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Hidden�magnetism�at�the�pseudogap�critical�point�of�a�high�
temperature�superconductor�
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The�mysterious� pseudogap� phase� of� cuprate� superconductors� ends� at� a� critical�
hole�doping� level�p*�but�the�nature�of�the�ground�state�below�p*� is�still�debated.�
Here,� we� show� that� the� genuine� nature� of� the� magnetic� ground� state� in� La2Ǧ
xSrxCuO4�is�hidden�by�competing�effects�from�superconductivity:�applying�intense�
magnetic� fields� to�quench� superconductivity,�we�uncover� the�presence�of�glassy�
antiferromagnetic�order�up�to�the�pseudogap�boundary�p*�γ�0.19,�and�not�above.�
There� is� thus�a�quantum�phase� transition�at�p*,�which� is� likely� to�underlie�highǦ
field� observations� of� a� fundamental� change� in� electronic� properties� across� p*.�
Furthermore,�the�continuous�presence�of�quasiǦstatic�moments�from�the�insulator�
up�to�p*�suggests�that�the�physics�of�the�doped�Mott�insulator�is�relevant�through�
the� entire� pseudogap� regime� and� might� be� more� fundamentally� driving� the�
transition�at�p*�than�just�spin�or�charge�ordering.�
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Fig. 1. Quasi-static magnetism in the pseudogap state of La2-xSrxCuO4. Temperature – doping 
phase diagram representing Tmin, the temperature of the minimum in the sound velocity, at different 
fields. Since superconductivity precludes the observation of Tmin in zero-field, the dashed line (brown 
area) represents the extrapolated Tmin(B=0). While not exactly equal to the freezing temperature Tf (see 
Fig. 2), Tmin is closely tied to Tf and so is expected to have the same doping dependence, including a 
peak around p = 0.12 in zero/low fields (ref. 2). Onset temperatures of charge order are from ref. 33 
(squares) and 35 (hexagons). 
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t-J model
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We consider the hole-doped case, with no double occupancy. Each
site has 3 states which we map to the ‘superspin’ space of a boson
b (the holon) and a fermion f↵ (the spinon):
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The physical electron (c↵) and spin (~S) operators are rotations in
this SU(1|2) superspin space.
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Why random and all-to-all couplings ? 

 Randomness is present in the real system.
 Randomness self-averages (except for certain correlators in  
   spin-glass phase) — Green’s functions are the same on every site.
 Introducing randomness removes the “distractions” of  
     multiple competing orders
 Averaging over many samples allows smoother and faster approach 
     to the thermodynamic limit from finite size studies.
 We will show that the random t-J model retains the key features of 
the phase diagram: the Fermi liquid and the pseudogap metal, and 
Planckian behavior between them.
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Dynamic spin susceptibility 2

a spin glass phase is found below a critical temperature
Tc ⇡ 0.10J . When doping is present, Ref. [20] predicts
a disordered Fermi liquid phase for all non-zero values
of p in the large-M limit. However, it was recently ar-
gued [21, 22] that for the case of SU(2), the spin glass
phase should persist up to a critical finite value of doping,
pc, corresponding to a quantum critical point separat-
ing the spin glass phase from a disordered Fermi liquid.
Near criticality, the model is predicted to exhibit SYK-
like criticality with a non-zero extensive entropy and a
linear-in-temperature resistivity [23]. In a weak-coupling
renormalization group, this critical point emerges when
the three fractionalized excitations in the t-J model be-
come degenerate in energy, leading to a zeroth order pre-
diction of pc = 1/3.

Dynamical Spin Response at T = 0. We first present
results on the nature of the spin correlations at T = 0,
providing evidence that the spin glass phase shown to
exist at p = 0 is stable for small values of doping, up to a
critical value of doping near p = 1/3. Using the Lanczos
algorithm, we calculate the spectral function at T = 0,
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where numerically the delta functions are replaced by
Gaussians with a small variance. The signature of spin
glass order, limt!1

1
N

P
i
hSi(0)Si(t)i = q 6= 0, is re-

flected by a q�(!) contribution to the dynamical struc-
ture factor S(!), which is related to the spectral function
at T = 0 by �00(!) = S(!) � S(�!). For a finite system
size, the exact delta function in S(!) is replaced by a peak
at low frequency, whose width approaches 0 in the ther-
modynamic limit and whose total spectral weight gives
q. Therefore, the spin glass contribution to �00(!) for fi-
nite systems is given by a low frequency peak, and was
analyzed for this model at p = 0 in [8]. Above pc, a dis-
ordered Fermi liquid is expected to have a low-frequency
behavior of �00(!) ⇠ !.

The spectral function for the random t-J model, calcu-
lated using the Lanczos algorithm on an 18-site cluster, is
shown for several values of doping in Fig. 1. A prominent
hump at low-frequency for dopings p . 0.4 suggests the
presence of spin glass order in this range of doping. How-
ever, a large-N analysis of this hump must be performed
in order to verify that the hump asymptotes to a delta
function in the thermodynamic limit. To do this, we first
subtract o↵ a background contribution to account for the
rest of the spectral weight. Anticipating SYK behavior
near the critical point at low frequencies, we subtract a
spectral weight obtained by rescaling the solution of the
Schwinger-Dyson equations of the p = 0 model in the
large-M limit [9, 14] (we rescale J , while preserving total
spectral weight). This SYK spectral weight has a leading
term �

00(!) ⇠ sgn(!) as |!| ! 0 at T = 0 (which general-
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FIG. 1. The spectral function �00(!) of the random t � J
model, averaged over 100 disorder realizations on an 18-site
cluster. At low dopings, a sharp peak at low-frequency at
low doping is indicative of spin glass order. With increas-
ing doping, the magnitude of this peak is reduced, and the
low-frequency behavior closely resembles the rescaled spec-
tral function of the large M SYK theory [9, 14]. (Inset) After
an extrapolation to the thermodynamic limit, the integrated
weight of the low-frequency peak is non-zero, indicating spin
glass order. This weight vanishes near p ⇡ 0.4. Plotted is the
integrated weight for 8 6 N 6 18 (as a gradient from red to
blue), and the large-N extrapolation with error bars.

izes to tanh (!/2T ) at low T ). The next-to-leading SYK
term depends linearly in !, and arises from the boundary
graviton in the holographic dual [14]. It is important to
note that the exponents of these two leading SYK contri-
butions are universal and independent of M . Away from
the critical point and in the spin glass phase, we find
that the spectral function is described well by a combi-
nation of the SYK result and a low-frequency hump. A
large-N analysis of this low-frequency hump, described
in more detail in the supplementary material, confirms
that the variance of the hump vanishes in the thermody-
namic limit, whereas the spectral weight, shown in Fig. 1,
remains non-zero. Our analysis gives a large-N estimate
of q ⇠ 0.02 at p = 0. For larger values of doping, q

decreases from its value at p = 0, eventually vanishing
at some critical value of doping pc. By linearly extrap-
olating the large-N prediction for q to higher dopings,
we obtain an estimate of pc = 0.420 ± 0.007. Around
this range of dopings, the spectral function shows good
agreement with the large-M critical prediction given in
Fig. 1. At dopings well above p = 0.4, we find the spec-
tral function to be largely independent of system size. No
gap at low frequency is visible, and �

00(!) ⇠ ! behavior
consistent with Fermi liquid predictions is clear. We will
provide a more rigorous verification of the Fermi liquid
phase at higher dopings via Luttinger’s theorem later in
the paper.

