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The remarkable underlying ground states of cuprate superconductors 
Cyril Proust and Louis Taillefer, arXiv:1807.0507

Figure 6

Across the quantum critical point. a) Normal-state electronic specific heat in the T = 0 limit
as a function of doping, plotted as Cel/T vs p (red symbols) in Eu-LSCO (squares), Nd-LSCO
(circles) and LSCO (diamonds). From ref. (75). We also show Cel/T in YBCO (blue dots (18))
and in Tl2201 (green dot (76)). The vertical grey lines mark the limits of the CDW phase in
Nd-LSCO, between p = 0.08 and p ' 0.19. b) Normal-state Hall number nH (= V/e RH) in the
T = 0 limit as a function of doping, in YBCO (blue circles (21), p?= 0.19) and Nd-LSCO (red
squares (4), p?= 0.23). We also show nH in LSCO (grey squares (67)) and YBCO (grey circles
(68)) at low doping, and nH in Tl2201 (white diamond (29)) at high doping.

5. PSEUDOGAP PHASE
DOS: Density of
states (NF)

�E: Condensation
energy

Hc1: Lower critical
field

�: Residual linear
term in the specific
heat, C(T ) at T = 0,
purely electronic

The two traditional signatures of the pseudogap phase are: 1) a loss of density of

states (DOS) below p
?; 2) the opening of a partial spectral gap below T

?, seen by ARPES

(Figs. 1c, 1d) and optical conductivity, for example. Here we summarize recent high-field

measurements of the specific heat in the LSCO family (75) showing that there is a large

mass enhancement at p
?. The new data show that the pseudogap does not simply cause

a loss of DOS below p
?; instead, there is huge peak in the DOS at p

? (Fig. 6a) – much

larger than expected from a van Hove singularity (75, 80). We then show how high-field

measurements of the Hall coe�cient reveal a new signature of the pseudogap phase – a

rapid drop in the carrier density, at p?(Fig. 6c). These new properties alter profoundly our

view of the pseudogap phase, and of the strange metal just above it (sec. 6).

5.1. Density of states

5.1.1. Condensation energy. One way to access the DOS, NF, is via the superconduct-

ing condensation energy �E, since �E = NF�
2

0/4, where �0 is the d-wave gap maxi-

mum. Experimentally, and in the framework of BCS theory, �E can be measured using

the upper and lower critical fields, Hc2 and Hc1, to get the thermodynamic field Hc via

H
2

c = Hc1Hc2/(ln() + 0.5), given that �E = H
2

c /2µ0. In Fig. 2b, we plot �E/Tc
2 vs p

thus obtained for YBCO (17). We see that �E/Tc
2 / NF drops by a factor 8-9 between

p = 0.18 and p = 0.1, in agreement with the drop reported earlier from an analysis of spe-

cific heat data measured in low fields up to T > Tc in YBCO (71) and Bi2212 (72). Note
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We can (exactly) transform the Hubbard

model to the “spin-fermion” model:

electrons ci↵ on the square lattice with

dispersion

Hc = �

X

i,⇢

t⇢
⇣
c†i,↵ci+v⇢,↵

+ c†i+v⇢,↵
ci,↵

⌘

�µ
X

i

c†i,↵ci,↵ +Hint

are coupled to a magnetic moment order

parameter �
p
(i), p = x, y, z

Hint = ��
X

i

�
p
(i)c†i,↵�

p
↵�ci,� + V�
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Theoretical framework

For (fluctuating) SDW SRO, we transform
to a rotating reference frame using the SU(2)
rotation Ri

✓
ci"
ci#

◆
= Ri

✓
 i,+

 i,�

◆
,

in terms of fermionic “chargons”  s and a
Higgs field H

a(i)

�
p�p(i) = Ri �

a
H

a(i)R†
i

The Higgs field is the SDW order in the
rotating reference frame.
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Theoretical framework
We obtain di↵erent numbers of adjoint Higgs scalars,

Nh, depending upon the spatial dependence of the local spin correlations:

Neel correlations: Nh = 1,

K = (⇡,⇡),

H
a
(i) = H

a
1 (r)e

iK·ri

Canted antiferromagnetic correlations: Nh = 2,

K = (⇡,⇡),

H
a
(i) = H

a
1 (r)e

iK·ri +H
a
2 (r)

Unidirectional incommensurate correlations: Nh = 2,

K = (⇡,⇡ � �),

H
a
(i) = Re

�
[H

a
1 (r) + iH

a
2 (r)] e

iK·ri
 

Bidirectional incommensurate correlations: Nh = 4,

Ky = (⇡,⇡ � �), Kx = (⇡ � �,⇡),

H
a
(i) = Re

�
[H

a
1 (r) + iH

a
2 (r)] e

iKx·ri + [H
a
3 (r) + iH

a
4 (r)] e

iKy·ri
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SDW LRO
SDW SRO

Confinement
No topological order.

