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 A conformal field theory (CFT3):
Dirac fermions coupled to a gauge field

L =  �µ(@µ � iaµ) 

 ! Nf flavors

aµ ! Nc colors

CFT3 is obtained in the

1/Nf expansion.
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Electrical transport in the CFT3 at Nf = 1.
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Particle hole symmetry: current carrying state has zero 
momentum, and collisions can relax current to zero
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Needed: 
a method for computing

 the d.c. conductivity  
of interacting CFT3s

 at small Nf
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AdS/CFT correspondence

R. C. Myers, S. Sachdev, and A. Singh, Physical Review D 83, 066017 (2011)

D. Chowdhury, S. Raju, S. Sachdev, A. Singh, and P. Strack, arXiv:1210.5247

5

This minimal action also fixes multi-point correlators of

the CFT: however these do not have the most general form

allowed for a CFT. To fix these, we have to allow for higher-

gradient terms in the bulk action. For the conductivity, it

turns out that only a single 4 gradient term contributes
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where Cabcd is the Weyl tensor. The parameter � can be

related to 3-point correlators of Jµ and Tµ⌫ . Both bound-

ary and bulk methods show that |�|  1/12, and the bound

is saturated by free fields.
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AdS4 theory of electrical transport in a strongly 
interacting CFT3 for T > 0

Conductivity is

independent of ⇥/T
for � = 0.

1

g2M
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AdS4 theory of “nearly perfect fluids”

• The � > 0 result has similarities to the quantum-
Boltzmann result for transport of particle-
like excitations. Fits recent QMC results
on the Bose-Hubbard model (W. Witczak-
Krempa, E. Sorensen, and S. Sachdev, arxiv:1309.2941)
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• The � < 0 result can be interpreted

as the transport of vortex-like

excitations

R. C. Myers, S. Sachdev, and A. Singh, Physical Review D 83, 066017 (2011)
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R. C. Myers, S. Sachdev, and A. Singh, Physical Review D 83, 066017 (2011)

• The � = 0 case is the exact result for the large N limit

of SU(N) gauge theory with N = 8 supersymmetry (the

ABJM model). The ⇥-independence is a consequence of

self-duality under particle-vortex duality (S-duality).
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• Stability constraints on the e�ective
theory (|�| < 1/12) allow only a lim-
ited ⇥-dependence in the conductivity
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AdS4 theory of “nearly perfect fluids”
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 CFT3 in a chemical potential

Electron 
Fermi surface

Hole
 Fermi surface

L =  �µ(@µ � iaµ � µ�µ⌧ ) 

 ! Nf flavors

aµ ! Nc colors
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T. Ando, Y. Zheng and H. Suzuura, J. Phys. Soc. Jpn. 71 (2002) pp. 1318-1324

From the Kubo formula

�(!) = 2 (evF )
2 ~
i

X

ss0

Z
d2k

4⇡2

f("s(k))� f("s0(k))

("s(k)� "s0(k))("s(k)� "s0(k) + ~! + i⌘)

where "s(k) = s~vF |k| and s, s0 = ±1 for the valence and conduction bands.

FIG. 7: Fermion loop contribution to the action of the order parameter �. The wavy line is �.

A. Hertz theory

As indicated in the introduction, Hertz’s strategy is to integrate out all the fermionic

excitations, and derive an e↵ective action for the Ising order parameter �.

The integration is easily performed using our Fermi liquid theory results in Section I.

The important term is the fermion loop contribution to the �

2 term in the e↵ective action,

and this is given by the Feynman diagram in Fig. 7. We can determine the structure of

fermion loop integral by taking the continuum limit of fermion theory in a Fermi surface

patch about ~k0 as in (7), and then adding up the contributions of all the patches. For a given

patch, the fermion loop contributes d2(k0)⇧(q,!), where ⇧ is the fermion polarizability in

(17). Using the result for ⇧ in (20), averaging over di↵erent patches on the Fermi surface,

and combining with the terms of the � action in (31), we obtain the Hertz action for the

order parameter at the Ising-nematic quantum critical point in d dimensions:
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Z
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Compared to (31), the crucial new term is the one proportional to �, which represents the

non-local consequences of low energy particle-hole excitations near the Fermi surface; the

value of � is determined from an average of the coe�cient in (20) over the Fermi surface. In

a system with a spherical Fermi surface, the |k| in the denominator is simple
p
~

k

2, arising

from the average of (20) over di↵erent patches. However, without spherical symmetry, it

is a more complex function which depends upon the details of the Fermi surface structure.

Nevertheless, it retains the property of being an even function of k with scaling dimension

1, and that is all that we shall need below.

