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SYK model



Pick a set of random positions

Sachdev, Ye (1993); Kitaev (2015)

The SYK model
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Place electrons randomly on some sites

The SYK model
Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Place electrons randomly on some sites

Sachdev, Ye (1993); Kitaev (2015)
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Entangle electrons pairwise randomly

The SYK model
Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)
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A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)

S. Sachdev and J. Ye, PRL 70, 3339 (1993)

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53, 385 (1981))

U↵�;�� are independent random variables with U↵�;�� = 0 and |U↵�;��|2 = U2

N ! 1 yields critical strange metal.
<latexit sha1_base64="yQteaZaLoEYlztplY68/SkIu+Hc="></latexit>

The Sachdev-Ye-Kitaev (SYK) model
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S. Sachdev and J. Ye, 
PRL 70, 3339 (1993)

The Sachdev-Ye-Kitaev (SYK) model
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Feynman graph expansion in U↵�;��, and graph-by-graph average, yields
exact equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.

U U
<latexit sha1_base64="E9IqEksPcc1jJSN1pS0nh3hcFxg=">AAAB/HicdVBNS8NAEN3Ur1q/qh69LBbBU0lqm+qt6MVjBfsBbSib7bRdu5uE3Y1QQv0NXvXsTbz6Xzz6T9y2Eazog4HHezPMzPMjzpS27Q8rs7K6tr6R3cxtbe/s7uX3D5oqjCWFBg15KNs+UcBZAA3NNId2JIEIn0PLH1/N/NY9SMXC4FZPIvAEGQZswCjRRmp2fdAk18sX7KLtVp1yGRsyhyHuxVmlUsJOqhRQinov/9nthzQWEGjKiVIdx460lxCpGeUwzXVjBRGhYzKEjqEBEaC8ZH7tFJ8YpY8HoTQVaDxXf04kRCg1Eb7pFESP1G9vJv7ldWI9OPcSFkSxhoAuFg1ijnWIZ6/jPpNANZ8YQqhk5lZMR0QSqk1AS1t8MTWZfD+O/yfNUtFxi+5NuVC7TNPJoiN0jE6Rg6qohq5RHTUQRXfoET2hZ+vBerFerbdFa8ZKZw7REqz3LwgFlY0=</latexit>

�<latexit sha1_base64="cXZAxo9CgsFaThlpD5UPLC7PCAQ=">AAAB/XicdVBNS8NAEN34WetX1aOXxSJ4KkltU70VvXisYD+gDWWy3bRLN5uwuxFKKP4Gr3r2Jl79LR79J27bCFb0wcDjvRlm5vkxZ0rb9oe1srq2vrGZ28pv7+zu7RcODlsqSiShTRLxSHZ8UJQzQZuaaU47saQQ+py2/fH1zG/fU6lYJO70JKZeCEPBAkZAG6ndAx6PIN8vFO2S7dacSgUbMoch7uV5tVrGTqYUUYZGv/DZG0QkCanQhINSXceOtZeC1IxwOs33EkVjIGMY0q6hAkKqvHR+7hSfGmWAg0iaEhrP1Z8TKYRKTULfdIagR+q3NxP/8rqJDi68lIk40VSQxaIg4VhHePY7HjBJieYTQ4BIZm7FZAQSiDYJLW3xw6nJ5Ptx/D9plUuOW3JvK8X6VZZODh2jE3SGHFRDdXSDGqiJCBqjR/SEnq0H68V6td4WrStWNnOElmC9fwHWUpYB</latexit>↵
<latexit sha1_base64="YjjIvi2FoLEKwW3E5nEcpijRQDk=">AAAB/XicdVBNS8NAEN34WetX1aOXxSJ4KkltU70VvXisYD+gDWWy3bRLd5OwuxFKKP4Gr3r2Jl79LR79J27bCFb0wcDjvRlm5vkxZ0rb9oe1srq2vrGZ28pv7+zu7RcODlsqSiShTRLxSHZ8UJSzkDY105x2YklB+Jy2/fH1zG/fU6lYFN7pSUw9AcOQBYyANlK7NwQhIN8vFO2S7dacSgUbMoch7uV5tVrGTqYUUYZGv/DZG0QkETTUhINSXceOtZeC1IxwOs33EkVjIGMY0q6hIQiqvHR+7hSfGmWAg0iaCjWeqz8nUhBKTYRvOgXokfrtzcS/vG6igwsvZWGcaBqSxaIg4VhHePY7HjBJieYTQ4BIZm7FZAQSiDYJLW3xxdRk8v04/p+0yiXHLbm3lWL9Kksnh47RCTpDDqqhOrpBDdREBI3RI3pCz9aD9WK9Wm+L1hUrmzlCS7DevwDRjJX+</latexit>�

<latexit sha1_base64="V+YnUQzWfvm8S1KlI9DU9PtZDgk=">AAAB/XicdVDLSsNAFL3xWeur6tLNYBFclaS2qe6KblxWsA9oQ5lMJu3QmSTMTIQSit/gVtfuxK3f4tI/cfoQrOiBC4dz7uXee/yEM6Vt+8NaWV1b39jMbeW3d3b39gsHhy0Vp5LQJol5LDs+VpSziDY105x2Ekmx8Dlt+6Prqd++p1KxOLrT44R6Ag8iFjKCtZHavYByjfP9QtEu2W7NqVSQITMY4l6eV6tl5CyUIizQ6Bc+e0FMUkEjTThWquvYifYyLDUjnE7yvVTRBJMRHtCuoREWVHnZ7NwJOjVKgMJYmoo0mqk/JzIslBoL33QKrIfqtzcV//K6qQ4vvIxFSappROaLwpQjHaPp7yhgkhLNx4ZgIpm5FZEhlphok9DSFl9MTCbfj6P/SatcctySe1sp1q8W6eTgGE7gDByoQR1uoAFNIDCCR3iCZ+vBerFerbd564q1mDmCJVjvX9ydlgU=</latexit>

�

<latexit sha1_base64="cXZAxo9CgsFaThlpD5UPLC7PCAQ=">AAAB/XicdVBNS8NAEN34WetX1aOXxSJ4KkltU70VvXisYD+gDWWy3bRLN5uwuxFKKP4Gr3r2Jl79LR79J27bCFb0wcDjvRlm5vkxZ0rb9oe1srq2vrGZ28pv7+zu7RcODlsqSiShTRLxSHZ8UJQzQZuaaU47saQQ+py2/fH1zG/fU6lYJO70JKZeCEPBAkZAG6ndAx6PIN8vFO2S7dacSgUbMoch7uV5tVrGTqYUUYZGv/DZG0QkCanQhINSXceOtZeC1IxwOs33EkVjIGMY0q6hAkKqvHR+7hSfGmWAg0iaEhrP1Z8TKYRKTULfdIagR+q3NxP/8rqJDi68lIk40VSQxaIg4VhHePY7HjBJieYTQ4BIZm7FZAQSiDYJLW3xw6nJ5Ptx/D9plUuOW3JvK8X6VZZODh2jE3SGHFRDdXSDGqiJCBqjR/SEnq0H68V6td4WrStWNnOElmC9fwHWUpYB</latexit>↵

<latexit sha1_base64="cXZAxo9CgsFaThlpD5UPLC7PCAQ=">AAAB/XicdVBNS8NAEN34WetX1aOXxSJ4KkltU70VvXisYD+gDWWy3bRLN5uwuxFKKP4Gr3r2Jl79LR79J27bCFb0wcDjvRlm5vkxZ0rb9oe1srq2vrGZ28pv7+zu7RcODlsqSiShTRLxSHZ8UJQzQZuaaU47saQQ+py2/fH1zG/fU6lYJO70JKZeCEPBAkZAG6ndAx6PIN8vFO2S7dacSgUbMoch7uV5tVrGTqYUUYZGv/DZG0QkCanQhINSXceOtZeC1IxwOs33EkVjIGMY0q6hAkKqvHR+7hSfGmWAg0iaEhrP1Z8TKYRKTULfdIagR+q3NxP/8rqJDi68lIk40VSQxaIg4VhHePY7HjBJieYTQ4BIZm7FZAQSiDYJLW3xw6nJ5Ptx/D9plUuOW3JvK8X6VZZODh2jE3SGHFRDdXSDGqiJCBqjR/SEnq0H68V6td4WrStWNnOElmC9fwHWUpYB</latexit>↵ <latexit sha1_base64="cXZAxo9CgsFaThlpD5UPLC7PCAQ=">AAAB/XicdVBNS8NAEN34WetX1aOXxSJ4KkltU70VvXisYD+gDWWy3bRLN5uwuxFKKP4Gr3r2Jl79LR79J27bCFb0wcDjvRlm5vkxZ0rb9oe1srq2vrGZ28pv7+zu7RcODlsqSiShTRLxSHZ8UJQzQZuaaU47saQQ+py2/fH1zG/fU6lYJO70JKZeCEPBAkZAG6ndAx6PIN8vFO2S7dacSgUbMoch7uV5tVrGTqYUUYZGv/DZG0QkCanQhINSXceOtZeC1IxwOs33EkVjIGMY0q6hAkKqvHR+7hSfGmWAg0iaEhrP1Z8TKYRKTULfdIagR+q3NxP/8rqJDi68lIk40VSQxaIg4VhHePY7HjBJieYTQ4BIZm7FZAQSiDYJLW3xw6nJ5Ptx/D9plUuOW3JvK8X6VZZODh2jE3SGHFRDdXSDGqiJCBqjR/SEnq0H68V6td4WrStWNnOElmC9fwHWUpYB</latexit>↵

<latexit sha1_base64="cXZAxo9CgsFaThlpD5UPLC7PCAQ=">AAAB/XicdVBNS8NAEN34WetX1aOXxSJ4KkltU70VvXisYD+gDWWy3bRLN5uwuxFKKP4Gr3r2Jl79LR79J27bCFb0wcDjvRlm5vkxZ0rb9oe1srq2vrGZ28pv7+zu7RcODlsqSiShTRLxSHZ8UJQzQZuaaU47saQQ+py2/fH1zG/fU6lYJO70JKZeCEPBAkZAG6ndAx6PIN8vFO2S7dacSgUbMoch7uV5tVrGTqYUUYZGv/DZG0QkCanQhINSXceOtZeC1IxwOs33EkVjIGMY0q6hAkKqvHR+7hSfGmWAg0iaEhrP1Z8TKYRKTULfdIagR+q3NxP/8rqJDi68lIk40VSQxaIg4VhHePY7HjBJieYTQ4BIZm7FZAQSiDYJLW3xw6nJ5Ptx/D9plUuOW3JvK8X6VZZODh2jE3SGHFRDdXSDGqiJCBqjR/SEnq0H68V6td4WrStWNnOElmC9fwHWUpYB</latexit>↵<latexit sha1_base64="E9IqEksPcc1jJSN1pS0nh3hcFxg=">AAAB/HicdVBNS8NAEN3Ur1q/qh69LBbBU0lqm+qt6MVjBfsBbSib7bRdu5uE3Y1QQv0NXvXsTbz6Xzz6T9y2Eazog4HHezPMzPMjzpS27Q8rs7K6tr6R3cxtbe/s7uX3D5oqjCWFBg15KNs+UcBZAA3NNId2JIEIn0PLH1/N/NY9SMXC4FZPIvAEGQZswCjRRmp2fdAk18sX7KLtVp1yGRsyhyHuxVmlUsJOqhRQinov/9nthzQWEGjKiVIdx460lxCpGeUwzXVjBRGhYzKEjqEBEaC8ZH7tFJ8YpY8HoTQVaDxXf04kRCg1Eb7pFESP1G9vJv7ldWI9OPcSFkSxhoAuFg1ijnWIZ6/jPpNANZ8YQqhk5lZMR0QSqk1AS1t8MTWZfD+O/yfNUtFxi+5NuVC7TNPJoiN0jE6Rg6qohq5RHTUQRXfoET2hZ+vBerFerbdFa8ZKZw7REqz3LwgFlY0=</latexit>

�

<latexit sha1_base64="YjjIvi2FoLEKwW3E5nEcpijRQDk=">AAAB/XicdVBNS8NAEN34WetX1aOXxSJ4KkltU70VvXisYD+gDWWy3bRLd5OwuxFKKP4Gr3r2Jl79LR79J27bCFb0wcDjvRlm5vkxZ0rb9oe1srq2vrGZ28pv7+zu7RcODlsqSiShTRLxSHZ8UJSzkDY105x2YklB+Jy2/fH1zG/fU6lYFN7pSUw9AcOQBYyANlK7NwQhIN8vFO2S7dacSgUbMoch7uV5tVrGTqYUUYZGv/DZG0QkETTUhINSXceOtZeC1IxwOs33EkVjIGMY0q6hIQiqvHR+7hSfGmWAg0iaCjWeqz8nUhBKTYRvOgXokfrtzcS/vG6igwsvZWGcaBqSxaIg4VhHePY7HjBJieYTQ4BIZm7FZAQSiDYJLW3xxdRk8v04/p+0yiXHLbm3lWL9Kksnh47RCTpDDqqhOrpBDdREBI3RI3pCz9aD9WK9Wm+L1hUrmzlCS7DevwDRjJX+</latexit>�

<latexit sha1_base64="p/C/hQZxV/o1a574fBqft9yuY5s="></latexit>X

���

U2

N3
= U2

<latexit sha1_base64="S8xq3N16jWfNMBSZ0JPj+VRMPKs="></latexit>X

��

U2

N3
=

U2

N



⌃ =
<latexit sha1_base64="pk3ZmbMDJBp861UaFugr9daoJp8=">AAAB7nicbVDLSgMxFL3xWeur6tJNsAiuyswgqAuh6MZlRfuAdiiZNNOGJpkhyQhl6Ee4caGIW7/HnX9j+lho64ELh3Pu5d57olRwYz3vG62srq1vbBa2its7u3v7pYPDhkkyTVmdJiLRrYgYJrhidcutYK1UMyIjwZrR8HbiN5+YNjxRj3aUslCSvuIxp8Q6qdl54H1Jrrulslfxgis/CLAjU2B/kZRhjlq39NXpJTSTTFkqiDFt30ttmBNtORVsXOxkhqWEDkmftR1VRDIT5tNzx/jUKT0cJ9qVsniq/p7IiTRmJCPXKYkdmEVvIv7ntTMbX4Y5V2lmmaKzRXEmsE3w5Hfc45pRK0aOEKq5uxXTAdGEWpdQ0YWw9PIyaQQV36v49+fl6s08jgIcwwmcgQ8XUIU7qEEdKAzhGV7hDaXoBb2jj1nrCprPHMEfoM8fCEKPWw==</latexit><latexit sha1_base64="pk3ZmbMDJBp861UaFugr9daoJp8=">AAAB7nicbVDLSgMxFL3xWeur6tJNsAiuyswgqAuh6MZlRfuAdiiZNNOGJpkhyQhl6Ee4caGIW7/HnX9j+lho64ELh3Pu5d57olRwYz3vG62srq1vbBa2its7u3v7pYPDhkkyTVmdJiLRrYgYJrhidcutYK1UMyIjwZrR8HbiN5+YNjxRj3aUslCSvuIxp8Q6qdl54H1Jrrulslfxgis/CLAjU2B/kZRhjlq39NXpJTSTTFkqiDFt30ttmBNtORVsXOxkhqWEDkmftR1VRDIT5tNzx/jUKT0cJ9qVsniq/p7IiTRmJCPXKYkdmEVvIv7ntTMbX4Y5V2lmmaKzRXEmsE3w5Hfc45pRK0aOEKq5uxXTAdGEWpdQ0YWw9PIyaQQV36v49+fl6s08jgIcwwmcgQ8XUIU7qEEdKAzhGV7hDaXoBb2jj1nrCprPHMEfoM8fCEKPWw==</latexit><latexit sha1_base64="pk3ZmbMDJBp861UaFugr9daoJp8=">AAAB7nicbVDLSgMxFL3xWeur6tJNsAiuyswgqAuh6MZlRfuAdiiZNNOGJpkhyQhl6Ee4caGIW7/HnX9j+lho64ELh3Pu5d57olRwYz3vG62srq1vbBa2its7u3v7pYPDhkkyTVmdJiLRrYgYJrhidcutYK1UMyIjwZrR8HbiN5+YNjxRj3aUslCSvuIxp8Q6qdl54H1Jrrulslfxgis/CLAjU2B/kZRhjlq39NXpJTSTTFkqiDFt30ttmBNtORVsXOxkhqWEDkmftR1VRDIT5tNzx/jUKT0cJ9qVsniq/p7IiTRmJCPXKYkdmEVvIv7ntTMbX4Y5V2lmmaKzRXEmsE3w5Hfc45pRK0aOEKq5uxXTAdGEWpdQ0YWw9PIyaQQV36v49+fl6s08jgIcwwmcgQ8XUIU7qEEdKAzhGV7hDaXoBb2jj1nrCprPHMEfoM8fCEKPWw==</latexit><latexit sha1_base64="pk3ZmbMDJBp861UaFugr9daoJp8=">AAAB7nicbVDLSgMxFL3xWeur6tJNsAiuyswgqAuh6MZlRfuAdiiZNNOGJpkhyQhl6Ee4caGIW7/HnX9j+lho64ELh3Pu5d57olRwYz3vG62srq1vbBa2its7u3v7pYPDhkkyTVmdJiLRrYgYJrhidcutYK1UMyIjwZrR8HbiN5+YNjxRj3aUslCSvuIxp8Q6qdl54H1Jrrulslfxgis/CLAjU2B/kZRhjlq39NXpJTSTTFkqiDFt30ttmBNtORVsXOxkhqWEDkmftR1VRDIT5tNzx/jUKT0cJ9qVsniq/p7IiTRmJCPXKYkdmEVvIv7ntTMbX4Y5V2lmmaKzRXEmsE3w5Hfc45pRK0aOEKq5uxXTAdGEWpdQ0YWw9PIyaQQV36v49+fl6s08jgIcwwmcgQ8XUIU7qEEdKAzhGV7hDaXoBb2jj1nrCprPHMEfoM8fCEKPWw==</latexit>

G
<latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit>

G
<latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit>
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S. Sachdev and J. Ye, 
PRL 70, 3339 (1993)

The Sachdev-Ye-Kitaev (SYK) model
<latexit sha1_base64="HvhMYNOwEGd7P72O1PevqvdHvd8="></latexit>

Feynman graph expansion in U↵�;��, and graph-by-graph average, yields
exact equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.

U U<latexit sha1_base64="cXZAxo9CgsFaThlpD5UPLC7PCAQ=">AAAB/XicdVBNS8NAEN34WetX1aOXxSJ4KkltU70VvXisYD+gDWWy3bRLN5uwuxFKKP4Gr3r2Jl79LR79J27bCFb0wcDjvRlm5vkxZ0rb9oe1srq2vrGZ28pv7+zu7RcODlsqSiShTRLxSHZ8UJQzQZuaaU47saQQ+py2/fH1zG/fU6lYJO70JKZeCEPBAkZAG6ndAx6PIN8vFO2S7dacSgUbMoch7uV5tVrGTqYUUYZGv/DZG0QkCanQhINSXceOtZeC1IxwOs33EkVjIGMY0q6hAkKqvHR+7hSfGmWAg0iaEhrP1Z8TKYRKTULfdIagR+q3NxP/8rqJDi68lIk40VSQxaIg4VhHePY7HjBJieYTQ4BIZm7FZAQSiDYJLW3xw6nJ5Ptx/D9plUuOW3JvK8X6VZZODh2jE3SGHFRDdXSDGqiJCBqjR/SEnq0H68V6td4WrStWNnOElmC9fwHWUpYB</latexit>↵
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�

<latexit sha1_base64="YjjIvi2FoLEKwW3E5nEcpijRQDk=">AAAB/XicdVBNS8NAEN34WetX1aOXxSJ4KkltU70VvXisYD+gDWWy3bRLd5OwuxFKKP4Gr3r2Jl79LR79J27bCFb0wcDjvRlm5vkxZ0rb9oe1srq2vrGZ28pv7+zu7RcODlsqSiShTRLxSHZ8UJSzkDY105x2YklB+Jy2/fH1zG/fU6lYFN7pSUw9AcOQBYyANlK7NwQhIN8vFO2S7dacSgUbMoch7uV5tVrGTqYUUYZGv/DZG0QkETTUhINSXceOtZeC1IxwOs33EkVjIGMY0q6hIQiqvHR+7hSfGmWAg0iaCjWeqz8nUhBKTYRvOgXokfrtzcS/vG6igwsvZWGcaBqSxaIg4VhHePY7HjBJieYTQ4BIZm7FZAQSiDYJLW3xxdRk8v04/p+0yiXHLbm3lWL9Kksnh47RCTpDDqqhOrpBDdREBI3RI3pCz9aD9WK9Wm+L1hUrmzlCS7DevwDRjJX+</latexit>�
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The complex SYK model

S. Sachdev and J. Ye, 
PRL 70, 3339 (1993)

<latexit sha1_base64="00FGxHfeuYaqIlXS5tN81DiFj8c="></latexit>

Solution of these equations, and of the free energy, yields universal results for the SYK
model:

• At long times, and at T = 0, G(⌧) ⇠ |⌧ |�1/2 () indication there are no quasiparticles)

• At general charge Q, there is a particle-hole asymmetry determined by a parameter
E :

G(⌧) ⇠
⇢

�⌧�1/2 ⌧ > 0
e�2⇡E(�⌧)�1/2 ⌧ < 0

, T = 0

• There is a universal ‘Luttinger relation’ between �1 < E < 1 and the total charge
0 < Q < 1

e2⇡E =
sin(⇡/4 + ✓)

sin(⇡/4� ✓)

Q =
1

2
� ✓

⇡
� sin(2✓)
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The complex SYK model

A. Georges, O. Parcollet,  
and S. Sachdev,   

PRB 63, 134406 (2001)

S. Sachdev and J. Ye, 
PRL 70, 3339 (1993)
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and S. Sachdev,   

PRB 63, 134406 (2001)

S. Sachdev and J. Ye, 
PRL 70, 3339 (1993)
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• At long times, and at T = 0, G(⌧) ⇠ |⌧ |�1/2 () indication there are no quasiparticles)

• At general charge Q, there is a particle-hole asymmetry determined by a parameter
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The SYK model
<latexit sha1_base64="idVABMGpb/sSVKk+dUnmumaFtI8="></latexit>

Consequences of emergent time-reparameterization and conformal symmetries
in low-energy theory in 0+1 spacetime dimensions:

1. Planckian dynamics!

⌧(!) =
~

kBT
F

✓
~!
kBT

◆



The SYK model
<latexit sha1_base64="idVABMGpb/sSVKk+dUnmumaFtI8="></latexit>

Consequences of emergent time-reparameterization and conformal symmetries
in low-energy theory in 0+1 spacetime dimensions:

1. Planckian dynamics!

⌧(!) =
~

kBT
F

✓
~!
kBT

◆

S. Sachdev and J. Ye, PRL 70, 3339 (1993)
A. Georges and O. Parcollet PRB 59, 5341 (1999)

<latexit sha1_base64="saSi2ocNpNnHDdazrU/ITdpFYjg="></latexit>

Consequences of emergent time-reparameterization and conformal symmetries:

1. Planckian dynamics!
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◆
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The complex SYK model

S. Sachdev and J. Ye, PRL 70, 3339 (1993)
A. Georges and O. Parcollet PRB 59, 5341 (1999)
S. Sachdev, PRX 5, 041025 (2015)

E = �0.26
<latexit sha1_base64="G3t8/tsAYXwM/vLxR37KhuYjNvE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEN4akiroRiiK4rGAf0IYymU7aoZNJmJkINRR/xY0LRdz6H+78G5M2C209MHA4517umeNFnClt299GYWFxaXmluFpaW9/Y3DK3dxoqjCWhdRLyULY8rChngtY105y2Iklx4HHa9IbXmd98oFKxUNzrUUTdAPcF8xnBOpW65l4nwHpAME9uxugSHdtW5azUNcu2ZU+A5omTkzLkqHXNr04vJHFAhSYcK9V27Ei7CZaaEU7HpU6saITJEPdpO6UCB1S5yST9GB2mSg/5oUyf0Gii/t5IcKDUKPDSySyrmvUy8T+vHWv/wk2YiGJNBZke8mOOdIiyKlCPSUo0H6UEE8nSrIgMsMREp4VlJTizX54njYrlnFjO3Wm5epXXUYR9OIAjcOAcqnALNagDgUd4hld4M56MF+Pd+JiOFox8Zxf+wPj8AagNk2M=</latexit>

�ImGR(!)
<latexit sha1_base64="/btafezNZH7m/kkNQAcXE4wBJqc=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCKgNVAkgwVjAAW0H0ITWhcly3tWrHke0gqigLv8LCAEKsfAYbf4PbZoCWI13p6Jx7de89QcSo0o7zbeXm5hcWl/LLhZXVtfUNe3OrrkQsMalhwYRsBkgRRkNS01Qz0owkQTxgpBEMLkZ+44FIRUV4p4cR8TnqhbRLMdJGats7hx4PxGNyzVN4eX8LS57gpIcO2nbRKTtjwFniZqQIMlTb9pfXETjmJNSYIaVarhNpP0FSU8xIWvBiRSKEB6hHWoaGiBPlJ+MHUrhvlA7sCmkq1HCs/p5IEFdqyAPTyZHuq2lvJP7ntWLdPfMTGkaxJiGeLOrGDGoBR2nADpUEazY0BGFJza0Q95FEWJvMCiYEd/rlWVI/KrvHZffmpFg5z+LIg12wB0rABaegAq5AFdQABil4Bq/gzXqyXqx362PSmrOymW3wB9bnDxeYlW4=</latexit>

