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1. Phenomenology of the cuprate superconductors
(and other compounds)

2. QPT of antiferromagnetic insulators
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3. QPT of d-wave superconductors:
Fermi points of massless Dirac fermions
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"Hot spots” on Fermi surfaces
B. Zero wavevector ordering (Nematic):
"Hot Fermi surfaces”
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d-wave superconductivity in cuprates
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e Begin with free electrons.
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d-wave superconductivity in cuprates

S A%
e

H = Z (5kcLacka + AkcLTch_kl -+ C.C.)
k

e Begin with free electrons.

e Add d-wave pairing interaction
Ay ~ cosky; — cosk, which vanishes along
diagonals
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d-wave superconductivity in cuprates

s A
N

H = Z (51{0;[{&01{@ + Akc;[,_TcT_kl -+ C.C.)
k

e Begin with free electrons.

e Add d-wave pairing interaction A which van-
ishes along diagonals

e Obtain Bogoliubov quasiparticles with dis-
persion +/ei + A2
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d-wave superconductivity in cuprates

s A
e

e Denote the electron annihilation operator with momenta in the vicin-

lty Of the nodes S (Qa Q)a (_Qa Q)a (_Q7 _Q)7 and (Q? _Q) by f1a7

foas fa, and f4, respectively; here a =T, | is an electron spin index.

e Introduce the 4 2-component Nambu spinors

L fla, . f2a
we= (e ) o ()

We will use Pauli matrices 7¢ which act on the Nambu particle-hole space.
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d-wave superconductivity in cuprates

’UF]{ UA x ?JA]{

T

4 two-component Dirac fermions

A2k | ) )
S\Ij — /(QW)QTMZ \I/J{a (—an -+ ’UFkxT -+ UA]CyT ) \Ifla

d2k . z XL
/(ZW)ZTZ \If;a (—twn +vpk, T +vak, T") Uaq.

Friday, December 18, 2009



Theory of quantum criticality in the cuprates

. . P
1 \ ‘
\ 4
\ Strange ,/
\
Fluctuatlng, \ Metal ’ Large E. Demler, S. Sachdev
paired Fermi \ ,' 9€  \nd Y. Zhang, Phys.
pockets \\ Fermi Rev. Lett. 87,
surface 067202 (2001).
. E. G. Moon and
‘ . S. Sachdev, Phy.
P d-wave Rev. B8O, 035117
quanum  SUpErconductor (2009)
Thermally‘ criticality  _ Lo
fluctuating ! -~

sbw ' _ 7 Spingap

_ L

(Spin density wave (SDW))

i Competition between SDW order and superconductivity A

| moves the actual quantum critical point to z = x4 < x,,. )
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Onset of SDWV order in a d-wave superconductor

’UF]{ UA zc ?JA]{

T

4 two-component Dirac fermions

A2k | ) )
S\p — /(QW)QTQ}Z \I/J{a (—an -+ ’UFkxT -+ UA]CyT ) \Ifla

ko . z XL
/(ZW)QTZ \If;a (—twn +vpk, T +vak, T") Uaq.
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Onset of SDWV order in a d-wave superconductor

’UF]{ UA zc ?JA]{

T

Landau-Ginzburg field theory for SDWV order

Sz = [d°zd _16 5)% - 2vﬁ2 =2 U0 —al,
7= xT_Q(TSO) F— (V@)™ + - i
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Onset of SDWV order in a d-wave superconductor

e No coupling between SDW order, ¢, and Dirac fermions,
U, 2, which is linear in .
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Onset of SDWV order in a d-wave superconductor

e No coupling between SDW order, ¢, and Dirac fermions,
U, 2, which is linear in .

e Universality class of SDW ordering transition is the
same as that in the coupled-dimer antiferromagnet.
Corrections to scaling arise from coupling of |Z]? (and
of nematic order) to the Dirac fermions.
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Nematic order in YBCO

V. Hinkov, D. Haug, B. Fauqué, P. Bourges, Y. Sidis, A. Ivanov,
C. Bernhard, C. T. Lin, and B. Keimer , Science 319, 597 (2008)
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Broken rotational symmetry o

in the pseudogap phase of a

0.12 DM =v /T-v /T

high-Tc superconductor Y =
=

R. Daou, J. Chang, David LeBoeuf, Olivier Cyr- = i

Choiniere, Francis Laliberte, Nicolas Doiron- +~

Leyraud, B. ]. Ramshaw, Ruixing Liang, i

D.A. Bonn,W. N. Hardy, and Louis Taillefer % ;i

arXiv: 0909.4430
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S.A. Kivelson, E. Fradkin, and
V.]J. Emery, Nature 393,550 (1998).

