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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1
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cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1
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cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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for the other regions in the
phase diagram.
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1
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2 "cos2kx ' cos2ky# ' t4
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cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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Paramagnon theory of the Hubbard model 
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We use the operator equation (valid on each site i):
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This yields the ‘Scalapino-Pines-Chubukov-Schmalian...’ theory for a ‘paramagnon
quantum rotor’ �i coupled to otherwise free fermions ci�.



<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�Free  
holes of  
density 

1+p

Paramagnon theory of the Hubbard model 
Hubbard  
model of 

hole density 
1+p

Paramagnon 
rotors

<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

<latexit sha1_base64="Ge6l04LvMEFIbWkycTePF+1uqEs=">AAACAHicdVDLSgMxFM3UV62vqks3wSK4KjNt1XZXdOOygn1gZyiZNNOGJpkhyQhl6MZvcKtrd+LWP3Hpn5hpR7CiBy4czrmXe+/xI0aVtu0PK7eyura+kd8sbG3v7O4V9w86KowlJm0cslD2fKQIo4K0NdWM9CJJEPcZ6fqTq9Tv3hOpaChu9TQiHkcjQQOKkTbSXeL6HLqtMZ0NiiW7bNcaDacKDZnDkEb9rFKpQidTSiBDa1D8dIchjjkRGjOkVN+xI+0lSGqKGZkV3FiRCOEJGpG+oQJxorxkfvEMnhhlCINQmhIaztWfEwniSk25bzo50mP120vFv7x+rIO6l1ARxZoIvFgUxAzqEKbvwyGVBGs2NQRhSc2tEI+RRFibkJa2+DzN5Ptx+D/pVMrOebl6Uys1L7N08uAIHINT4IAL0ATXoAXaAAMBHsETeLYerBfr1XpbtOasbOYQLMF6/wJo75dz</latexit>

�

<latexit sha1_base64="NmLal6MyuPoMg1ERnJ0YcFXRgpI=">AAAB/XicdVDLSsNAFL2pr1pfVZduBovgqiRt1XZXdOOygrWFNpTJZNIOnUnCzEQoofgNbnXtTtz6LS79E6dtBCt64MLhnHO5Dy/mTGnb/rByK6tr6xv5zcLW9s7uXnH/4E5FiSS0TSIeya6HFeUspG3NNKfdWFIsPE473vhq5nfuqVQsCm/1JKauwMOQBYxgbaROn5uojwfFkl22a42GU0WGzGFIo35WqVSRkyklyNAaFD/7fkQSQUNNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hIRZUuel83Sk6MYqPgkiaCjWaqz87UiyUmgjPJAXWI/Xbm4l/eb1EB3U3ZWGcaBqSxaAg4UhHaHY78pmkRPOJIZhIZnZFZIQlJtp8aGmKJ6bmJ9+Ho//JXaXsnJerN7VS8zL7Th6O4BhOwYELaMI1tKANBMbwCE/wbD1YL9ar9baI5qys5xCWYL1/AVmkllI=</latexit>
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<latexit sha1_base64="mLRj6IHSsixSKReQd1lfWIryt8E="></latexit>
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<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�Free  
holes of  
density 

1+p

Paramagnon theory of the Hubbard model 
Hubbard  
model of 

hole density 
1+p

Ancilla 
qubits

<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�
<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="NmLal6MyuPoMg1ERnJ0YcFXRgpI=">AAAB/XicdVDLSsNAFL2pr1pfVZduBovgqiRt1XZXdOOygrWFNpTJZNIOnUnCzEQoofgNbnXtTtz6LS79E6dtBCt64MLhnHO5Dy/mTGnb/rByK6tr6xv5zcLW9s7uXnH/4E5FiSS0TSIeya6HFeUspG3NNKfdWFIsPE473vhq5nfuqVQsCm/1JKauwMOQBYxgbaROn5uojwfFkl22a42GU0WGzGFIo35WqVSRkyklyNAaFD/7fkQSQUNNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hIRZUuel83Sk6MYqPgkiaCjWaqz87UiyUmgjPJAXWI/Xbm4l/eb1EB3U3ZWGcaBqSxaAg4UhHaHY78pmkRPOJIZhIZnZFZIQlJtp8aGmKJ6bmJ9+Ho//JXaXsnJerN7VS8zL7Th6O4BhOwYELaMI1tKANBMbwCE/wbD1YL9ar9baI5qys5xCWYL1/AVmkllI=</latexit>
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<latexit sha1_base64="mLRj6IHSsixSKReQd1lfWIryt8E="></latexit>
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<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�
<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2
<latexit sha1_base64="QtJHfLgpRszaYiDfhEe95EcFbNo="></latexit>

� paramagnon

Paramagnon theory of the Hubbard model 

Ancilla 
qubits

Hubbard  
model of 

hole density 
1+p

Free  
holes of  
density 

1+p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>
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<latexit sha1_base64="NmLal6MyuPoMg1ERnJ0YcFXRgpI=">AAAB/XicdVDLSsNAFL2pr1pfVZduBovgqiRt1XZXdOOygrWFNpTJZNIOnUnCzEQoofgNbnXtTtz6LS79E6dtBCt64MLhnHO5Dy/mTGnb/rByK6tr6xv5zcLW9s7uXnH/4E5FiSS0TSIeya6HFeUspG3NNKfdWFIsPE473vhq5nfuqVQsCm/1JKauwMOQBYxgbaROn5uojwfFkl22a42GU0WGzGFIo35WqVSRkyklyNAaFD/7fkQSQUNNOFaq59ixdlMsNSOcTgv9RNEYkzEe0p6hIRZUuel83Sk6MYqPgkiaCjWaqz87UiyUmgjPJAXWI/Xbm4l/eb1EB3U3ZWGcaBqSxaAg4UhHaHY78pmkRPOJIZhIZnZFZIQlJtp8aGmKJ6bmJ9+Ho//JXaXsnJerN7VS8zL7Th6O4BhOwYELaMI1tKANBMbwCE/wbD1YL9ar9baI5qys5xCWYL1/AVmkllI=</latexit>