We are now ready to perform an RG analysis of SH . We begin with an analysis of the

15

Transport at non-zero µ and Nf = 1

Monday, September 16, 13



T. Ando, Y. Zheng and H. Suzuura, J. Phys. Soc. Jpn. 71 (2002) pp. 1318-1324

A is inversely proportional to disorder.
In the clean limit A ! 1, at T = 0
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Notice delta function is present even at
T = 0 at non-zero density: this is a generic
consequence of the conservation of mo-
mentum in any clean interacting Fermi
liquid. Only “umklapp” scattering can
broaden this delta function.
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Notice delta function is present even at
T = 0 at non-zero density: this is a generic
consequence of the conservation of mo-
mentum in any clean interacting Fermi
liquid. Only “umklapp” scattering can
broaden this delta function.

T = 0, µ > 0

No disorder

Transport at non-zero µ and Nf = 1
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Z. Q. Li, E. A. Henriksen, Z. Jiang, Z. Hao, M. C. Martin, P. Kim, 
H. L. Stormer, and D. N. Basov, Nature Physics 4, 532 (2008).

Undoped graphene
Optical conductivity of graphene
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The Maxwell-Einstein theory of the applied 
chemical potential yields a AdS4-Reissner-Nordtröm 
black-brane

S. A. Hartnoll, P. K. Kovtun, M. Müller, and S. Sachdev, Physical Review B 76, 144502 (2007)
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6= 0

The Maxwell-Einstein theory of the applied 
chemical potential yields a AdS4-Reissner-Nordtröm 
black-brane

At T = 0, we obtain an extremal black-brane, with

a near-horizon (IR) metric of AdS2 ⇥R
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T. Faulkner, H. Liu, 
J. McGreevy, 
and D. Vegh, 
arXiv:0907.2694
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where ⇢ is the number density,
✏ is the energy density,
and P is the pressure.
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Z. Q. Li, E. A. Henriksen, Z. Jiang, Z. Hao, M. C. Martin, P. Kim, 
H. L. Stormer, and D. N. Basov, Nature Physics 4, 532 (2008).
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Optical conductivity of graphene
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At non-zero 1/Nf , we have at low energies the

theory of a Fermi surface coupled to a gauge field.

This described a “non-Fermi liquid”. Its Fermi

surface is hidden, the single fermion Green’s func-

tion is not gauge-invariant. Nevertheless, the Fermi

wavevector, kF , does control the oscillations of

gauge-invariant correlation functions, such as that

of the density operator (Friedel oscillations). Also,

the entanglement entropy of the non-Fermi liquid

is best understood as arising from this “hidden”

Fermi surface.

 CFT3 in a chemical potential
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FL 
Fermi 
liquid

• kdF ⇥ Q, the fermion density

• Sharp fermionic excitations

near Fermi surface with

⇥ ⇥ |q|z, and z = 1.

• Entropy density S ⇥ T (d��)/z

with violation of hyperscaling

exponent � = d� 1.

• Entanglement entropy

SE ⇥ kd�1
F P lnP .
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Large Nf CFT3
in a chemical 

potential  

• kdF ⇥ Q, the fermion density

• Sharp fermionic excitations

near Fermi surface with

⇥ ⇥ |q|z, and z = 1.

• Entropy density S ⇥ T (d��)/z

with violation of hyperscaling

exponent � = d� 1.

• Entanglement entropy

SE ⇥ kd�1
F P lnP .

FL 
Fermi 
liquid

• Hidden Fermi
surface with kdF ⇠ Q.

• Di↵use fermionic
excitations with z = 3/2
to three loops.

• S ⇠ T (d�✓)/z

with ✓ = d� 1.

• SE ⇠ kd�1
F P lnP .
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P. A. Lee, Phys. Rev. Lett. 63, 680 (1989)
M. A. Metlitski and S. Sachdev,
Phys. Rev. B 82, 075127 (2010)
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Logarithmic violation of “area law”: SE = CE kFP ln(kFP )

for a circular Fermi surface with Fermi momentum kF ,
where P is the perimeter of region A with an arbitrary smooth shape.

The prefactor CE is expected to be universal but 6= 1/12:
independent of the shape of the entangling region, and dependent

only on IR features of the theory.

B

A P

Entanglement entropy of the non-Fermi liquid

B. Swingle,  Physical Review Letters 105, 050502 (2010)
Y.  Zhang, T. Grover,  and A. Vishwanath, Physical Review Letters 107, 067202 (2011)
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All characteristics of the entropy and entanglement entropy are reproduced

in a holographic theory with a IR metric

ds

2
=

1

r

2

✓
� dt

2

r

2d(z�1)/(d�✓)
+ r

2✓/(d�✓)
dr

2
+ dx

2
i

◆

N. Ogawa, T. Takayanagi, and T. Ugajin, JHEP 1201, 125 (2012).
L. Huijse, S. Sachdev, B. Swingle, Physical Review B 85, 035121 (2012)
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Conformal field theories in a periodic potential: results from holography and field theory 25
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Figure 16: Contour plot of the lowest positive energy eigenvalues ✏(q
x

