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S. Sachdev and J. Ye, PRL 70, 3339 (1993)

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;

T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53, 385 (1981))

U↵�;�� are independent random variables with U↵�;�� = 0 and |U↵�;��|2 = U2

N ! 1 yields critical strange metal.
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The SYK model
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G-⌃ Theory
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The theory self-averages, and the average partition function can be writ-
ten exactly as a ‘G-⌃’ theory involving a path integral over bilocal in time
Green’s function G(⌧1, ⌧2) and self energy ⌃(⌧1, ⌧2)

Z =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2) exp(�NS)

S = ln det [�(⌧1 � ⌧2)(@⌧1 + µ)� ⌃(⌧1, ⌧2)]

+

Z
d⌧1d⌧2

⇥
⌃(⌧1, ⌧2)G(⌧2, ⌧1) + (U2/2)G2(⌧2, ⌧1)G

2(⌧1, ⌧2)
⇤

The large N saddle point yields G(⌧1 � ⌧2) and ⌃(⌧1 � ⌧2) which obey

G(i!) =
1

i! + µ� ⌃(i!)
; ⌃(⌧) = �U2G2(⌧)G(�⌧)

Exact Solution at small !:

⌃(i!) ⇠ �isgn(!)
p

|!| , G(i!) =
�1

⌃(i!)

where the co-e�cient is known exactly.
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Fermi surface coupled to a critical boson

kx

Occupied states

Empty states
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Fermi surface coupled to a critical boson
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Yields a state without quasiparticle excitations, but the theory is not systematic at large N

Sung-Sik Lee (2009)
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“Yukawa” coupling: g

Z
d2rd⌧  †(r, ⌧) (r, ⌧)�(r, ⌧)



Fermi surface coupled to a critical boson
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“Yukawa” coupling:
gij`
N

Z
d2rd⌧  †

i (r, ⌧) j(r, ⌧)�l(r, ⌧)

gijl = 0 , |gijl|2 = g2
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Main idea:
Introduce N flavors of fermions and bosons, and examine
an ensemble of theories with di↵erent Yukawa couplings.
In the large N limit, every member of the ensemble is
expected to have the same critical properties, and so it is
easier to study the average theory.

Ilya Esterlis, J. Schmalian, PRB 100, 115132 (2019) 
Yuxuan Wang and A. V. Chubukov, PRR 2, 033084 (2020) 

E. E. Aldape, T. Cookmeyer,  A. A. Patel, and E. Altman, arXiv:2012.00763  
Ilya Esterlis, Haoyu Guo, Aavishkar Patel, S.S. PRB 103, 235129 (2021)



Ilya Esterlis, Haoyu Guo, Aavishkar Patel, S.S. PRB 103, 235129 (2021)
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The theory self-averages, and the average partition function can be written exactly
as a ‘G-⌃’ theory involving a path integral over bilocal in spacetime. We introduce
the spacetime co-ordinate X ⌘ (⌧, x, y), and all Green’s functions and self energies
in the path integral are functions of two spacetime co-ordinates X1 and X2.

Z =

Z
DG(X1, X2)D⌃(X1, X2)DD(X1, X2)D⇧(X1, X2) exp [�NI(G,⌃, D,⇧)] .

The G-⌃-D-⇧ action is now

I(G,⌃, D,⇧) =
g2

2
Tr (G · [GD])� Tr(G · ⌃) + 1

2
Tr(D ·⇧)

� ln det [(@⌧1 + "(�ir1)) �(X1 �X2) + ⌃(X1, X2)]

+
1

2
ln det

⇥�
�@2

⌧1 �r2
1 + s

�
�(X1 �X2)�⇧(X1, X2)

⇤
.

where we have introduced notation

Tr (f · g) ⌘
Z

dX1dX2 f(X2, X1)g(X1, X2) .
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G-⌃-D-⇧ Theory



Ilya Esterlis, Haoyu Guo, Aavishkar Patel, S.S. PRB 103, 235129 (2021)
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The saddle point equations are

⌃(r, ⌧) = g2�D(r, ⌧)G(r, ⌧),

⇧(r, ⌧) = �g2G(�r,�⌧)G(r, ⌧),

G(k, i!n) =
1

i!n � "(k)� ⌃(k, i!n)
,

D(q, i⌦m) =
1

⌦2
m + q2 + s�⇧(q, i⌦m)

.
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G-⌃-D-⇧ Theory
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Exact Solution at small !:

⌃(k̂, i!) ⇠ �isgn(!)|!|2/3 , G(k, i!) =
�1

"(k) + ⌃(k̂, i!)

where the co-e�cient is known exactly in terms of the Fermi velocity and
Fermi surface curvature at the Fermi surface point along the direction k̂.