�

<latexit sha1_base64="mLRj6IHSsixSKReQd1lfWIryt8E="></latexit>
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<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�
<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1
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Each rotor has eigenvalues g`(`+ 1)/2, degeneracy 2`+ 1, ` = 0, 1, 2 . . .
Restrict to the ` = 0, 1 states, and represent each rotor by 2 “ancilla qubits”,

S = 1/2 spins S1i and S2i, with an antiferromagnetic coupling J? = g

Li = S1i + S2i

�i =
1p
3
(S2i � S1i)

Paramagnon fractionalization theory of the Hubbard model 

Ancilla 
qubits

Hubbard  
model of 

hole density 
1+p

Free  
holes of  
density 

1+p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="NKkfjRK5abTq7yxe9DIpKPFto/c="></latexit>

Antiferromagnetic Kondo JK <latexit sha1_base64="GEAfOVUZkzxm1ZvP3dfKaj+E6cg="></latexit>

Ferromagnetic
Kondo eJK

<latexit sha1_base64="+CFmDs4hQg4DAEowMQCUC8G6Orw="> rXgpXnEboSjf5vpl8iTg==</latexit>

Hparamagnon =
X

p

"pc
†
p�cp� + JK

X

i

c†i�
⌧��0

2
ci�0 · S1i �

eJK
X

i

c†i�
⌧��0

2
ci�0 · S2i + . . .



<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�
<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2

<latexit sha1_base64="8NWZSPrHhV4UB01wlnu35Q5zXNc="></latexit>

Each rotor has eigenvalues g`(`+ 1)/2, degeneracy 2`+ 1, ` = 0, 1, 2 . . .
Restrict to the ` = 0, 1 states, and represent each rotor by 2 “ancilla qubits”,

S = 1/2 spins S1i and S2i, with an antiferromagnetic coupling J? = g

Li = S1i + S2i

�i =
1p
3
(S2i � S1i)

Paramagnon fractionalization theory of the Hubbard model 

Ancilla 
qubits

Hubbard  
model of 

hole density 
1+p

Free  
holes of  
density 

1+p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="NKkfjRK5abTq7yxe9DIpKPFto/c="></latexit>

Antiferromagnetic Kondo JK <latexit sha1_base64="GEAfOVUZkzxm1ZvP3dfKaj+E6cg="></latexit>

Ferromagnetic
Kondo eJK

<latexit sha1_base64="+CFmDs4hQg4DAEowMQCUC8G6Orw="> rXgpXnEboSjf5vpl8iTg==</latexit>

Hparamagnon =
X

p

"pc
†
p�cp� + JK

X

i

c†i�
⌧��0

2
ci�0 · S1i �

eJK
X

i

c†i�
⌧��0

2
ci�0 · S2i + . . .

<latexit sha1_base64="LsS3OiSal5k+095/MFZPKgWxqwc="></latexit>

Schrie↵er-Wol↵ transformation at large J? yields U ⇠ J2
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A FL* state is realized when the antiferromagnetic Kondo coupling dominates
over J?, and the c� and S1 form a heavy Fermi liquid state (as found in the heavy

fermion compounds) of hole density (1 + p) + 1 = 2 + p = p mod 2!
The S2 must form an ‘odd’ spin liquid which does not break translational
symmetry, to obtain a metal with a non-Luttinger volume Fermi surface.
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<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�
<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2

Paramagnon fractionalization theory of the Hubbard model 

Ancilla 
qubits

Hubbard  
model of 

hole density 
1+p

Free  
holes of  
density 

1+p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="NKkfjRK5abTq7yxe9DIpKPFto/c="></latexit>

Antiferromagnetic Kondo JK <latexit sha1_base64="GEAfOVUZkzxm1ZvP3dfKaj+E6cg="></latexit>

Ferromagnetic
Kondo eJK

<latexit sha1_base64="PTOr3rnSXoPMIgIvYToW5MpLUq0="></latexit>

A FL* state is realized when the antiferromagnetic Kondo coupling dominates
over J?, and the c� and S1 form a heavy Fermi liquid state (as found in the heavy

fermion compounds) of hole density (1 + p) + 1 = 2 + p = p mod 2!
The S2 must form an ‘odd’ spin liquid which does not break translational
symmetry, to obtain a metal with a non-Luttinger volume Fermi surface.

<latexit sha1_base64="LsS3OiSal5k+095/MFZPKgWxqwc="></latexit>

Schrie↵er-Wol↵ transformation at large J? yields U ⇠ J2
K/J?



{
{<latexit sha1_base64="U6Yue7B12tNdGrOfQBxAgHXgXi0="></latexit>

Spin liquid

density 
1+p

<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�
<latexit sha1_base64="Ls79LYO0aI/44QY0M77SreWMdTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi+ilov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqZ+6xGV5rF8MOME/YgOJA85o8ZK9ze921654lbdGchf4uWkAjnqvfJntx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyZJU+CWNlSxoyU39OZDTSehwFtjOiZqgXvan4n9dJTXjhZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+/Jc0T6reWdW9O63ULvM4inAAh3AMHpxDDa6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/EN7keNkA==</latexit>

JK

FLFL*

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="ocLQ3nRRNwrFQbmyRNG4KyqN33g="></latexit>