, q
y

) for (A) V/k = 0.8, (B)
V/k = 2.0, and (C) V/k = 3.6. All three plots show Dirac nodes at (0, 0). However for larger V/k,
additional Dirac nodes appear at (B) (q

x

/k = 0, q
y

/k = ±1.38), and (C) (q
x

/k = 0, q
y

/k = ±1.75),
(q

x

/k = 0, q
y

/k = ±3.06)

2⇡/k

x

V (x)

2V

Figure 17: Dirac fermions in a periodic rectangular-wave chemical potential. The regions alternate
between local electron and hole Fermi surfaces.
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Conformal field theories in a periodic potential: results from holography and field theory 23

Thus, if the conductivity experiences new physics when ! ⇠ k, it would suggest that the approximation
of Eq. (60) has broken down, at all points x, at a small distance w ⇠ k/V from the horizon. Of course,
perturbation theory may still be quite good at describing the background geometry, but the first order
perturbation might lead to nonperturbative corrections to transport functions such as optical conductivity,
because turning on this perturbation couples A

x

to new graviton modes. Further analytic exploration of
transport in weakly inhomogeneous systems is worthwhile to resolve this issue.

3. Weakly-coupled CFTs

As discussed in Section 1, a convenient paradigm for a weakly-coupled CFT is a theory of N
f

Dirac
fermions  

↵

coupled to a SU(N
c

) gauge field a
µ

with Lagrangian as in Eq. (3). To this theory we apply
a periodic chemical potential which couples to the globally conserved U(1) charge
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The essential structure of the influence of the periodic potential is clear from a careful examination
of the spectrum of the free fermion limit. By Bloch’s theorem, the fermion dispersion ! = ✏(q

x

, q
y

) is a
periodic function of q

x

with period k:

✏(q
x

+ k, q
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) = ✏(q
x

). (68)

So we can limit consideration to the “first Brillouin zone” �k/2  q
x

 k/2. This spectrum has been
computed in a number of recent works in the context of applications to graphene [31, 32, 33, 34, 35, 36, 37,
38]. We show results of our numerical computations in Figs. 14, 15, and 16, obtained via diagonalization
of the Dirac Hamiltonian in momentum space (see Appendix B for details). The periodic potential couples
together momenta, (q

x

+ `k, q
y

) with di↵erent integers `, and we numerically diagonalized the resulting
matrix for each (q

x

, q
y

).

Figure 14: Plot of the lowest positive energy eigenvalues ✏(q
x

, q
y

) for V/k = 0.8. There is a single Dirac
node at (0, 0). The dispersion is periodic as a function of q

x

with period k, and a full single-period is
shown. There is no periodicity as a function of q

y

, and the energy increases as |q
y

| for large |q
y

|.
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V/k = 0.8
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of Eq. (60) has broken down, at all points x, at a small distance w ⇠ k/V from the horizon. Of course,
perturbation theory may still be quite good at describing the background geometry, but the first order
perturbation might lead to nonperturbative corrections to transport functions such as optical conductivity,
because turning on this perturbation couples A
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So we can limit consideration to the “first Brillouin zone” �k/2  q
x

 k/2. This spectrum has been
computed in a number of recent works in the context of applications to graphene [31, 32, 33, 34, 35, 36, 37,
38]. We show results of our numerical computations in Figs. 14, 15, and 16, obtained via diagonalization
of the Dirac Hamiltonian in momentum space (see Appendix B for details). The periodic potential couples
together momenta, (q
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+ `k, q
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) with di↵erent integers `, and we numerically diagonalized the resulting
matrix for each (q

x

, q
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).
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Figure 15: As in Fig. 14, but for V/k = 2.0. Now there are 3 Dirac nodes: one at (0, 0), and a pair at
(0, ±1.38). One of the latter pair is more clearly visible in Fig. 16B.

For small V/k, the spectrum can be understood perturbatively. There is a Dirac cone centered at
~q = (0, 0) and this undergoes Bragg reflection across the Bragg planes at q

x

/k = ±1/2, resulting in band
gaps at the Brillouin zone boundary. See Figs. 14 and 16(A).

However, the evolution at larger V/k is interesting and non-trivial. The spectrum undergoes an infinite
set of quantum phase transitions at a discrete set of values of V/k, associated with the appearance of
additional Dirac nodes along the q

y

axis [31, 32, 33, 34, 35, 36, 37, 38]. The first of these occurs at phase
transitions occurs at V/k = 1.20241.. [35]; for V/k just above this critical value 2 additional Dirac nodes
develop along the q

y

axis, and move, in opposite directions, away from q
y

= 0 with increasing V/k. This
is illustrated by the fermion spectrum at V/k = 2.0 which is displayed in Figs. 15 and 16(B).

Additional phase transitions appear at larger V/k, each associated with an additional pair of Dirac
nodes emerging from q

y

= 0. The second transition is at V/k = 2.76004.. [35]. This is illustrated by the
fermion spectrum at V/k = 4.0 which is displayed in Fig. 16(C), which has 5 Dirac nodes. Subsequent
phase transitions appear at V/k = J

n

/2, where J
n

is the n’th zero of the Bessel function J0 [35].