~!/(kBT )
<latexit sha1_base64="kunjN0PyYGJToeUrlSRcNKJCI5s=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiYq6LLUjcsKfUETwmQ6aYdOZsLMRAih/oobF4q49UPc+TdO2yy09cCFwzn3cu89YcKo0o7zba2tb2xubZd2yrt7+weH9tFxV4lUYtLBggnZD5EijHLS0VQz0k8kQXHISC+c3M383iORigre1llC/BiNOI0oRtpIgV3xxiGSnojJCF3UJkETts8Du+rUnTngKnELUgUFWoH95Q0FTmPCNWZIqYHrJNrPkdQUMzIte6kiCcITNCIDQzmKifLz+fFTeGaUIYyENMU1nKu/J3IUK5XFoemMkR6rZW8m/ucNUh3d+jnlSaoJx4tFUcqgFnCWBBxSSbBmmSEIS2puhXiMJMLa5FU2IbjLL6+S7mXdvaq7D9fVRrOIowROwCmoARfcgAa4By3QARhk4Bm8gjfryXqx3q2PReuaVcxUwB9Ynz8ptJPK</latexit>

E = 0
<latexit sha1_base64="FqnpYyJCCEkYCdrjTD+IwnTvPEg=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZlRQTdCUQSXFewD2qFk0kwbmmSGJFMoQ//EjQtF3Pon7vwbM+0stHogcDjnXu7JCRPOtPG8L6e0srq2vlHerGxt7+zuufsHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8W3utydUaRbLRzNNaCDwULKIEWys1HfdnsBmRDDP7mboGnmVvlv1at4c6C/xC1KFAo2++9kbxCQVVBrCsdZd30tMkGFlGOF0VumlmiaYjPGQdi2VWFAdZPPkM3RilQGKYmWfNGiu/tzIsNB6KkI7mefUy14u/ud1UxNdBRmTSWqoJItDUcqRiVFeAxowRYnhU0swUcxmRWSEFSbGlpWX4C9/+S9pndX885r/cFGt3xR1lOEIjuEUfLiEOtxDA5pAYAJP8AKvTuY8O2/O+2K05BQ7h/ALzsc31X6SeA==</latexit>

E = 0.26
<latexit sha1_base64="aoZ9+xggb/LUlJ3AzTCiYyAmsIk=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUiqqBuhKILLCvYBbSiT6aQdOnkwMxFCqL/ixoUibv0Qd/6NkzYLbT0wcDjnXu6Z48WcSWXb30ZpZXVtfaO8Wdna3tndM/cP2jJKBKEtEvFIdD0sKWchbSmmOO3GguLA47TjTW5yv/NIhWRR+KDSmLoBHoXMZwQrLQ3Maj/Aakwwz26n6ArZVv28MjBrtmXPgJaJU5AaFGgOzK/+MCJJQENFOJay59ixcjMsFCOcTiv9RNIYkwke0Z6mIQ6odLNZ+Ck61soQ+ZHQL1Ropv7eyHAgZRp4ejKPKhe9XPzP6yXKv3QzFsaJoiGZH/ITjlSE8ibQkAlKFE81wUQwnRWRMRaYKN1XXoKz+OVl0q5bzqnl3J/VGtdFHWU4hCM4AQcuoAF30IQWEEjhGV7hzXgyXox342M+WjKKnSr8gfH5Azjhkyw=</latexit>
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<latexit sha1_base64="hMtY2yPbUeEZVheT5ljW56eq31w="></latexit>

Conformal ‘Planckian’ dynamics
with peak width ⇠ kBT/~
and independent of U

<latexit sha1_base64="pTb+WEFSKZHQAS6l0SffcXI1ujU="></latexit>

G⇤(⌧) = �C
e�2⇡ET⌧

p
1 + e�4⇡E

✓
T

sin(⇡T ⌧)

◆1/2

.

GR
⇤ (!) =

�iCe�i✓

(2⇡T )1/2

�

✓
1

4
� i!

2⇡T
+ iE

◆

�

✓
3

4
� i!

2⇡T
+ iE

◆ .

e2⇡E =
sin(⇡/4 + ✓)

sin(⇡/4� ✓)

C =

✓
⇡

U2 cos(2✓)

◆1/4

E is a known function of Q
(Luttinger relation)



The SYK model
<latexit sha1_base64="idVABMGpb/sSVKk+dUnmumaFtI8="></latexit>

Consequences of emergent time-reparameterization and conformal symmetries
in low-energy theory in 0+1 spacetime dimensions:
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S. Sachdev and J. Ye, PRL 70, 3339 (1993)
A. Georges and O. Parcollet PRB 59, 5341 (1999)
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Semiclassical connection first proposed by S.S. in Physical Review Letters 105, 151602 (2010):
SYK model and charged black holes exhibit Planckian dynamics and zero temperature entropy.

Fully quantum connection established in 2015 by A. Kitaev, J. Maldacena, D. Stanford....
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An analysis of the gravitational waves emitted from black hole mergers confirms that black holes are the fastest
known information dissipaters.

The extreme nature of black holes means that they o!er unique opportunities for testing the limits of physics laws.
One law that researchers have wanted to test in this way is the one describing the maximum rate at which
information can flow out from a system. But until recently, this test was impossible with black holes because of a
lack of suitable candidates. That changed with the first measurements of gravitational waves. Now, an analysis of
the gravitational waves detected from eight black hole mergers confirms that the law applies to these extreme
objects [1].

Any perturbed object will emit information about its state until it returns to equilibrium. Theory predicts a limit to
the rate of this information emission, with that limit depending on the object’s temperature and its relaxation time
(how fast it regains equilibrium). For freshly merged black holes, these parameters are encoded in the emitted
gravitational waves.

Of the roughly 50 black hole mergers so-far detected, researchers from the University of Pisa, Italy, and the
University of Glasgow, UK, selected eight from which they could make confident measurements of relaxation times.
For each of these mergers, the team calculated the maximum average rate of information emission per unit of
energy. They found that these rates are the fastest for any known object: about  bits per second per
joule, or 75% of the theoretical maximum. At this extreme rate, perturbed black holes broadcast information at a
rate roughly 11 orders of magnitude higher than those involving “everyday” room-temperature objects that are
roughly a meter wide.

The result confirms that black holes obey fundamental principles of general relativity, information theory, and
thermodynamics—a finding that the team says wasn’t guaranteed to be true. Any future extensions to general
relativity, they say, must obey this information bound as well.

–Christopher Crockett

Christopher Crockett is a freelance writer based in Arlington, Virginia.
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evidence case (amax ¼ bmax ¼ 100), we employ a
conservative choice. In Fig. 2 we display, in blue, the
median and 90% credible intervals of the posterior prob-
ability distributions pðHjDN; a; bÞ. Single-event likeli-
hoods are shown in gray for comparison. We finally
compute the probability that the Bekenstein-Hod bound
(gold vertical line) is obeyed on a population level, by
computing the p-value (p̃ ≔ pðH < 1jDN; a; bÞ) for each
of a; b sample obtained from Eq. (3). The result yields a p̃-
value distribution strongly peaked towards unity with
median and 90% credible levels given by p̃ ¼ 0.94þ0.05

−0.14,
where p̃ ¼ 1 would indicate perfect agreement with the
prediction, while p̃ ¼ 0 perfect disagreement. The
Bekenstein-Hod bound is respected with very high con-
fidence by the observed BBH population. As an additional
check, we compared our result with the corresponding
value coming from a naive point-estimate of the averageH
likelihood, the latter being insensitive to specific hierar-
chical modeling choices. A weighted average over single
events likelihoods, with weights given by the respective
evidences, yields the red curve displayed in Fig. 2, corre-
sponding to p̃ ¼ 0.93. The excellent agreement between
this un-modelled estimate and the median of the hierar-
chical population posterior confirms the robustness of the
adopted population model.
Conclusions.—BHs are expected to be the fastest dis-

sipating objects in the Universe, in the sense that they

possess the shortest possible relaxation time for a given
temperature [18]. In this Letter, we obtained an observa-
tional verification of the Bekenstein-Hod information
emission bound using a Bayesian time-domain analysis
applied to the binary black holes of the LIGO-Virgo
GWTC-2 catalog. The result is consistent with the pre-
dictions of GR, BH thermodynamics, and information
theory. Our analysis provides the first experimental veri-
fication of a long-standing prediction on the dynamical
information-emission process of a BH.
Software.—Open-software PYTHON packages, accessible

through PyPi, used in this work comprise CORNER,
GWSURROGATE, H5PY, MATPLOTLIB, NUMBA, NumPy,
SciPy, SEABORN, and surfinBH [74,75,86–92].
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FIG. 2. Median and 90% credible levels on the Bekenstein-Hod
parameter H parent distribution, obtained through a hierarchical
model (blue area). Single-events likelihood (grey curves) are also
displayed, together with their evidence-weighted average (red
curve). The probability that the bound (gold dashed line) is
obeyed by the whole population are p̃ ¼ 0.94þ0.05

−0.14 when assum-
ing the posterior distribution and p̃ ¼ 0.93 when assuming the
average likelihood.
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For supersymmetric charged black holes
or SYK models: D(E) = eS�(E)
i.e. exponential ground state degeneracy.
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Quantum simulation of charged black holes 
by the SYK model
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The SYK model simulates
the low energy properties of
the interior of the black hole

for an outside observer
in ⇣-⌧ co-ordinates.
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(a) (b)

FIG. 2 Measurement of the di↵usion constant (a) and compressibility ((a)-inset) for a gas of ultra-cold 6Li atoms in an optical
lattice, realizing a two-dimensional Fermi-Hubbard model with U/t ' 7.5 at a density n ' 0.825. (b) Reconstructed ‘resistivity’
using Einstein-Sutherland relation. Grey horizontal dashed line represents the estimated MIR value. Theoretical calculations
using DMFT (in green) and the finite-T Lanczos method (in blue) are shown; the band representation indicates estimated error
bars. Adapted from (Brown et al., 2019).
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FIG. 3 Examples of T�linear resistivity extending over a wide range of temperature scales in (a) hole-doped La2�xSrxCuO4

(LSCO) near optimal doping (adapted from (Giraldo-Gallo et al., 2018)), and (b) magic-angle twisted bilayer graphene
(MATBG) near ⌫ ⇡ �2, relative to charge neutrality, ⌫ = 0 (adapted from (Jaoui et al., 2021)). In LSCO, Tcoh can be
inferred to be much lower than any characteristic energy scales by turning on a magnetic field and accounting for the finite
magnetoresistance ((a)-top inset); the variation of the slope (A) on hole-doping is shown in (a)-bottom inset. In MATBG, the
linearity for a range of dopings near ⌫ ⇡ �2 ((b)-inset) persists down to ⇠ 40 mK. Both family of materials also display a
Planckian form of �dc (Eq. 3.5).

associated with intermediate energy scales (and consis- tent with ARPES and ADMR) is used, rather than the

LSCO: Giraldo-Gallo et al. 2018
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instead of attempting an extrapolation, we consider m*(0, T) as
adjustable values thatwe again tune such as to optimize the collapse of
the optical data. This analysis of m*/m confirms that the best scaling
collapse occurs for ν ≈ 1 but indicates a larger ϵ∞ ≈ 7 (Supplementary
Information Sec. B and Supplementary Fig. 3). The determination of ϵ∞
from the mass data depends sensitively on the frequency range tested
for scaling and drops to value below ϵ∞ = 3 when focusing on lower
frequencies. As a third step, we perform a simultaneous optimization
of the data collapse for 1/τ and m*/m, which yields the values ν = 1,
ϵ∞ = 2.76 which we will adopt throughout the following. Note that a
determination of ϵ∞ by separation of the high-frequency modes in a
Drude–Lorentz representation of ϵ(ω) yields a larger value
ϵ∞ = 4.5 ± 0.5, as typically found in the cuprates23,32,57. Importantly, all
our conclusions hold if we use this latter value in the analysis, however,
the quality of the scaling displayed in Figs. 2 and 5 is slightly degraded.

Scaling of the optical scattering rate and connection to resistivity.
The scaling properties of the scattering rate obtained from our optical
data according to the procedure described above is illustrated in
Fig. 2b,whichdisplaysℏ/τdividedby kBT andplotted versusℏω/kBT for
temperatures above the superconducting transition. The collapse of
the curves at different temperatures reveals the behavior
ℏ/τ∝ Tfτ(ω/T). The function fτ(x) reaches a constant fτ(0) > 0 at small
values of the argument, and behaves for large arguments as
fτ(x≫ 1)∝ x. This is consistent with the typical quantum critical beha-
vior _=τ ∼ maxðT ,ωÞ. When inserted in the ω =0 limit of Eq. (15), the
value fτ(0) ≈ 5 indicated by Fig. 2b yields 1/σ(0) =AT with A = 0.55 μΩ
cm/K, in fairly good agreement with the measured resistivity (Fig. 2a).
Hence the resistivity and optical-spectroscopy data are fully con-
sistent, both of them supporting a Planckian dissipation scenario with
ν = 1 for LSCO at p = 0.24.