H. Shackleton,  
A. Wietek,  
A. Georges, and 
S. Sachdev,  
PRL 126, 
136602 (2021)
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term depends linearly in !, and arises from the boundary
graviton in the holographic dual [14]. It is important to
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butions are universal and independent of M . Away from
the critical point and in the spin glass phase, we find
that the spectral function is described well by a combi-
nation of the SYK result and a low-frequency hump. A
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that the variance of the hump vanishes in the thermody-
namic limit, whereas the spectral weight, shown in Fig. 1,
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a spin glass phase is found below a critical temperature
Tc ⇡ 0.10J . When doping is present, Ref. [20] predicts
a disordered Fermi liquid phase for all non-zero values
of p in the large-M limit. However, it was recently ar-
gued [21, 22] that for the case of SU(2), the spin glass
phase should persist up to a critical finite value of doping,
pc, corresponding to a quantum critical point separat-
ing the spin glass phase from a disordered Fermi liquid.
Near criticality, the model is predicted to exhibit SYK-
like criticality with a non-zero extensive entropy and a
linear-in-temperature resistivity [23]. In a weak-coupling
renormalization group, this critical point emerges when
the three fractionalized excitations in the t-J model be-
come degenerate in energy, leading to a zeroth order pre-
diction of pc = 1/3.

Dynamical Spin Response at T = 0. We first present
results on the nature of the spin correlations at T = 0,
providing evidence that the spin glass phase shown to
exist at p = 0 is stable for small values of doping, up to a
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�
00(!) =

1

3

X

↵

1

N

X

i

X

n

|h n| S
↵

i
| 0i|

2

⇥ [�(! � (En � E0)) � �(! + (En � E0))] ,

(2)

where numerically the delta functions are replaced by
Gaussians with a small variance. The signature of spin
glass order, limt!1

1
N

P
i
hSi(0)Si(t)i = q 6= 0, is re-

flected by a q�(!) contribution to the dynamical struc-
ture factor S(!), which is related to the spectral function
at T = 0 by �00(!) = S(!) � S(�!). For a finite system
size, the exact delta function in S(!) is replaced by a peak
at low frequency, whose width approaches 0 in the ther-
modynamic limit and whose total spectral weight gives
q. Therefore, the spin glass contribution to �00(!) for fi-
nite systems is given by a low frequency peak, and was
analyzed for this model at p = 0 in [8]. Above pc, a dis-
ordered Fermi liquid is expected to have a low-frequency
behavior of �00(!) ⇠ !.

The spectral function for the random t-J model, calcu-
lated using the Lanczos algorithm on an 18-site cluster, is
shown for several values of doping in Fig. 1. A prominent
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izes to tanh (!/2T ) at low T ). The next-to-leading SYK
term depends linearly in !, and arises from the boundary
graviton in the holographic dual [14]. It is important to
note that the exponents of these two leading SYK contri-
butions are universal and independent of M . Away from
the critical point and in the spin glass phase, we find
that the spectral function is described well by a combi-
nation of the SYK result and a low-frequency hump. A
large-N analysis of this low-frequency hump, described
in more detail in the supplementary material, confirms
that the variance of the hump vanishes in the thermody-
namic limit, whereas the spectral weight, shown in Fig. 1,
remains non-zero. Our analysis gives a large-N estimate
of q ⇠ 0.02 at p = 0. For larger values of doping, q

decreases from its value at p = 0, eventually vanishing
at some critical value of doping pc. By linearly extrap-
olating the large-N prediction for q to higher dopings,
we obtain an estimate of pc = 0.420 ± 0.007. Around
this range of dopings, the spectral function shows good
agreement with the large-M critical prediction given in
Fig. 1. At dopings well above p = 0.4, we find the spec-
tral function to be largely independent of system size. No
gap at low frequency is visible, and �

00(!) ⇠ ! behavior
consistent with Fermi liquid predictions is clear. We will
provide a more rigorous verification of the Fermi liquid
phase at higher dopings via Luttinger’s theorem later in
the paper.

H. Shackleton,  
A. Wietek,  
A. Georges, and 
S. Sachdev,  
PRL 126, 
136602 (2021)

<latexit sha1_base64="FWGHGprh3d6G8Ka+ndXFXMfPU00="></latexit>

� =

Z �

0
d⌧

D
~S(⌧) · ~S(0)

E

Exact 
diagonalization

SYK
theory 
near pc



4

the complement of A. Results for SvN(A) for subsystem
sizes M = 1, 2, 3, 4 and total system sizes N = 10, 12, 16
are shown in Fig. 3. We find that the single-site (M = 1)
and two-site (M = 2) entanglement entropy are well con-
verged as a function of total system size N . Analogously
to the thermal entropy, we find the ansatz in Eq. 4 to
also be an excellent fit for the entanglement entropy. The
value of ep only weakly depends on the subsystem size M

and the total system size N . For a N = 16 site cluster
and M = 4 we estimate,

ep ⇡ 0.285 ± 0.024 [from SvN(A)], (6)

in agreement with our estimate obtained from the ther-
mal entropy in Eq. 5.

Finally, we investigate the charge susceptibility (com-
pressibility),

�c =
@n

@µ
=

✓
@

2
e

@n2

◆�1

=

✓
@

2
e

@p2

◆�1

, (7)

computed by taking the inverse of the second deriva-
tive of the internal state energy density e = E/N w.r.t.
doping p. Here, the chemical potential is given by
µ = @e/@n. Results for di↵erent temperatures at N = 18
are shown in Fig. 3(b). At temperatures T = 0 and
T = 0.1 we detect a maximum at doping p = 1/3. We
observe a shoulder-like feature at lower doping. At higher
temperatures T = 0.3 and T = 0.5 this feature devel-
ops into a maximum at p ⇡ 0.2. We notice, that this
shift matches the shift of ep in the thermal entropy shown
in Fig. 2(b,c). We note that the occurrence of a maxi-
mum in the compressibility, specific heat coe�cient and
local entanglement entropy has been recently discussed
in cluster-DMFT studies of the Hubbard model without
randomness in relation to the pseudogap and Mott criti-
cal points [34–37].