50
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Discrete symmetry breaking in d-wave superconductors

Transtormation of Dirac fermions under square lattice space
group and time-reversal

T, T, R I T
\11104 eiQ\Ijla eiQ\Ijla iTZ\I]Qoz \11204 _Ty\Ijloz

: , T
oo | €7 Wnq € QWsy  —icag |U]pre| Wia VU,
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Discrete symmetry breaking in d-wave superconductors

Transtormation of Dirac fermions under square lattice space
group and time-reversal

T, T, R T T
\11104 eiQ\Ijla eiQ\Ijla iTZ\I]Qoz \11204 _Ty\Ijloz
. , T
Uoo | €7 QWsy QW  —icug [\1/{ ﬁfﬂv] Vi, 7Y,

Nematic order parameter is ¢ ~ \PJ{aTx\Pla + \If;aTw\Ifga
which i1s odd under R and even under 1.
This order parameter is s-wave pairing ~ » ;. CLTcT_k |
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Discrete symmetry breaking in d-wave superconductors

Transtormation of Dirac fermions under square lattice space
group and time-reversal

T, T, R T T
\11104 eiQ\Ijla eiQ\Ijla iTZ\I]Qoz \11204 _Ty\Ijloz
. , T
Uoo | €7 QWsy QW  —icug [\1/{ ﬁfﬂv] Vi, 7Y,

Nematic order parameter is ¢ ~ \PJ{aTx\Pla + \If;aTw\Ifga
which i1s odd under R and even under 1.
This order parameter is s-wave pairing ~ » ;. CLTcT_k |

Time-reversal order parameter 1s ¢ ~ \If]iaTy\Ifla +\If$a7'y\112a
which is odd under 7 and even under all other operations.
This order parameter is id,,-wave pairing ~ ¢ » _, sin k, sin k, CI{T cT_k |
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Discrete symmetry breaking in d-wave superconductors

Now consider a discrete spontaneous symmetry breaking, with Ising
symmetry, described by a real scalar field ¢.
Two cases of experimental interest are:

e Break 4-fold lattice rotation symmetry to 2-fold lattice rota-
tions: leads to a superconductor with nematic order: equiv-
alent to d;2_,2 + s pairing.

H = H¢ -+ Z <5kCLaCkoz -+ AkCLTCT—kl -+ C.C.)
k

Hy = gbz:c;f{Tch_kl + c.c.
k
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Discrete symmetry breaking in d-wave superconductors

Now consider a discrete spontaneous symmetry breaking, with Ising
symmetry, described by a real scalar field ¢.
Two cases of experimental interest are:

e Break 4-fold lattice rotation symmetry to 2-fold lattice rota-
tions: leads to a superconductor with nematic order: equiv-
alent to d;2_,2 + s pairing.

e Time-reversal symmetry breaking: leads to a dy2_,2 + idg,
superconductor, in which the Dirac fermions are massive

H = H¢ -+ Z (EkcLacka —+ AkCIcTCT—kl -+ C.C.)
k

Hy =19 Z sin k. sin lcyc;r{TcT_kl + c.c.
k
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Lattice rotation symmetry breaking

dz2_,2 superconductor do
nematic order

(¢) # 0 (@) =0

2 Superconductor
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Time-reversal symmetry breaking

de_yz T dey d -
superconductor v

(¢) # 0 (@) =0

2 Superconductor
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M. Vojta, Y. Zhang, and S. Sachdev, Phys. Rev. Lett. 85, 4940 (2000)
E.-A. Kim, M. J. Lawler, P. Oreto, S. Sachdev, E. Fradkin, S.A. Kivelson,
Phys. Rev. B 77, 184514 (2008).
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Discrete symmetry breaking in d-wave superconductors

Field theory for transition with Ising order described
by a real scalar field ¢:

5:5Q+S¢—|—Sq;¢

4 two-component Dirac fermions

d?k
/( TZ \IIJ{CL (—twn +vpkyT® + oAk, ™) Wi

27)?

Wn

(—twp, +vpky T + oAk, T") Wagq.
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Discrete symmetry breaking in d-wave superconductors

Field theory for transition with Ising order described
by a real scalar field ¢:

S =385y + S¢ -+ S\M
4 two-component Dirac fermions

dk | . N
/(ZW)QTZ \IIJ{CL (—twn +vpkyT® + oAk, ™) Wi

Wn

(—twp, +vpky T + oAk, T") Wagq.

Ising field theory

: r

¢ 2 2
E(Vﬁb) + §€b

Sy = /dZ:L‘dTE(ﬁTqb)Q +
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Ising order and Dirac fermions
couple via a “Yukawa” term.

Sy — / d2xdr [)\Ogb (\I!J{aff”’\lfla n xy;aﬂ\pga) } |

Nematic ordering

Sy = / 2xdr [Aoqb (\If]iaTy\Ifla + xpgary%a)}

Time reversal symmetry breaking

M. Vojta, Y. Zhang, and S. Sachdev, Physical Review Letters 85, 4940 (2000)
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Ising order and Dirac fermions
couple via a “Yukawa” term.

Sy — / d2xdr [)\Ogb (\IJJ{aTx\Ifla n m;a7$m2a) } |

Nematic ordering

Sy — / dr [Aoqs (\Ifiafy\pla + xp;aﬂ%a)}

Time reversal symmetry breaking

For the latter case only, with vp = vA = ¢, theory

reduces to relativistic Gross-Neveu model

M. Voijta, Y. Zhang, and S. Sachdev, Physical Review Letters 85, 4940 (2000)
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Expansion in number of fermion spin components /Vr

Integrating out the fermions yields an effective
action for the scalar order parameter

UA

N
S = - LT )\0¢(a: T); =
AUVF VF |

; N;f / adr (r¢? (e, 7))

+ irrelevant terms

where I' is a non-local and non-analytic functional of ¢.