Small Fermi surface.
Size 2 + p ⇠= p

Trial wavefunctions in the paramagnon fractionalization theory 

<latexit sha1_base64="flPvnP6wtceGGbQ+O/NtxhaNqaU=">AAACBHicbVDLSsNAFL3xWeur6tLNYBFcSElKUZdFNy4r2ge0MUymk3boTBJmJkIJ2foNbnXtTtz6Hy79E6dtFrb1wIXDOfdyLsePOVPatr+tldW19Y3NwlZxe2d3b790cNhSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj+6mfjtJyoVi8IHPY6pK/AgZAEjWBvpMe35At1nXvUcBV7VK5Xtij0FWiZOTsqQo+GVfnr9iCSChppwrFTXsWPtplhqRjjNir1E0RiTER7QrqEhFlS56fTrDJ0apY+CSJoJNZqqfy9SLJQaC99sCqyHatGbiP953UQHV27KwjjRNCSzoCDhSEdoUgHqM0mJ5mNDMJHM/IrIEEtMtClqLsUXmenEWWxgmbSqFeeiUrurlevXeTsFOIYTOAMHLqEOt9CAJhCQ8AKv8GY9W+/Wh/U5W12x8psjmIP19QvFMZgP</latexit>

S2, f2

<latexit sha1_base64="95XpI8jB5C2p7//WgFbhyRMk82Q=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgQkoiRV0W3bisaB/QxjCZTtqhM0mYmQglZOs3uNW1O3Hrf7j0T5y2WdjWAxcO59zLuRw/5kxp2/62Ciura+sbxc3S1vbO7l55/6ClokQS2iQRj2THx4pyFtKmZprTTiwpFj6nbX90M/HbT1QqFoUPehxTV+BByAJGsDbSY9rzBbrPPOcMBZ7jlSt21Z4CLRMnJxXI0fDKP71+RBJBQ004Vqrr2LF2Uyw1I5xmpV6iaIzJCA9o19AQC6rcdPp1hk6M0kdBJM2EGk3VvxcpFkqNhW82BdZDtehNxP+8bqKDKzdlYZxoGpJZUJBwpCM0qQD1maRE87EhmEhmfkVkiCUm2hQ1l+KLzHTiLDawTFrnVeeiWrurVerXeTtFOIJjOAUHLqEOt9CAJhCQ8AKv8GY9W+/Wh/U5Wy1Y+c0hzMH6+gXCBpgN</latexit>

S1, f1

<latexit sha1_base64="if6sHtWd1ylC4M4Sa0RkncN10pQ="></latexit>

doping p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="rIH60hBj+XrGrRhxhwGPBhNfTdM="></latexit>

JK/J?
<latexit sha1_base64="yz/LUtIYo8Hx4ePhKVF2H2ZlJOI="></latexit>

Small Fermi surface of size p

|FL⇤i = [Projection onto rung singlets of S1,S2]
./ |Slater determinant of (c, f1)i

⌦ |Spin liquid of S2i



{
{<latexit sha1_base64="U6Yue7B12tNdGrOfQBxAgHXgXi0="></latexit>

Spin liquid

density 
1+p

<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�
<latexit sha1_base64="Ls79LYO0aI/44QY0M77SreWMdTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi+ilov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqZ+6xGV5rF8MOME/YgOJA85o8ZK9ze921654lbdGchf4uWkAjnqvfJntx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyZJU+CWNlSxoyU39OZDTSehwFtjOiZqgXvan4n9dJTXjhZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+/Jc0T6reWdW9O63ULvM4inAAh3AMHpxDDa6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/EN7keNkA==</latexit>

JK

FLFL*

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="ocLQ3nRRNwrFQbmyRNG4KyqN33g="></latexit>

Small Fermi surface.
Size 2 + p ⇠= p

Trial wavefunctions in the paramagnon fractionalization theory 

<latexit sha1_base64="95XpI8jB5C2p7//WgFbhyRMk82Q=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgQkoiRV0W3bisaB/QxjCZTtqhM0mYmQglZOs3uNW1O3Hrf7j0T5y2WdjWAxcO59zLuRw/5kxp2/62Ciura+sbxc3S1vbO7l55/6ClokQS2iQRj2THx4pyFtKmZprTTiwpFj6nbX90M/HbT1QqFoUPehxTV+BByAJGsDbSY9rzBbrPPOcMBZ7jlSt21Z4CLRMnJxXI0fDKP71+RBJBQ004Vqrr2LF2Uyw1I5xmpV6iaIzJCA9o19AQC6rcdPp1hk6M0kdBJM2EGk3VvxcpFkqNhW82BdZDtehNxP+8bqKDKzdlYZxoGpJZUJBwpCM0qQD1maRE87EhmEhmfkVkiCUm2hQ1l+KLzHTiLDawTFrnVeeiWrurVerXeTtFOIJjOAUHLqEOt9CAJhCQ8AKv8GY9W+/Wh/U5Wy1Y+c0hzMH6+gXCBpgN</latexit>

S1, f1

<latexit sha1_base64="if6sHtWd1ylC4M4Sa0RkncN10pQ="></latexit>

doping p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="rIH60hBj+XrGrRhxhwGPBhNfTdM="></latexit>

JK/J?
<latexit sha1_base64="yz/LUtIYo8Hx4ePhKVF2H2ZlJOI="></latexit>

Small Fermi surface of size p

|FL⇤i = [Projection onto rung singlets of S1,S2]
./ |Slater determinant of (c, f1)i

