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Einstein-Podolsky-Rosen “paradox” (1935): 
Measurement of one particle 

instantaneously determines the state of the 
other particle arbitrarily far away
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The Sachdev-Ye-Kitaev (SYK) model

Pick a set of random positions
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A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)

S. Sachdev and J. Ye, PRL 70, 3339 (1993)

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53, 385 (1981))

The SYK model

Uij;k` are independent random variables with Uij;k` = 0 and |Uij;k`|2 = U2

N ! 1 yields critical strange metal.
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Complex multi-particle entanglement in the
SYK model leads to a state without

‘quasiparticle’ excitations; i.e.
multiple excitations cannot be built by composing
an elementary set of ‘quasiparticle’ excitations.
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Many-body chaos and
thermal equilibration
in the shortest possible

Planckian time ⇠ ~
kBT

.
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Complex multi-particle entanglement in the
SYK model leads to a state without

‘quasiparticle’ excitations; i.e.
multiple excitations cannot be built by composing
an elementary set of ‘quasiparticle’ excitations.



S. Sachdev, Phys. Rev. Lett. 105, 151602 (2010)
A. Kitaev (2015)

J. Maldacena and D. Stanford,  Phys. Rev. D 94, 106002 (2016)

Main result I
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Main result I
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S0 is the T ! 0 entropy of the SYK model.

@S0

@Q = 2⇡E , where E characterizes

the particle-hole asymmetry of the spectrum.

S(T ) = S0 + . . . will map on to the Bekenstein-Hawking

entropy of charged black holes

A. Georges, O. Parcollet, and S. Sachdev, Phys. Rev. B 63, 133406 (2001)
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• f(⌧) is the reparameterization of the imaginary time of the
SYK model: ⌧ on a circle of circumference ~/(kBT ).

• f(⌧) is also the fluctuation of the boundary of a theory of 2D-
gravity in 1+1 spacetime dimensions: a ‘boundary graviton’.
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• f(⌧) is the reparameterization of the imaginary time of the
SYK model: ⌧ on a circle of circumference ~/(kBT ).

• f(⌧) is also the fluctuation of the boundary of a theory of 2D-
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Horizon radius R =
2GM

c2

Objects so dense that light is 
gravitationally bound to them.

Black Holes

In Einstein’s theory, the 
region inside the black hole 
horizon is disconnected from 

the rest of the universe.

G Newton’s constant, c velocity of light, M mass of black hole
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Quantum Entanglement across a black hole horizon

There is quantum entanglement 
between the inside and outside of 

a black hole



Black hole 
horizon

Quantum Entanglement across a black hole horizon

Hawking used this to show that 
black hole horizons have an 
entropy and a temperature

(because to an outside observer, the state of the 
electron inside the black hole is an unknown)



J. D. Bekenstein, PRD 7, 2333 (1973)
S. W. Hawking, Nature 248, 30 (1974) 

Quantum 
Black 
holes
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• Black holes have an entropy and
a temperature, TH .

• The entropy, SBH is proportional
to their surface area.

• They relax to thermal equilib-
rium in a Planckian time⇠ ~/(kBTH).



LIGO
September 14, 2015

• The ring-down time
8⇡GM

c3
⇠ 8 milliseconds. Curiously, for essen-

tially all types of black holes, the ring-down time equals

~
kBTH
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~
kBTH

, ~ Planck’s constant, kB Boltzmann’s constant
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Quantum 
Black 
holes

• Black holes have an entropy and
a temperature, TH = ~c3/(8⇡GMkB).

• The entropy is proportional to
their surface area.