Luttinger’s theorem. Having found strong signatures
of a spin glass phase persisting from half filling up to
pc ⇡ 1/3, we now provide evidence of a Fermi liquid phase
at higher values of doping, which vanishes at a critical
value of doping near the onset of spin glass order. To
verify the presence of a Fermi liquid phase, we introduce
the one-particle energy distribution function,

N (✏) =
1

N

X

�

�(✏ � ✏�)
X

ij�

h�|ii hc
†
i�

cj�i hj|�i (8)

where |�i are the single-particle non-interacting eigen-
states with energy ✏�, obtained by diagonalizing the hop-
ping matrix tij . This quantity is analogous to the parti-
cle occupation number in momentum space, n(k), com-
monly used in systems with translational invariance. For
a non-interacting system with fixed particle number n,
the averaged quantity N (✏) converges to D(✏)✓(✏ � ✏F ),
where D(✏) is the single-particle density of states and ✏F

FIG. 3. (a) The ground state entanglement entropy SvN of
subsystems of size M . Results are compared for total system
size N = 10, 12, 16, shown as increasing opacity. The maxima
are attained at values close to p = 1/3, indicated by the gray
dashed line. Black dots show the ansatz Eq. 4 at optimal
fitting parameters. (b) Charge susceptibility �c for di↵erent
temperatures at N = 18. The low-temperature maximum at
doping p = 1/3 is shifted towards a smaller doping p ⇡ 0.2 at
higher temperatures.
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FIG. 4. (a) At high values of doping, the one-particle en-
ergy distribution function drops sharply near the energy level
predicted by Luttinger’s theorem (marked by crosses). At
lower values of doping, this function becomes more broad-
ened, suggesting a breakdown of Luttinger’s theorem. (b) A
comparison of the Fermi energy given by Luttinger’s theorem
and the numerically-computed value given by the inflection
point of the one-particle energy distribution function. For a
16 site cluster, the two show good agreement up to a critical
value between 6/16 = 0.38 and 7/16 = 0.44, in contrast with
the same quantity computed for free fermions which agree
well for all values of doping.

is the Fermi energy, defined by:

D(✏) =
1

N

X

�

�(✏ � ✏�) , n = 2

Z
✏F

�1
d✏ D(✏) . (9)

For the interacting system, we show in the supplemental
material [4] that, because the random couplings are all
to all, N (✏) displays self-averaging properties in the ther-
modynamic limit N ! 1. In this limit, the signature
of Luttinger’s theorem is a discontinuity of N (✏) at the
non-interacting value of ✏F defined in Eq. (9).

In Fig. 4, we plot the quantity N (✏)/D(✏), averaged
over 1000 realizations on a 16-site cluster. The density
of states D(✏) is a semicircle distribution in the large-N

One particle energy distribution function
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where |�i are one-particle eigenstates of the tij . In a Fermi liquid, the Luttinger
identity implies that N (✏) has a discontinuity at the free particle Fermi energy ✏F .
(D(✏) is the Wigner semi-circle density of states.)
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• J = 0.5t, U = 4t

 18Phase diagram (doping driven QCP)
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 19Critical scaling : spin dynamics

• Match conformal invariant form
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• Low T, low frequency Fermi liquid expansion

 20Fermi liquid collapse
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• Characteristic energy scale EFL vanishes at the QCP.
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• Luttinger theorem : volume of Fermi surface independent of interaction

• Takes a simple form here, as Σ is local

 23Fermi surface reconstruction at the QCP
See also Otzuki, Vollhardt(2013)
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• Quasiparticle lifetime in the Fermi liquid

 25Single particle lifetime
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1.  Numerical results 
     Exact diagonalization and DMFT+Monte Carlo 

2. Parton representations 
       The pseudogap metal and the Fermi liquid  

3. SYK criticality of partons 
       The Planckian metal 



Random t-J model: phase diagram
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Jij
~Si · ~Sj

Each site has 3 states which we map to the ‘superspin’ space of a
boson b (the holon) and a fermion f↵ (the spinon):

c↵ = f↵b
†

~S =
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2
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†
↵�↵�f�

f
†
↵f↵ + b

†
b = 1

U(1) gauge invariance, b ! be
i�
, f↵ ! f↵e

i�

The physical electron (c↵) and spin (~S) operators are rotations in
this SU(1|2) superspin space.
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b†" |vi
<latexit sha1_base64="vECycCTteykywPj6SCPCLAB1c/I="></latexit>

H = � 1p
N

NX

i,j=1

tij c
†
i↵cj↵ +

1p
N

NX

i<j=1

Jij
~Si · ~Sj

Each site has 3 states which we map to the ‘superspin’ space of a
fermion f (the holon) and a boson b↵ (the spinon):

c↵ = b↵f
†

~S =
1

2
b†↵�↵�b�

b†↵b↵ + f†f = 1

U(1) gauge invariance, f ! fei� , b↵ ! b↵e
i�

The physical electron (c↵) and spin (~S) operators are rotations in
this SU(2|1) superspin space.

<latexit sha1_base64="qIZxhLRYn1xb6wJcRBkBLByweoI="></latexit>

Parton theory II
<latexit sha1_base64="D4o08B6BcksyNRZezOwgRBM2HgE="></latexit>

H = � 1p
N

NX

i,j=1

tij b
†
i↵bj↵fif

†
j +

1p
N

NX

i<j=1

Jij

4
b†i↵�↵�bi� · b†j����bj�

SU(1|2) ⌘ SU(2|1)
<latexit sha1_base64="yftC9ReVC1Q2D+M4D3oEFLJgHsQ="></latexit>



Random t-J model: phase diagram

p
<latexit sha1_base64="J39LxafBIRl4FwURhR1mChfo8es=">AAAB9XicdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWdFeoA1lMp20QyfJMDOplNBHcKsrd+LW53HhuzhNK6jogYGP/z+Hc+b3OaNSWda7sbS8srq2ntvIb25t7+wW9vabMk4EJg0cs1i0fSQJoxFpKKoYaXNBUOgz0vJHVzO/NSZC0ji6UxNOvBANIhpQjJSWbku81CsULdNyK06lAjU4VefC0uC6ZbtqQ9u0siqCRdV7hY9uP8ZJSCKFGZKyY1tceSkSimJGpvluIglHeIQGpKMxQiGRp/0x5TJDL82unsJjbfZhEAv9IgUz9ftwikIpJ6GvO0OkhvK3NxP/8jqJCs69lEY8USTC80VBwqCK4SwC2KeCYMUmGhAWVJ8N8RAJhJUOKq/z+Po0/B+aZdN2TPemXKxdLpLJgUNwBE6ADc5ADVyDOmgADAbgATyCJ+PeeDZejNd565KxmDkAP8p4+wS//ZI6</latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ 1

|⌧ |
<latexit sha1_base64="7KrA2N97XDG7HfPRlLOn9CmRTko="></latexit>

pc
<latexit sha1_base64="a+lxdf3DN5Lw70bbZtTopOsRRNc=">AAAB93icdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWcG0hTaUyWTSDp1cmJkUQugzuNWVO3Hr47jwXZymFVT0wMDH/5/DOfN7CaNCGsa7trK6tr6xWdoqb+/s7u1XDg47Ik45Jg6OWcx7HhKE0Yg4kkpGegknKPQY6XqTm7nfnRIuaBzdyywhbohGEQ0oRlJJTi0Z4tqwUjV0w25YjQZUYDWtK0OBbdfNpglN3SiqCpbVHlY+Bn6M05BEEjMkRN80EunmiEuKGZmVB6kgCcITNCJ9hREKiTj3pzQRBbp5cfcMnirTh0HM1YskLNTvwzkKhchCT3WGSI7Fb28u/uX1UxlcujmNklSSCC8WBSmDMobzEKBPOcGSZQoQ5lSdDfEYcYSliqqs8vj6NPwfOnXdtHT7rl5tXS+TKYFjcALOgAkuQAvcgjZwAAYUPIBH8KRl2rP2or0uWle05cwR+FHa2yc6qpMQ</latexit>

<latexit sha1_base64="Txm/xrHgt+YfJgUXR+MSTXJybKI="></latexit>

SYK
criticality of
fractionalized
excitations

Disordered
Fermi liquid.