⌦ |Spin liquid of S2i

<latexit sha1_base64="flPvnP6wtceGGbQ+O/NtxhaNqaU=">AAACBHicbVDLSsNAFL3xWeur6tLNYBFcSElKUZdFNy4r2ge0MUymk3boTBJmJkIJ2foNbnXtTtz6Hy79E6dtFrb1wIXDOfdyLsePOVPatr+tldW19Y3NwlZxe2d3b790cNhSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj+6mfjtJyoVi8IHPY6pK/AgZAEjWBvpMe35At1nXvUcBV7VK5Xtij0FWiZOTsqQo+GVfnr9iCSChppwrFTXsWPtplhqRjjNir1E0RiTER7QrqEhFlS56fTrDJ0apY+CSJoJNZqqfy9SLJQaC99sCqyHatGbiP953UQHV27KwjjRNCSzoCDhSEdoUgHqM0mJ5mNDMJHM/IrIEEtMtClqLsUXmenEWWxgmbSqFeeiUrurlevXeTsFOIYTOAMHLqEOt9CAJhCQ8AKv8GY9W+/Wh/U5W12x8psjmIP19QvFMZgP</latexit>

S2, f2



{
{<latexit sha1_base64="U6Yue7B12tNdGrOfQBxAgHXgXi0="></latexit>

Spin liquid

density 
1+p

<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�
<latexit sha1_base64="Ls79LYO0aI/44QY0M77SreWMdTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi+ilov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqZ+6xGV5rF8MOME/YgOJA85o8ZK9ze921654lbdGchf4uWkAjnqvfJntx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyZJU+CWNlSxoyU39OZDTSehwFtjOiZqgXvan4n9dJTXjhZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+/Jc0T6reWdW9O63ULvM4inAAh3AMHpxDDa6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/EN7keNkA==</latexit>

JK

FLFL*

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="ocLQ3nRRNwrFQbmyRNG4KyqN33g="></latexit>

Small Fermi surface.
Size 2 + p ⇠= p

Trial wavefunctions in the paramagnon fractionalization theory 

<latexit sha1_base64="95XpI8jB5C2p7//WgFbhyRMk82Q=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgQkoiRV0W3bisaB/QxjCZTtqhM0mYmQglZOs3uNW1O3Hrf7j0T5y2WdjWAxcO59zLuRw/5kxp2/62Ciura+sbxc3S1vbO7l55/6ClokQS2iQRj2THx4pyFtKmZprTTiwpFj6nbX90M/HbT1QqFoUPehxTV+BByAJGsDbSY9rzBbrPPOcMBZ7jlSt21Z4CLRMnJxXI0fDKP71+RBJBQ004Vqrr2LF2Uyw1I5xmpV6iaIzJCA9o19AQC6rcdPp1hk6M0kdBJM2EGk3VvxcpFkqNhW82BdZDtehNxP+8bqKDKzdlYZxoGpJZUJBwpCM0qQD1maRE87EhmEhmfkVkiCUm2hQ1l+KLzHTiLDawTFrnVeeiWrurVerXeTtFOIJjOAUHLqEOt9CAJhCQ8AKv8GY9W+/Wh/U5Wy1Y+c0hzMH6+gXCBpgN</latexit>

S1, f1

<latexit sha1_base64="if6sHtWd1ylC4M4Sa0RkncN10pQ="></latexit>

doping p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="rIH60hBj+XrGrRhxhwGPBhNfTdM="></latexit>

JK/J?
<latexit sha1_base64="yz/LUtIYo8Hx4ePhKVF2H2ZlJOI="></latexit>

Small Fermi surface of size p

|FL⇤i = [Projection onto rung singlets of S1,S2]
./ |Slater determinant of (c, f1)i

⌦ |Spin liquid of S2i

<latexit sha1_base64="flPvnP6wtceGGbQ+O/NtxhaNqaU=">AAACBHicbVDLSsNAFL3xWeur6tLNYBFcSElKUZdFNy4r2ge0MUymk3boTBJmJkIJ2foNbnXtTtz6Hy79E6dtFrb1wIXDOfdyLsePOVPatr+tldW19Y3NwlZxe2d3b790cNhSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj+6mfjtJyoVi8IHPY6pK/AgZAEjWBvpMe35At1nXvUcBV7VK5Xtij0FWiZOTsqQo+GVfnr9iCSChppwrFTXsWPtplhqRjjNir1E0RiTER7QrqEhFlS56fTrDJ0apY+CSJoJNZqqfy9SLJQaC99sCqyHatGbiP953UQHV27KwjjRNCSzoCDhSEdoUgHqM0mJ5mNDMJHM/IrIEEtMtClqLsUXmenEWWxgmbSqFeeiUrurlevXeTsFOIYTOAMHLqEOt9CAJhCQ8AKv8GY9W+/Wh/U5W12x8psjmIP19QvFMZgP</latexit>

S2, f2



{
{<latexit sha1_base64="U6Yue7B12tNdGrOfQBxAgHXgXi0="></latexit>

Spin liquid

density 
1+p

<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�
<latexit sha1_base64="Ls79LYO0aI/44QY0M77SreWMdTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi+ilov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqZ+6xGV5rF8MOME/YgOJA85o8ZK9ze921654lbdGchf4uWkAjnqvfJntx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyZJU+CWNlSxoyU39OZDTSehwFtjOiZqgXvan4n9dJTXjhZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+/Jc0T6reWdW9O63ULvM4inAAh3AMHpxDDa6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/EN7keNkA==</latexit>

JK

FLFL*

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>
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Small Fermi surface of size p

|FL⇤i = [Projection onto rung singlets of S1,S2]
./ |Slater determinant of (c, f1)i

⌦ |Spin liquid of S2i
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Trial wavefunctions in the paramagnon fractionalization theory 
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1+p
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|FLi = |Rung singlets of S1,S2i
⌦ |Slater determinant of ci
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Electron fractionalization 
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Don’t fractionalize the electron; 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1. Paramagnon fractionalization theory  
of the Hubbard model 
  

2. Photoemission in the cuprates  
  

3. Confinement transitions from the 
pseudogap metal



“Fermi arc” spectral functionsFL* in a one-band model 
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“Fermi arcs”
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Ca2-xNaxCuO2Cl2 
at x = 0.10