M. Tikhanovskaya, Aavishkar Patel, S.S. to appear
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The saddle point equations are

⌃(r, ⌧) = g2�D(r, ⌧)G(r, ⌧),

⇧(r, ⌧) = �g2G(�r,�⌧)G(r, ⌧),

G(k, i!n) =
1

i!n � "(k)� ⌃(k, i!n)
,

D(q, i⌦m) =
1

⌦2
m + q2 + s�⇧(q, i⌦m)

.
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• Yields a systematic large N theory of a “non-Fermi liquid”: a compressible

state without quasiparticle excitations. The Fermi surface is sharp in momen-

tum space, but the spectral functions are di↵use in frequency space.

• There is Planckian dynamics at the Fermi surface:

G(k = kF ,!, T ) ⇠ !�2/3F (~!/kBT )

• There is many-body quantum chaos in the out-of-time-order correlator (OTOC)

with maximal Lyapunov exponent �L = 2⇡kBT/~.
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G-⌃-D-⇧ Theory



Fermi surface coupled to a critical boson

S. A. Hartnoll, R. Mahajan, M. Punk, and S. Sachdev, PRB 89, 155130 (2014) 
A. Eberlein, I. Mandal, and S. S., PRB 94, 045133 (2016)
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Conservation of momentum implies the d.c. conductivity is infinite

Re�(!) = D�(!) + Re�reg(!)

Re�reg(!, T = 0) ⇠ 1

!2/3
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Boson self energy: ⇧ ⇠ �g2
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q2 + �|⌦|
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Marginal Fermi liquid self energy and T log T specific heat
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The g2 log term does not contribute to transport
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With g and v non-zero, we obtain a non-zero residual resistivity
and Fermi liquid like corrections

⇢(T ) = ⇢(0) +AT 2 + . . ..
with 1/⇢(0) ⇠ 1/⌧trans ⇠ v2.
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Fermi surface coupled to a critical boson with spatial disorder
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The g2 log term does not contribute to transport
but the g02 log term does!
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Fermi surface coupled to a critical boson with spatial disorder
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Conductivity: �(!) ⇠ ⌧trans(!)

1

⌧trans(!)
⇠ v2 + g02|!|

Residual resistivity is determined by v2; Linear-in-T resistivity determined by g02.
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Random t-J model doped with hole density p
D. Chowdhury, A. Georges, O. Parcollet, S. Sachdev, arXiv: 2109.05037, review article
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J ) two-particle interaction, similar to that in SYK
t ) one-particle hopping, can be regular or random
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We numerically study a model of interacting spin-1/2 electrons with random exchange coupling on
a fully connected lattice. This model hosts a quantum critical point separating two distinct metallic
phases as a function of doping: a Fermi liquid with a large Fermi surface volume and a low-doping
phase with local moments ordering into a spin-glass. We show that this quantum critical point has
non-Fermi liquid properties characterized by T -linear Planckian behaviour, !/T scaling and slow
spin dynamics of the Sachdev-Ye-Kitaev (SYK) type. The !/T scaling function associated with the
electronic self-energy is found to have an intrinsic particle-hole asymmetry, a hallmark of a ‘skewed’
non Fermi liquid.

The normal-state properties of hole-doped cuprates are
fundamentally di↵erent on the two sides of the critical
doping p = p? at which the pseudogap opens. For p >
p? the Fermi surface (FS) is large and consistent with
bandstructure [1, 2]. In contrast, for p < p? there is clear
experimental evidence that a transformation to a ‘small’
FS takes place [2–4]. The vicinity of p? hosts a ‘strange
metal’ in which resistivity is linear in temperature T down
to low-T (for reviews, see [5–7]). Hallmarks of quantum
criticality [8] have been reported in this regime including
!/T scaling in spectroscopy experiments [9, 10]. The
nature of the p < p? phase and that of the strange metal
are two outstanding fundamental questions.