V/k = 2.0
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Figure 16: Contour plot of the lowest positive energy eigenvalues ✏(q
x

, q
y

) for (A) V/k = 0.8, (B)
V/k = 2.0, and (C) V/k = 3.6. All three plots show Dirac nodes at (0, 0). However for larger V/k,
additional Dirac nodes appear at (B) (q

x

/k = 0, q
y

/k = ±1.38), and (C) (q
x

/k = 0, q
y

/k = ±1.75),
(q

x

/k = 0, q
y

/k = ±3.06)
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Figure 17: Dirac fermions in a periodic rectangular-wave chemical potential. The regions alternate
between local electron and hole Fermi surfaces.
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Figure 19: Illustration of the positions of the Dirac points with positive q
D

for V/k = 5.3. The dashed
line is the location of the electron and hole Fermi surfaces of Fig. 17. These are folded back into the first
Brillouin zone �k/2 < q

x

< k/2 and shown as the full lines. The Dirac points are the filled circles at the
positions in Eq. (69), and these appear precisely at the intersection points of the folded Fermi surfaces in
the first Brillouin zone.

N
D

� 1 is an integer. For the periodic rectangular-wave potential

N
D

= 2 bV/kc + 1. (71)

For the cosine potential, N
D

is a similar piecewise-constant function of V/k, determined by the zeros of
the Bessel function [35]. We can now add interactions to the low energy theory: by gauge-invariance, the
a

µ

gauge field will couple minimally to each of the N
D

N
f

Dirac fermions, and so the e↵ective theory will
have the same structure as the Lagrangian in Eq. (3). A crucial feature of this theory is that the number
of massless Dirac fermions is stable to all orders in perturbation theory, and so our picture of emergent
Dirac zeros continues to hold also for the interacting theory. This stability of the Dirac zeros can be
viewed as a remnant of the Luttinger theorem applied to the parent Fermi surfaces from which the Dirac
zeros descend (Fig. 19).

However, this low energy theory of N
D

N
f

Dirac fermions is not, strictly speaking, a CFT. This is
because the velocities in (70) are a function of n, and it not possible to set them all to unity by a common
rescaling transformation. However, once we include interactions between the Dirac fermions from the
SU(N

c

) gauge field in Eq. (3), there will be renormalizations to the velocities from quantum corrections.
As shown in Ref. [40], such renormalizations are expected to eventually scale all the velocities to a common
value (see Fig. 20).

Fermion spectrum at Nf = 1
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At small non-zero 1/Nf , the IR is described by a CFT of NDNf

Dirac fermions coupled to a SU(Nc) gauge field. The value of ND

is a monotonically increasing function of V/k, and jumps in unit

steps at an infinite set of critical values of V/k.
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< k/2 and shown as the full lines. The Dirac points are the filled circles at the
positions in Eq. (69), and these appear precisely at the intersection points of the folded Fermi surfaces in
the first Brillouin zone.
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For the cosine potential, N
D

is a similar piecewise-constant function of V/k, determined by the zeros of
the Bessel function [35]. We can now add interactions to the low energy theory: by gauge-invariance, the
a

µ

gauge field will couple minimally to each of the N
D

N
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Dirac fermions, and so the e↵ective theory will
have the same structure as the Lagrangian in Eq. (3). A crucial feature of this theory is that the number
of massless Dirac fermions is stable to all orders in perturbation theory, and so our picture of emergent
Dirac zeros continues to hold also for the interacting theory. This stability of the Dirac zeros can be
viewed as a remnant of the Luttinger theorem applied to the parent Fermi surfaces from which the Dirac
zeros descend (Fig. 19).

However, this low energy theory of N
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Dirac fermions is not, strictly speaking, a CFT. This is
because the velocities in (70) are a function of n, and it not possible to set them all to unity by a common
rescaling transformation. However, once we include interactions between the Dirac fermions from the
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c

) gauge field in Eq. (3), there will be renormalizations to the velocities from quantum corrections.
As shown in Ref. [40], such renormalizations are expected to eventually scale all the velocities to a common
value (see Fig. 20).
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RG induced by the a
µ

exchange, these velocities will flow to a common velocity [40], and the ultimate IR
theory will be a CFT described by Eq. (3) but now with N

D

N
f

Dirac fermions. So there are an infinite
set of possible IR CFTs, accessed with increasing V/k. The discrete transition points between these IR
CFTs are described by separate low energy critical theories which are not CFTs.

Incidentally, the UV to IR flow described above appears to badly violate ‘c-theorems’ because for
N

D

> 1 there are many more low energy degrees of freedom in the IR than the UV. However this is
permitted because our model breaks Lorentz invariance at intermediate scales [41].