Photoemission at small p



“Fermi pockets”

Photoemission at small p

are larger than the presumed doping levels, 0.11, 0.085, and
<0:05, respectively, it is clear that the pocket size scales
qualitatively with the doping level as predicted theoreti-
cally [6,10]. Interestingly, two fluid models of the pseudo-
gap state do predict the observed discrepancy between the
pocket size and carrier concentration or doping level [22].
The finding of a finite nodal FS rather than a ‘‘nodal’’ point
at low T for the Tc ¼ 0 K sample is at variance with
recently reported findings under the same conditions
[23]. The measured Fermi pockets are, however, in
good agreement with those predicted by the YRZ
ansatz. In Fig. 2(b) we show the spectral function calcu-

lated at EF as a function of doping, where Að ~k; 0Þ ¼
$ð1=!Þ ImGYRZð ~k; 0Þ and where GYRZð ~k; 0Þ is Green’s
function taken from Ref. [6]. The experimental observa-
tions are remarkably well reproduced by this model with
the doping level as the only adjustable parameter.

Turning to the question of whether the pocket areas are
temperature dependent, we show in Fig. 3(a) the observed
Fermi arc for the Tc ¼ 45 K sample measured at three
different temperatures: 60, 90, and 140 K, all in the normal
state but well below T%. The measured FS crossings in
the figure are determined by the same method used in
Figs. 1 and 2 rather than from the spectral weight at the
Fermi level. In Fig. 3(b) we show the measured arc length
as a function of temperature. It is clear that any changewith
temperature is minimal and certainly not consistent with an
increase by more than a factor of 2 between the data taken
at 140 and 60 K as would be expected by a T=T% scaling of
the arc length [21]. The discrepancy arises because pre-
vious experiments have not fully determined whether or
not a band actually crosses the Fermi level.

The picture of the low energy excitations of the normal
state emerging from the present study is of a nodal FS
characterized by a Fermi ‘‘pocket’’ that, at temperatures
above Tc, shows a minimal temperature dependence and an
area proportional only to the doping level. We now turn our
attention to the antinodal pseudogap itself.

Several theories of the pseudogap phase propose the
formation of preformed singlet pairs above Tc in the anti-
nodal region of the Brillouin zone [24]. The YRZ spin
liquid based on the RVB picture is one such model as it
recognizes the formation of resonating pairs of spin sin-
glets along the copper-oxygen bonds of the square lattice
as the lowest energy configuration. Figures 4(a)–4(d) show
a series of spectral plots along the straight sector of the
LDA FS in the antinodal region at a temperature of 140 K
for the Tc ¼ 65 K sample at the locations indicated in
Fig. 4(e). Figure 4(f) shows intensity cuts through these
plots along the horizontal lines indicated in Figs. 4(a)–4(d).
It is evident that a symmetric gap exists at all points along
this line. The particle-hole symmetry in binding energy
observed here is in marked contrast to the particle-hole
symmetry breaking predicted in the presence of density
wave order and is a necessary condition for the formation
of Cooper pairs. Thus the present observations add support
to the hypothesis that the normal state is characterized by
pair states forming along the copper-oxygen bonds and is
consistent with earlier studies.
The combination of Figs. 2 and 4 points to a more

complete picture of the low energy excitations in the nor-
mal state of the underdoped cuprates. For Tc < T < T%, a
Fermi pocket exists in the nodal region with an area pro-
portional to the doping level. One does not need to invoke
discontinuous Fermi arcs to describe the FS of underdoped
Bi2212, and Luttinger’s sum rule, properly understood, is
seen to still approximately stand. However, as is evident in
the inset of Fig. 2(a), the area of the hole pockets would
appear to be larger than assumed doping level at the higher
doping levels. This may reflect the presence of electron
pockets at the higher doping level or it may reflect the
presence of a bilayer splitting, even though the latter is
not observed in the present study. We note that the splitting
will be smaller in the underdoped region and in the nodal
region. Although not verified in the present study, one
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FIG. 2 (color online). (a) The pseudopockets determined for
three different doping levels. The black data correspond to the
Tc ¼ 65 K sample, the blue data correspond to the Tc ¼ 45 K
sample, and the red data correspond to the nonsuperconducting
Tc ¼ 0 K sample. The area of the pockets xARPES scales with the
nominal of doping level xn, as shown in the inset. (b) The Fermi
pockets derived from YRZ ansatz with different doping level.
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FIG. 3 (color online). (a) The Fermi surface crossings deter-
mined for the Tc ¼ 45 K sample at three different temperatures.
The triangles indicate measurements at a sample temperature of
140 K, the circles measurements at 90 K, and the diamonds
measurements at 60 K. (b) The measured arc lengths in (a)
plotted as a function of temperature. We note that rather than
cycling the temperatures on the same sample, the data in (a) are
measured on different samples cut from the same crystal.
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FL* in a  
one-band model
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Electronic dispersionFL* in a one-band model 
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FL*: Condensate B breaks gauge symmetries in first ancilla layer.
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The only singular gauge fluctuations are those in the spin liquid of the S2.
We can compute their influence on the electronic spectrum perturbatively
in the exchange couplings in terms of the dynamic spin susceptibility �sl.
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(Néel) order.

<latexit sha1_base64="6qSCRRcjIEC7AkuvK2ALs04UkII="></latexit>

Fermi
Liquid.
FL

<latexit sha1_base64="BybIe5+nygoEK5MWZu8I+J8uc1M="></latexit>

d-wave superconductivity.
Charge density wave.

Collinear SDW.
Pair density wave.

Spiral SDW.

<latexit sha1_base64="C5mxh2RDaGKkYYWkeW1v/Yo9VRs="></latexit>

SU(2)⇥U(1) gauge theory

with ‘ghost’ Fermi surfaces

and Higgs fields.