Condense holon b,
f↵ carrier density 1 + p

<latexit sha1_base64="5aLWmLRLYLdIhssaRLfs5y6HB+k="></latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ 1

⌧2
<latexit sha1_base64="bkROV0MGV0xXH3QtvACzOhPjNzg="></latexit> D
ci↵(⌧)c

†
i↵(0)

E
⇠ 1

⌧

<latexit sha1_base64="3KZlPym3OqawZyoDI7+7XpriaQ4="></latexit>

Metallic
spin glass.

Condense spinon b↵,
f carrier density p

<latexit sha1_base64="CzT5Z39Mpv1MjBFqjUkD8N1K258="></latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ constant

<latexit sha1_base64="lFrXq6gLenglNlCIX8col3BX5RQ="></latexit>

D
ci↵(⌧)c

†
i↵(0)

E
⇠ 1

⌧

<latexit sha1_base64="3KZlPym3OqawZyoDI7+7XpriaQ4="></latexit>

Luttinger
Fermi 
energy

D. Joshi, Chenyuan Li, G. Tarnopolsky, A. Georges, S. Sachdev, PRX 10, 021033 (2020)



Random t-J model: phase diagram

p
<latexit sha1_base64="J39LxafBIRl4FwURhR1mChfo8es=">AAAB9XicdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWdFeoA1lMp20QyfJMDOplNBHcKsrd+LW53HhuzhNK6jogYGP/z+Hc+b3OaNSWda7sbS8srq2ntvIb25t7+wW9vabMk4EJg0cs1i0fSQJoxFpKKoYaXNBUOgz0vJHVzO/NSZC0ji6UxNOvBANIhpQjJSWbku81CsULdNyK06lAjU4VefC0uC6ZbtqQ9u0siqCRdV7hY9uP8ZJSCKFGZKyY1tceSkSimJGpvluIglHeIQGpKMxQiGRp/0x5TJDL82unsJjbfZhEAv9IgUz9ftwikIpJ6GvO0OkhvK3NxP/8jqJCs69lEY8USTC80VBwqCK4SwC2KeCYMUmGhAWVJ8N8RAJhJUOKq/z+Po0/B+aZdN2TPemXKxdLpLJgUNwBE6ADc5ADVyDOmgADAbgATyCJ+PeeDZejNd565KxmDkAP8p4+wS//ZI6</latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ 1

|⌧ |
<latexit sha1_base64="7KrA2N97XDG7HfPRlLOn9CmRTko="></latexit>

pc
<latexit sha1_base64="a+lxdf3DN5Lw70bbZtTopOsRRNc=">AAAB93icdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWcG0hTaUyWTSDp1cmJkUQugzuNWVO3Hr47jwXZymFVT0wMDH/5/DOfN7CaNCGsa7trK6tr6xWdoqb+/s7u1XDg47Ik45Jg6OWcx7HhKE0Yg4kkpGegknKPQY6XqTm7nfnRIuaBzdyywhbohGEQ0oRlJJTi0Z4tqwUjV0w25YjQZUYDWtK0OBbdfNpglN3SiqCpbVHlY+Bn6M05BEEjMkRN80EunmiEuKGZmVB6kgCcITNCJ9hREKiTj3pzQRBbp5cfcMnirTh0HM1YskLNTvwzkKhchCT3WGSI7Fb28u/uX1UxlcujmNklSSCC8WBSmDMobzEKBPOcGSZQoQ5lSdDfEYcYSliqqs8vj6NPwfOnXdtHT7rl5tXS+TKYFjcALOgAkuQAvcgjZwAAYUPIBH8KRl2rP2or0uWle05cwR+FHa2yc6qpMQ</latexit>

<latexit sha1_base64="Txm/xrHgt+YfJgUXR+MSTXJybKI="></latexit>

SYK
criticality of
fractionalized
excitations

Disordered
Fermi liquid.

Condense holon b,
f↵ carrier density 1 + p

<latexit sha1_base64="5aLWmLRLYLdIhssaRLfs5y6HB+k="></latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ 1

⌧2
<latexit sha1_base64="bkROV0MGV0xXH3QtvACzOhPjNzg="></latexit> D
ci↵(⌧)c

†
i↵(0)

E
⇠ 1

⌧

<latexit sha1_base64="3KZlPym3OqawZyoDI7+7XpriaQ4="></latexit>

Metallic
spin glass.

Condense spinon b↵,
f carrier density p

<latexit sha1_base64="CzT5Z39Mpv1MjBFqjUkD8N1K258="></latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ constant

<latexit sha1_base64="lFrXq6gLenglNlCIX8col3BX5RQ="></latexit>

D
ci↵(⌧)c

†
i↵(0)

E
⇠ 1

⌧

<latexit sha1_base64="3KZlPym3OqawZyoDI7+7XpriaQ4="></latexit>

D. Joshi, Chenyuan Li, G. Tarnopolsky, A. Georges, S. Sachdev, PRX 10, 021033 (2020)

Zeroth order, pc = 1/3

<latexit sha1_base64="lApR30xv4oeSiJdz+dPSRdZJUds="></latexit>



Random t-J model: phase diagram

p
<latexit sha1_base64="J39LxafBIRl4FwURhR1mChfo8es=">AAAB9XicdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWdFeoA1lMp20QyfJMDOplNBHcKsrd+LW53HhuzhNK6jogYGP/z+Hc+b3OaNSWda7sbS8srq2ntvIb25t7+wW9vabMk4EJg0cs1i0fSQJoxFpKKoYaXNBUOgz0vJHVzO/NSZC0ji6UxNOvBANIhpQjJSWbku81CsULdNyK06lAjU4VefC0uC6ZbtqQ9u0siqCRdV7hY9uP8ZJSCKFGZKyY1tceSkSimJGpvluIglHeIQGpKMxQiGRp/0x5TJDL82unsJjbfZhEAv9IgUz9ftwikIpJ6GvO0OkhvK3NxP/8jqJCs69lEY8USTC80VBwqCK4SwC2KeCYMUmGhAWVJ8N8RAJhJUOKq/z+Po0/B+aZdN2TPemXKxdLpLJgUNwBE6ADc5ADVyDOmgADAbgATyCJ+PeeDZejNd565KxmDkAP8p4+wS//ZI6</latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ 1

|⌧ |
<latexit sha1_base64="7KrA2N97XDG7HfPRlLOn9CmRTko="></latexit>

pc
<latexit sha1_base64="a+lxdf3DN5Lw70bbZtTopOsRRNc=">AAAB93icdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWcG0hTaUyWTSDp1cmJkUQugzuNWVO3Hr47jwXZymFVT0wMDH/5/DOfN7CaNCGsa7trK6tr6xWdoqb+/s7u1XDg47Ik45Jg6OWcx7HhKE0Yg4kkpGegknKPQY6XqTm7nfnRIuaBzdyywhbohGEQ0oRlJJTi0Z4tqwUjV0w25YjQZUYDWtK0OBbdfNpglN3SiqCpbVHlY+Bn6M05BEEjMkRN80EunmiEuKGZmVB6kgCcITNCJ9hREKiTj3pzQRBbp5cfcMnirTh0HM1YskLNTvwzkKhchCT3WGSI7Fb28u/uX1UxlcujmNklSSCC8WBSmDMobzEKBPOcGSZQoQ5lSdDfEYcYSliqqs8vj6NPwfOnXdtHT7rl5tXS+TKYFjcALOgAkuQAvcgjZwAAYUPIBH8KRl2rP2or0uWle05cwR+FHa2yc6qpMQ</latexit>

<latexit sha1_base64="Txm/xrHgt+YfJgUXR+MSTXJybKI="></latexit>

SYK
criticality of
fractionalized
excitations

Disordered
Fermi liquid.