Now let us consider the same physics for a strong-coupled CFT, as described by holography, as will
be discussed in Section 2. We use the simplest possible gravitational model of a CFT with a conserved
U(1) charge, the Einstein-Maxwell theory in 3+1 dimensions

L =
R � 2⇤

22
� 1

4e2
F

µ⌫

Fµ⌫ (4)

where ⇤ = �3/L2 with L with AdS4 radius of the UV theory, F = dA is the U(1) field strength, and
R is the Ricci scalar. Note that here A is the gauge field dual to the conserved boundary U(1) charge,
and is unrelated to a

µ

above. We will solve for the IR geometry of this theory in the presence of the
boundary chemical potential Eq. (1), by perturbative analytic methods for small V/k, and numerically
for large V/k. We find perturbatively that the IR geometry is a rescaled AdS4, with the rescaling factors
varying continuously as a function of V/k; the resulting IR theory is a CFT, but with relative changes in
the length scales associated to space and time.

We computed the frequency-dependent conductivity, �(!), for charge transport along the x direction,
in both approaches. We show the result at small V/k for free Dirac fermions in Fig. 1, and that from
holography in Fig. 2.
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Figure 1: Frequency-dependent conductivity at V/k = 0.5 for N
f

Dirac fermions in a periodic chemical
potential.
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Figure 21: Frequency-dependent conductivity at V/k = 2.0 for N
f

Dirac fermions in a periodic chemical
potential.

Continuing on to large V/k, we consider the situation when there are 3 Dirac nodes as in Fig. 16B
at V/k = 2.0 in Fig. 21. Now there is a sharp inter-band transition peak, and additional structure at
! ⇠ k; the situation bears similarity to the holographic result in Fig. 12, including the dip after the peak
at ! ⇠ k.
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Figure 22: Frequency-dependent conductivity at V/k = 6.0 for N
f

Dirac fermions in a periodic chemical
potential.

At larger V/k, the peak at ! = k becomes sharper, as shown in Fig. 22 at V/k = 6.0. The reader
will also notice a peak at ! = 0 in Fig. 22. This arises because V/k = 6.0 is close to the transition point

Large Nf

Electrical transport
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Conformal field theories in a periodic potential: results from holography and field theory 5We compare the first order perturbation to Re(�) between our numerics and the exact expression. For
quadratic extrapolation to T = 0 for ! < k, we used temperatures 4⇡T/3 = 0.4, 0.5, . . . , 0.8; for ! > k:
4⇡T/3 = 0.1, . . . , 0.5.

0 0.5 1 1.5 2 2.5

�0.8

�0.6

�0.4

�0.2

0

0.2

!

k

k2

V 2
Re(� � �1)

Figure 2: A plot of the analytic solution from holography for Re(�) vs. ! in the perturbative regime
V ⌧ k, normalized to emphasize the strength of the perturbations.

Note the remarkable similarity in the basic features of the frequency dependence. The correspondence
for larger V/k is not as complete, but the two methods do share the common feature of having a peak in
�(!) at ! ⇠ k, followed by a dip until ! ⇠ V , as we will see in Sections 2 and 3. A ‘resonance’ at ! ⇠ k
also appeared in the µ0 6= 0 results of Ref. [12].

Another interesting comparison between the two theories is in the V/k dependence of the d.c. con-
ductivity, �(0). The result of the free Dirac fermion computation is shown in Fig. 3 (a similar plot has
appeared earlier in the graphene literature [35]), while the result of holography is in Fig. 4.
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Figure 3: D.C. conductivity for N
f

Dirac fermions in a periodic chemical potential as a function of V/k.
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quadratic extrapolation to T = 0 for ! < k, we used temperatures 4⇡T/3 = 0.4, 0.5, . . . , 0.8; for ! > k:
4⇡T/3 = 0.1, . . . , 0.5.
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Figure 2: A plot of the analytic solution from holography for Re(�) vs. ! in the perturbative regime
V ⌧ k, normalized to emphasize the strength of the perturbations.

Note the remarkable similarity in the basic features of the frequency dependence. The correspondence
for larger V/k is not as complete, but the two methods do share the common feature of having a peak in
�(!) at ! ⇠ k, followed by a dip until ! ⇠ V , as we will see in Sections 2 and 3. A ‘resonance’ at ! ⇠ k
also appeared in the µ0 6= 0 results of Ref. [12].

Another interesting comparison between the two theories is in the V/k dependence of the d.c. con-
ductivity, �(0). The result of the free Dirac fermion computation is shown in Fig. 3 (a similar plot has
appeared earlier in the graphene literature [35]), while the result of holography is in Fig. 4.
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Figure 3: D.C. conductivity for N
f

Dirac fermions in a periodic chemical potential as a function of V/k.
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In holography, we solved the Einstein-Maxwell

equations in the presence of a periodic potential.

This was done numerically, and also in a perturba-

tion theory in V/k using Witten diagrams. Consis-

tent results were obtained. For all values of V/k,
the deep IR has a AdS4 metric, with couplings

that change smoothly as a function of V/k.