Yields strange metal

with spatially random

Yukawa couplings.

Ya-Hui Zhang and S. S., PRR 2, 023172; PRB 102 , 155124 (2020)

A. A. Patel, Haoyu Guo, I. Esterlis,  
and S. S., arXiv:2203.04990

Yahui  
Zhang

Aavishkar 
Patel

Haoyu 
Guo

Ilya 
Esterlis



<latexit sha1_base64="NNpCd4dz3xxjIu7joHf6CHgECYg=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgaZnIGvUW9OIxgbwgWcLsZDYZM/tgZlYIS77AiwdFvPpJ3vwbZ5MVVLSgoajqprvLiwVXGuMPq7Cyura+UdwsbW3v7O6V9w86KkokZW0aiUj2PKKY4CFra64F68WSkcATrOtNbzK/e8+k4lHY0rOYuQEZh9znlGgjNVvDcgXb59i5cjDCNl4gI04N4xqq5koFcjSG5ffBKKJJwEJNBVGqX8WxdlMiNaeCzUuDRLGY0CkZs76hIQmYctPFoXN0YpQR8iNpKtRooX6fSEmg1CzwTGdA9ET99jLxL6+faP/STXkYJ5qFdLnITwTSEcq+RiMuGdViZgihkptbEZ0QSag22ZRMCF+fov9J58yu1myn6VTq13kcRTiCYziFKlxAHW6hAW2gwOABnuDZurMerRfrddlasPKZQ/gB6+0T6cqNBw==</latexit>

T

<latexit sha1_base64="RRfwJso2a5BphLuOf1fm4bX6QRo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZmVNeot6MVjAuYByRJmJ73J6OyDmVkhLPkCLx4U8eonefNvnE1WUNGChqKqm+4uPxFcaUI+rNLS8srqWnm9srG5tb1T3d3rqDiVDNosFrHs+VSB4BG0NdcCeokEGvoCuv7dVe5370EqHkc3epqAF9JxxAPOqDZSKxlWa8Q+Je6FSzCxyRw5ceuE1LFTKDVUoDmsvg9GMUtDiDQTVKm+QxLtZVRqzgTMKoNUQULZHR1D39CIhqC8bH7oDB8ZZYSDWJqKNJ6r3ycyGio1DX3TGVI9Ub+9XPzL66c6OPcyHiWphogtFgWpwDrG+dd4xCUwLaaGUCa5uRWzCZWUaZNNxYTw9Sn+n3RObKduuy231rgs4iijA3SIjpGDzlADXaMmaiOGAD2gJ/Rs3VqP1ov1umgtWcXMPvoB6+0TFEmNIw==</latexit>p

<latexit sha1_base64="4/MTsxT95uNndrj/kTBh6MHMHxg="></latexit>

Pseudogap
Metal.
FL*

<latexit sha1_base64="GxV2Fl3z5WAL1IpNC7o//y/y+20="></latexit>

Strange
Metal.

<latexit sha1_base64="huVmpuY2eRzEpMM3ofcxOlcvY8s="></latexit>

Metal with
(⇡,⇡) SDW
(Néel) order.

<latexit sha1_base64="6qSCRRcjIEC7AkuvK2ALs04UkII="></latexit>

Fermi
Liquid.
FL

<latexit sha1_base64="BybIe5+nygoEK5MWZu8I+J8uc1M="></latexit>

d-wave superconductivity.
Charge density wave.

Collinear SDW.
Pair density wave.

Spiral SDW.



<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="RoYWlybYfN+xH8AgcoRH2NLZCnA=">AAACBXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOopeRC8RjQaSEGYnnWTI7Owy06uGJWdPXvUrvIlXv8OP8B+cPAQVLWgoqrrp7vIjKQy67rszMzs3v7C4tJxaWV1b30hvbl2ZMNYcqjyUoa75zIAUCqooUEIt0sACX8K13z8e+dc3oI0I1SUOImgGrKtER3CGVro4bZ210hk36xbL+UKRWjKGJaXcQdlzqTdVMmSKSiv90WiHPA5AIZfMmLrnRthMmEbBJQxTjdhAxHifdaFuqWIBmGYyPnVI96zSpp1Q21JIx+r3iYQFxgwC33YGDHvmtzcS//LqMXbKzUSoKEZQfLKoE0uKIR39TdtCA0c5sIRxLeytlPeYZhxtOqmGARud6mIvaSDc4a1o2z1JQaihzecrBPo/ucplvWI2f57PHB5Nk1oiO2SX7BOPlMghOSEVUiWcdMkDeSRPzr3z7Lw4r5PWGWc6s01+wHn7BNLRmdA=</latexit>

JK
<latexit sha1_base64="95XpI8jB5C2p7//WgFbhyRMk82Q=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgQkoiRV0W3bisaB/QxjCZTtqhM0mYmQglZOs3uNW1O3Hrf7j0T5y2WdjWAxcO59zLuRw/5kxp2/62Ciura+sbxc3S1vbO7l55/6ClokQS2iQRj2THx4pyFtKmZprTTiwpFj6nbX90M/HbT1QqFoUPehxTV+BByAJGsDbSY9rzBbrPPOcMBZ7jlSt21Z4CLRMnJxXI0fDKP71+RBJBQ004Vqrr2LF2Uyw1I5xmpV6iaIzJCA9o19AQC6rcdPp1hk6M0kdBJM2EGk3VvxcpFkqNhW82BdZDtehNxP+8bqKDKzdlYZxoGpJZUJBwpCM0qQD1maRE87EhmEhmfkVkiCUm2hQ1l+KLzHTiLDawTFrnVeeiWrurVerXeTtFOIJjOAUHLqEOt9CAJhCQ8AKv8GY9W+/Wh/U5Wy1Y+c0hzMH6+gXCBpgN</latexit>