Higgs phase
Increasing SDW order

Increasing SDW order

U/t

g

hHai 6= 0, hRi 6= 0 hHai = 0, hRi 6= 0

Fractionalized Fermi Liquid (FL*) 
Emergent deconfined Z2 gauge field/

CDW/Ising-nematic
hHai 6= 0
hRi = 0

h�pi 6= 0
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= (|" �i+ |� "i) /
p
2 = (|"#i � |#"i) /

p
2

(a) FL* (b) ACL

Theory of the pseudogap phase

Metals with emergent gauge fields (the blue dimers): 
(a) FL*: electron-like (b) ACL: spinless chargons 
with quasiparticles on a Fermi surface of size p



Theory of the pseudogap phase
Field Symbol Statistics SU(2)gauge SU(2)spin U(1)e.m.charge

Electron c fermion 1 2 -1

AF order � boson 1 3 0

Chargon  fermion 2 1 -1

Spinon R or z boson 2̄ 2 0

Higgs H boson 3 1 0

TABLE I. Quantum numbers of the matter fields in L and Lg. The transformations under the SU(2)’s

are labelled by the dimension of the SU(2) representation, while those under the electromagnetic U(1)

are labeled by the U(1) charge. The antiferromagnetic spin correlations are characterized by � in (5.3).

The Higgs field determines local spin correlations via (5.12).

A summary of the charges carried by the fields in the resulting SU(2) gauge theory, Lg, is

in Table I. This rotating reference frame perspective was used in the early work by Shraiman

and Siggia on lightly-doped antiferromagnets [89, 90], although their attention was restricted to

phases with antiferromagnetic order. The importance of the gauge structure in phases without

antiferromagnetic order was clarified in Ref. [85].

Given the SU(2) gauge invariance associated with (5.6), when we express L in terms of  we

naturally obtain a SU(2) gauge theory with an emergent gauge field A
a

µ
= (Aa

⌧
,Aa), with a = 1, 2, 3.

We write the Lagrangian of the resulting gauge theory as [85–87]

Lg = L + LY + LR + LH . (5.9)

The first term for the  fermions descends directly from the Lc for the electrons

L =
X

i

 
†
i,s

✓
@

@⌧
� µ

◆
�ss0 + iA

a

⌧
�
a

ss0

�
 i,s0 +

X

i,j

tij 
†
i,s


e
i�

aAa·(ri�rj)

�

ss0
 j,s0 , (5.10)

and uses the same hopping terms for  as those for c, along with a minimal coupling to the SU(2)

gauge field. Inserting (5.6) into Lcn, we find that the resulting expression involves 2 complex Higgs

fields, Ha

x
and H

a

y
, which are SU(2) adjoints; these are defined by

H
a

x
⌘

1

2
�x`Tr[�

`
R�

a
R

†], (5.11)

and similarly for Ha

y
. Let us also note the inverse of (5.11)

�x` =
1

2
H

a

x
Tr[�`R�a

R
†], (5.12)

20

SU(2) gauge theory: fractionalize the SDW order parameter into the Higgs field (H)
and the spinons (R); fractionalize the electron (c) into chargons ( ) and spinons
(R). When the Higgs field is condensed, the  fermions and R bosons are decon-
fined particles in an algebraic charge liquid (ACL) state, but with a strong residual
attractive interaction from the tij . These can bind to form Fermi surfaces of quasi-
particles with the same quantum numbers as an electron in a fractionalized Fermi
liquid (FL*) state: the Fermi surfaces in the ACL/FL* states are reconstructed by
the Higgs condensate, in a manner similar to a state with long-range SDW order. In
the present SU(2) gauge theory, we ignored the interactions between the  and R in
an ACL state, and obtained results in good agreement at intermediate temperatures
with cluster DMFT, and with photoemission observations on NCCO.
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Spectral function of SU(2) gauge theory with topological order 

      Gap opening and back bending of the bands can be obtained in the absence of long-range order 

and translational symmetry breaking if the system exhibits topological order1,2. Fig. 7 shows an 

example of the calculated spectral function of an SU(2) gauge theory of fluctuating 

antiferromagnetism within the formalism of Ref. 2 for the parameters relevant to our experiments 

on NCCO.  