Condense holon b,
f↵ carrier density 1 + p

<latexit sha1_base64="5aLWmLRLYLdIhssaRLfs5y6HB+k="></latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ 1

⌧2
<latexit sha1_base64="bkROV0MGV0xXH3QtvACzOhPjNzg="></latexit> D
ci↵(⌧)c

†
i↵(0)

E
⇠ 1

⌧

<latexit sha1_base64="3KZlPym3OqawZyoDI7+7XpriaQ4="></latexit>

Metallic
spin glass.

Condense spinon b↵,
f carrier density p

<latexit sha1_base64="CzT5Z39Mpv1MjBFqjUkD8N1K258="></latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ constant

<latexit sha1_base64="lFrXq6gLenglNlCIX8col3BX5RQ="></latexit>

D
ci↵(⌧)c

†
i↵(0)

E
⇠ 1

⌧

<latexit sha1_base64="3KZlPym3OqawZyoDI7+7XpriaQ4="></latexit>

D. Joshi, Chenyuan Li, G. Tarnopolsky, A. Georges, S. Sachdev, PRX 10, 021033 (2020)

Zeroth order, pc = 1/3

<latexit sha1_base64="lApR30xv4oeSiJdz+dPSRdZJUds="></latexit>

f†
# |vi

<latexit sha1_base64="OQY0Crb3vVk3Q0FhD7GrMW4ZeDc="></latexit>

f†
" |vi

<latexit sha1_base64="rS5uiKvPY9Y9AOLENzHyw9ZXJ28="></latexit>

b† |vi
<latexit sha1_base64="rwqIoMCLSOObWpFSRoBlhpC2ASY="></latexit>

SU(1|2) theory
<latexit sha1_base64="Lomd+aWe+buASEBCeb0kWxtJh8A=">AAAB+XicdVDLSgMxFM3UV62vUZdugq1QN0Nmah/LohuXFZ220A4lk6ZtaOZBkimUsX/ixoUibv0Td/6N6UNQ0QMXDufcy733+DFnUiH0YWTW1jc2t7LbuZ3dvf0D8/CoKaNEEOqSiEei7WNJOQupq5jitB0LigOf05Y/vpr7rQkVkkXhnZrG1AvwMGQDRrDSUs80b91iwb53CudQjWgkpj0zjyy7VildVCCyyjZC1ZImjoNqdhXaFlogD1Zo9Mz3bj8iSUBDRTiWsmOjWHkpFooRTme5biJpjMkYD2lH0xAHVHrp4vIZPNNKHw4ioStUcKF+n0hxIOU08HVngNVI/vbm4l9eJ1GDmpeyME4UDcly0SDhUEVwHgPsM0GJ4lNNMBFM3wrJCAtMlA4rp0P4+hT+T5qOZZes8o2Tr1+u4siCE3AKisAGVVAH16ABXEDABDyAJ/BspMaj8WK8LlszxmrmGPyA8fYJrKOSaw==</latexit>



Random t-J model: phase diagram

p
<latexit sha1_base64="J39LxafBIRl4FwURhR1mChfo8es=">AAAB9XicdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWdFeoA1lMp20QyfJMDOplNBHcKsrd+LW53HhuzhNK6jogYGP/z+Hc+b3OaNSWda7sbS8srq2ntvIb25t7+wW9vabMk4EJg0cs1i0fSQJoxFpKKoYaXNBUOgz0vJHVzO/NSZC0ji6UxNOvBANIhpQjJSWbku81CsULdNyK06lAjU4VefC0uC6ZbtqQ9u0siqCRdV7hY9uP8ZJSCKFGZKyY1tceSkSimJGpvluIglHeIQGpKMxQiGRp/0x5TJDL82unsJjbfZhEAv9IgUz9ftwikIpJ6GvO0OkhvK3NxP/8jqJCs69lEY8USTC80VBwqCK4SwC2KeCYMUmGhAWVJ8N8RAJhJUOKq/z+Po0/B+aZdN2TPemXKxdLpLJgUNwBE6ADc5ADVyDOmgADAbgATyCJ+PeeDZejNd565KxmDkAP8p4+wS//ZI6</latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ 1

|⌧ |
<latexit sha1_base64="7KrA2N97XDG7HfPRlLOn9CmRTko="></latexit>

pc
<latexit sha1_base64="a+lxdf3DN5Lw70bbZtTopOsRRNc=">AAAB93icdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWcG0hTaUyWTSDp1cmJkUQugzuNWVO3Hr47jwXZymFVT0wMDH/5/DOfN7CaNCGsa7trK6tr6xWdoqb+/s7u1XDg47Ik45Jg6OWcx7HhKE0Yg4kkpGegknKPQY6XqTm7nfnRIuaBzdyywhbohGEQ0oRlJJTi0Z4tqwUjV0w25YjQZUYDWtK0OBbdfNpglN3SiqCpbVHlY+Bn6M05BEEjMkRN80EunmiEuKGZmVB6kgCcITNCJ9hREKiTj3pzQRBbp5cfcMnirTh0HM1YskLNTvwzkKhchCT3WGSI7Fb28u/uX1UxlcujmNklSSCC8WBSmDMobzEKBPOcGSZQoQ5lSdDfEYcYSliqqs8vj6NPwfOnXdtHT7rl5tXS+TKYFjcALOgAkuQAvcgjZwAAYUPIBH8KRl2rP2or0uWle05cwR+FHa2yc6qpMQ</latexit>

<latexit sha1_base64="Txm/xrHgt+YfJgUXR+MSTXJybKI="></latexit>

SYK
criticality of
fractionalized
excitations

Disordered
Fermi liquid.

Condense holon b,
f↵ carrier density 1 + p

<latexit sha1_base64="5aLWmLRLYLdIhssaRLfs5y6HB+k="></latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ 1

⌧2
<latexit sha1_base64="bkROV0MGV0xXH3QtvACzOhPjNzg="></latexit> D
ci↵(⌧)c

†
i↵(0)

E
⇠ 1

⌧

<latexit sha1_base64="3KZlPym3OqawZyoDI7+7XpriaQ4="></latexit>

Metallic
spin glass.