 CFT3 in a periodic chemical potential

Monday, September 16, 13



Conformal field theories in a periodic potential: results from holography and field theory 4

RG induced by the a
µ

exchange, these velocities will flow to a common velocity [40], and the ultimate IR
theory will be a CFT described by Eq. (3) but now with N

D

N
f

Dirac fermions. So there are an infinite
set of possible IR CFTs, accessed with increasing V/k. The discrete transition points between these IR
CFTs are described by separate low energy critical theories which are not CFTs.

Incidentally, the UV to IR flow described above appears to badly violate ‘c-theorems’ because for
N

D

> 1 there are many more low energy degrees of freedom in the IR than the UV. However this is
permitted because our model breaks Lorentz invariance at intermediate scales [41].

Now let us consider the same physics for a strong-coupled CFT, as described by holography, as will
be discussed in Section 2. We use the simplest possible gravitational model of a CFT with a conserved
U(1) charge, the Einstein-Maxwell theory in 3+1 dimensions

L =
R � 2⇤

22
� 1

4e2
F

µ⌫

Fµ⌫ (4)

where ⇤ = �3/L2 with L with AdS4 radius of the UV theory, F = dA is the U(1) field strength, and
R is the Ricci scalar. Note that here A is the gauge field dual to the conserved boundary U(1) charge,
and is unrelated to a

µ

above. We will solve for the IR geometry of this theory in the presence of the
boundary chemical potential Eq. (1), by perturbative analytic methods for small V/k, and numerically
for large V/k. We find perturbatively that the IR geometry is a rescaled AdS4, with the rescaling factors
varying continuously as a function of V/k; the resulting IR theory is a CFT, but with relative changes in
the length scales associated to space and time.

We computed the frequency-dependent conductivity, �(!), for charge transport along the x direction,
in both approaches. We show the result at small V/k for free Dirac fermions in Fig. 1, and that from
holography in Fig. 2.
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Figure 1: Frequency-dependent conductivity at V/k = 0.5 for N
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Dirac fermions in a periodic chemical
potential.
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Conformal field theories in a periodic potential: results from holography and field theory 5We compare the first order perturbation to Re(�) between our numerics and the exact expression. For
quadratic extrapolation to T = 0 for ! < k, we used temperatures 4⇡T/3 = 0.4, 0.5, . . . , 0.8; for ! > k:
4⇡T/3 = 0.1, . . . , 0.5.
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Figure 2: A plot of the analytic solution from holography for Re(�) vs. ! in the perturbative regime
V ⌧ k, normalized to emphasize the strength of the perturbations.

Note the remarkable similarity in the basic features of the frequency dependence. The correspondence
for larger V/k is not as complete, but the two methods do share the common feature of having a peak in
�(!) at ! ⇠ k, followed by a dip until ! ⇠ V , as we will see in Sections 2 and 3. A ‘resonance’ at ! ⇠ k
also appeared in the µ0 6= 0 results of Ref. [12].

Another interesting comparison between the two theories is in the V/k dependence of the d.c. con-
ductivity, �(0). The result of the free Dirac fermion computation is shown in Fig. 3 (a similar plot has
appeared earlier in the graphene literature [35]), while the result of holography is in Fig. 4.
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Figure 3: D.C. conductivity for N
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Dirac fermions in a periodic chemical potential as a function of V/k.
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Figure 21: Frequency-dependent conductivity at V/k = 2.0 for N
f

Dirac fermions in a periodic chemical
potential.

Continuing on to large V/k, we consider the situation when there are 3 Dirac nodes as in Fig. 16B
at V/k = 2.0 in Fig. 21. Now there is a sharp inter-band transition peak, and additional structure at
! ⇠ k; the situation bears similarity to the holographic result in Fig. 12, including the dip after the peak
at ! ⇠ k.
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Figure 22: Frequency-dependent conductivity at V/k = 6.0 for N
f

Dirac fermions in a periodic chemical
potential.

At larger V/k, the peak at ! = k becomes sharper, as shown in Fig. 22 at V/k = 6.0. The reader
will also notice a peak at ! = 0 in Fig. 22. This arises because V/k = 6.0 is close to the transition point
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Figure 12: A plot of Re(�) vs. ! for V/k = 4, taken at k/T = 8.

To understand the features of the conductivity from first principles, let us begin by assuming that the
Born-Oppenheimer approximation is valid at the scale we are studying. We then can approximate that
the conductivity is given by Eq. (17), which states that �(!) ⇠

R
dx�(!, x) where �(!, x) is the local

conductivity associated to the local RN “black hole” at spatial point x. This is a valid approximation
because the probe field dies o↵ very quickly long before the e↵ects of the background gauge field alter the
geometry significantly. Since the RN geometry has only a single energy scale µ, we conclude that

�(!, x) = �

✓
!