      The gap opening, band folding and back bending in the simulated spectral function are similar to 

those observed by ARPES, but there are also additional weak features inside the gap which are not 

visible in the experimental data.  

 

Figure 7 | Spectrum of SU(2) gauge theory with topological order. Spectral function 𝐴𝜔(𝑘) (b) 

along a momentum cut through the electron-like pocket (a). The parameters used in the simulation 

are: |𝐻0| = 0.06𝑡0 , 𝑇 = 0.006𝑡0 , Δ = 0.002𝑡0 , t0
′ = −0.45𝑡0 , 𝐽 = 0.1𝑡0 , 𝜂 = 0.003 𝑡0 , 𝑡 = 𝑍𝑡0 =

380meV and doping level of 𝑥 = 0.15. Please refer to Ref. 2 for the SU(2) gauge theory and the 

physical meaning of the parameters. 

Reference:  

1. Sachdev, S., Topological order and Fermi surface reconstruction. arXiv: 1801.01125v3 (2018). 

2. Scheurer, M. S. et al. Topological order in the pseudogap metal.  Proc. Nat. Acad. Sci. 115, 

E3665-E3672 (2018). 
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 237 

Figure 1 | Fermi surface reconstruction in optimal-doped NCCO. a, Schematic diagram of a 238 
reconstructed Fermi surface with electron-like pockets near antinode and hole-like pockets near 239 
node. The dashed lines indicate the antiferromagnetic Brillouin zone. b, Schematic band dispersion 240 
along a momentum cut on the electron-like pocket (near hotspot), marked by the red arrow in (a). 241 
The original dispersion is split into conduction and valence bands by an AFM energy gap. The 242 
reconstructed bands bend back at the AFMZB. c, Schematic band dispersion along a momentum cut 243 
on the hole-like pocket (nodal cut), marked by the blue arrow in (a). The AFM energy gap is slightly 244 
above EF, but the folded band (back-bent hole band) disperses below EF. The gray (dashed) line in 245 
(b,c) represents the original (folded) band.  d-f, the same as a-c, but for the original Fermi surface 246 
without reconstruction. g-i, Photoemission intensity plot (g), second derivative image with respect 247 
to energy (h) and raw energy distribution curves (EDCs) (i) for optimal-doped NCCO, measured along 248 
a momentum cut on the electron-like pocket (near hotspot, labelled by the red arrow in the inset of 249 
h). Conduction and valence bands extracted from the EDCs (blue triangles in i) are also presented in 250 
g (black circles) and h (white circles). The EDC at the AFMZB is shown in red (i). The main band and 251 
folded band are marked by “MB” and “FB”, respectively. j-l, the same as g-i, but for the nodal cut 252 
(labelled by the blue arrow in the inset of h).  253 

Junfeng He, C. R. Rotundu, M. S. Scheurer, Y. He, M. Hashimoto, 
K. Xu, Y. Wang, E. W. Huang, T. Jia, S.-D. Chen, B. Moritz, D.-H. Lu, 
Y. S. Lee, T. P. Devereaux and Z.-X. Shen,                            
Fermi surface reconstruction in electron-doped cuprates 
without antiferromagnetic long-range order,  
preprint

Experiment Theory

M. S. Scheurer, S. Chatterjee, Wei Wu, 
M. Ferrero, A. Georges, and S. Sachdev, 
Topological order in the pseudogap metal 
PNAS 115, E3665 (2018)
Wei Wu, M. S. Scheurer, S. Chatterjee, S. 
Sachdev, A. Georges, and M. Ferrero, 
Pseudogap and Fermi surface topology in 
the two-dimensional Hubbard model 
Physical Review X 8, 021048 (2018)



Theory of optimal doping criticality
Field Symbol Statistics SU(2)gauge SU(2)spin U(1)e.m.charge

Electron c fermion 1 2 -1

AF order � boson 1 3 0

Chargon  fermion 2 1 -1

Spinon R or z boson 2̄ 2 0

Higgs H boson 3 1 0

TABLE I. Quantum numbers of the matter fields in L and Lg. The transformations under the SU(2)’s

are labelled by the dimension of the SU(2) representation, while those under the electromagnetic U(1)

are labeled by the U(1) charge. The antiferromagnetic spin correlations are characterized by � in (5.3).