Condense spinon b↵,
f carrier density p

<latexit sha1_base64="CzT5Z39Mpv1MjBFqjUkD8N1K258="></latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ constant

<latexit sha1_base64="lFrXq6gLenglNlCIX8col3BX5RQ="></latexit>

D
ci↵(⌧)c

†
i↵(0)

E
⇠ 1

⌧

<latexit sha1_base64="3KZlPym3OqawZyoDI7+7XpriaQ4="></latexit>

D. Joshi, Chenyuan Li, G. Tarnopolsky, A. Georges, S. Sachdev, PRX 10, 021033 (2020)

Zeroth order, pc = 1/3

<latexit sha1_base64="lApR30xv4oeSiJdz+dPSRdZJUds="></latexit>

f†
# |vi

<latexit sha1_base64="OQY0Crb3vVk3Q0FhD7GrMW4ZeDc="></latexit>

f†
" |vi

<latexit sha1_base64="rS5uiKvPY9Y9AOLENzHyw9ZXJ28="></latexit>

b† |vi
<latexit sha1_base64="rwqIoMCLSOObWpFSRoBlhpC2ASY="></latexit>b†" |vi

<latexit sha1_base64="vECycCTteykywPj6SCPCLAB1c/I="></latexit>

b†# |vi
<latexit sha1_base64="z0Nnq6dMeHIMTMZku14Z0J1WJJU="></latexit>

f† |vi
<latexit sha1_base64="lXgTRA1NHcDDRUeZon/rkMtKMn4="></latexit>

SU(2|1) theory
<latexit sha1_base64="w9dUb6nQ8Lr+9a1+t+J8DfkPyNE=">AAAB+XicdVDLSgMxFM3UV62vUZdugq1QN0Nmah/LohuXFZ220A4lk6ZtaOZBkimUsX/ixoUibv0Td/6N6UNQ0QMXDufcy733+DFnUiH0YWTW1jc2t7LbuZ3dvf0D8/CoKaNEEOqSiEei7WNJOQupq5jitB0LigOf05Y/vpr7rQkVkkXhnZrG1AvwMGQDRrDSUs80b91iwbm3C+dQjWgkpj0zjyy7VildVCCyyjZC1ZImjoNqdhXaFlogD1Zo9Mz3bj8iSUBDRTiWsmOjWHkpFooRTme5biJpjMkYD2lH0xAHVHrp4vIZPNNKHw4ioStUcKF+n0hxIOU08HVngNVI/vbm4l9eJ1GDmpeyME4UDcly0SDhUEVwHgPsM0GJ4lNNMBFM3wrJCAtMlA4rp0P4+hT+T5qOZZes8o2Tr1+u4siCE3AKisAGVVAH16ABXEDABDyAJ/BspMaj8WK8LlszxmrmGPyA8fYJrKWSaw==</latexit>

SU(1|2) theory
<latexit sha1_base64="Lomd+aWe+buASEBCeb0kWxtJh8A=">AAAB+XicdVDLSgMxFM3UV62vUZdugq1QN0Nmah/LohuXFZ220A4lk6ZtaOZBkimUsX/ixoUibv0Td/6N6UNQ0QMXDufcy733+DFnUiH0YWTW1jc2t7LbuZ3dvf0D8/CoKaNEEOqSiEei7WNJOQupq5jitB0LigOf05Y/vpr7rQkVkkXhnZrG1AvwMGQDRrDSUs80b91iwb53CudQjWgkpj0zjyy7VildVCCyyjZC1ZImjoNqdhXaFlogD1Zo9Mz3bj8iSUBDRTiWsmOjWHkpFooRTme5biJpjMkYD2lH0xAHVHrp4vIZPNNKHw4ioStUcKF+n0hxIOU08HVngNVI/vbm4l9eJ1GDmpeyME4UDcly0SDhUEVwHgPsM0GJ4lNNMBFM3wrJCAtMlA4rp0P4+hT+T5qOZZes8o2Tr1+u4siCE3AKisAGVVAH16ABXEDABDyAJ/BspMaj8WK8LlszxmrmGPyA8fYJrKOSaw==</latexit>



Random t-J model: phase diagram

p
<latexit sha1_base64="J39LxafBIRl4FwURhR1mChfo8es=">AAAB9XicdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWdFeoA1lMp20QyfJMDOplNBHcKsrd+LW53HhuzhNK6jogYGP/z+Hc+b3OaNSWda7sbS8srq2ntvIb25t7+wW9vabMk4EJg0cs1i0fSQJoxFpKKoYaXNBUOgz0vJHVzO/NSZC0ji6UxNOvBANIhpQjJSWbku81CsULdNyK06lAjU4VefC0uC6ZbtqQ9u0siqCRdV7hY9uP8ZJSCKFGZKyY1tceSkSimJGpvluIglHeIQGpKMxQiGRp/0x5TJDL82unsJjbfZhEAv9IgUz9ftwikIpJ6GvO0OkhvK3NxP/8jqJCs69lEY8USTC80VBwqCK4SwC2KeCYMUmGhAWVJ8N8RAJhJUOKq/z+Po0/B+aZdN2TPemXKxdLpLJgUNwBE6ADc5ADVyDOmgADAbgATyCJ+PeeDZejNd565KxmDkAP8p4+wS//ZI6</latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ 1

|⌧ |
<latexit sha1_base64="7KrA2N97XDG7HfPRlLOn9CmRTko="></latexit>

pc
<latexit sha1_base64="a+lxdf3DN5Lw70bbZtTopOsRRNc=">AAAB93icdZDLSsNAFIYnXmu9VV26GWwFFxKSpqm6K7pxWcG0hTaUyWTSDp1cmJkUQugzuNWVO3Hr47jwXZymFVT0wMDH/5/DOfN7CaNCGsa7trK6tr6xWdoqb+/s7u1XDg47Ik45Jg6OWcx7HhKE0Yg4kkpGegknKPQY6XqTm7nfnRIuaBzdyywhbohGEQ0oRlJJTi0Z4tqwUjV0w25YjQZUYDWtK0OBbdfNpglN3SiqCpbVHlY+Bn6M05BEEjMkRN80EunmiEuKGZmVB6kgCcITNCJ9hREKiTj3pzQRBbp5cfcMnirTh0HM1YskLNTvwzkKhchCT3WGSI7Fb28u/uX1UxlcujmNklSSCC8WBSmDMobzEKBPOcGSZQoQ5lSdDfEYcYSliqqs8vj6NPwfOnXdtHT7rl5tXS+TKYFjcALOgAkuQAvcgjZwAAYUPIBH8KRl2rP2or0uWle05cwR+FHa2yc6qpMQ</latexit>

<latexit sha1_base64="Txm/xrHgt+YfJgUXR+MSTXJybKI="></latexit>

SYK
criticality of
fractionalized
excitations

Disordered
Fermi liquid.

Condense holon b,
f↵ carrier density 1 + p

<latexit sha1_base64="5aLWmLRLYLdIhssaRLfs5y6HB+k="></latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ 1

⌧2
<latexit sha1_base64="bkROV0MGV0xXH3QtvACzOhPjNzg="></latexit> D
ci↵(⌧)c

†
i↵(0)

E
⇠ 1

⌧

<latexit sha1_base64="3KZlPym3OqawZyoDI7+7XpriaQ4="></latexit>

Metallic
spin glass.