• They relax to thermal equilib-
rium in a Planckian time⇠ ~/(kBTH).
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Maxwell’s electromagnetism  
and Einstein’s general relativity  

allow black hole solutions with a net charge 
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⇣

Zooming into the near-
horizon region of a 

charged black hole at 
low temperature, yields 
a gravitational theory 
in one space (   ) and 
one time dimension

⇣

Maxwell’s electromagnetism  
and Einstein’s general relativity  

allow black hole solutions with a net charge 
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This 2D-gravity theory 
is precisely that 

appearing in the low T 
limit of the  

Sachdev-Ye-Kitaev 
(SYK) models

Maxwell’s electromagnetism  
and Einstein’s general relativity  

allow black hole solutions with a net charge 
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Boundary conditions at spatial infinity:
Metric ! AdSd+2

Electric field ! Q/(4⇡r2)



Maxwell’s electromagnetism  
and Einstein’s general relativity  
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Quantum gravity is ‘defined’ by the path integral

Zgravity =

Z
DgDA exp(�IEM/~)

This integral is evaluated exactly in a certain
low temperature limit for charged black holes.



SYK model and charged black holes

⇣

total
charge Q
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Solution of Euler-Lagrange equations of the action 
of Einstein gravity and Maxwell electromagnetism
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• The entropy SBH , the charge Q, and the dimensionless electric field
E obey the same thermodynamic relation as the SYK model

dSBH

dQ = 2⇡E

<latexit sha1_base64="O27OO/taoX1fa5kFFlqsWNA5/aw="></latexit>

• The entropy SBH , the charge Q, and the
dimensionless electric field E obey the same
thermodynamic relation as the SYK model



SYK model and charged black holes
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Boundary
graviton

Fluctuations about the path integral saddle 
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S2D�gravity [f(⌧)] = � �

4⇡2

Z 1/T

0
d⌧ {tan(⇡Tf(⌧)), ⌧} ,

where f(⌧) is a monotonic map from [0, 1/T ] to [0, 1/T ], and we have used the

Schwarzian:

{g, ⌧} ⌘ d3g/d⌧3

dg/d⌧
� 3

2

✓
d2g/d⌧2

dg/d⌧

◆2

.

The defining property of the Schwarzian is its invariance under SL(2,R) transfor-

mations

{ ag(⌧) + b

cg(⌧) + d
, ⌧} = {g(⌧), ⌧}

Remarkably, this path integral can be evaluated exactly, using the Duistermaat–Heckman

formula (Stanford, Witten, arXiv:1703.04612).
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Complex multi-particle entanglement
leads to quantum systems

without quasiparticle excitations.
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“Large Fermi surface”:  
1+p mobile holes in a filled band

tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-

(a)

(π,π)

I

II

(b)

-200 0

I

-200 0

II

Binding Energy (meV)

Tl2201-OD30 T=10 K hν=59 eV

(c)(d)

(π,π)

(0,0)

VFS=50%
VFS=63%

FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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Hidden�magnetism�at�the�pseudogap�critical�point�of�a�high�
temperature�superconductor�
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The�mysterious� pseudogap� phase� of� cuprate� superconductors� ends� at� a� critical�
hole�doping� level�p*�but�the�nature�of�the�ground�state�below�p*� is�still�debated.�
Here,� we� show� that� the� genuine� nature� of� the� magnetic� ground� state� in� La2Ǧ
xSrxCuO4�is�hidden�by�competing�effects�from�superconductivity:�applying�intense�
magnetic� fields� to�quench� superconductivity,�we�uncover� the�presence�of�glassy�
antiferromagnetic�order�up�to�the�pseudogap�boundary�p*�γ�0.19,�and�not�above.�
There� is� thus�a�quantum�phase� transition�at�p*,�which� is� likely� to�underlie�highǦ
field� observations� of� a� fundamental� change� in� electronic� properties� across� p*.�
Furthermore,�the�continuous�presence�of�quasiǦstatic�moments�from�the�insulator�
up�to�p*�suggests�that�the�physics�of�the�doped�Mott�insulator�is�relevant�through�
the� entire� pseudogap� regime� and� might� be� more� fundamentally� driving� the�
transition�at�p*�than�just�spin�or�charge�ordering.�
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Fig. 1. Quasi-static magnetism in the pseudogap state of La2-xSrxCuO4. Temperature – doping 
phase diagram representing Tmin, the temperature of the minimum in the sound velocity, at different 
fields. Since superconductivity precludes the observation of Tmin in zero-field, the dashed line (brown 
area) represents the extrapolated Tmin(B=0). While not exactly equal to the freezing temperature Tf (see 
Fig. 2), Tmin is closely tied to Tf and so is expected to have the same doping dependence, including a 
peak around p = 0.12 in zero/low fields (ref. 2). Onset temperatures of charge order are from ref. 33 
(squares) and 35 (hexagons). 
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Measurement of the Planckian Scattering Rate
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FIG. 2. ADMR and quasiparticle scattering rate of Nd-LSCO at p = 0.24. (a) Left

