_ order P

~1/8

(m,m) (0,m)
— [ RO LRO
- (q’n)LRo
~ (9.49) 5,

O - ; [ L | ! ! | L |
0 . 1 .

0.5 J2/J1 1.5

N. Read and S. Sachdev Phys. Rev. Lett. 63, 1773 (1991)

Saturday, May 29, 2010



Phase diagram of J;-J>-J3 antiferromagnet
on the square lattice

(0,m)

5 | SRO

~1/8

N. Read and S. Sachdev Phys. Rev. Lett. 63, 1773 (1991)
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Phase diagram of J;-J>-J3 antiferromagnet
on the square lattice

| J,=0.35; |

5 - (0.0
- (M Msro
- (q,q

~[1/§ - SRO
(g M (0. o
- (q’n)LRo
(9.9), po

O - IS S T SR SR T R B T

O 0.5 JZ/J1 1 1.5

N. Read and S. Sachdev Phys. Rev. Lett. 63, 1773 (1991)
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Outline

|. Quantum “disordering” magnetic order in
two-dimensional antiferromagnets
Topological defects and their Berry phases

2. Unified theory of spin liquids

Majorana liquids

3. Loss of magnetic order in a metal
d-wave pairing and
(modulated) Ising-nematic order
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2. Unified theory of spin liquids

Majorana liquids
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Global symmetry operations:
e Spin rotations, SU(2)gpin

e Combine electromagnetic charge (electron number)
U(1)charge With particle-hole transformations to ob-

tain SU (Q)pseudospin .
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Global symmetry operations:
e Spin rotations, SU(2)gpin

e Combine electromagnetic charge (electron number)
U(1)charge With particle-hole transformations to ob-

tain SU (2)pseudospin .

Quantum “disordering” magnetic order

Ca B oA — Zi w n
c, ) T Y-
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Global symmetry operations:
e Spin rotations, SU(2)gpin

e Combine electromagnetic charge (electron number)
U(1)charge With particle-hole transformations to ob-
tain SU(Q)pseudospin-

Quantum “disordering” magnetic order
Ch "~ ° A —Zj w_|_
2y 2 o

SU(2)spin
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Global symmetry operations:
e Spin rotations, SU(2)gpin

e Combine electromagnetic charge (electron number)
U(1)charge With particle-hole transformations to ob-

tain SU (2)pseudospin .

Quantum “disordering” magnetic order

C/\ Z/\
C\/ - Z\/
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Global symmetry operations:
e Spin rotations, SU(2)gpin

e Combine electromagnetic charge (electron number)
U(1)charge With particle-hole transformations to ob-

tain SU (2)pseudospin .

Quantum “disordering” magnetic order

Ca B oh —oF w
(0)= (5 5 )e ()

SU(2)s;gauge

S. Sachdev, M. A. Metlitski, Y. Q1, and S. Sachdev Phys. Rev. B 80, 155129 (2009)
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Global symmetry operations:
e Spin rotations, SU(2)gpin

e Combine electromagnetic charge (electron number)
U(1)charge With particle-hole transformations to ob-

tain SU (2)pseudospin .

Projected fermion wavefunctions (Fisher,Wen, Lee, Kim)

Cr B bT b; fl
C-; N — bg bl fg

\
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Global symmetry operations:
e Spin rotations, SU(2)gpin

e Combine electromagnetic charge (electron number)
U(1)charge With particle-hole transformations to ob-

tain SU (Q)pseudospin .

Projected fermion wavefunctions (Fisher,Wen, Lee, Kim)
T = b1 b /1
b b ;f

neutral

fermionic
sp1nons
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Global symmetry operations:
e Spin rotations, SU(2)gpin

e Combine electromagnetic charge (electron number)
U(1)charge With particle-hole transformations to ob-

tain SU (Q)pseudospin .

Projected fermion wavefunctions (Fisher,Wen, Lee, Kim)

Cr T b; fl
(4)= (%) (4)

charged slave

boson/rotor
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Global symmetry operations:
e Spin rotations, SU(2)gpin

e Combine electromagnetic charge (electron number)
U(1)charge With particle-hole transformations to ob-

tain SU (2)pseudospin .

Projected fermion wavefunctions (Fisher,Wen, Lee, Kim)

Cr b* b* fl
(4)=2 (%) (4)

SU (2) pseudospin
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Global symmetry operations:
e Spin rotations, SU(2)gpin

e Combine electromagnetic charge (electron number)
U(1)charge With particle-hole transformations to ob-

tain SU (2)pseudospin .

Projected fermion wavefunctions (Fisher,Wen, Lee, Kim)

CA B bT b;
C-; N — bg bl

\
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Global symmetry operations:
e Spin rotations, SU(2)gpin

e Combine electromagnetic charge (electron number)
U(1)charge With particle-hole transformations to ob-

tain SU (2)pseudospin .