Condense spinon b↵,
f carrier density p

<latexit sha1_base64="CzT5Z39Mpv1MjBFqjUkD8N1K258="></latexit>

D
~Si(⌧) · ~Si(0)

E
⇠ constant

<latexit sha1_base64="lFrXq6gLenglNlCIX8col3BX5RQ="></latexit>

D
ci↵(⌧)c

†
i↵(0)

E
⇠ 1

⌧

<latexit sha1_base64="3KZlPym3OqawZyoDI7+7XpriaQ4="></latexit>

D. Joshi, Chenyuan Li, G. Tarnopolsky, A. Georges, S. Sachdev, PRX 10, 021033 (2020)

Zeroth order, pc = 1/3

<latexit sha1_base64="lApR30xv4oeSiJdz+dPSRdZJUds="></latexit>

f†
# |vi

<latexit sha1_base64="OQY0Crb3vVk3Q0FhD7GrMW4ZeDc="></latexit>

f†
" |vi

<latexit sha1_base64="rS5uiKvPY9Y9AOLENzHyw9ZXJ28="></latexit>

b† |vi
<latexit sha1_base64="rwqIoMCLSOObWpFSRoBlhpC2ASY="></latexit>b†" |vi

<latexit sha1_base64="vECycCTteykywPj6SCPCLAB1c/I="></latexit>

b†# |vi
<latexit sha1_base64="z0Nnq6dMeHIMTMZku14Z0J1WJJU="></latexit>

f† |vi
<latexit sha1_base64="lXgTRA1NHcDDRUeZon/rkMtKMn4="></latexit>

D
ci↵(⌧)c

†
i↵(0)

E
⇠ 1

⌧

<latexit sha1_base64="3KZlPym3OqawZyoDI7+7XpriaQ4="></latexit>

SU(2|1) theory
<latexit sha1_base64="w9dUb6nQ8Lr+9a1+t+J8DfkPyNE=">AAAB+XicdVDLSgMxFM3UV62vUZdugq1QN0Nmah/LohuXFZ220A4lk6ZtaOZBkimUsX/ixoUibv0Td/6N6UNQ0QMXDufcy733+DFnUiH0YWTW1jc2t7LbuZ3dvf0D8/CoKaNEEOqSiEei7WNJOQupq5jitB0LigOf05Y/vpr7rQkVkkXhnZrG1AvwMGQDRrDSUs80b91iwbm3C+dQjWgkpj0zjyy7VildVCCyyjZC1ZImjoNqdhXaFlogD1Zo9Mz3bj8iSUBDRTiWsmOjWHkpFooRTme5biJpjMkYD2lH0xAHVHrp4vIZPNNKHw4ioStUcKF+n0hxIOU08HVngNVI/vbm4l9eJ1GDmpeyME4UDcly0SDhUEVwHgPsM0GJ4lNNMBFM3wrJCAtMlA4rp0P4+hT+T5qOZZes8o2Tr1+u4siCE3AKisAGVVAH16ABXEDABDyAJ/BspMaj8WK8LlszxmrmGPyA8fYJrKWSaw==</latexit>

SU(1|2) theory
<latexit sha1_base64="Lomd+aWe+buASEBCeb0kWxtJh8A=">AAAB+XicdVDLSgMxFM3UV62vUZdugq1QN0Nmah/LohuXFZ220A4lk6ZtaOZBkimUsX/ixoUibv0Td/6N6UNQ0QMXDufcy733+DFnUiH0YWTW1jc2t7LbuZ3dvf0D8/CoKaNEEOqSiEei7WNJOQupq5jitB0LigOf05Y/vpr7rQkVkkXhnZrG1AvwMGQDRrDSUs80b91iwb53CudQjWgkpj0zjyy7VildVCCyyjZC1ZImjoNqdhXaFlogD1Zo9Mz3bj8iSUBDRTiWsmOjWHkpFooRTme5biJpjMkYD2lH0xAHVHrp4vIZPNNKHw4ioStUcKF+n0hxIOU08HVngNVI/vbm4l9eJ1GDmpeyME4UDcly0SDhUEVwHgPsM0GJ4lNNMBFM3wrJCAtMlA4rp0P4+hT+T5qOZZes8o2Tr1+u4siCE3AKisAGVVAH16ABXEDABDyAJ/BspMaj8WK8LlszxmrmGPyA8fYJrKOSaw==</latexit>



Random t-J model: large M limit

Assuming the bosons are not condensed, we obtain SYK-like

equations for the boson and fermion Green’s functions:

Gb(i!n) =
1

i!n + µb � ⌃b(i!n)

⌃b(⌧) = �t2Gf (⌧)Gf (�⌧)Gb(⌧)

Gf (i!n) =
1

i!n + µf � ⌃f (i!n)

⌃f (⌧) = �J2G2
f (⌧)Gf (�⌧) + k t2Gf (⌧)Gb(⌧)Gb(�⌧)

Here µf and µb are chemical potentials chosen to satisfy

⌦
f†f

↵
=

1

2
� k� ,

⌦
b†b

↵
= � .

A condensed boson state with hbi 6= 0, yields a

disordered Fermi liquid.

However, critical states without boson condensation are also pos-

sible. These obey:

Gf (z) = Cf
e�i(⇡�f+✓f )

z1�2�f
, Gb(z) = Cb

e�i(⇡�b+✓b)

z1�2�b
, Im(z) > 0

�f +�b =
1

2

✓f
⇡

+

✓
1

2
��f

◆
sin(2✓f )

sin(2⇡�f )
= k�

✓b
⇡

+

✓
1

2
��b

◆
sin(2✓b)

sin(2⇡�b)
=

1

2
+ � .

The last two are analogs of ‘Luttinger’ relations, which follow from

an anomaly matching argument (Yingei Gu, A. Kitaev, S. Sachdev,

G. Tarnopolsky to appear).
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Both the t and the J terms involve four single-particle operators.
Consequently, in a large M limit (where the spin symmetry SU(2)!SU(M)),

the saddle-point equations are very similar to the q = 4 SYK equations.
These equations realize a critical phase with SYK criticality, provided none of

the bosons condense.
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Time reparameterization soft mode
and linear-T resistivity
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SYK-type models have a time reparameterization soft-mode, which is the
boundary graviton in the JT gravity low energy theory. This now leads to

corrections to the Green’s functions of the partons

Gf,b(⌧) ⇠
±1p
|⌧ |

✓
1 +

↵f,b

|⌧ | + . . .

◆

We can compute the resistivity from this in a large-d model, and find

⇢(T ) = ⇢(0)

✓
1 + 8↵G

T

J
+ . . .

◆
.

The ↵G term arises from the contribution of the boundary graviton!



Maria Tikhanovskaya, Haoyu Guo, S. Sachdev, G. Tarnopolsky, arXiv: 2010.09742, 2012.14449FIG. 14: Plot of the fermionic spin spectral density for ✓f = 0. The red solid line is the numerical result. The

black dashed line is theoretical curve (5.10) ploted for ↵A
0 = 0.2643 and ↵

A
1 = 0.31.

38

FIG. 1: Plot of the local dynamic spin susceptibility. The blue solid line is obtained from numerical solution of

the Schwinger-Dyson equations (2.13) for T/J = 0.1. The black dashed line is analytical result in (1.2) for

C�T ' 0.05 with three higher order terms in (1.3) included with their T = 0 expressions.

mode i.e. the boundary graviton in the holographic dual. Notice that this term has a prefactor

of ! without a corresponding factor of 1/T : this indicates the violation of scaling induced by an

irrelevant operator. We show a plot of Im�L in Fig. 1; it is curious that this resembles observations

in Refs. [13, 14], and it would be worthwhile to investigate this further, especially in systems with

greater randomness. Similar spectra should also apply to anomalous density fluctuations in the

model of Ref. [17], and density fluctuations have been investigated in momentum-resolved electron

energy-loss spectroscopy (M-EELS) [18, 19] but for ! � T .