V | cos(kx)|

◆
, (59)

where � is a universal function whose analytic form is unknown (plots of this function can be found in
[42], e.g.). Combining Eqs. (17) and (59) we find

�(!) ⇡ 2

1Z

0

d⇣p
1 � ⇣2

�

✓
!

V ⇣

◆
. (60)

For ! ⇠ V , this formula suggests that the conductivity should roughly be RN conductivity, where a dip
begins to appear, an e↵ect which we see in Figure 12. Of course, �(x) ⇠ �(x) for small x, and so this
approximation must break down at some point.

We can use this argument to connect the scales at which new physics appears in the conductivity to the
scales at which spatial modulation a↵ects the geometry in an important way. Let us consider the equation
of motion for the gauge field A

x

more carefully. It is this equation whose boundary behavior determines
the universal function �. We’re going to compute the conductivity by considering the equation of motion
where we treat µ as a constant. Although obviously this approximation is not appropriate for “small”
frequencies, our goal is to determine how the geometry determines what we mean by the word “small”. If
the function A

x

is concentrated outside a regime where spatial modulation alters the Born-Oppenheimer
ansatz, then we expect RN conductivity to be a good approximation; otherwise, we conclude that the
striping has induced new behavior in the conductivity. The equation of motion neglecting the striping is

@
z

(f(z)@
z

A
x

) = � !2

f(z)
A

x

+ 4µ2

✓
z

z+

◆2

A
x

, (61)
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quadratic extrapolation to T = 0 for ! < k, we used temperatures 4⇡T/3 = 0.4, 0.5, . . . , 0.8; for ! > k:
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Figure 2: A plot of the analytic solution from holography for Re(�) vs. ! in the perturbative regime
V ⌧ k, normalized to emphasize the strength of the perturbations.

Note the remarkable similarity in the basic features of the frequency dependence. The correspondence
for larger V/k is not as complete, but the two methods do share the common feature of having a peak in
�(!) at ! ⇠ k, followed by a dip until ! ⇠ V , as we will see in Sections 2 and 3. A ‘resonance’ at ! ⇠ k
also appeared in the µ0 6= 0 results of Ref. [12].

Another interesting comparison between the two theories is in the V/k dependence of the d.c. con-
ductivity, �(0). The result of the free Dirac fermion computation is shown in Fig. 3 (a similar plot has
appeared earlier in the graphene literature [35]), while the result of holography is in Fig. 4.
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Figure 3: D.C. conductivity for N
f

Dirac fermions in a periodic chemical potential as a function of V/k.

Sharp peaks at points

where IR CFT changes,

and the value ofND jumps.

Signals of “hidden” Fermi

surfaces in the local chem-

ical potential.

Large Nf

d.c. conductivity

Electrical transport

Holography

Conformal field theories in a periodic potential: results from holography and field theory 6
Using � = 1 and k/T = 8. Other than the existence of the “strange” bumps in free fermion case, this

is morally the same picture.
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Figure 4: We show the holographic computation of �(0) (approximated by �(0.01), as our numerics
cannot compute the d.c. conductivity directly) as a function of V/k. This data was taken at k/T = 8.

There are sharp peaks in �(0) in the Dirac fermion computation are at precisely the points where
the universality class of the IR CFT changes i.e. at the values of V/k where N

D

jumps by 2. These
transition points are described by a non-relativistic theory, where the Dirac fermion dispersion has the
form in Eq. (72). It is evident that the holographic theory does not include the physics of the transition
points and the local Fermi surfaces of the Dirac theory, and its IR theory evolves smoothly as a function
of V/k. However, if we smooth out the peaks in the Dirac fermion computation, we see that their average
resembles the evolution in the holographic theory as a function of V/k.

2. Holography

We begin by describing the simplest possible holographic description of a theory with a conserved U(1)
charge placed in a periodic potential: classical Einstein-Maxwell theory with a U(1) gauge field. The
metric is subject to the boundary condition that it is asymptotically AdS4 in the UV:

ds2 = g0
µ⌫

dxµdx⌫ =
L2

z2

⇥
dz2 � dt2 + dx2 + dy2

⇤
, as z ! 0. (5)

For much of the discussion, we will choose to rescale to L = 1. The gauge field is subject to the UV
boundary condition

lim
z!0

A
µ

dxµ = V cos(kx)dt. (6)

It is clear that both V and k are the only dimensional quantities in the problem which are relevant, and
thus the dynamics of the theory can only depend on the ratio V/k.

The equations of motion of the Lagrangian in Eq. (4) are Einstein’s equation

Rµ⌫ � 1

2
Rgµ⌫ + ⇤gµ⌫ =

2

e2
T (EM)µ⌫ , (7)

where T (EM)
µ⌫

is the stress tensor of the U(1) field,

T (EM)
µ⌫

= F
µ

⇢F
⌫⇢

� 1

4
g
µ⌫

F ⇢�F
⇢�

, (8)
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Holography of a non-Fermi liquid

Can we see the Fermi surface directly via “Friedel oscillations” 
in density (or related) correlations ?