Projected fermion wavefunctions (Fisher,Wen, Lee, Kim)

CA B bT b;
C-; N — bg bl

\

SU(Z)p;gauge
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Unified spin liquid theory

Decompose electron operator into real fermions, Y:

Cr = X1 t+1X2 ; €L = X3+ 1X4

Introduce a 4-component Majorana fermion (;, 1 =1...4
and a SO(4) matrix R, and decompose:

x= R (
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Unified spin liquid theory

Decompose electron operator into real fermions, Y:

Cr = X1 t+1X2 ; €L = X3+ 1X4

Introduce a 4-component Majorana fermion (;, 1 =1...4
and a SO(4) matrix R, and decompose:

xX=®R (

SU (2) pseudospin X SU(Z) Spin
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Unified spin liquid theory

Decompose electron operator into real fermions, Y:

Cr = X1 t+1X2 ; €L = X3+ 1X4

Introduce a 4-component Majorana fermion (;, 1 =1...4
and a SO(4) matrix R, and decompose:

xX= R@(

O x OF

SO(4)gauge = SU(2)p;gange XSU(2)s:gauge
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Unified spin liquid theory

Decompose electron operator into real fermions, Y:
Ct = X1 TtX2 ; € =X3+1X4

Introduce a 4-component Majorana fermion (;, 1 =1...4
and a SO(4) matrix R, and decompose:

x= R (

By breaking SO(4).auge With different Higgs fields, we can
reproduce essentially all earlier theories of spin liquids.

We also find many new spin liquid phases, some with
Majorana fermion excitations which carry
neither spin nor charge
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Outline

|. Quantum “disordering” magnetic order in
two-dimensional antiferromagnets
Topological defects and their Berry phases

2. Unified theory of spin liquids

Majorana liquids

3. Loss of magnetic order in a metal
d-wave pairing and
(modulated) Ising-nematic order
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3. Loss of magnetic order in a metal

d-wave pairing and
(modulated) Ising-nematic order
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Fermi surface+antiferromagnetism

Hole
states
occupied | ™

occupied [T—

T

Electron
\ 7<\ states

+

rm

T'he electron spin polarization obeys

(S(r,7)) = @, )e™

where K is the ordering wavevector.
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Hole-doped cuprates

<

Increasing SDW order

2N

]/ N

28
N4

A4

Hole
pockets

Large Fermi surface breaks up into

N_Z,

Electron
pockets

electron and hole pockets

S. Sachdev, A.V. Chubukov, and A. Sokol, Phys. Rev.B 51, 14874 (1995).
A.V. Chubukov and D. K. Morr, Physics Reports 288, 355 (1997).
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Hole-doped cuprates

<——Increasing SDW order

¢ fluctuations act on the
large Fermi surface

S. Sachdev, A.V. Chubukoy, and A. Sokol, Phys. Rev. B 51, 14874 (1995).
A.V. Chubukov and D. K. Morr, Physics Reports 288, 355 (1997).
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Start from the “spin-fermion” model

:/DcaDﬁexp(—S)
0
— /dTZCLa (87‘ 5k> Cko

—)\/dT mgpz 5’a50i56iK'”

(0,3)° + 25+ —¢

L Co
2 2" T

B
+/d7'd27° 5 (V,3)” +
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Low energy fermions

1a7w2a
(=1,....4

o (COr —ivh - V) s,
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Lr = i (COr —ive - V)b, + b (CO, —ivh-V,) vl

V1 Vo

1 fermions o fermions
occupied occupied
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Lr = i (COr —ive - V)b, + b (CO, —ivh-V,) vl

“Hot spot”

“Cold” Fermi surfaces
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Lr = i (COr —ive - V)b, + b (CO, —ivh-V,) vl

Order parameter: L, =

Saturday, May 29, 2010



Lr = i (COr —ive - V)b, + b (CO, —ivh-V,) vl

1 2 g »n2 | 55 u
=5 (V@) + 5 0:9) + 58 + ;&

Order parameter: L, :

“Yukawa” coupling: L.=—\p- ( f 5a5¢25 + w Oaﬁwfﬁ)
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Ly = il (COr —ivi - V) @l + sl (COr —ivh - V,) vd,

. S o U _
(0,3)° + =% + —

Order parameter: L, = 5 .