Microscopic models that exhibit such a doping-induced
quantum critical point (QCP) and can also be investigated
in a controlled manner are rare. In early pioneering work,
Sachdev and Ye [11] showed that the random-bond fully
connected quantum Heisenberg model hosts a spin-liquid
phase when solved for SU(M) spins in the large-M limit.
Remarkably, the local spin dynamics in this phase has the
characteristic frequency dependence of a marginal Fermi
liquid [7, 12, 13] and obeys !/T scaling as a consequence of
conformal invariance [14]. A generalisation to a t-J model
including itinerant charge carriers was introduced by two
of the present authors [14] (see also [15–18]), who found
that in the large-M limit the QCP is at zero doping. The
doped metal was found to be a Fermi liquid (FL) at low-T ,
with a higher-T quantum-critical regime corresponding
to a ‘bad metal’ [19–23] with T -linear resistivity larger
than the Mott-Io↵e-Regel value.

Triggered by widespread interest in the broader
Sachdev-Ye-Kitaev (SYK) framework and duality to quan-
tum gravity [24–26], this line of research has been con-
siderably revived recently [27–31]. The realistic case of
spin-1/2 SU(2) electrons is much richer than the large-M
limit considered in these early works [32]. In contrast
to the large-M limit, the undoped SU(2) insulator has

a spin glass ground-state and a finite ordering tempera-
ture [33–35]. The QCP associated with the melting of
this spin-glass phase by charge fluctuations at half-filling
was recently studied in Ref. [27]. It has been shown
that the SU(2) doped model hosts a QCP at a finite
critical doping p = pc [28, 31, 36]. Understanding the
properties of this QCP and whether it shares some of
the properties of cuprate phenomenology in spite of the
highly simplified character of the model is a fundamental
and fascinating question which is currently being actively
investigated [29–31].

In this article, we show that the quantum critical regime
associated with this QCP hosts a strange metal in which

0.0 0.2 0.4 0.6 0.8
Doping p

0.00

0.02

0.04

0.06

0.08

0.10

T
em

p
er

at
u
re

T
/t

SG FL

EFL/4 T✓=1

0.12 0.16 0.20
0.00

0.01

0.02

0.5

1.0

1.5

Figure 1. Phase diagram in temperature T and doping p. A
quantum critical point (QCP; orange dot) separates a spin-
glass ordered phase (SG) at low p from a Fermi liquid (FL)
at large p. Both the SG transition temperature (dark red)
and the characteristic FL scale EFL/4 (dark blue) collapse at
or near the QCP. The background color corresponds to the
power ✓ of the long-time spin correlation; the dark grey data
and line demarcate ✓ = 1. Pale grey dots indicate parameter
values at which calculations were performed. Dashed lines
are extrapolations outside the available temperature range.
Inset: close-up of the QCP.
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Numerical solution of t-J model on a fully-connected cluster
with all-to-all and random tij and Jij
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Figure 2. (a) Imaginary component of the self-energy at the first Matsubara frequency Im[⌃(i⇡T )], for various doping levels p
from 0.1 to 0.895. The dashed lines emphasize the low T -linear regime which characterizes the Fermi liquid. (b) Violation of the
Luttinger theorem at the QCP. The quantity Re⌃extrap(0) � [µ � µ0(p)] vs p for various temperatures 15  �  60 – it vanishes
at low T in the high doping Fermi liquid phase. The doping pc where it deviates from zero defines the QCP (vertical dashed line).
Inset: Electronic compressibility �e = @n/@µ. (c) Inverse lifetime 1/⌧? = �ZIm[⌃extrap(0)] (see App. D). It has a Fermi liquid
T 2 behavior at high doping. Close to the QCP, pc ⇡ 0.16 � 0.19, it becomes linear in T at low temperatures (dashed lines).