panels: The ADMR of Nd-LSCO at p = 0.24 as a function of ✓ for four di↵erent temperatures, T =

25, 20, 12, and 6 K, and at B = 45 T. The grey area near ✓ = 90� for T = 6 K and 12 K indicates

the region where the sample becomes superconducting. Right panels: Simulations obtained from

the Chambers formula using the tight-binding parameters of Table I and the scattering rate model

of Equation 8. (b) Log scale polar plot of the scattering rate at T = 25 K. Note the large scattering

rate near the anti-nodes where the Fermi surface passes close to the van Hove point. The total

scattering rate is shown as a solid line, the isotropic part of the scattering rate, 1/⌧iso, is shown

as a dashed red line, and the anisotropic part, 1/⌧aniso in violet, is the di↵erence between the two.

(c) Temperature dependence of the two components of the scattering rate. A linear fit to 1/⌧iso

using 1/⌧ = A+↵kBT/~, yields ↵ = 1.4± 0.3, a value consistent with the Planckian limit (↵ ⇡ 1).

The error bar on ↵ accounts for the uncertainty in the fit as well as a ±10 % uncertainty in the

distance between the electrical contacts on the ADMR sample. By contrast, 1/⌧aniso is seen to

be temperature independent, showing that it comes entirely from elastic scattering o↵ defects and

impurities.

surface (Figure 2b and 6), is therefore not only required to correctly model the ADMR,
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FIG. 2. ADMR and quasiparticle scattering rate of Nd-LSCO at p = 0.24. (a) Left

panels: The ADMR of Nd-LSCO at p = 0.24 as a function of ✓ for four di↵erent temperatures, T =

25, 20, 12, and 6 K, and at B = 45 T. The grey area near ✓ = 90� for T = 6 K and 12 K indicates

the region where the sample becomes superconducting. Right panels: Simulations obtained from

the Chambers formula using the tight-binding parameters of Table I and the scattering rate model

of Equation 8. (b) Log scale polar plot of the scattering rate at T = 25 K. Note the large scattering

rate near the anti-nodes where the Fermi surface passes close to the van Hove point. The total
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as a dashed red line, and the anisotropic part, 1/⌧aniso in violet, is the di↵erence between the two.

(c) Temperature dependence of the two components of the scattering rate. A linear fit to 1/⌧iso
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The error bar on ↵ accounts for the uncertainty in the fit as well as a ±10 % uncertainty in the

distance between the electrical contacts on the ADMR sample. By contrast, 1/⌧aniso is seen to

be temperature independent, showing that it comes entirely from elastic scattering o↵ defects and

impurities.
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We consider the hole-doped case, with no double occupancy. Each
site has 3 states which we map to the ‘superspin’ space of a boson
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the complement of A. Results for SvN(A) for subsystem
sizes M = 1, 2, 3, 4 and total system sizes N = 10, 12, 16
are shown in Fig. 3. We find that the single-site (M = 1)
and two-site (M = 2) entanglement entropy are well con-
verged as a function of total system size N . Analogously
to the thermal entropy, we find the ansatz in Eq. 4 to
also be an excellent fit for the entanglement entropy. The
value of ep only weakly depends on the subsystem size M

and the total system size N . For a N = 16 site cluster
and M = 4 we estimate,

ep ⇡ 0.285 ± 0.024 [from SvN(A)], (6)

in agreement with our estimate obtained from the ther-
mal entropy in Eq. 5.