The Higgs field determines local spin correlations via (5.12).

A summary of the charges carried by the fields in the resulting SU(2) gauge theory, Lg, is

in Table I. This rotating reference frame perspective was used in the early work by Shraiman

and Siggia on lightly-doped antiferromagnets [89, 90], although their attention was restricted to

phases with antiferromagnetic order. The importance of the gauge structure in phases without

antiferromagnetic order was clarified in Ref. [85].

Given the SU(2) gauge invariance associated with (5.6), when we express L in terms of  we

naturally obtain a SU(2) gauge theory with an emergent gauge field A
a

µ
= (Aa

⌧
,Aa), with a = 1, 2, 3.

We write the Lagrangian of the resulting gauge theory as [85–87]

Lg = L + LY + LR + LH . (5.9)

The first term for the  fermions descends directly from the Lc for the electrons

L =
X

i

 
†
i,s

✓
@

@⌧
� µ

◆
�ss0 + iA

a

⌧
�
a

ss0

�
 i,s0 +

X

i,j

tij 
†
i,s


e
i�

aAa·(ri�rj)

�

ss0
 j,s0 , (5.10)

and uses the same hopping terms for  as those for c, along with a minimal coupling to the SU(2)

gauge field. Inserting (5.6) into Lcn, we find that the resulting expression involves 2 complex Higgs

fields, Ha

x
and H

a

y
, which are SU(2) adjoints; these are defined by

H
a

x
⌘

1

2
�x`Tr[�

`
R�

a
R

†], (5.11)

and similarly for Ha

y
. Let us also note the inverse of (5.11)

�x` =
1

2
H

a

x
Tr[�`R�a

R
†], (5.12)

20

SU(2) gauge theory for quantum criticality:Assume theR spinons
and  chargons are gapped, and all the low energy fermionic exci-
tations are electron-like across the quantum critical point. Integrate
out the spinons R, the chargons  , and the high energy c↵ to obtain
e↵ective theory for Ha

` and the low energy c↵ near the Fermi surface.
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Theory of optimal doping criticality

SU(2) gauge theory
SU(2) gauge theory with Nh adjoint Higgs fields H

a
` (a = 1, 2, 3, ` = 1 . . . Nh)

with potential V (H
a
` ) and SU(2) gauge field A

a
µ,

with a quartic coupling to gauge-invariant fermions

with a large Fermi surface.

The quartic coupling is (assumed) innocuous, unlike a Yukawa coupling.

(1/2)
�
@µH

a
` � ✏abcA

b
µH

c
`

�2
+ V (H

a
` )

�
P

i,⇢ t⇢

⇣
c
†
i,↵ci+v⇢,↵

+ c
†
i+v⇢,↵

ci,↵

⌘
� µ

P
i c

†
i,↵ci,↵

+
P

i c
†
i,↵ci,↵H

a
(i)H

a
(i)
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V (Ha
` ) = sH

a
` H

a
` + u1(H

a
` H

a
` )

2 + u2 H
a
` H

a
mH

b
`H

b
m + . . .
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hHa
` i = 0
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XY Wilson-Fisher or
Deconfined critical
SU(2) gauge theory
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Phase diagrams of SU(2) gauge theory

Higgs

Confinement

S. Hikami, Prog. Theor. Phys. 64, 1425 (1980) 

u2 > 0:
Emergent deconfined Z2 gauge field

with Ising-nematic order and large CDW susceptibility
or

u2 < 0:
Confining U(1) gauge field

with charge density wave order
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Reconstructed (FL*) Fermi surfaces,
with large length scale confinement in the u2 < 0 case
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Fermi liquid with 
large Fermi surface

Large N expansion yields u2 > 0 near the

quantum critical point. Influence of fermions can

change sign of u2 in the Higgs phase.
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