Spectral weight, effective mass and connection to specific heat.
The dc mass enhancement values m*(0, T)/m resulting from the pro-
cedure described above are displayed in Fig. 2c. Remarkably, as seen
on this figure, the scaling analysis delivers an almost perfectly

logarithmic temperature dependence of m*(0, T), consistent with a
Planckian behavior ν = 1. As mentioned above, this logarithmic beha-
vior can actually be identified in the unprocessed optical data, (see
inset of Fig. 1). In order to compare this behavior to the corresponding
logarithmic behavior reported for the specific heat, we note that the
scaling analysis provides m*(0, T) up to a multiplicative constant Km,
where m is the band mass. In contrast, the electronic specific heat
yields the quasiparticle mass in units of the bare electron massme. We
expect that the logarithmic T-variation of m*(0, T) and m*

qp / C=T are
both due to the critical inelastic scattering and that the lnT term in
eachquantity should thereforehave identical prefactors. Imposing this
identity provides a relationship between Km and me, namely (m/me)
K = 583meV.

Remarkably, we have found that this condition is obeyed within
less than a percent by a square-lattice tight-binding model with para-
meters appropriate for LSCO at p =0.24 (Supplementary Information
Sec. E). This model has nearest and next-nearest neighbor hopping
amplitudes t =0.3 eV and t0=t = # 0:1758, respectively, and an electro-
nic densityn =0.76/a2. The Fermi-level density of states is 1.646/(eVa2),
which corresponds to a band massm/me = 2.76 using the LSCO lattice
parameter a = 3.78 Å. The spectral weight is K = 211meV, such that the
prediction of this tight-bindingmodel is (m/me)K = 582meV, in perfect
agreement with the previously determined value. In view of this
agreement, we use the tight-binding model in order to fix the
remaining two system parameters: m = 2.76me and K = 211meV. Fig-
ure 2c compares the mass enhancement inferred from the low-
temperature specific heat and from the scaling analysis of the optical
data. The tight-binding value of the product Km ensures that both data
sets have the same slope on a semi-log plot. However, the resulting
optical mass enhancement is larger than the quasiparticle mass
enhancement by≈0.75,which is also the amount bywhich the infrared
mass enhancement exceeds unity in Fig. 1d. A mass enhancement lar-
ger than unity at 0.4 eV implies that part of the intraband spectral
weight lies above 0.4 eV, overlapping with the interband transitions.
Conversely, interband spectral weight is likely leaking below 0.4 eV,
which prevents us from accessing the absolute value of the genuine
intraband mass by optical means. Figure 2d shows the collapse of the
frequency-dependent change of the mass enhancement, confirming
the behavior m*(ω) −m*(0) ≈ Tν−1fm(ω/T) with ν = 1. The shape of the
scaling function fm(x) agrees remarkably well with the theoretical
prediction derived in Theory below.

Apparent power-law behavior: a puzzle. The above scaling analysis
has led us to the following conclusions. (i) The optical scattering rate
and optical mass enhancement of LSCO at p =0.24 exhibit ω/T scaling
over two decades for the chosen value ϵ∞ = 2.76. (ii) The best collapse
of the data is achieved for an exponent ν = 1 corresponding to
Planckian dissipation. This behavior is consistent with the measured
T-linear resistivity. (iii) The temperature dependence of m*(0, T) that
produces the best data collapse is logarithmic, consistently with the
temperature dependence of the electronic specific heat.

Hence, the data presented in Fig. 2 provide compelling evidence
that the low-energy carriers in LSCO at the doping p = 0.24 experience
linear-in-energy and linear-in-temperature inelastic scattering pro-
cesses, as expected in a scale-invariant quantum critical system char-
acterized by Planckian dissipation. It is therefore at first sight
surprising that the infrared conductivity exhibits as a function of fre-
quency a power lawwith an exponent that is clearly smaller than unity,
as highlighted in Fig. 3a, b. These figures show that the modulus and
phase of σ are both to a good accuracy consistent with the behavior
σ / ð#iωÞ#ν* =ω#ν*eiπ2ν* with an exponent ν* = 0.8. A similar behavior
with exponent ν* ≈0.6 was reported for optimally- and overdoped
Bi221223, while earlier optical investigations of YBCO and Bi2212 have
also reportedpower lawbehavior of Re σðωÞ26,28,29.Wenowaddress this
question by considering a theoreticalmodel presented in the following

Fig. 3 | Sub-linear power lawat intermediate frequencies. aModulus andbphase
of the complex conductivity shown in Fig. 1a and b; the modulus decays with an
exponent ν* ≈0.8 and thephase approaches a value slightly lower than (π/2)ν*. c and
d: same quantities calculated using a Planckian model with linear-in-energy scat-
tering rate, Eqs. (7) and (10). The model and parameters are discussed in the text.
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which corresponds to a band massm/me = 2.76 using the LSCO lattice
parameter a = 3.78 Å. The spectral weight is K = 211meV, such that the
prediction of this tight-bindingmodel is (m/me)K = 582meV, in perfect
agreement with the previously determined value. In view of this
agreement, we use the tight-binding model in order to fix the
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frequency-dependent change of the mass enhancement, confirming
the behavior m*(ω) −m*(0) ≈ Tν−1fm(ω/T) with ν = 1. The shape of the
scaling function fm(x) agrees remarkably well with the theoretical
prediction derived in Theory below.

Apparent power-law behavior: a puzzle. The above scaling analysis
has led us to the following conclusions. (i) The optical scattering rate
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over two decades for the chosen value ϵ∞ = 2.76. (ii) The best collapse
of the data is achieved for an exponent ν = 1 corresponding to
Planckian dissipation. This behavior is consistent with the measured
T-linear resistivity. (iii) The temperature dependence of m*(0, T) that
produces the best data collapse is logarithmic, consistently with the
temperature dependence of the electronic specific heat.

Hence, the data presented in Fig. 2 provide compelling evidence
that the low-energy carriers in LSCO at the doping p = 0.24 experience
linear-in-energy and linear-in-temperature inelastic scattering pro-
cesses, as expected in a scale-invariant quantum critical system char-
acterized by Planckian dissipation. It is therefore at first sight
surprising that the infrared conductivity exhibits as a function of fre-
quency a power lawwith an exponent that is clearly smaller than unity,
as highlighted in Fig. 3a, b. These figures show that the modulus and
phase of σ are both to a good accuracy consistent with the behavior
σ / ð#iωÞ#ν* =ω#ν*eiπ2ν* with an exponent ν* = 0.8. A similar behavior
with exponent ν* ≈0.6 was reported for optimally- and overdoped
Bi221223, while earlier optical investigations of YBCO and Bi2212 have
also reportedpower lawbehavior of Re σðωÞ26,28,29.Wenowaddress this
question by considering a theoreticalmodel presented in the following
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1
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t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
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determined by the total FS volume), the TlO band is
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corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
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produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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Quantum phase transitions of 
Fermi surface change

tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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<latexit sha1_base64="P+Ps1CeGyL9n1qfcc0IZ6jCtz04=">AAAB+3icbVBNS8NAEN3Ur1q/qh69LBZBEELSSqu3ohePFUxbaEPZbDft0t1N2N0IJeQ3eNWzN/Hqj/HoP3HbBrTVBwOP92aYmRfEjCrtOJ9WYW19Y3OruF3a2d3bPygfHrVVlEhMPByxSHYDpAijgniaaka6sSSIB4x0gsntzO88EqloJB70NCY+RyNBQ4qRNpIHL+CoNChXHLtRrV3X6tCxnTl+iJuTCsjRGpS/+sMIJ5wIjRlSquc6sfZTJDXFjGSlfqJIjPAEjUjPUIE4UX46PzaDZ0YZwjCSpoSGc/X3RIq4UlMemE6O9FitejPxP6+X6PDKT6mIE00EXiwKEwZ1BGefwyGVBGs2NQRhSc2tEI+RRFibfJa2BDwzmbirCfwl7art1u36/WWleZOnUwQn4BScAxc0QBPcgRbwAAYUPIFn8GJl1qv1Zr0vWgtWPnMMlmB9fAPwD5RH</latexit>

+g

Fermi surface + critical boson with no spatial disorder
<latexit sha1_base64="lY0S6TwAgyHBkRl7TkLY8tgFPhQ="></latexit>

Type I: a critical boson �
e.g. Ising ferromagnetism



kx

ky
<latexit sha1_base64="6rjspSxlppOZchoHqgJB25TI+Us=">AAAB63icdVBNSwMxEJ31s9avqkcvwSJ4WrJtsXorevFYwX5Au5Rsmm1Dk90lyQql9C948aCIV/+QN/+N2XYFFX0w8Hhvhpl5QSK4Nhh/OCura+sbm4Wt4vbO7t5+6eCwreNUUdaisYhVNyCaCR6xluFGsG6iGJGBYJ1gcp35nXumNI+jOzNNmC/JKOIhp8RkUj/RfFAqY7eKvTrGCLt4AUuqlcsariAvV8qQozkovfeHMU0liwwVROuehxPjz4gynAo2L/ZTzRJCJ2TEepZGRDLtzxa3ztGpVYYojJWtyKCF+n1iRqTWUxnYTknMWP/2MvEvr5ea8MKf8ShJDYvoclGYCmRilD2OhlwxasTUEkIVt7ciOiaKUGPjKdoQvj5F/5N2xfXO3dptrdy4yuMowDGcwBl4UIcG3EATWkBhDA/wBM+OdB6dF+d12bri5DNH8APO2ydTxo5y</latexit>

 

<latexit sha1_base64="KNlk8azMReGRLYYdWrAqaCec3Mo="></latexit>

L =  †
k

✓
@

@⌧
+ "(k)

◆
 k

<latexit sha1_base64="sUsso3viB5jF2aXj33ODB+O4EV4="></latexit>

+[s+ �s(r)] [�(r)]2 + [g + g0(r)] †(r) (r)�(r)
<latexit sha1_base64="twP7KJ8kyXHja3b636A9YZ1Ec10=">AAAB+3icbVBNS8NAEN3Ur1q/qh69 LBZBEELSaqu3ohePFUwttKFstpt26e4m7G6EEvIbvOrZm3j1x3j0n7htA9rqg4HHezPMzAtiRpV2nE+rsLK6tr5R3Cxtbe/s7pX3D9oqSiQmHo5YJDsBUoRRQTxNNSOdWBLEA0YegvHN1H94JFLRSNzrSUx8joaChhQjbSQPnkFV6pcrjt2o1q5qdejYzgw/xM1JBeRo9ctfvUGEE06Exgwp1XWdWPspkppiRrJSL1EkRniMhqRrqECcKD+dHZvBE6MMYBhJU0LDmfp7IkVcqQkPTCdHeqSWvan4n9dNdHjpp1TEiSYCzxeFCYM6gtPP4YBKgjWbGIKwpOZWiEdIIqxNPgtbAp6ZTNzlBP6SdtV26/bF3XmleZ2nUwRH4BicAhc0QBPcghbwAAYUPIFn8GJl1qv1Zr3PWwtWPnMIFmB9fAMCvJRS</latexit>

+s
<latexit sha1_base64="xWiC4/UQoTZQAz2Q1C725QrDgwc="></latexit>

+K [rr�(r)]
2 + u [�(r)]4

<latexit sha1_base64="P+Ps1CeGyL9n1qfcc0IZ6jCtz04=">AAAB+3icbVBNS8NAEN3Ur1q/qh69LBZBEELSSqu3ohePFUxbaEPZbDft0t1N2N0IJeQ3eNWzN/Hqj/HoP3HbBrTVBwOP92aYmRfEjCrtOJ9WYW19Y3OruF3a2d3bPygfHrVVlEhMPByxSHYDpAijgniaaka6sSSIB4x0gsntzO88EqloJB70NCY+RyNBQ4qRNpIHL+CoNChXHLtRrV3X6tCxnTl+iJuTCsjRGpS/+sMIJ5wIjRlSquc6sfZTJDXFjGSlfqJIjPAEjUjPUIE4UX46PzaDZ0YZwjCSpoSGc/X3RIq4UlMemE6O9FitejPxP6+X6PDKT6mIE00EXiwKEwZ1BGefwyGVBGs2NQRhSc2tEI+RRFibfJa2BDwzmbirCfwl7art1u36/WWleZOnUwQn4BScAxc0QBPcgRbwAAYUPIFn8GJl1qv1Zr0vWgtWPnMMlmB9fAPwD5RH</latexit>