Finally, we investigate the charge susceptibility (com-
pressibility),

�c =
@n

@µ
=

✓
@

2
e

@n2

◆�1

=

✓
@

2
e

@p2

◆�1

, (7)

computed by taking the inverse of the second deriva-
tive of the internal state energy density e = E/N w.r.t.
doping p. Here, the chemical potential is given by
µ = @e/@n. Results for di↵erent temperatures at N = 18
are shown in Fig. 3(b). At temperatures T = 0 and
T = 0.1 we detect a maximum at doping p = 1/3. We
observe a shoulder-like feature at lower doping. At higher
temperatures T = 0.3 and T = 0.5 this feature devel-
ops into a maximum at p ⇡ 0.2. We notice, that this
shift matches the shift of ep in the thermal entropy shown
in Fig. 2(b,c). We note that the occurrence of a maxi-
mum in the compressibility, specific heat coe�cient and
local entanglement entropy has been recently discussed
in cluster-DMFT studies of the Hubbard model without
randomness in relation to the pseudogap and Mott criti-
cal points [34–37].

Luttinger’s theorem. Having found strong signatures
of a spin glass phase persisting from half filling up to
pc ⇡ 1/3, we now provide evidence of a Fermi liquid phase
at higher values of doping, which vanishes at a critical
value of doping near the onset of spin glass order. To
verify the presence of a Fermi liquid phase, we introduce
the one-particle energy distribution function,

N (✏) =
1

N

X

�

�(✏ � ✏�)
X

ij�

h�|ii hc
†
i�

cj�i hj|�i (8)

where |�i are the single-particle non-interacting eigen-
states with energy ✏�, obtained by diagonalizing the hop-
ping matrix tij . This quantity is analogous to the parti-
cle occupation number in momentum space, n(k), com-
monly used in systems with translational invariance. For
a non-interacting system with fixed particle number n,
the averaged quantity N (✏) converges to D(✏)✓(✏ � ✏F ),
where D(✏) is the single-particle density of states and ✏F

FIG. 3. (a) The ground state entanglement entropy SvN of
subsystems of size M . Results are compared for total system
size N = 10, 12, 16, shown as increasing opacity. The maxima
are attained at values close to p = 1/3, indicated by the gray
dashed line. Black dots show the ansatz Eq. 4 at optimal
fitting parameters. (b) Charge susceptibility �c for di↵erent
temperatures at N = 18. The low-temperature maximum at
doping p = 1/3 is shifted towards a smaller doping p ⇡ 0.2 at
higher temperatures.
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FIG. 4. (a) At high values of doping, the one-particle en-
ergy distribution function drops sharply near the energy level
predicted by Luttinger’s theorem (marked by crosses). At
lower values of doping, this function becomes more broad-
ened, suggesting a breakdown of Luttinger’s theorem. (b) A
comparison of the Fermi energy given by Luttinger’s theorem
and the numerically-computed value given by the inflection
point of the one-particle energy distribution function. For a
16 site cluster, the two show good agreement up to a critical
value between 6/16 = 0.38 and 7/16 = 0.44, in contrast with
the same quantity computed for free fermions which agree
well for all values of doping.

is the Fermi energy, defined by:

D(✏) =
1

N

X

�

�(✏ � ✏�) , n = 2

Z
✏F

�1
d✏ D(✏) . (9)

For the interacting system, we show in the supplemental
material [4] that, because the random couplings are all
to all, N (✏) displays self-averaging properties in the ther-
modynamic limit N ! 1. In this limit, the signature
of Luttinger’s theorem is a discontinuity of N (✏) at the
non-interacting value of ✏F defined in Eq. (9).

