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The SYK model

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, |. Flores, J.B. French, PA. Mello, A. Pandey, and S.5.M.Wong, Rev. Mod. Phys. 53, 385 (1981))
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Uap.~s are independent random variables with U,g.~s = 0 and |Uyg.ns|? = U?
N — oo yields critical strange metal.

S.Sachdev and J.Ye, PRL 70, 3339 (1993)
A. Kitaev, unpublished; S. Sachdev, PRX 5,041025 (2015)




(- Theory

The theory self-averages, and the average partition function can be writ-
ten exactly as a ‘G->)’ theory involving a path integral over bilocal in time

Green’s function G(1q, 72) and self energy (7, 7)

7 = /DG(ﬁ,Tg)DZ(ﬁ,TQ)exp(—NS)
S =Indet [0(71 — 1) (0, + 1) — X(11, T2)]

-+ /dTldTQ [Z(Tl,TQ)G(7_277-1) T (UZ/Q)GQ(TQ7Tl)GQ(TbTQ)}

The large N saddle point yields G(71 — 75) and (7 — 72) which obey

Gliw) = ——— o ¢ S0 = —UEnE(=)

Exact Solution at small w:

¥ (iw) ~ —isgn(w)y/|w|, G(iw) = 2(_130)

where the co-efficient is known exactly.
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Fermi surface coupled to a critical boson
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Fermi surface coupled to a critical boson

“Yukawa” coupling: g/dQTdT O (r, ), 7)o (1, T)

Yields a state without quasiparticle excitations, but the theory is not systematic at large IV

Sung-Sik Lee (2009)



Fermi surface coupled to a critical boson

“Yukawa” coupling: g;\?g d°rdr wg (ry 7)Y (r, 7)oy (7, T)

gii=0 , |gul?=g

Main idea:

Introduce /N flavors of fermions and bosons, and examine
an ensemble of theories with different Yukawa couplings.
In the large N limit, every member of the ensemble is
expected to have the same critical properties, and so it is
easler to study the average theory.

llya Esterlis, . Schmalian, PRB 100, | 15132 (2019)

Yuxuan Wang and A.V. Chubukov, PRR 2,033084 (2020)

E. E.Aldape, T. Cookmeyer, A.A. Patel, and E. Altman, arXiv:2012.00763
llya Esterlis, Haoyu Guo, Aavishkar Patel, S.S. PRB 103,235129 (2021)



(G-2-D-1I Theory

The theory self-averages, and the average partition function can be written exactly
as a ‘G- theory involving a path integral over bilocal in spacetime. We introduce
the spacetime co-ordinate X = (7, x,y), and all Green’s functions and self energies
in the path integral are functions of two spacetime co-ordinates X; and Xs.

Z = [ DG(X1, Xa)DS(X1, Xa)DD (X1, Xa)PII(X1, Xa) exp [-NT(G, %, D, 1))

The G-Y-D-1I action is now

I(G,%, D,1I) = 92—2Tr (G- |GD]) —Tr(G- %) + %Tr(D - IT)

—Indet [(97, +e(—iV1))d(Xy — X3) + X(X1, Xo)]

1
+ o Indet [(—02 = V2 +5) 8(X1 — X5) — T1(Xy, X2)] -

where we have introduced notation

1r (f ° g) — /XmdXQ f(XQ, Xl)g(Xl,XQ) :
llya Esterlis, Haoyu Guo, Aavishkar Patel, S.S. PRB 103,235129 (2021)



(G-2-D-1I Theory At DR

The saddle point equations are y . .

M(r,7) = ¢°AD(r, 7)G(r, T),

I(r,7) = —¢g°G(—r,—7)G(r, ),
| 1
G(k,iw,) = iw, —e(k) — 2 (k,iw,)’
D(q,iﬂm) — :

: Q%n+q2+3_H(Qa7;Qm).

Exact Solution at small w:

. —1
N(k,iw) ~ —isen(w)|w|?3. Gk, iw) = -
(ki) ~ —isgn() ol Gk i) =

where the co-efficient is known exactly in terms ot the Fermi velocity and
Fermi surface curvature at the Fermi surface point along the direction k.

llya Esterlis, Haoyu Guo, Aavishkar Patel, S.S. PRB 103,235129 (2021)



(G-2-D-1I Theory

The saddle point equations are

M(r,7) = ¢°AD(r, 7)G(r, T),
I(r,7) = —¢°G(—r, —17)G(r, ),

e There is many-body quantum chaos in the out-of-time-order correlator (OTOC)
with maximal Lyapunov exponent A\;, = 2wkgT/h.