Planckian behavior. – We now discuss the QCP, ap-
proaching it from the high-doping side. Figure 2c shows
1/⌧? = �ZIm⌃extrap(0), which is the width of the spec-
tral function A(", !) = �ImG(", ! + i0+)/⇡. In the FL
regime 1/⌧? / T 2 and can be interpreted as the inverse
of the quasiparticle lifetime. Close to the QCP, FL be-
havior breaks down and we find a clear ‘Planckian’ be-
havior [7, 36–41] down to low-T

1

⌧?
' c

kBT

~ , (4)

restoring fundamental constants. Here c is a coe�cient
of order unity; c = 1.0 ± 0.1 for p = 0.19. Furthermore,
the transport scattering rate 1/⌧tr = �2Im⌃extrap(0) is
also approximately T -linear in this regime (see App. G).
Since the self-energy ⌃(!) is strictly local, the elec-
trical resistivity ⇢ defined via the Kubo formula (see
App. E) is determined by 1/⌧tr. This implies that ⇢
has an approximately T -linear dependence. We empha-
size that the resistivity is smaller than the Mott-Io↵e-
Regel value at low-T , in contrast to ‘bad metal’ behavior.
When viewed in terms of Einstein-Sutherland relation
1/⇢ = D �e [20, 23, 52, 53], the T -linearity of ⇢ stems from
the di↵usion constant D / 1/T , rather than from the com-
pressibility �e = @n/@µ, which has little T -dependence
at the QCP (Fig. 2b inset).

Quantum criticality: skewed non-Fermi liquid
and !/T scaling. – We now show that our data sup-
port !/T scaling of the self-energy near the QCP. In real-
frequencies, we expect a scaling form �Im⌃(! + i0+) /
T ⌫�(!/T ) with ⌫ an exponent (⌫ = 2 for a Fermi liquid).
This translates in imaginary time to ⌃(⌧)/⌃(�/2) = ⌃(⌧)
with ⌧ = ⌧/�. In order to test this scaling form

and identify the scaling function ⌃, we plot in Fig. 3ap
|⌃(⌧)⌃(� � ⌧)|/⌃(�/2) and log |⌃(⌧)/⌃(��⌧)| for sev-

eral � and a fixed p = 0.19 close to pc. This allows to
address separately the symmetric (even) and antisymmet-
ric (odd) components of ⌃ under particle-hole symmetry
⌧ ! ��⌧ (! ! �!). Within the range of temperature ac-
cessible to our algorithm we obtain a good scaling collapse
of the data in the long-time limit around ⌧ = 1/2 (see
App. G). The scaling function agrees well with the con-
formally invariant ansatz:

⌃(⌧) = e↵(⌧�1/2)


1

sin ⇡⌧

�⌫+1

, ⌧ =
⌧

�
. (5)

Figure 3b displays the values of ⌫ and ↵ obtained from a fit
of the data in Fig. 3a. We note that ⌫ varies substantially
close to the QCP. The marginal Fermi liquid value ⌫ =
1 [7, 12, 13] and the SU(M ! 1) model value ⌫ =
1/2 [11, 14] are both consistent with our data in the low-
T limit, but lie at opposite ends of our extrapolated range.
We also note that our observed T -linear behavior of 1/⌧tr

has to arise out of a combination of the finite temperature
dependence of the e↵ective ⌫, ↵ and prefactor of ⌃(⌧) (see
App. C).

Remarkably, Fig. 3b shows that at finite-T in the quan-
tum critical region, our model behaves as a ‘skewed’ non-
Fermi liquid, with an !/T scaling function � displaying an
intrinsic particle-hole asymmetry. The latter is encoded
in the spectral asymmetry parameter (skew) ↵ of Eq. (5)
(see App. C), which takes rather large values at finite T .
Whether this asymmetry persists down to zero temper-
ature at the QCP (i.e. ↵ remains finite at T = 0) is an
interesting open question. Recently, such a particle-hole
asymmetry in skewed Planckian metals attracted strong
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~
c ⇡ 1.0
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Planckian metal
for p ⇡ pc

Large M theory
Resistivity: ⇢(T ) = ⇢(0) + c̃ T . . .

Linear T term is
correction to scaling

from time reparameterization mode.
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Negligible residual resistivity
from random interactions Jij



Summary
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• Two-dimensional Fermi surface coupled to a critical boson has no
quasiparticle excitations, and exhibits Planckian time dynamics and
maximal chaos with Lyapunov exponent 2⇡kBT/~. In the presence
of spatial disorder, linear-T resistivity arises from the first subleading
operator of random interactions, while the leading operator of random
potential leads to the residual resistivity. The spatial disorder theory
also leads to a T lnT specific heat.

• Random t-J model captures many aspects of the cuprates over a
wide intermediate temperature range, including the Planckian metal
behavior. The linear-T resistivity arises from the first subleading
operator of random interactions.
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