In Fig. 4, we plot the quantity N (✏)/D(✏), averaged
over 1000 realizations on a 16-site cluster. The density
of states D(✏) is a semicircle distribution in the large-N

One particle energy distribution function
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where |�i are one-particle eigenstates of the tij . In a Fermi liquid, the Luttinger
identity implies that N (✏) has a discontinuity at the free particle Fermi energy ✏F .
(D(✏) is the Wigner semi-circle density of states.)
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Evidence for a “Large Fermi surface” for p > pc ⇡ 0.4
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�00(!) =
P

n |h0|S+i |ni|2 �(~! � En + E0), (at T = 0)
2

a spin glass phase is found below a critical temperature
Tc ⇡ 0.10J . When doping is present, Ref. [20] predicts
a disordered Fermi liquid phase for all non-zero values
of p in the large-M limit. However, it was recently ar-
gued [21, 22] that for the case of SU(2), the spin glass
phase should persist up to a critical finite value of doping,
pc, corresponding to a quantum critical point separat-
ing the spin glass phase from a disordered Fermi liquid.
Near criticality, the model is predicted to exhibit SYK-
like criticality with a non-zero extensive entropy and a
linear-in-temperature resistivity [23]. In a weak-coupling
renormalization group, this critical point emerges when
the three fractionalized excitations in the t-J model be-
come degenerate in energy, leading to a zeroth order pre-
diction of pc = 1/3.

Dynamical Spin Response at T = 0. We first present
results on the nature of the spin correlations at T = 0,
providing evidence that the spin glass phase shown to
exist at p = 0 is stable for small values of doping, up to a
critical value of doping near p = 1/3. Using the Lanczos
algorithm, we calculate the spectral function at T = 0,

�
00(!) =

1

3

X

↵

1

N

X

i

X

n

|h n| S
↵

i
| 0i|

2

⇥ [�(! � (En � E0)) � �(! + (En � E0))] ,

(2)

where numerically the delta functions are replaced by
Gaussians with a small variance. The signature of spin
glass order, limt!1

1
N

P
i
hSi(0)Si(t)i = q 6= 0, is re-

flected by a q�(!) contribution to the dynamical struc-
ture factor S(!), which is related to the spectral function
at T = 0 by �00(!) = S(!) � S(�!). For a finite system
size, the exact delta function in S(!) is replaced by a peak
at low frequency, whose width approaches 0 in the ther-
modynamic limit and whose total spectral weight gives
q. Therefore, the spin glass contribution to �00(!) for fi-
nite systems is given by a low frequency peak, and was
analyzed for this model at p = 0 in [8]. Above pc, a dis-
ordered Fermi liquid is expected to have a low-frequency
behavior of �00(!) ⇠ !.

The spectral function for the random t-J model, calcu-
lated using the Lanczos algorithm on an 18-site cluster, is
shown for several values of doping in Fig. 1. A prominent
hump at low-frequency for dopings p . 0.4 suggests the
presence of spin glass order in this range of doping. How-
ever, a large-N analysis of this hump must be performed
in order to verify that the hump asymptotes to a delta
function in the thermodynamic limit. To do this, we first
subtract o↵ a background contribution to account for the
rest of the spectral weight. Anticipating SYK behavior
near the critical point at low frequencies, we subtract a
spectral weight obtained by rescaling the solution of the
Schwinger-Dyson equations of the p = 0 model in the
large-M limit [9, 14] (we rescale J , while preserving total
spectral weight). This SYK spectral weight has a leading
term �

00(!) ⇠ sgn(!) as |!| ! 0 at T = 0 (which general-

0.0 0.5 1.0 1.5 2.0 2.5
�

0.00

0.05

0.10

0.15

0.20

0.25

0.30

(1
/n

)�
�� (

�
)