M. Tikhanovskaya, Aavishkar Patel, S.S. to appear



Fermi surface coupled to a critical boson

“Yukawa” coupling: gxe d°rdr QM;L (ry 7)Y (r, 7)oy (7, T)

gii=0 , |gul?=g

Conservation of momentum implies the d.c. conductivity is infinite

S. A. Hartnoll, R. Mahajan, M. Punk, and S. Sachdev, PRB 89, 155130 (2014)
A. Eberlein, I. Mandal, and S. S., PRB 94, 045133 (2016)

Reo(w) = Dé(w) + Re Oreg (W)
1

2/3
Yong Baeck Kim, A. Furusaki, Xiao-Gang Wen, P. A. Lee, PRB 50, 17917 (1994)

Re 0yeg(w, T = 0) ~

Aavishkar Patel, Haoyu Guo, llya Esterlis, S.S. to appear
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Fermi surface coupled to a critical boson with spatial disorder

“Yukawa” coupling: gxe d?rdr wj (7, 7)Y (r, T)pr(r,T)

1
Random potential: A ~ /dszT vij(r)w,j(r, 7)Y, (r,T)

Aavishkar Patel, Haoyu Guo, llya Esterlis, S.S. to appear



Fermi surface coupled to a critical boson with spatial disorder ‘ |

“Yukawa” coupling: g;\?é d?rdr %DJ;L (7, 7)Y (r, T)pr(r,T)

1
Random potential: A ~ /dszT vij(r)w,j(r, 7)Y, (r,T)

gijl — 0 9 g;;kjlgabc — 92 5ia5jl)5lc ) (%% (T) — 0 9 U;;kj (T)Ulm(T/) — 272 5(T — T,)éil5jm

2
g . 1
B If 11 ~ () D(q,1)) =
oson self energy > Q, (q,282) Z 0]
2
Fermion self energy: X (iw) ~ —iv?sgn(w) — z’g—zwln(l/|w\)
v

Marginal Fermi liquid self energy and T /og T specific heat

Aavishkar Patel, Haoyu Guo, llya Esterlis, S.S. to appear



Fermi surface coupled to a critical boson with spatial disorder Q

“Yukawa” coupling: ;\Jf drdr wT(r )Y (r, 7)1 (r,T)

, 1
Random potential: | \/N /dzT’dT Vi (T)Qﬁj (7“7 7')%(7"7 T)

X

gijl — 0 9 g;;kjlgabc — 92 5ia5jl)5lc ) (%% (T) — 0 9 Uij (T)Ulm(T/) — 272 5(T — T/)éil5jm

2
g . 1
Boson self energy: 11 ~ ()], D(q,8)) =
7
Fermion self energy: X (iw) ~ —iv?sgn(w) — z—wln (1/|w])

The ¢g°log term does not contribute to transport

Aavishkar Patel, Haoyu Guo, llya Esterlis, S.S. to appear



Fermi surface coupled to a critical boson with spatial disorder |

“Yukawa” coupling: gﬁé d?rdr w;f (7, 7)Y (r, 7)o (r,T)

1
Random potential: A ~ /d27°d7' vij(r)w,j(r, 7)Y, (r,T)

With g and v non-zero, we obtain a non-zero residual resistivity

and Fermi liquid like corrections
p(T) = p(0) + AT + . . ..
with 1/p(0) ~ 1/Tirans ~ V2.

Aavishkar Patel, Haoyu Guo, llya Esterlis, S.S. to appear



Fermi surface coupled to a critical boson with spatial disorder

“Yukawa” coupling: g;\?é d?rdr @Dj (7, 7)Y (r, T)pr(r,T)