S1, f1
<latexit sha1_base64="flPvnP6wtceGGbQ+O/NtxhaNqaU=">AAACBHicbVDLSsNAFL3xWeur6tLNYBFcSElKUZdFNy4r2ge0MUymk3boTBJmJkIJ2foNbnXtTtz6Hy79E6dtFrb1wIXDOfdyLsePOVPatr+tldW19Y3NwlZxe2d3b790cNhSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj+6mfjtJyoVi8IHPY6pK/AgZAEjWBvpMe35At1nXvUcBV7VK5Xtij0FWiZOTsqQo+GVfnr9iCSChppwrFTXsWPtplhqRjjNir1E0RiTER7QrqEhFlS56fTrDJ0apY+CSJoJNZqqfy9SLJQaC99sCqyHatGbiP953UQHV27KwjjRNCSzoCDhSEdoUgHqM0mJ5mNDMJHM/IrIEEtMtClqLsUXmenEWWxgmbSqFeeiUrurlevXeTsFOIYTOAMHLqEOt9CAJhCQ8AKv8GY9W+/Wh/U5W12x8psjmIP19QvFMZgP</latexit>

S2, f2
<latexit sha1_base64="FhcHNimxkYEOZi9yzNnIieKNZ/g="></latexit>

Spin liquid of S2:

(A) Schwinger boson representation (S2i = b†i↵�↵�bi�) leads to
spin liquid described by CP1 field theory: Nf = 2 relativistic
complex scalars, Z, coupled to a U(1) gauge field.
Confinement transition: Condensation of Z leads to (⇡,⇡) Néel
order, or incommensurate spiral spin density waves.

(B) Schwinger fermion representation (S2i = f†
2i↵�↵�f2i�) and

⇡-flux mean field theory leads to spin liquid described by a SU(2)
gauge theory with Nf = 2 massless Dirac fermions,  .

Confinement transition: Condensation of h f1i, h f†
1 i, leads to

d-wave superconductivity, charge density wave, pair density wave.
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SUPERCONDUCTIVITY

Observation of small Fermi pockets protected
by clean CuO2 sheets of a high-Tc superconductor
So Kunisada1, Shunsuke Isono2, Yoshimitsu Kohama1,3, Shiro Sakai4, Cédric Bareille1,
Shunsuke Sakuragi1, Ryo Noguchi1, Kifu Kurokawa1, Kenta Kuroda1, Yukiaki Ishida1, Shintaro Adachi5,
Ryotaro Sekine2, Timur K. Kim6, Cephise Cacho6, Shik Shin1,7, Takami Tohyama8,
Kazuyasu Tokiwa2*, Takeshi Kondo1,3*

In cuprate superconductors with high critical transition temperature (Tc), light hole-doping to the parent
compound, which is an antiferromagnetic Mott insulator, has been predicted to lead to the formation of small
Fermi pockets. These pockets, however, have not been observed. Here, we investigate the electronic structure
of the five-layered Ba2Ca4Cu5O10(F,O)2, which has inner copper oxide (CuO2) planes with extremely low
disorder, and find small Fermi pockets centered at (p/2, p/2) of the Brillouin zone by angle-resolved
photoemission spectroscopy and quantum oscillation measurements. The d-wave superconducting gap
opens along the pocket, revealing the coexistence between superconductivity and antiferromagnetic
ordering in the same CuO2 sheet. These data further indicate that superconductivity can occur without
contribution from the antinodal region around (p, 0), which is shared by other competing excitations.

T
he superconductivity in cuprates emerges
with carrier doping to an antiferromag-
netic (AF)Mott insulator (1, 2). In the half-
filled insulating state, the top of the occupied
band with convex upward is located at

the (p/2, p/2) point of the Brillouin zone (3, 4).
Hole-doping is expected to shift the Fermi en-
ergy so that it crosses the lower Hubbard band
(or charge transfer band), turning the state
metallic (5, 6). The observation of a small Fermi
surface (FS) pocket by angle-resolved photo-
emission spectroscopy (ARPES) has been re-
ported for single-layered Bi2Sr2CuO6+d (Bi2201)
(7). However, this pocket was detected consid-
erably off (p/2, p/2) and only for a narrow re-
gion in the electronic phase diagram relatively
close to the optimal doping. The pocket was later
ascribed to an artifact coming from the distorted
crystal structure inherent in Bi2201 (8), which
generates replicas of the main band in photo-
emission (9). Moreover, the Fermi pocket in
Bi2201 has not been detected by the bulk-
sensitive quantum oscillation measurements.
Quantum oscillations have been measured

to identify Fermi pockets in three hole-doped
cuprates: double-layered YBa2Cu3O6.5 (Y123)
(10) and YBa2Cu4O8 (Y124) (11) and single-
layered HgBa2CuO4+d (Hg1201) (12). However,
the corresponding structures have not been
detected by ARPES. The pockets soon turned

out to be negative in charge, and it has since
been widely acknowledged that they are not
due to the genuine ground state but rather to
FSs reconstructed under an external magnetic
field, which eliminates superconductivity and
instead leads to a competing charge density
wave (13). Thus, the experimental observation
of a small hole pocket in a lightly doped cuprate
has been lacking to date, even though it could
be a key element in relating high–critical tem-
perature (Tc) superconductivity to Mott physics.
In single- and double-layered prototype ma-

terials, the superconducting CuO2 sheet is ad-
jacent to dopant layers with random vacancies,
which cause a spatially inhomogeneous state,
as revealed by scanning tunneling microscopy
(14). This undesirable situation is resolved in
systems with three or more layers, where the
inner CuO2 planes are screened from the dis-
order of the outermost dopant layers (15, 16).
The nuclear magnetic resonance (NMR) data
indicate that the protected inner planes are
not only structurally flatter but also more
homogeneously carrier-doped than the outer
planes, and those in five-layered cuprates are
much cleaner than the CuO2 planes in Y123
and Hg1201 (15, 16).
Here, we studied the five- layered