In the limit of T ! 0, (1.2) predicts a discontinous spectral density at zero frequency. We have

computed higher order terms at T = 0 for the particle-hole symmetric case (see Eq. (5.10))

Im�L(!) ⇠ sgn(!)
h
1� C�|!|�

7

16
(C�)2|!|2 � C

0
|!|2.77354... +

37

48
(C�)3|!|3 � . . .

i
, (1.3)

where the |!|2 and |!|3 terms are non-linear corrections from the time reparameterization mode,

and C
0 mode is a linear contribution of a second irrelevant operator with scaling dimension h =

3.77354 . . .. The T > 0 form of the C
0 term can be deduced from imaginary part of (D24).

We have attempted to write this paper in a self-contained manner for condensed matter physi-

cists. We will begin in Section II by defining the models of interest, and recalling the leading

conformally invariant results. A diagrammatic analysis of the conformal perturbation theory is

presented in Section III, where we obtain the scaling dimensions of all primary operators, and iden-

tify the operators associated with time reparameterization and an emergent U(1) gauge invariance.

Section IV employs an alternative functional approach of Kitaev and Suh [7] which allows e�cient

treatment of particle-hole asymmetry, non-linear corrections and non-zero temperatures. Section V

4

Correction 
from the 
boundary 
graviton
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Numerical solution of SYK equations (SY, PRL 1993), compared with
conformal perturbation theory. C is a known number, and � is the

co-e�cient of the action for the ‘boundary graviton’ in holographic dual.
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Dynamic spin susceptibility 2

a spin glass phase is found below a critical temperature
Tc ⇡ 0.10J . When doping is present, Ref. [20] predicts
a disordered Fermi liquid phase for all non-zero values
of p in the large-M limit. However, it was recently ar-
gued [21, 22] that for the case of SU(2), the spin glass
phase should persist up to a critical finite value of doping,
pc, corresponding to a quantum critical point separat-
ing the spin glass phase from a disordered Fermi liquid.
Near criticality, the model is predicted to exhibit SYK-
like criticality with a non-zero extensive entropy and a
linear-in-temperature resistivity [23]. In a weak-coupling
renormalization group, this critical point emerges when
the three fractionalized excitations in the t-J model be-
come degenerate in energy, leading to a zeroth order pre-
diction of pc = 1/3.

Dynamical Spin Response at T = 0. We first present
results on the nature of the spin correlations at T = 0,
providing evidence that the spin glass phase shown to
exist at p = 0 is stable for small values of doping, up to a
critical value of doping near p = 1/3. Using the Lanczos
algorithm, we calculate the spectral function at T = 0,

�
00(!) =

1

3

X

↵

1

N

X

i

X

n

|h n| S
↵

i
| 0i|

2

⇥ [�(! � (En � E0)) � �(! + (En � E0))] ,

(2)

where numerically the delta functions are replaced by
Gaussians with a small variance. The signature of spin
glass order, limt!1

1
N

P
i
hSi(0)Si(t)i = q 6= 0, is re-

flected by a q�(!) contribution to the dynamical struc-
ture factor S(!), which is related to the spectral function
at T = 0 by �00(!) = S(!) � S(�!). For a finite system
size, the exact delta function in S(!) is replaced by a peak
at low frequency, whose width approaches 0 in the ther-
modynamic limit and whose total spectral weight gives
q. Therefore, the spin glass contribution to �00(!) for fi-
nite systems is given by a low frequency peak, and was
analyzed for this model at p = 0 in [8]. Above pc, a dis-
ordered Fermi liquid is expected to have a low-frequency
behavior of �00(!) ⇠ !.

The spectral function for the random t-J model, calcu-
lated using the Lanczos algorithm on an 18-site cluster, is
shown for several values of doping in Fig. 1. A prominent
hump at low-frequency for dopings p . 0.4 suggests the
presence of spin glass order in this range of doping. How-
ever, a large-N analysis of this hump must be performed
in order to verify that the hump asymptotes to a delta
function in the thermodynamic limit. To do this, we first
subtract o↵ a background contribution to account for the
rest of the spectral weight. Anticipating SYK behavior
near the critical point at low frequencies, we subtract a
spectral weight obtained by rescaling the solution of the
Schwinger-Dyson equations of the p = 0 model in the
large-M limit [9, 14] (we rescale J , while preserving total
spectral weight). This SYK spectral weight has a leading
term �

00(!) ⇠ sgn(!) as |!| ! 0 at T = 0 (which general-
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FIG. 1. The spectral function �00(!) of the random t � J
model, averaged over 100 disorder realizations on an 18-site
cluster. At low dopings, a sharp peak at low-frequency at
low doping is indicative of spin glass order. With increas-
ing doping, the magnitude of this peak is reduced, and the
low-frequency behavior closely resembles the rescaled spec-
tral function of the large M SYK theory [9, 14]. (Inset) After
an extrapolation to the thermodynamic limit, the integrated
weight of the low-frequency peak is non-zero, indicating spin
glass order. This weight vanishes near p ⇡ 0.4. Plotted is the
integrated weight for 8 6 N 6 18 (as a gradient from red to
blue), and the large-N extrapolation with error bars.

izes to tanh (!/2T ) at low T ). The next-to-leading SYK
term depends linearly in !, and arises from the boundary
graviton in the holographic dual [14]. It is important to
note that the exponents of these two leading SYK contri-
butions are universal and independent of M . Away from
the critical point and in the spin glass phase, we find
that the spectral function is described well by a combi-
nation of the SYK result and a low-frequency hump. A
large-N analysis of this low-frequency hump, described
in more detail in the supplementary material, confirms
that the variance of the hump vanishes in the thermody-
namic limit, whereas the spectral weight, shown in Fig. 1,
remains non-zero. Our analysis gives a large-N estimate
of q ⇠ 0.02 at p = 0. For larger values of doping, q

decreases from its value at p = 0, eventually vanishing
at some critical value of doping pc. By linearly extrap-
olating the large-N prediction for q to higher dopings,
we obtain an estimate of pc = 0.420 ± 0.007. Around
this range of dopings, the spectral function shows good
agreement with the large-M critical prediction given in
Fig. 1. At dopings well above p = 0.4, we find the spec-
tral function to be largely independent of system size. No
gap at low frequency is visible, and �

00(!) ⇠ ! behavior
consistent with Fermi liquid predictions is clear. We will
provide a more rigorous verification of the Fermi liquid
phase at higher dopings via Luttinger’s theorem later in
the paper.

H. Shackleton,  
A. Wietek,  
A. Georges, and 
S. Sachdev,  
PRL 126, 
136602 (2021)
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Conformally (SL(2,R))
invariant form with

‘Planckian’ dissipative
time ⇠ ~/(kBT ),
independent of J .
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• The random t-J model exhibits:

– A pseudogap phase at small doping with spin glass order.

– A Fermi liquid at large doping.

– Planckian metal behavior near the quantum phase transition

– SYK criticality.

• SYK criticality: thermalization and many-body chaos in a time of

order ~/(kBT ), independent of microscopic energy scales.

• SYK criticality: Low energy theory of time reparameterizations is the

theory of the boundary graviton in 2D quantum gravity on AdS2.

• Boundary graviton leads to:

– Dynamic spin susceptibility ⇠ sgn(!) [1� c|!|+ . . .] (observed
in random t-J model).

– Linear-in-T resistivity in the random t-J model.

– �3/2 ln(1/T ) correction to Bekenstein-Hawking entropy of low

T charged black holes in Einstein gravity.
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