+g

Fermi surface + critical boson with no spatial disorder
<latexit sha1_base64="lY0S6TwAgyHBkRl7TkLY8tgFPhQ="></latexit>

Type I: a critical boson �
e.g. Ising ferromagnetism

<latexit sha1_base64="hHuK3mKpzQS4yMddTPVde9qE1iU="></latexit>

Yukawa coupling g between fermions and bosons



kx

ky
<latexit sha1_base64="6rjspSxlppOZchoHqgJB25TI+Us=">AAAB63icdVBNSwMxEJ31s9avqkcvwSJ4WrJtsXorevFYwX5Au5Rsmm1Dk90lyQql9C948aCIV/+QN/+N2XYFFX0w8Hhvhpl5QSK4Nhh/OCura+sbm4Wt4vbO7t5+6eCwreNUUdaisYhVNyCaCR6xluFGsG6iGJGBYJ1gcp35nXumNI+jOzNNmC/JKOIhp8RkUj/RfFAqY7eKvTrGCLt4AUuqlcsariAvV8qQozkovfeHMU0liwwVROuehxPjz4gynAo2L/ZTzRJCJ2TEepZGRDLtzxa3ztGpVYYojJWtyKCF+n1iRqTWUxnYTknMWP/2MvEvr5ea8MKf8ShJDYvoclGYCmRilD2OhlwxasTUEkIVt7ciOiaKUGPjKdoQvj5F/5N2xfXO3dptrdy4yuMowDGcwBl4UIcG3EATWkBhDA/wBM+OdB6dF+d12bri5DNH8APO2ydTxo5y</latexit>

 

<latexit sha1_base64="KNlk8azMReGRLYYdWrAqaCec3Mo="></latexit>

L =  †
k

✓
@

@⌧
+ "(k)

◆
 k

<latexit sha1_base64="sUsso3viB5jF2aXj33ODB+O4EV4="></latexit>

+[s+ �s(r)] [�(r)]2 + [g + g0(r)] †(r) (r)�(r)
<latexit sha1_base64="twP7KJ8kyXHja3b636A9YZ1Ec10=">AAAB+3icbVBNS8NAEN3Ur1q/qh69 LBZBEELSaqu3ohePFUwttKFstpt26e4m7G6EEvIbvOrZm3j1x3j0n7htA9rqg4HHezPMzAtiRpV2nE+rsLK6tr5R3Cxtbe/s7pX3D9oqSiQmHo5YJDsBUoRRQTxNNSOdWBLEA0YegvHN1H94JFLRSNzrSUx8joaChhQjbSQPnkFV6pcrjt2o1q5qdejYzgw/xM1JBeRo9ctfvUGEE06Exgwp1XWdWPspkppiRrJSL1EkRniMhqRrqECcKD+dHZvBE6MMYBhJU0LDmfp7IkVcqQkPTCdHeqSWvan4n9dNdHjpp1TEiSYCzxeFCYM6gtPP4YBKgjWbGIKwpOZWiEdIIqxNPgtbAp6ZTNzlBP6SdtV26/bF3XmleZ2nUwRH4BicAhc0QBPcghbwAAYUPIFn8GJl1qv1Zr3PWwtWPnMIFmB9fAMCvJRS</latexit>

+s
<latexit sha1_base64="xWiC4/UQoTZQAz2Q1C725QrDgwc="></latexit>

+K [rr�(r)]
2 + u [�(r)]4

<latexit sha1_base64="P+Ps1CeGyL9n1qfcc0IZ6jCtz04=">AAAB+3icbVBNS8NAEN3Ur1q/qh69LBZBEELSSqu3ohePFUxbaEPZbDft0t1N2N0IJeQ3eNWzN/Hqj/HoP3HbBrTVBwOP92aYmRfEjCrtOJ9WYW19Y3OruF3a2d3bPygfHrVVlEhMPByxSHYDpAijgniaaka6sSSIB4x0gsntzO88EqloJB70NCY+RyNBQ4qRNpIHL+CoNChXHLtRrV3X6tCxnTl+iJuTCsjRGpS/+sMIJ5wIjRlSquc6sfZTJDXFjGSlfqJIjPAEjUjPUIE4UX46PzaDZ0YZwjCSpoSGc/X3RIq4UlMemE6O9FitejPxP6+X6PDKT6mIE00EXiwKEwZ1BGefwyGVBGs2NQRhSc2tEI+RRFibfJa2BDwzmbirCfwl7art1u36/WWleZOnUwQn4BScAxc0QBPcgRbwAAYUPIFn8GJl1qv1Zr0vWgtWPnMMlmB9fAPwD5RH</latexit>

+g

Fermi surface + critical boson with no spatial disorder
<latexit sha1_base64="lY0S6TwAgyHBkRl7TkLY8tgFPhQ="></latexit>

Type I: a critical boson �
e.g. Ising ferromagnetism

<latexit sha1_base64="hhyQqY2U0TkBqArXm4EeC81l1xQ="></latexit>

Large N limit of:
g↵��
N

 †
↵(r) �(r)��(r)

with ↵,�, � = 1 . . . N
and g↵�� random in flavor space,
as in Yukawa-SYK models
of fermions and bosons



kx

ky
<latexit sha1_base64="6rjspSxlppOZchoHqgJB25TI+Us=">AAAB63icdVBNSwMxEJ31s9avqkcvwSJ4WrJtsXorevFYwX5Au5Rsmm1Dk90lyQql9C948aCIV/+QN/+N2XYFFX0w8Hhvhpl5QSK4Nhh/OCura+sbm4Wt4vbO7t5+6eCwreNUUdaisYhVNyCaCR6xluFGsG6iGJGBYJ1gcp35nXumNI+jOzNNmC/JKOIhp8RkUj/RfFAqY7eKvTrGCLt4AUuqlcsariAvV8qQozkovfeHMU0liwwVROuehxPjz4gynAo2L/ZTzRJCJ2TEepZGRDLtzxa3ztGpVYYojJWtyKCF+n1iRqTWUxnYTknMWP/2MvEvr5ea8MKf8ShJDYvoclGYCmRilD2OhlwxasTUEkIVt7ciOiaKUGPjKdoQvj5F/5N2xfXO3dptrdy4yuMowDGcwBl4UIcG3EATWkBhDA/wBM+OdB6dF+d12bri5DNH8APO2ydTxo5y</latexit>

 

<latexit sha1_base64="KNlk8azMReGRLYYdWrAqaCec3Mo="></latexit>

L =  †
k

✓
@

@⌧
+ "(k)

◆
 k

<latexit sha1_base64="sUsso3viB5jF2aXj33ODB+O4EV4="></latexit>

+[s+ �s(r)] [�(r)]2 + [g + g0(r)] †(r) (r)�(r)
<latexit sha1_base64="twP7KJ8kyXHja3b636A9YZ1Ec10=">AAAB+3icbVBNS8NAEN3Ur1q/qh69 LBZBEELSaqu3ohePFUwttKFstpt26e4m7G6EEvIbvOrZm3j1x3j0n7htA9rqg4HHezPMzAtiRpV2nE+rsLK6tr5R3Cxtbe/s7pX3D9oqSiQmHo5YJDsBUoRRQTxNNSOdWBLEA0YegvHN1H94JFLRSNzrSUx8joaChhQjbSQPnkFV6pcrjt2o1q5qdejYzgw/xM1JBeRo9ctfvUGEE06Exgwp1XWdWPspkppiRrJSL1EkRniMhqRrqECcKD+dHZvBE6MMYBhJU0LDmfp7IkVcqQkPTCdHeqSWvan4n9dNdHjpp1TEiSYCzxeFCYM6gtPP4YBKgjWbGIKwpOZWiEdIIqxNPgtbAp6ZTNzlBP6SdtV26/bF3XmleZ2nUwRH4BicAhc0QBPcghbwAAYUPIFn8GJl1qv1Zr3PWwtWPnMIFmB9fAMCvJRS</latexit>

+s
<latexit sha1_base64="xWiC4/UQoTZQAz2Q1C725QrDgwc="></latexit>

+K [rr�(r)]
2 + u [�(r)]4

<latexit sha1_base64="P+Ps1CeGyL9n1qfcc0IZ6jCtz04=">AAAB+3icbVBNS8NAEN3Ur1q/qh69LBZBEELSSqu3ohePFUxbaEPZbDft0t1N2N0IJeQ3eNWzN/Hqj/HoP3HbBrTVBwOP92aYmRfEjCrtOJ9WYW19Y3OruF3a2d3bPygfHrVVlEhMPByxSHYDpAijgniaaka6sSSIB4x0gsntzO88EqloJB70NCY+RyNBQ4qRNpIHL+CoNChXHLtRrV3X6tCxnTl+iJuTCsjRGpS/+sMIJ5wIjRlSquc6sfZTJDXFjGSlfqJIjPAEjUjPUIE4UX46PzaDZ0YZwjCSpoSGc/X3RIq4UlMemE6O9FitejPxP6+X6PDKT6mIE00EXiwKEwZ1BGefwyGVBGs2NQRhSc2tEI+RRFibfJa2BDwzmbirCfwl7art1u36/WWleZOnUwQn4BScAxc0QBPcgRbwAAYUPIFn8GJl1qv1Zr0vWgtWPnMMlmB9fAPwD5RH</latexit>

+g

Fermi surface + critical boson with no spatial disorder

⌃ =
<latexit sha1_base64="pk3ZmbMDJBp861UaFugr9daoJp8=">AAAB7nicbVDLSgMxFL3xWeur6tJNsAiuyswgqAuh6MZlRfuAdiiZNNOGJpkhyQhl6Ee4caGIW7/HnX9j+lho64ELh3Pu5d57olRwYz3vG62srq1vbBa2its7u3v7pYPDhkkyTVmdJiLRrYgYJrhidcutYK1UMyIjwZrR8HbiN5+YNjxRj3aUslCSvuIxp8Q6qdl54H1Jrrulslfxgis/CLAjU2B/kZRhjlq39NXpJTSTTFkqiDFt30ttmBNtORVsXOxkhqWEDkmftR1VRDIT5tNzx/jUKT0cJ9qVsniq/p7IiTRmJCPXKYkdmEVvIv7ntTMbX4Y5V2lmmaKzRXEmsE3w5Hfc45pRK0aOEKq5uxXTAdGEWpdQ0YWw9PIyaQQV36v49+fl6s08jgIcwwmcgQ8XUIU7qEEdKAzhGV7hDaXoBb2jj1nrCprPHMEfoM8fCEKPWw==</latexit><latexit sha1_base64="pk3ZmbMDJBp861UaFugr9daoJp8=">AAAB7nicbVDLSgMxFL3xWeur6tJNsAiuyswgqAuh6MZlRfuAdiiZNNOGJpkhyQhl6Ee4caGIW7/HnX9j+lho64ELh3Pu5d57olRwYz3vG62srq1vbBa2its7u3v7pYPDhkkyTVmdJiLRrYgYJrhidcutYK1UMyIjwZrR8HbiN5+YNjxRj3aUslCSvuIxp8Q6qdl54H1Jrrulslfxgis/CLAjU2B/kZRhjlq39NXpJTSTTFkqiDFt30ttmBNtORVsXOxkhqWEDkmftR1VRDIT5tNzx/jUKT0cJ9qVsniq/p7IiTRmJCPXKYkdmEVvIv7ntTMbX4Y5V2lmmaKzRXEmsE3w5Hfc45pRK0aOEKq5uxXTAdGEWpdQ0YWw9PIyaQQV36v49+fl6s08jgIcwwmcgQ8XUIU7qEEdKAzhGV7hDaXoBb2jj1nrCprPHMEfoM8fCEKPWw==</latexit><latexit sha1_base64="pk3ZmbMDJBp861UaFugr9daoJp8=">AAAB7nicbVDLSgMxFL3xWeur6tJNsAiuyswgqAuh6MZlRfuAdiiZNNOGJpkhyQhl6Ee4caGIW7/HnX9j+lho64ELh3Pu5d57olRwYz3vG62srq1vbBa2its7u3v7pYPDhkkyTVmdJiLRrYgYJrhidcutYK1UMyIjwZrR8HbiN5+YNjxRj3aUslCSvuIxp8Q6qdl54H1Jrrulslfxgis/CLAjU2B/kZRhjlq39NXpJTSTTFkqiDFt30ttmBNtORVsXOxkhqWEDkmftR1VRDIT5tNzx/jUKT0cJ9qVsniq/p7IiTRmJCPXKYkdmEVvIv7ntTMbX4Y5V2lmmaKzRXEmsE3w5Hfc45pRK0aOEKq5uxXTAdGEWpdQ0YWw9PIyaQQV36v49+fl6s08jgIcwwmcgQ8XUIU7qEEdKAzhGV7hDaXoBb2jj1nrCprPHMEfoM8fCEKPWw==</latexit><latexit sha1_base64="pk3ZmbMDJBp861UaFugr9daoJp8=">AAAB7nicbVDLSgMxFL3xWeur6tJNsAiuyswgqAuh6MZlRfuAdiiZNNOGJpkhyQhl6Ee4caGIW7/HnX9j+lho64ELh3Pu5d57olRwYz3vG62srq1vbBa2its7u3v7pYPDhkkyTVmdJiLRrYgYJrhidcutYK1UMyIjwZrR8HbiN5+YNjxRj3aUslCSvuIxp8Q6qdl54H1Jrrulslfxgis/CLAjU2B/kZRhjlq39NXpJTSTTFkqiDFt30ttmBNtORVsXOxkhqWEDkmftR1VRDIT5tNzx/jUKT0cJ9qVsniq/p7IiTRmJCPXKYkdmEVvIv7ntTMbX4Y5V2lmmaKzRXEmsE3w5Hfc45pRK0aOEKq5uxXTAdGEWpdQ0YWw9PIyaQQV36v49+fl6s08jgIcwwmcgQ8XUIU7qEEdKAzhGV7hDaXoBb2jj1nrCprPHMEfoM8fCEKPWw==</latexit> G

<latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit>

<latexit sha1_base64="iDLsTrJLEJJoGF2ewg+2nrH4V1k=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjOD6y2oB48JmAWSIfR0apI2PQvdPUIY8gVePCji1U/y5t/YWQ6a+KDg8V4VVfX8RHClbfvbyq2srq1v5DcLW9s7u3vF/YOGilPJsM5iEcuWTxUKHmFdcy2wlUikoS+w6Q9vJ37zCaXicfSgRwl6Ie1HPOCMaiPV7rrFkl223WvHdYkhUxBnkZRgjmq3+NXpxSwNMdJMUKXajp1oL6NScyZwXOikChPKhrSPbUMjGqLysumhY3JilB4JYmkq0mSq/p7IaKjUKPRNZ0j1QC16E/E/r53q4MrLeJSkGiM2WxSkguiYTL4mPS6RaTEyhDLJza2EDaikTJtsCiaEpZeXScMtOxfl89pZqXIzjyMPR3AMp+DAJVTgHqpQBwYIz/AKb9aj9WK9Wx+z1pw1nzmEP7A+fwCzzozj</latexit>

D
<latexit sha1_base64="GeLjeJ3GeCC47QfLzsS1vptzGkI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVB71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHz7WM9Q==</latexit>g <latexit sha1_base64="GeLjeJ3GeCC47QfLzsS1vptzGkI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVB71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHz7WM9Q==</latexit>g

<latexit sha1_base64="O76XellgtLk8CAD0tEs2v6wnduc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKewuPg9C0IvHCOYByRJmJ7PJkJnZZWZWCEt+wYsHRbz6Q978G2eTHDSxoKGo6qa7K0w408Z1v53Cyura+kZxs7S1vbO7V94/aOo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVju5yv/VElWaxfDTjhAYCDySLGMEml7p1dtMrV9yq6197vo8smQJ5i6QCc9R75a9uPyapoNIQjrXueG5iggwrwwink1I31TTBZIQHtGOpxILqIJveOkEnVumjKFa2pEFT9fdEhoXWYxHaToHNUC96ufif10lNdBVkTCapoZLMFkUpRyZG+eOozxQlho8twUQxeysiQ6wwMTaekg1h6eVl0vSr3kX1/OGsUrudx1GEIziGU/DgEmpwD3VoAIEhPMMrvDnCeXHenY9Za8GZzxzCHzifP73zjg8=</latexit>

⇧ =
G

<latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit>

G
<latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit><latexit sha1_base64="h54fE11dOI0reWNP9NuJ3oUhZUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGQb0FPegxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLLbuXaq1SIJTMQb5mUYIFar/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26IScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7AhrLy8SpqVsueWvfpFqXqziCMPJ3AK5+DBJVThHmrQAAYIz/AKb86j8+K8Ox/z1pyzmDmGP3A+fwC1Gozc</latexit>

<latexit sha1_base64="GeLjeJ3GeCC47QfLzsS1vptzGkI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVB71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHz7WM9Q==</latexit>g <latexit sha1_base64="GeLjeJ3GeCC47QfLzsS1vptzGkI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVB71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHz7WM9Q==</latexit>g

<latexit sha1_base64="lY0S6TwAgyHBkRl7TkLY8tgFPhQ="></latexit>

Type I: a critical boson �
e.g. Ising ferromagnetism



<latexit sha1_base64="AnZVZ0FYXwJk9RQE8E8eiJ1kiyY="></latexit>

SYK-type self-consistent equations

⌃(⌧, r) = g2D(⌧, r)G(⌧, r) + v2G(⌧, r)�2(r) + g0
2
G(⌧, r)D(⌧, r)�2(r),

⇧(⌧, r) = �g2G(�⌧,�r)G(⌧, r)� g0
2
G(�⌧, r)G(⌧, r)�2(r),

G(i!,k) =
1

i! � "(k) + µ� ⌃(i!,k)
,

D(i⌦,q) =
1

⌦2 + q2 +m2
b �⇧(i⌦,q)

.

Fermi surface + critical boson with no spatial disorder



<latexit sha1_base64="AnZVZ0FYXwJk9RQE8E8eiJ1kiyY="></latexit>

SYK-type self-consistent equations

⌃(⌧, r) = g2D(⌧, r)G(⌧, r) + v2G(⌧, r)�2(r) + g0
2
G(⌧, r)D(⌧, r)�2(r),

⇧(⌧, r) = �g2G(�⌧,�r)G(⌧, r)� g0
2
G(�⌧, r)G(⌧, r)�2(r),

G(i!,k) =
1

i! � "(k) + µ� ⌃(i!,k)
,

D(i⌦,q) =
1

⌦2 + q2 +m2
b �⇧(i⌦,q)

.

Fermi surface + critical boson with no spatial disorder

P.A. Lee (1989)
<latexit sha1_base64="2yhECnhIHhhvl5IPc7e+J3o1DM4="></latexit>

Solution of Migdal-Eliashberg equations for electron (G)
and boson (D) Green’s functions at small !:

⌃(k̂, i!) ⇠ �isgn(!)|!|2/3 , G(k, i!) =
1

i! � "(k)� ⌃(k̂, i!)
, D(q, i⌦) =

1

⌦2 + q2 + �|⌦|/q
<latexit sha1_base64="48LXoD5o6FtRwm1PFF14cyjMYk8="></latexit>

Entropy S(T ! 0) ⇠ T 2/3

Sharp Fermi surface but no quasiparticles



(a) (b) (c)

(e)(d)

(a) (b) (c)

(e)(d)

<latexit sha1_base64="5NbD/Bvej1/jHaxNrDNVY//eryE="></latexit>

Optical conductivity—Diagrams

Yong Baek Kim, A. Furusaki, Xiao-Gang Wen,  
and P. A. Lee, PRB 50, 17917 (1994).

Fermi surface + critical boson with no spatial disorder

<latexit sha1_base64="4biZx3wUtGGBFX9pNzeP5ojybQM="></latexit>

Re [�(!)] = C |!|�2/3

⇢(T ) ⇠ T 4/3



(a) (b) (c)

(e)(d)

(a) (b) (c)

(e)(d)

<latexit sha1_base64="5NbD/Bvej1/jHaxNrDNVY//eryE="></latexit>

Optical conductivity—Diagrams

Yong Baek Kim, A. Furusaki, Xiao-Gang Wen,  
and P. A. Lee, PRB 50, 17917 (1994).

<latexit sha1_base64="qAbni3PrAvOoDQk4uAFEA43d/GY="></latexit>

C = 0 ; �(!) = iD/(! � !c) + !0 + . . .

Fermi surface + critical boson with no spatial disorder

<latexit sha1_base64="4biZx3wUtGGBFX9pNzeP5ojybQM="></latexit>

Re [�(!)] = C |!|�2/3

⇢(T ) ⇠ T 4/3

Haoyu Guo, Aavishkar Patel, Ilya Esterlis, S.S., PRB 106, 115151 (2022);  
Haoyu Guo, Davide Valentinis, J. Schmalian, S.S., Aavishkar Patel, PRB 109, 075162 (2024);  

D.L. Maslov and A.V. Chubukov, Rep. Prog. Phys. 80, 026503 (2017);  
Zhengyan Darius Sh Dominic V. Else, Hart Goldman, T. Senthil, SciPost Phys. 14, 113 (2023); 

Haoyu Guo, arXiv: 2406.12967



T

��⇥ = 0

⇥�⇤ �= 0
kx

ky

<latexit sha1_base64="ozKygGklgor3mek6jm+PBYCx2qU=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4KjNqq+6Kbly2YB9gS8mkt21oJjMkd9Qy1B9wq3/gTtz6L/6A32H6EKzogcDhnBPuvcePpDDouh9OamFxaXklvZpZW9/Y3Mpu79RMGGsOVR7KUDd8ZkAKBVUUKKERaWCBL6HuDy7Hfv0WtBGhusZhBK2A9ZToCs7QShXTzubcvDsB/UEKrnde9Kg3U3JkhnI7+9nshDwOQCGXzJgbz42wlTCNgksYZZqxgYjxAetBMllvRA+s1KHdUNunkE7UuRwLjBkGvk0GDPvmtzcW//JuYuyetRKhohhB8emgbiwphnR8K+0IDRzl0BLGtbAbUt5nmnG0jWSaBmxdqof9pIlwj3eiY+ckx/mCUKOMLeb7evo/qR3lvWK+WDnJlS5mFaXJHtknh8Qjp6RErkiZVAknQB7JE3l2HpwX59V5m0ZTzuzPLpmD8/4F0t2VSQ==</latexit>s
<latexit sha1_base64="mC4pogUUPaTOgPqSnub5OYlBSgo=">AAAB/nicdVDLSgMxFM3UV62vqks3wSK4GmbUVt0V3bisaFuhLSWTyUxDM5khuaOWoeAPuNU/cCdu/RV/wO8wfQhW9EDgcM4J997jJYJrcJwPKzc3v7C4lF8urKyurW8UN7caOk4VZXUai1jdeEQzwSWrAwfBbhLFSOQJ1vT65yO/ecuU5rG8hkHCOhEJJQ84JWCkK92l3WLJsZ0x8A9SdtzTiovdqVJCU9S6xc+2H9M0YhKoIFq3XCeBTkYUcCrYsNBONUsI7ZOQZeMFh3jPSD4OYmWeBDxWZ3Ik0noQeSYZEejp395I/MtrpRCcdDIukxSYpJNBQSowxHh0Lfa5YhTEwBBCFTcbYtojilAwnRTampnCZAi9rA3sHu64b+Zkh3aZy2HBFPN9Pf6fNA5st2JXLo9K1bNpRXm0g3bRPnLRMaqiC1RDdURRiB7RE3q2HqwX69V6m0Rz1vTPNpqB9f4FU2KWHw==</latexit>sc

Type I, II, or III

Fermi surface + critical boson with no spatial disorder

Quantum
critical



T

��⇥ = 0

⇥�⇤ �= 0
kx

ky

<latexit sha1_base64="ozKygGklgor3mek6jm+PBYCx2qU=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4KjNqq+6Kbly2YB9gS8mkt21oJjMkd9Qy1B9wq3/gTtz6L/6A32H6EKzogcDhnBPuvcePpDDouh9OamFxaXklvZpZW9/Y3Mpu79RMGGsOVR7KUDd8ZkAKBVUUKKERaWCBL6HuDy7Hfv0WtBGhusZhBK2A9ZToCs7QShXTzubcvDsB/UEKrnde9Kg3U3JkhnI7+9nshDwOQCGXzJgbz42wlTCNgksYZZqxgYjxAetBMllvRA+s1KHdUNunkE7UuRwLjBkGvk0GDPvmtzcW//JuYuyetRKhohhB8emgbiwphnR8K+0IDRzl0BLGtbAbUt5nmnG0jWSaBmxdqof9pIlwj3eiY+ckx/mCUKOMLeb7evo/qR3lvWK+WDnJlS5mFaXJHtknh8Qjp6RErkiZVAknQB7JE3l2HpwX59V5m0ZTzuzPLpmD8/4F0t2VSQ==</latexit>s
<latexit sha1_base64="mC4pogUUPaTOgPqSnub5OYlBSgo=">AAAB/nicdVDLSgMxFM3UV62vqks3wSK4GmbUVt0V3bisaFuhLSWTyUxDM5khuaOWoeAPuNU/cCdu/RV/wO8wfQhW9EDgcM4J997jJYJrcJwPKzc3v7C4lF8urKyurW8UN7caOk4VZXUai1jdeEQzwSWrAwfBbhLFSOQJ1vT65yO/ecuU5rG8hkHCOhEJJQ84JWCkK92l3WLJsZ0x8A9SdtzTiovdqVJCU9S6xc+2H9M0YhKoIFq3XCeBTkYUcCrYsNBONUsI7ZOQZeMFh3jPSD4OYmWeBDxWZ3Ik0noQeSYZEejp395I/MtrpRCcdDIukxSYpJNBQSowxHh0Lfa5YhTEwBBCFTcbYtojilAwnRTampnCZAi9rA3sHu64b+Zkh3aZy2HBFPN9Pf6fNA5st2JXLo9K1bNpRXm0g3bRPnLRMaqiC1RDdURRiB7RE3q2HqwX69V6m0Rz1vTPNpqB9f4FU2KWHw==</latexit>sc