Ba2Ca4Cu5O10(F,O)2 (Tc = 65 K) with lightly
doped inner planes (Fig. 1C and fig. S1), which
is easy to cleave and hence suitable for ARPES.
Importantly, the crystal is free from structural
distortion and therefore from the observation
of artificial Fermi pockets. Moreover, the AF-
ordered phase extends inside the supercon-
ducting region, which is a common property of
cuprates with three or more layers with inter-
layer magnetic coupling (15, 16); this would be
desirable for the formation of Fermi pockets.
This material, therefore, is well suited to un-
veiling the electronic structure inherent to the
lightly doped Mott insulator. Additionally, the

protected inner plane of cuprates deserves care-
ful investigation, because it may be a key plat-
form for increasing the Tc as demonstrated by
the trilayer HgBa2Ca2Cu3O8+d (17), where d is
excess oxygen, with the highest Tc among the
existing substances.
Figure 1A plots the ARPES intensities inte-

grated close to the Fermi level (EF) measured
at the lowest temperature (T = 5 K) by a laser-
ARPES with high energy andmomentum reso-
lutions. Surprisingly, we find two hole pockets
centered at (p/2, p/2), in addition to a Fermi arc
typical for underdoped cuprates (18). These are
also confirmed in band dispersions (Fig. 1, K to
M); the back side of the Fermi pockets becomes
clear by changing the color scale of ARPES im-
ages (Fig. 1, H to J). The corresponding peaks
are also clearly seen inmomentumdistribution
curves (MDCs) at EF (Fig. 1, E to G), whereas
there is no such signature for the Fermi arc.
We identify the observed pockets as intrinsic

FSs and rule out other possibilities as follows.
The pockets (Fig. 1B) and occupied dispersions
(Fig. 1N) both perpendicularly cross the AF
zone boundary (AFZB); these structures are
exactly what is expected for one band folded
about AFZB and are not compatible with two
artificially overlapped bands (fig. S2, A and B).
Moreover, the band dispersion along the AFZB
line exhibitsMDCswith very sharp peaks (Fig. 1,
O and P) comparable to those along the nodal
cut, which is not expected for overlapped bands
(fig. S2A). The scenario of surface reconstruc-
tion can also be ruled out from the fact that
there is no foldingback for theFermi arc (dashed
green arrows in Fig. 1, E to G). Although the
signature of AF order has been detected not
only from the inner planes but also from the
outer planes by NMRmeasurements, the NMR
signal from the inner planes is much stronger,
which is compatible with our ARPES results
showing apparent Fermi pockets only for the
inner planes.
Because the hole carriers are doped by the O

substitution for the F sites (Fig. 1C), the outer
CuO2 layers close to the BaF dopant layer are
more doped than the inner layers (19, 20).
Thus, the smallest pocket, larger pocket, and
Fermi arc should be predominantly formed by
the innermost plane (IP0), the second inner
planes (IP1), and the outermost planes (OP),
respectively (arrows in Fig. 1A). Typically, the
spectral peaks get broader with fewer carriers
owing to stronger correlation effects, as demon-
strated for Bi2Sr2CaCu2O8+d (Bi2212) (fig. S3);
with underdoping, the nodal Fermi wave num-
ber (kF) gets closer to the AFZB, forming a hot
spot where the AF fluctuations with a (p, p)
vector cause considerable electron scattering.
Interestingly, we find the opposite trend here
(Fig. 1D): The peak of the nodal spectrum is
sharper for the pockets than for the Fermi arc,
and it becomes sharpest for the smallest pocket
(even sharper than that in optimally doped
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with Néel order at (⇡,⇡).



-3 -2 -1 0 1 2 3

-3

-2

-1

0

1

2

3

kx

k y

-3 -2 -1 0 1 2 3

-3

-2

-1

0

1

2

3

kx

k y

<latexit sha1_base64="2s2vmW2DbHUKid80gKIgRYyq8xc="></latexit>

Néel
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Spin liquid of S2:

(A) Schwinger boson representation (S2i = b†i↵�↵�bi�) leads to
spin liquid described by CP1 field theory: Nf = 2 relativistic
complex scalars, Z, coupled to a U(1) gauge field.
Confinement transition: Condensation of Z leads to (⇡,⇡) Néel
order, or incommensurate spiral spin density waves.

(B) Schwinger fermion representation (S2i = f†
2i↵�↵�f2i�) and

⇡-flux mean field theory leads to spin liquid described by a SU(2)
gauge theory with Nf = 2 massless Dirac fermions,  .

Confinement transition: Condensation of h f1i, h f†
1 i, leads to

d-wave superconductivity, charge density wave, pair density wave.
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There is now good evidence that the Nf = 2 SU(2)-QCD CFT is not stable.
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spin liquid described by CP1 field theory: Nf = 2 relativistic
complex scalars, Z, coupled to a U(1) gauge field.
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Summary

• Paramagnon fractionalization theory of FL* for the pseudogap metal of the

cuprate high temperature superconductors:

Don’t fractionalize the mobile electron, but fractionalize the para-
magnon into ‘ancilla qubits’.
Predicts electronic spectra in good agreement with observations in both nodal

and anti-nodal regions.

• Outlook:

– ‘Back side’ of hole pockets in FL* phase may be observable in cleaner

samples.

– Theory for multi-point correlators in cold atom experiments.

– Theory for FL*-FL transition leads to strange metal with spatially ran-

dom couplings.

– Theory of quantum oscillations in underdoped cuprates at high fields.
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