N |

“Yukawa” coupling: L.=—\p- ( é 5a6¢25 =+ w Oaﬂwfﬁ)

Integrate out fermions and obtain non-local corrections to L,

2

TUz Uy

L, = =F|d+|wl]/2 ; ~=

Exponent z = 2 and mean-field criticality (upto logarithms)
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Ly = il (COr —ivi - V) @l + sl (COr —ivh - V,) vd,

Order parameter: L, = (VTSB)Q + = (6’795’)2 + —F° + =

“Yukawa” coupling: L.=—\p- ( f 5a6¢25 =+ w Oaﬁwfﬁ)

Integrate out fermions and obtain non-local corrections to L,

. 2
Lo = P la+alwl] /2 5 v=—
x Uy

Exponent z = 2 and mean-field criticality (upto logarithms)

OK in d = 3, but higher order terms contain an
infinite number of marginal couplings in d = 2
Ar.Abanov and A.V. Chubukov, Phys. Rev. Lett. 93,255702 (2004)
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Lr = i (COr —ive - V)b, + b (CO, —ivh-V,) vl

| ~
Order parameter: L, = 5 (VT@’)2 — g (3793)2 + 5932 + 2954

“Yukawa” coupling: L.=—\p- ( f 5a5¢25 + w anﬁwfﬁ)

Pertorm RG on both fermions and o,

using a local field theory.
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Low energy fermions

Tor V4
(=1,....4

Saturday, May 29, 2010



Hot spots have
strong instability to

1 .
Vi | d-wave pairing near

SDW critical point.

Fermi |

Pairing order parameter:

‘Saﬁ (wzlgaw;l[ﬁ o wgawéﬁ)

T'his instability is
stronger than the
BCS insta

pility of a

1quid.
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d-wave Cooper pairing instability in
particle-particle channel
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2 4 T 3
"D C.
3 1 4 2
Q = (m,0) m
k;

Similar theory applies to the pnictides, and leads to s+ pairing.
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Emergent Pseudospin symmetry

Continuum theory of hotspots in invariant under:

¢ wé
(i )-v ()

where U* are arbitrary SU(2) matrices which can be
different on different hotspots /.
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d-wave Cooper pairing instability in
particle-particle channel
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Bond density wave (with local Ising-nematic
order) instability in particle-hole channel
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! d-wave pairing has a
! partner instability
in the particle-hole

channel

Density-wave order parameter:

3 1 3 1
( 1L¢1a_ ZLZan)
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Single ordering wavevector Q:

<CL—Q/2,aCk‘|—Q/27a> —
®(cos ky — cos k)
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. +1I

“Bond density”
measures amplitude
for electrons to be

in spin-singlet

valence bond:
VBS order

No modulations on sites. Modulated bond-density
wave with local Ising-nematic ordering:

<CL_Q/2’aCk_|_Q/2,a> = ®(cosk, — cosky)
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£

2

£

i

+1p

“Bond density”
measures amplitude
for electrons to be

in spin-singlet

valence bond:
VBS order

B

No modulations on sites. Modulated bond-density
wave with local Ising-nematic ordering:

I

®(cos k, — cos k)
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STM measurements of Z(r), the energy asymmetry

in density of states in BisSroCaCusOga .
a ' T~ Q

M. J. Lawler, K. Fujita,
Jhinhwan Lee,
A. R. Schmidt,
Y. Kohsaka, Chung Koo
| Kim, H. Eisaki,
S. Uchida, J. C. Davis,
J. P. Sethna, and
Eun-Ah Kim, preprint
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STM measurements of Z(r), the energy asymmetry

in density of states in BisSroCaCusOga .
a ' T~ Q

M. J. Lawler, K. Fujita,
Jhinhwan Lee,
A. R. Schmidt,
Y. Kohsaka, Chung Koo
| Kim, H. Eisaki,
S. Uchida, J. C. Davis,
J. P. Sethna, and
Eun-Ah Kim, preprint

On =Za+ 24— Zc —Zp
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STM measurements of Z(r), the energy asymmetry
in density of states in BiQSrgCaCu208+5.

M. J. Lawler, K. Fujita,
Jhinhwan Lee,
1y A. R. Schmidt,
- | Y. Kohsaka, Chung Koo
“ Kim, H. Eisaki,
S. Uchida, J. C. Davis,
J. P. Sethna, and
Eun-Ah Kim, preprint

Strong anisotropy of
electronic states between
x and y directions:
Electronic
“Ising-nematic” order

On =Za+ 24— Zc —Zp
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Conclusions

Theory for the onset of spin density wave in metals is
strongly coupled in two dimensions

For the cuprate Fermi surface, there are strong
instabilities near the quantum critical point to
d-wave pairing
and
bond density waves with local Ising-nematic ordering
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Conclusions

Quantum “disordering” magnetic order leads to
valence bond solids and Z; spin liquids

Unified theory of spin liquids using Majorana fermions:
also includes states obtained by
projecting free fermion determinants
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