Entangled
“non-Fermi liquid” 

metal with no 
quasiparticles

Type I, II, or III

Fermi surface + critical boson with no spatial disorder

Quantum
critical



T

��⇥ = 0

⇥�⇤ �= 0
kx

ky

<latexit sha1_base64="ozKygGklgor3mek6jm+PBYCx2qU=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4KjNqq+6Kbly2YB9gS8mkt21oJjMkd9Qy1B9wq3/gTtz6L/6A32H6EKzogcDhnBPuvcePpDDouh9OamFxaXklvZpZW9/Y3Mpu79RMGGsOVR7KUDd8ZkAKBVUUKKERaWCBL6HuDy7Hfv0WtBGhusZhBK2A9ZToCs7QShXTzubcvDsB/UEKrnde9Kg3U3JkhnI7+9nshDwOQCGXzJgbz42wlTCNgksYZZqxgYjxAetBMllvRA+s1KHdUNunkE7UuRwLjBkGvk0GDPvmtzcW//JuYuyetRKhohhB8emgbiwphnR8K+0IDRzl0BLGtbAbUt5nmnG0jWSaBmxdqof9pIlwj3eiY+ckx/mCUKOMLeb7evo/qR3lvWK+WDnJlS5mFaXJHtknh8Qjp6RErkiZVAknQB7JE3l2HpwX59V5m0ZTzuzPLpmD8/4F0t2VSQ==</latexit>s
<latexit sha1_base64="mC4pogUUPaTOgPqSnub5OYlBSgo=">AAAB/nicdVDLSgMxFM3UV62vqks3wSK4GmbUVt0V3bisaFuhLSWTyUxDM5khuaOWoeAPuNU/cCdu/RV/wO8wfQhW9EDgcM4J997jJYJrcJwPKzc3v7C4lF8urKyurW8UN7caOk4VZXUai1jdeEQzwSWrAwfBbhLFSOQJ1vT65yO/ecuU5rG8hkHCOhEJJQ84JWCkK92l3WLJsZ0x8A9SdtzTiovdqVJCU9S6xc+2H9M0YhKoIFq3XCeBTkYUcCrYsNBONUsI7ZOQZeMFh3jPSD4OYmWeBDxWZ3Ik0noQeSYZEejp395I/MtrpRCcdDIukxSYpJNBQSowxHh0Lfa5YhTEwBBCFTcbYtojilAwnRTampnCZAi9rA3sHu64b+Zkh3aZy2HBFPN9Pf6fNA5st2JXLo9K1bNpRXm0g3bRPnLRMaqiC1RDdURRiB7RE3q2HqwX69V6m0Rz1vTPNpqB9f4FU2KWHw==</latexit>sc

Entangled
“non-Fermi liquid” 

metal with no 
quasiparticles

Type I, II, or III

Fermi surface + critical boson with no spatial disorder

Strange
Metal ?



T

��⇥ = 0

⇥�⇤ �= 0
kx

ky

<latexit sha1_base64="ozKygGklgor3mek6jm+PBYCx2qU=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4KjNqq+6Kbly2YB9gS8mkt21oJjMkd9Qy1B9wq3/gTtz6L/6A32H6EKzogcDhnBPuvcePpDDouh9OamFxaXklvZpZW9/Y3Mpu79RMGGsOVR7KUDd8ZkAKBVUUKKERaWCBL6HuDy7Hfv0WtBGhusZhBK2A9ZToCs7QShXTzubcvDsB/UEKrnde9Kg3U3JkhnI7+9nshDwOQCGXzJgbz42wlTCNgksYZZqxgYjxAetBMllvRA+s1KHdUNunkE7UuRwLjBkGvk0GDPvmtzcW//JuYuyetRKhohhB8emgbiwphnR8K+0IDRzl0BLGtbAbUt5nmnG0jWSaBmxdqof9pIlwj3eiY+ckx/mCUKOMLeb7evo/qR3lvWK+WDnJlS5mFaXJHtknh8Qjp6RErkiZVAknQB7JE3l2HpwX59V5m0ZTzuzPLpmD8/4F0t2VSQ==</latexit>s
<latexit sha1_base64="mC4pogUUPaTOgPqSnub5OYlBSgo=">AAAB/nicdVDLSgMxFM3UV62vqks3wSK4GmbUVt0V3bisaFuhLSWTyUxDM5khuaOWoeAPuNU/cCdu/RV/wO8wfQhW9EDgcM4J997jJYJrcJwPKzc3v7C4lF8urKyurW8UN7caOk4VZXUai1jdeEQzwSWrAwfBbhLFSOQJ1vT65yO/ecuU5rG8hkHCOhEJJQ84JWCkK92l3WLJsZ0x8A9SdtzTiovdqVJCU9S6xc+2H9M0YhKoIFq3XCeBTkYUcCrYsNBONUsI7ZOQZeMFh3jPSD4OYmWeBDxWZ3Ik0noQeSYZEejp395I/MtrpRCcdDIukxSYpJNBQSowxHh0Lfa5YhTEwBBCFTcbYtojilAwnRTampnCZAi9rA3sHu64b+Zkh3aZy2HBFPN9Pf6fNA5st2JXLo9K1bNpRXm0g3bRPnLRMaqiC1RDdURRiB7RE3q2HqwX69V6m0Rz1vTPNpqB9f4FU2KWHw==</latexit>sc

Entangled
“non-Fermi liquid” 

metal with no 
quasiparticles

A perfect 
metal !

Type I, II, or III

<latexit sha1_base64="Rrgf1x50YnKsFP3lzNiT6uwRCtA="></latexit>

Extreme drag: the fermions  “drag” the bosons � as they move, and so electrical current
does not relax, even though strong  -� scattering leads to absence of  quasiparticles.

Fermi surface + critical boson with no spatial disorder
S. A. Hartnoll, P. K. Kovtun,  

M. Muller, and S.S., PRB 76, 
144502 (2007); S. A. Hartnoll, 
R. Mahajan, M. Punk, and S. S., 

PRB 89, 155130 (2014);  
Aavishkar Patel and S.S., PRB 

90, 165146 (2014); Haoyu 
Guo, Aavishkar Patel, Ilya 

Esterlis, S.S., PRB 106, 
115151 (2022); Haoyu Guo, 

Davide Valentinis,  
J. Schmalian, S.S., Aavishkar 

Patel, PRB 109, 075162 
(2024); D.L. Maslov and  

A.V. Chubukov, Rep. Prog. 
Phys. 80, 026503 (2017); 

Zhengyan Darius Sh Dominic 
V. Else, Hart Goldman, T. 

Senthil, SciPost Phys. 14, 113 
(2023); Haoyu Guo, arXiv: 

2406.12967
 



Quantum phase transitions 
in inhomogeneous metals 

described by the

two-dimensional Yukawa-SYK model

<latexit sha1_base64="6QsOkLh2cysp20zY6F6HqrM413M="></latexit>

Universal theory of strange metals:

<latexit sha1_base64="iPAoReEMlwgIR6OES24LyP7CHtY="></latexit>

Theory applies for types I, II, III, with only minor di↵erences.



Haoyu Guo 
Cornell

Ilya Esterlis
Wisconsin

Aavishkar Patel
Flatiron

Chenyuan Li
Harvard      Rice

Davide Valentinis
KIT

Joerg Schmalian
KIT

Peter Lunts
Harvard

Aavishkar A. Patel, Haoyu Guo, Ilya Esterlis, S. S., Science 381, 790 (2023)  
Aavishkar A. Patel, Peter Lunts, S.S.,  PNAS 121, e2402052121 (2024) 

Chenyuan Li, Aavishkar A. Patel, Haoyu Guo, Davide Valentinis, Jorg Schmalian, S.S., Ilya Esterlis, arXiv:2406.07608



kx

ky
<latexit sha1_base64="6rjspSxlppOZchoHqgJB25TI+Us=">AAAB63icdVBNSwMxEJ31s9avqkcvwSJ4WrJtsXorevFYwX5Au5Rsmm1Dk90lyQql9C948aCIV/+QN/+N2XYFFX0w8Hhvhpl5QSK4Nhh/OCura+sbm4Wt4vbO7t5+6eCwreNUUdaisYhVNyCaCR6xluFGsG6iGJGBYJ1gcp35nXumNI+jOzNNmC/JKOIhp8RkUj/RfFAqY7eKvTrGCLt4AUuqlcsariAvV8qQozkovfeHMU0liwwVROuehxPjz4gynAo2L/ZTzRJCJ2TEepZGRDLtzxa3ztGpVYYojJWtyKCF+n1iRqTWUxnYTknMWP/2MvEvr5ea8MKf8ShJDYvoclGYCmRilD2OhlwxasTUEkIVt7ciOiaKUGPjKdoQvj5F/5N2xfXO3dptrdy4yuMowDGcwBl4UIcG3EATWkBhDA/wBM+OdB6dF+d12bri5DNH8APO2ydTxo5y</latexit>

 

<latexit sha1_base64="KNlk8azMReGRLYYdWrAqaCec3Mo="></latexit>

L =  †
k

✓
@

@⌧
+ "(k)

◆
 k

<latexit sha1_base64="sUsso3viB5jF2aXj33ODB+O4EV4="></latexit>

+[s+ �s(r)] [�(r)]2 + [g + g0(r)] †(r) (r)�(r)
<latexit sha1_base64="twP7KJ8kyXHja3b636A9YZ1Ec10=">AAAB+3icbVBNS8NAEN3Ur1q/qh69 LBZBEELSaqu3ohePFUwttKFstpt26e4m7G6EEvIbvOrZm3j1x3j0n7htA9rqg4HHezPMzAtiRpV2nE+rsLK6tr5R3Cxtbe/s7pX3D9oqSiQmHo5YJDsBUoRRQTxNNSOdWBLEA0YegvHN1H94JFLRSNzrSUx8joaChhQjbSQPnkFV6pcrjt2o1q5qdejYzgw/xM1JBeRo9ctfvUGEE06Exgwp1XWdWPspkppiRrJSL1EkRniMhqRrqECcKD+dHZvBE6MMYBhJU0LDmfp7IkVcqQkPTCdHeqSWvan4n9dNdHjpp1TEiSYCzxeFCYM6gtPP4YBKgjWbGIKwpOZWiEdIIqxNPgtbAp6ZTNzlBP6SdtV26/bF3XmleZ2nUwRH4BicAhc0QBPcghbwAAYUPIFn8GJl1qv1Zr3PWwtWPnMIFmB9fAMCvJRS</latexit>

+s
<latexit sha1_base64="xWiC4/UQoTZQAz2Q1C725QrDgwc="></latexit>

+K [rr�(r)]
2 + u [�(r)]4

<latexit sha1_base64="P+Ps1CeGyL9n1qfcc0IZ6jCtz04=">AAAB+3icbVBNS8NAEN3Ur1q/qh69LBZBEELSSqu3ohePFUxbaEPZbDft0t1N2N0IJeQ3eNWzN/Hqj/HoP3HbBrTVBwOP92aYmRfEjCrtOJ9WYW19Y3OruF3a2d3bPygfHrVVlEhMPByxSHYDpAijgniaaka6sSSIB4x0gsntzO88EqloJB70NCY+RyNBQ4qRNpIHL+CoNChXHLtRrV3X6tCxnTl+iJuTCsjRGpS/+sMIJ5wIjRlSquc6sfZTJDXFjGSlfqJIjPAEjUjPUIE4UX46PzaDZ0YZwjCSpoSGc/X3RIq4UlMemE6O9FitejPxP6+X6PDKT6mIE00EXiwKEwZ1BGefwyGVBGs2NQRhSc2tEI+RRFibfJa2BDwzmbirCfwl7art1u36/WWleZOnUwQn4BScAxc0QBPcgRbwAAYUPIFn8GJl1qv1Zr0vWgtWPnMMlmB9fAPwD5RH</latexit>

+g

Fermi surface + critical boson with no spatial disorder
<latexit sha1_base64="IFRSWak2QsCvhhlfbKERrfM77Uo="></latexit>