The theory has only 2 couplings constants: r and va /vp.

Y. Huh and S. Sachdev, Physical Review B 78,064512 (2008).
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Expansion in number of fermion spin components /Vr

Integrating out the fermions yields an effective
action for the nematic order parameter

N
S = [ lelkw)?r

)\(2) w2 + v%ki
SUFUA \/w2 + v%k% + vikg

higher order terms which cannot be neglected

(7 < y)

E.-A. Kim, M. J. Lawler, P. Oreto, S. Sachdev, E. Fradkin, S.A. Kivelson,
Phys. Rev. B 77, 184514 (2008).
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Expansion in number of fermion spin components /Vr

Integrating out the fermions yields an effective
action for the T-breaking order parameter

. |
S = Tffk (k)2

’ Swm \/“’2+UF +vpky + (2 < y)

+higher order terms which cannot be neglected

E.-A. Kim, M. J. Lawler, P. Oreto, S. Sachdev, E. Fradkin, S.A. Kivelson,
Phys. Rev. B 77, 184514 (2008).
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Expansion in number of fermion spin components /Vr

Integrating out the fermions yields an effective
action for the nematic order parameter

N
Sy = I T )\0¢(a: T); — va

UAUVF VF _
N,
— / adr (r¢? (e, 7))

+ irrelevant terms

where I' is a non-local and non-analytic functional of ¢.

The theory has only 2 couplings constants: r and va /vp.

Y. Huh and S. Sachdev, Physical Review B 78,064512 (2008).
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Expansion in number of fermion spin components /Vr

Integrating out the fermions yields an effective
action for the nematic order parameter

N
qu — ” / F )\()¢(QZ’ 7') UA
AUVFE VE

; N;f / adr (r¢? (e, 7))

+ irrelevant terms

where I' is a non-local and non-analytic functional of ¢.

There is a systematic expansion in powers of

1 /Ny for renormalization group equations

and all critical properties.
Y. Huh and S. Sachdev, Physical Review B 78, 064512 (2008).
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Expansion in number of fermion spin components /Vr

Integrating out the fermions yields an effective
action for the nematic order parameter

Because the order parameter couples to a fermion current,
a constant ¢ can be gauged away, and the effective poten-
tial is unrenormalized

V(p) = gqu + %qﬁ‘l T (1)

The order parameter critical exponent v = 1.

Y. Huh and S. Sachdev, Physical Review B 78,064512 (2008).
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Renormalization group analysis

Couplings are local in the fermion action,
so perform RG on fermion self energy

e The fermion self energy determines the wavefunc-
tion renormalization of the the fermions (7¢) and the
renormalization of the velocities vy and va.

e The wavefunction renormalization of ¢ (n;) is set by
the requirement that the Yukawa coupling ¢UTr* U
have unit magnitude.

e The non-renormalization of the effective potential
yields the correlation length exponent v = 1/(2—1ny).

Y. Huh and S. Sachdev, Physical Review B 78,064512 (2008).
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Renormalization group analysis

Couplings are local in the fermion action,
so perform RG on fermion self energy

The 1/N; expansion has only one coupling constant
at criticality: va /vp.

The RG has the structure:
1

dynamic critical exponent : z = 1 I Fy(va /vp)
f

1

fermion anomalous dimension : 1y = FFQ(/UA Jvp)
f
d 1

RG flow equation : (va/vF) = —F3(va/vp)
dl Ny

where we have computed the functions Fj 2 3(va/vF).
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Renormalization group analysis
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Renormalization group analysis

The RG flow is to va /vp — 0 with

d(va /vp) 8 5 0.4699
— ]
il N, oa/vr) T S
This implies that as we approach the critical point, r — 0,
1" — 0,
UA 7T2Nf 1

) o A 0.3809 A
g n (Max<|r|,fr>) ln[ Ny D (Mame))]

So va /vp has a minimum as a function of r at the quan-
tum critical point. More precise results are obtained by a
numerical integration of the RG equation.
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Renormalization group analysis

10' /UF/U%

OB-UF/UA

0.6
VA
04 2,0
Up

0.2

=02 04 06 08 10
™" ~ Max(T, |r|)
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Renormalization group analysis

10vE /va

1.0 vp/VE

0
UA/UA
0.8
0.6
0
UA
04 UF

0.2

02 04 06 08 10
fj‘ethdaxCT,hﬂ)
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Fermion spectral functions

¢ fluctuations broaden the fermion spectral functions
except in a wedge near the nodal points

,"'o ""l".\
”

20¢

Py ONTA
." s
R
' .
l high

N
N\ — intensity

- —

low
™ / N\
= -~ =
& p N
-1
-1 kK ma) |

(a)A(P, —9meV)
E.-A. Kim, M. J. Lawler, P. Oreto, S. Sachdev, E. Fradkin, S.A. Kivelson,
Phys. Rev. B 77, 184514 (2008).
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