1
Random potential: A ~ /dszT vij(r)w,j(r, 7)Y, (r,T)

1
Random interactions: - N /d2rd7 ggﬂ(r)w,};(r, T)Yi(r, T)pi(r, 7)

/

gz’jl(r) =0 g’fﬂ(r)ggbc(r’) — 9,2 O(r — T/)5ia5jb5lc

Aavishkar Patel, Haoyu Guo, llya Esterlis, S.S. to appear



Fermi surface coupled to a critical boson with spatial disorder |

Boson self energy: 1I = 11, 4 11,

I1,(2€2) ~ |, [T,/ (2€2) ~ —q'?|Q, D(q,i82) =

Aavishkar Patel, Haoyu Guo, llya Esterlis, S.S. to appear



Fermi surface coupled to a critical boson with spatial disorder |

Boson self energy: 1I = 11, 4 11,

2
- g . , 1
GQ) ~ —-1Ql.  TL,(iQ) ~ —¢2|Q.  D(q.iQ) =
g(i€2) ~ =5 & g (1€2) ~ —g"|Q| (q,i9) Z 0]
Fermion self energy: > = >, + 2, + 2/
7
Yo(iw) ~ —iv?sgn(w), Xg(iw) ~ —iZwin(l/jw]), Xy (iw) ~ —ig”win(l/|w])
v

Aavishkar Patel, Haoyu Guo, llya Esterlis, S.S. to appear



Fermi surface coupled to a critical boson with spatial dlsorder

Boson self energy: 1I = 11, 4 11,

I1,(2€2) ~ Q, [T,/ (2€2) ~ —q'?|Q, D(q,i82) =

Q> + 7|9

Fermion self energy: > = >, + 2, + 2/

Yo (iw) ~ —ivisgn(w), 3,(iw) ~ —i=win(1/|w|), X, (iw) ~ —ig”win(1/|w|)

The ¢g°log term does not contribute to transport

but the ¢’ log term does!

Aavishkar Patel, Haoyu Guo, llya Esterlis, S.S. to appear



Fermi surface coupled to a critical boson with spatial disorder |

—

“Yukawa” coupling:  Z2° [ d®rdr ] (r, 7)v; (r, ) (r, 7) b""

N

1
Random potential: A ~ /d27"d7' Uq;j(”f)%bg(?“, T);(r, )

1
Random interactions: A N /dQTdTg,gﬂ(r)w;f(r, 7)Y (r, 7)1 (r, T)

2
Yo (iw) ~ —ivisgn(w), 34(iw) ~ —z’g—len(l/|w|), Yo (iw) ~ —igwin(1/|w]|)
v
Conductivity: o(w) ~ Tirans(W)

1

Ttrans (Cd)
2.
9

N U2 —|—g'2\w|

Residual resistivity is determined by v?; Linear-in-T' resistivity determined by ¢’*.

Aavishkar Patel, Haoyu Guo, llya Esterlis, S.S. to appear
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D. Chowdhury, A. Georges, O. Parcollet, S. Sachdey, arXiv: 2109.05037, review article

[Random t-/ model doped with hole density pj

N N
1 1 g —_—
VN .Z_:l : : VN Z T
1,]= 1<g=1
— 1
S’L — = T 7 QX
2CwéO'C

P4 projects out doubly-occupied sites.
Jij random, Jij — O, JEJ — J2

J = two-particle interaction, similar to that in SYK
t = one-particle hopping, can be regular or random



Numerical solution of ¢-J model on a fully-connected cluster
with all-to-all and random ¢;; and J;;
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P. T. Dumitrescu, N. Wentzell, A. Georges, O. Parcollet, arXiv:2103.08607
H. Shackleton, A. Wietek, A. Georges, and S. Sachdev, PRL 126, 136602 (2021)
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Planckian metal

0.410 for p & pe
0.03 Large M theory
1 Resistivity: p(T) = p(0) +¢T'...
— Linear I’ term 1is
7‘* correction to scaling
0.04 from time reparameterization mode.
Haoyu Guo,Yingfei Gu, and S. Sachdev 2020
1
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Temperature T/t from random interactions J;;

P. T. Dumitrescu, N. Wentzell, A. Georges, O. Parcollet, arXiv:2103.08607




Summary

e Two-dimensional Fermi surface coupled to a critical boson has no
quasiparticle excitations, and exhibits Planckian time dynamics and
maximal chaos with Lyapunov exponent 2wkgT'/h. In the presence
of spatial disorder, linear-1' resistivity arises from the first subleading
operator of random interactions, while the leading operator of random
potential leads to the residual resistivity. The spatial disorder theory
also leads to a 1'InT" specific heat.
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e Random t¢-J model captures many aspects of the cuprates over a
wide intermediate temperature range, including the Planckian metal
behavior. The linear-1' resistivity arises from the first subleading
operator of random interactions.
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