0.0 0.1 0.2 0.3 0.4
p

0.000

0.005

0.010

0.015

0.020

q

Large-N

Large-M

p = 0.56

p = 0.39

p = 0.17

p = 0.00

FIG. 1. The spectral function �00(!) of the random t � J
model, averaged over 100 disorder realizations on an 18-site
cluster. At low dopings, a sharp peak at low-frequency at
low doping is indicative of spin glass order. With increas-
ing doping, the magnitude of this peak is reduced, and the
low-frequency behavior closely resembles the rescaled spec-
tral function of the large M SYK theory [9, 14]. (Inset) After
an extrapolation to the thermodynamic limit, the integrated
weight of the low-frequency peak is non-zero, indicating spin
glass order. This weight vanishes near p ⇡ 0.4. Plotted is the
integrated weight for 8 6 N 6 18 (as a gradient from red to
blue), and the large-N extrapolation with error bars.

izes to tanh (!/2T ) at low T ). The next-to-leading SYK
term depends linearly in !, and arises from the boundary
graviton in the holographic dual [14]. It is important to
note that the exponents of these two leading SYK contri-
butions are universal and independent of M . Away from
the critical point and in the spin glass phase, we find
that the spectral function is described well by a combi-
nation of the SYK result and a low-frequency hump. A
large-N analysis of this low-frequency hump, described
in more detail in the supplementary material, confirms
that the variance of the hump vanishes in the thermody-
namic limit, whereas the spectral weight, shown in Fig. 1,
remains non-zero. Our analysis gives a large-N estimate
of q ⇠ 0.02 at p = 0. For larger values of doping, q

decreases from its value at p = 0, eventually vanishing
at some critical value of doping pc. By linearly extrap-
olating the large-N prediction for q to higher dopings,
we obtain an estimate of pc = 0.420 ± 0.007. Around
this range of dopings, the spectral function shows good
agreement with the large-M critical prediction given in
Fig. 1. At dopings well above p = 0.4, we find the spec-
tral function to be largely independent of system size. No
gap at low frequency is visible, and �

00(!) ⇠ ! behavior
consistent with Fermi liquid predictions is clear. We will
provide a more rigorous verification of the Fermi liquid
phase at higher dopings via Luttinger’s theorem later in
the paper.
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Schwinger-Dyson equations of the p = 0 model in the
large-M limit [9, 14] (we rescale J , while preserving total
spectral weight). This SYK spectral weight has a leading
term �

00(!) ⇠ sgn(!) as |!| ! 0 at T = 0 (which general-
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FIG. 1. The spectral function �00(!) of the random t � J
model, averaged over 100 disorder realizations on an 18-site
cluster. At low dopings, a sharp peak at low-frequency at
low doping is indicative of spin glass order. With increas-
ing doping, the magnitude of this peak is reduced, and the
low-frequency behavior closely resembles the rescaled spec-
tral function of the large M SYK theory [9, 14]. (Inset) After
an extrapolation to the thermodynamic limit, the integrated
weight of the low-frequency peak is non-zero, indicating spin
glass order. This weight vanishes near p ⇡ 0.4. Plotted is the
integrated weight for 8 6 N 6 18 (as a gradient from red to
blue), and the large-N extrapolation with error bars.

izes to tanh (!/2T ) at low T ). The next-to-leading SYK
term depends linearly in !, and arises from the boundary
graviton in the holographic dual [14]. It is important to
note that the exponents of these two leading SYK contri-
butions are universal and independent of M . Away from
the critical point and in the spin glass phase, we find
that the spectral function is described well by a combi-
nation of the SYK result and a low-frequency hump. A
large-N analysis of this low-frequency hump, described
in more detail in the supplementary material, confirms
that the variance of the hump vanishes in the thermody-
namic limit, whereas the spectral weight, shown in Fig. 1,
remains non-zero. Our analysis gives a large-N estimate
of q ⇠ 0.02 at p = 0. For larger values of doping, q

decreases from its value at p = 0, eventually vanishing
at some critical value of doping pc. By linearly extrap-
olating the large-N prediction for q to higher dopings,
we obtain an estimate of pc = 0.420 ± 0.007. Around
this range of dopings, the spectral function shows good
agreement with the large-M critical prediction given in
Fig. 1. At dopings well above p = 0.4, we find the spec-
tral function to be largely independent of system size. No
gap at low frequency is visible, and �

00(!) ⇠ ! behavior
consistent with Fermi liquid predictions is clear. We will
provide a more rigorous verification of the Fermi liquid
phase at higher dopings via Luttinger’s theorem later in
the paper.
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a spin glass phase is found below a critical temperature
Tc ⇡ 0.10J . When doping is present, Ref. [20] predicts
a disordered Fermi liquid phase for all non-zero values
of p in the large-M limit. However, it was recently ar-
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presence of spin glass order in this range of doping. How-
ever, a large-N analysis of this hump must be performed
in order to verify that the hump asymptotes to a delta
function in the thermodynamic limit. To do this, we first
subtract o↵ a background contribution to account for the
rest of the spectral weight. Anticipating SYK behavior
near the critical point at low frequencies, we subtract a
spectral weight obtained by rescaling the solution of the
Schwinger-Dyson equations of the p = 0 model in the
large-M limit [9, 14] (we rescale J , while preserving total
spectral weight). This SYK spectral weight has a leading
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model, averaged over 100 disorder realizations on an 18-site
cluster. At low dopings, a sharp peak at low-frequency at
low doping is indicative of spin glass order. With increas-
ing doping, the magnitude of this peak is reduced, and the
low-frequency behavior closely resembles the rescaled spec-
tral function of the large M SYK theory [9, 14]. (Inset) After
an extrapolation to the thermodynamic limit, the integrated
weight of the low-frequency peak is non-zero, indicating spin
glass order. This weight vanishes near p ⇡ 0.4. Plotted is the
integrated weight for 8 6 N 6 18 (as a gradient from red to
blue), and the large-N extrapolation with error bars.

izes to tanh (!/2T ) at low T ). The next-to-leading SYK
term depends linearly in !, and arises from the boundary
graviton in the holographic dual [14]. It is important to
note that the exponents of these two leading SYK contri-
butions are universal and independent of M . Away from
the critical point and in the spin glass phase, we find
that the spectral function is described well by a combi-
nation of the SYK result and a low-frequency hump. A
large-N analysis of this low-frequency hump, described
in more detail in the supplementary material, confirms
that the variance of the hump vanishes in the thermody-
namic limit, whereas the spectral weight, shown in Fig. 1,
remains non-zero. Our analysis gives a large-N estimate
of q ⇠ 0.02 at p = 0. For larger values of doping, q

decreases from its value at p = 0, eventually vanishing
at some critical value of doping pc. By linearly extrap-
olating the large-N prediction for q to higher dopings,
we obtain an estimate of pc = 0.420 ± 0.007. Around
this range of dopings, the spectral function shows good
agreement with the large-M critical prediction given in
Fig. 1. At dopings well above p = 0.4, we find the spec-
tral function to be largely independent of system size. No
gap at low frequency is visible, and �

00(!) ⇠ ! behavior
consistent with Fermi liquid predictions is clear. We will
provide a more rigorous verification of the Fermi liquid
phase at higher dopings via Luttinger’s theorem later in
the paper.
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The random t-J model has

• Spin glass order for p < pc.

• Fermi liquid with “large Fermi surface” for p > pc

• Maxima in entropy, specific heat, and entanglement
entropy near p = pc

• SYK-Planckian criticality near pc.

• Boundary graviton correction in critical spin
susceptibility!

• SYK criticality can be understood in a model in
which the electron fractionalizes into spinons and
holons: then both the t and J terms map onto 4-
particle SYK terms.
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Complex multi-particle entanglement
leads to quantum systems

without quasiparticle excitations.

<latexit sha1_base64="ALE3gVeYE9IVu51cw7rjU7ofJWY="></latexit>

Many-body chaos and
thermal equilibration
in the shortest possible

Planckian time ⇠ ~
kBT

.