See also: J. Polchinski and E. Silverstein, arXiv:1203.1015
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Holography of a non-Fermi liquid

Can we see the Fermi surface directly via “Friedel oscillations” 
in density (or related) correlations ?

Monopoles in the 2+1 dimensional bulk U(1) gauge field acquire a

Berry phase determined by the boundary U(1) charge density Q, and

a dilute gas theory of monopoles leads to Friedel oscillations with

h⇢(x)⇢(0)i ⇠ cos(2kFx)

|x|2�F

T. Faulkner and N. Iqbal, arXiv:1207.4208

Spatial dimension d=1

See also: J. Polchinski and E. Silverstein, arXiv:1203.1015
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Holography of a non-Fermi liquid

Can we see the Fermi surface directly via “Friedel oscillations” 
in density (or related) correlations ?

T. Faulkner and N. Iqbal, arXiv:1207.4208

Monopoles in the 2+1 dimensional bulk U(1) gauge field acquire a

Berry phase determined by the boundary U(1) charge density Q, and

a dilute gas theory of monopoles leads to Friedel oscillations with

h⇢(x)⇢(0)i ⇠ cos(2kFx)

|x|2�F

Exact solution of adjoint Dirac fermions at non-zero density coupled

to a SU(Nc) gauge field: low energy theory has an emergent N = (2, 2)
supersymmetry, the global U(1) symmetry becomes the R-symmetry,

and there are Friedel oscillations with

�F = 1/3 for all Nc � 2

R. Gopakumar, A. Hashimoto, I.R. Klebanov, S. Sachdev, and K. Schoutens, arXiv:1206.4719

Spatial dimension d=1

Monday, September 16, 13



Holography of a non-Fermi liquid

Can we see the Fermi surface directly via “Friedel oscillations” 
in density (or related) correlations ?

• For every CFT in 2+1 dimensions with a globally conserved

U(1), we can define a monopole operator which transforms as a

scalar under conformal transformations.

e.g. for the XY model, we insert a monopole at xm by including

a fixed background gauge flux ↵µ so that

L = |(@µ � i↵µ) |2 + s| |2 + u| |4

where the flux �µ = ✏µ⌫�@⌫↵� obeys

@µ�µ = 2⇡�(x� xm) , ✏µ⌫�@⌫(⌦�⌫) = 0

where the CFT lives on the conformally flat space with is ds

2
=

⌦

�2
dx

2
µ.

Spatial dimension d=2

S. Sachdev, Phys. Rev. D 86, 126003 (2012)
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Holography of a non-Fermi liquid

Can we see the Fermi surface directly via “Friedel oscillations” 
in density (or related) correlations ?

S. Sachdev, Phys. Rev. D 86, 126003 (2012)

• In the holographic theory, we have a bulk scalar field �m (con-

jugate to the monopole operator of the CFT) which carries the

charge of the S-dual of the 4-dimensional bulk U(1) gauge field:

Sm =

Z
d

4
x

p
�g

h
|(r� 2⇡i

e
A)�m|2 + . . .

i

where

e
F = d

e
A = ⇤F = ⇤dA.

Spatial dimension d=2
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Holography of a non-Fermi liquid

Can we see the Fermi surface directly via “Friedel oscillations” 
in density (or related) correlations ?

Spatial dimension d=2

S. Sachdev, Phys. Rev. D 86, 126003 (2012)

• When a chemical potential is applied to the boundary

CFT, �m experiences a magnetic flux. Consequently

condensation of �m leads to a vortex-lattice-like state,

which corresponds to the formation of a crystal in the

CFT. The crystal has unit Q charge per unit cell.

• The back-reaction of the vortex lattice on the metric

diverges in the IR, suggesting a “rupturing” of spacetime

and a transition into a confined, insulating solid.
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Holography of a non-Fermi liquid

Can we see the Fermi surface directly via “Friedel oscillations” 
in density (or related) correlations ?

Spatial dimension d=2

• When a chemical potential is applied to the boundary

CFT, �m experiences a magnetic flux. Consequently

condensation of �m leads to a vortex-lattice-like state,

which corresponds to the formation of a crystal in the

CFT. The crystal has unit Q charge per unit cell.

• The back-reaction of the vortex lattice on the metric

diverges in the IR, suggesting a “rupturing” of spacetime

and a transition into a confined, insulating solid.

N. Bao, S. Harrison, S. Kachru and S. Sachdev, Physical Review D 88, 026002 (2013)
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Holography of a non-Fermi liquid

Can we see the Fermi surface directly via “Friedel oscillations” 
in density (or related) correlations ?

Spatial dimension d=2

• Does a vortex-liquid-like state of the �m will yield the

Friedel oscillations of the Fermi surface, with the correct

Fermi wavevector ?

• Can corrections from �m fluctuations lead to the oscil-

lations in the d.c. conductivity of a CFT3 in a periodic

potential ?
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