Type I, II, III: A critical boson �
e.g. Ising ferromagnetism,

spin-density wave order,

Higgs boson for Fermi-volume changing transition



kx

ky
<latexit sha1_base64="6rjspSxlppOZchoHqgJB25TI+Us=">AAAB63icdVBNSwMxEJ31s9avqkcvwSJ4WrJtsXorevFYwX5Au5Rsmm1Dk90lyQql9C948aCIV/+QN/+N2XYFFX0w8Hhvhpl5QSK4Nhh/OCura+sbm4Wt4vbO7t5+6eCwreNUUdaisYhVNyCaCR6xluFGsG6iGJGBYJ1gcp35nXumNI+jOzNNmC/JKOIhp8RkUj/RfFAqY7eKvTrGCLt4AUuqlcsariAvV8qQozkovfeHMU0liwwVROuehxPjz4gynAo2L/ZTzRJCJ2TEepZGRDLtzxa3ztGpVYYojJWtyKCF+n1iRqTWUxnYTknMWP/2MvEvr5ea8MKf8ShJDYvoclGYCmRilD2OhlwxasTUEkIVt7ciOiaKUGPjKdoQvj5F/5N2xfXO3dptrdy4yuMowDGcwBl4UIcG3EATWkBhDA/wBM+OdB6dF+d12bri5DNH8APO2ydTxo5y</latexit>

 

<latexit sha1_base64="KNlk8azMReGRLYYdWrAqaCec3Mo="></latexit>

L =  †
k

✓
@

@⌧
+ "(k)

◆
 k

<latexit sha1_base64="sUsso3viB5jF2aXj33ODB+O4EV4="></latexit>

+[s+ �s(r)] [�(r)]2 + [g + g0(r)] †(r) (r)�(r)
<latexit sha1_base64="twP7KJ8kyXHja3b636A9YZ1Ec10=">AAAB+3icbVBNS8NAEN3Ur1q/qh69 LBZBEELSaqu3ohePFUwttKFstpt26e4m7G6EEvIbvOrZm3j1x3j0n7htA9rqg4HHezPMzAtiRpV2nE+rsLK6tr5R3Cxtbe/s7pX3D9oqSiQmHo5YJDsBUoRRQTxNNSOdWBLEA0YegvHN1H94JFLRSNzrSUx8joaChhQjbSQPnkFV6pcrjt2o1q5qdejYzgw/xM1JBeRo9ctfvUGEE06Exgwp1XWdWPspkppiRrJSL1EkRniMhqRrqECcKD+dHZvBE6MMYBhJU0LDmfp7IkVcqQkPTCdHeqSWvan4n9dNdHjpp1TEiSYCzxeFCYM6gtPP4YBKgjWbGIKwpOZWiEdIIqxNPgtbAp6ZTNzlBP6SdtV26/bF3XmleZ2nUwRH4BicAhc0QBPcghbwAAYUPIFn8GJl1qv1Zr3PWwtWPnMIFmB9fAMCvJRS</latexit>

+s
<latexit sha1_base64="xWiC4/UQoTZQAz2Q1C725QrDgwc="></latexit>

+K [rr�(r)]
2 + u [�(r)]4

<latexit sha1_base64="P+Ps1CeGyL9n1qfcc0IZ6jCtz04=">AAAB+3icbVBNS8NAEN3Ur1q/qh69LBZBEELSSqu3ohePFUxbaEPZbDft0t1N2N0IJeQ3eNWzN/Hqj/HoP3HbBrTVBwOP92aYmRfEjCrtOJ9WYW19Y3OruF3a2d3bPygfHrVVlEhMPByxSHYDpAijgniaaka6sSSIB4x0gsntzO88EqloJB70NCY+RyNBQ4qRNpIHL+CoNChXHLtRrV3X6tCxnTl+iJuTCsjRGpS/+sMIJ5wIjRlSquc6sfZTJDXFjGSlfqJIjPAEjUjPUIE4UX46PzaDZ0YZwjCSpoSGc/X3RIq4UlMemE6O9FitejPxP6+X6PDKT6mIE00EXiwKEwZ1BGefwyGVBGs2NQRhSc2tEI+RRFibfJa2BDwzmbirCfwl7art1u36/WWleZOnUwQn4BScAxc0QBPcgRbwAAYUPIFn8GJl1qv1Zr0vWgtWPnMMlmB9fAPwD5RH</latexit>

+g
<latexit sha1_base64="sXpWs1GyUtWRFfsH5DytoUdriq0="></latexit>

+v(r) †(r) (r)

<latexit sha1_base64="VZCxgZg2YKN8TEv87ziqmzteSlY="></latexit>

Spatially random potential v(r) with v(r) = 0, v(r)v(r0) = v2�(r � r0)

Fermi surface + critical boson with potential disorder

<latexit sha1_base64="38KyGfqW7mwTu64B83aXd8NhpPM="></latexit>

v(r) leads to elastic scattering of  ;
localization of  only at long length scales, not relevant for experiments

<latexit sha1_base64="IFRSWak2QsCvhhlfbKERrfM77Uo="></latexit>

Type I, II, III: A critical boson �
e.g. Ising ferromagnetism,

spin-density wave order,

Higgs boson for Fermi-volume changing transition



kx

ky
<latexit sha1_base64="6rjspSxlppOZchoHqgJB25TI+Us=">AAAB63icdVBNSwMxEJ31s9avqkcvwSJ4WrJtsXorevFYwX5Au5Rsmm1Dk90lyQql9C948aCIV/+QN/+N2XYFFX0w8Hhvhpl5QSK4Nhh/OCura+sbm4Wt4vbO7t5+6eCwreNUUdaisYhVNyCaCR6xluFGsG6iGJGBYJ1gcp35nXumNI+jOzNNmC/JKOIhp8RkUj/RfFAqY7eKvTrGCLt4AUuqlcsariAvV8qQozkovfeHMU0liwwVROuehxPjz4gynAo2L/ZTzRJCJ2TEepZGRDLtzxa3ztGpVYYojJWtyKCF+n1iRqTWUxnYTknMWP/2MvEvr5ea8MKf8ShJDYvoclGYCmRilD2OhlwxasTUEkIVt7ciOiaKUGPjKdoQvj5F/5N2xfXO3dptrdy4yuMowDGcwBl4UIcG3EATWkBhDA/wBM+OdB6dF+d12bri5DNH8APO2ydTxo5y</latexit>

 

<latexit sha1_base64="KNlk8azMReGRLYYdWrAqaCec3Mo="></latexit>

L =  †
k

✓
@

@⌧
+ "(k)

◆
 k

<latexit sha1_base64="sUsso3viB5jF2aXj33ODB+O4EV4="></latexit>

+[s+ �s(r)] [�(r)]2 + [g + g0(r)] †(r) (r)�(r)
<latexit sha1_base64="xWiC4/UQoTZQAz2Q1C725QrDgwc="></latexit>

+K [rr�(r)]
2 + u [�(r)]4

<latexit sha1_base64="P+Ps1CeGyL9n1qfcc0IZ6jCtz04=">AAAB+3icbVBNS8NAEN3Ur1q/qh69LBZBEELSSqu3ohePFUxbaEPZbDft0t1N2N0IJeQ3eNWzN/Hqj/HoP3HbBrTVBwOP92aYmRfEjCrtOJ9WYW19Y3OruF3a2d3bPygfHrVVlEhMPByxSHYDpAijgniaaka6sSSIB4x0gsntzO88EqloJB70NCY+RyNBQ4qRNpIHL+CoNChXHLtRrV3X6tCxnTl+iJuTCsjRGpS/+sMIJ5wIjRlSquc6sfZTJDXFjGSlfqJIjPAEjUjPUIE4UX46PzaDZ0YZwjCSpoSGc/X3RIq4UlMemE6O9FitejPxP6+X6PDKT6mIE00EXiwKEwZ1BGefwyGVBGs2NQRhSc2tEI+RRFibfJa2BDwzmbirCfwl7art1u36/WWleZOnUwQn4BScAxc0QBPcgRbwAAYUPIFn8GJl1qv1Zr0vWgtWPnMMlmB9fAPwD5RH</latexit>

+g
<latexit sha1_base64="sXpWs1GyUtWRFfsH5DytoUdriq0="></latexit>

+v(r) †(r) (r)

<latexit sha1_base64="sUsso3viB5jF2aXj33ODB+O4EV4="></latexit>

+[s+ �s(r)] [�(r)]2 + [g + g0(r)] †(r) (r)�(r)

<latexit sha1_base64="VZCxgZg2YKN8TEv87ziqmzteSlY="></latexit>

Spatially random potential v(r) with v(r) = 0, v(r)v(r0) = v2�(r � r0)
<latexit sha1_base64="Zy1tXkTFFnZr00aKXKw8EkouOAw="></latexit>

Spatially random mass �s(r) with �s(r) = 0, �s(r)�s(r0) = �s2�(r � r0)

Fermi surface + critical boson with potential and interaction disorder

<latexit sha1_base64="h8gTJN+BGuhg+d6Y+GhAuKKWywY="></latexit>

�s(r) creates inhomogeneity in the position of QCP (Harris disorder):

Very important and should be accounted for first.

<latexit sha1_base64="IFRSWak2QsCvhhlfbKERrfM77Uo="></latexit>

Type I, II, III: A critical boson �
e.g. Ising ferromagnetism,

spin-density wave order,

Higgs boson for Fermi-volume changing transition



kx

ky
<latexit sha1_base64="6rjspSxlppOZchoHqgJB25TI+Us=">AAAB63icdVBNSwMxEJ31s9avqkcvwSJ4WrJtsXorevFYwX5Au5Rsmm1Dk90lyQql9C948aCIV/+QN/+N2XYFFX0w8Hhvhpl5QSK4Nhh/OCura+sbm4Wt4vbO7t5+6eCwreNUUdaisYhVNyCaCR6xluFGsG6iGJGBYJ1gcp35nXumNI+jOzNNmC/JKOIhp8RkUj/RfFAqY7eKvTrGCLt4AUuqlcsariAvV8qQozkovfeHMU0liwwVROuehxPjz4gynAo2L/ZTzRJCJ2TEepZGRDLtzxa3ztGpVYYojJWtyKCF+n1iRqTWUxnYTknMWP/2MvEvr5ea8MKf8ShJDYvoclGYCmRilD2OhlwxasTUEkIVt7ciOiaKUGPjKdoQvj5F/5N2xfXO3dptrdy4yuMowDGcwBl4UIcG3EATWkBhDA/wBM+OdB6dF+d12bri5DNH8APO2ydTxo5y</latexit>

 

<latexit sha1_base64="KNlk8azMReGRLYYdWrAqaCec3Mo="></latexit>

L =  †
k

✓
@

@⌧
+ "(k)

◆
 k

<latexit sha1_base64="sUsso3viB5jF2aXj33ODB+O4EV4="></latexit>

+[s+ �s(r)] [�(r)]2 + [g + g0(r)] †(r) (r)�(r)
<latexit sha1_base64="xWiC4/UQoTZQAz2Q1C725QrDgwc="></latexit>

+K [rr�(r)]
2 + u [�(r)]4

<latexit sha1_base64="P+Ps1CeGyL9n1qfcc0IZ6jCtz04=">AAAB+3icbVBNS8NAEN3Ur1q/qh69LBZBEELSSqu3ohePFUxbaEPZbDft0t1N2N0IJeQ3eNWzN/Hqj/HoP3HbBrTVBwOP92aYmRfEjCrtOJ9WYW19Y3OruF3a2d3bPygfHrVVlEhMPByxSHYDpAijgniaaka6sSSIB4x0gsntzO88EqloJB70NCY+RyNBQ4qRNpIHL+CoNChXHLtRrV3X6tCxnTl+iJuTCsjRGpS/+sMIJ5wIjRlSquc6sfZTJDXFjGSlfqJIjPAEjUjPUIE4UX46PzaDZ0YZwjCSpoSGc/X3RIq4UlMemE6O9FitejPxP6+X6PDKT6mIE00EXiwKEwZ1BGefwyGVBGs2NQRhSc2tEI+RRFibfJa2BDwzmbirCfwl7art1u36/WWleZOnUwQn4BScAxc0QBPcgRbwAAYUPIFn8GJl1qv1Zr0vWgtWPnMMlmB9fAPwD5RH</latexit>

+g
<latexit sha1_base64="sXpWs1GyUtWRFfsH5DytoUdriq0="></latexit>

+v(r) †(r) (r)

<latexit sha1_base64="sUsso3viB5jF2aXj33ODB+O4EV4="></latexit>

+[s+ �s(r)] [�(r)]2 + [g + g0(r)] †(r) (r)�(r)

<latexit sha1_base64="VZCxgZg2YKN8TEv87ziqmzteSlY="></latexit>
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Fermi surface + critical boson with potential and interaction disorder
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g0(r) creates inhomogeneity in the position of QCP (Harris disorder):

the two-dimensional Yukawa-Sachdev-Ye-Kitaev model.

2d-YSYK model: Fermi surface + critical boson with interaction disorder
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Analyze 2d-YSYK model in a self-averaging manner as in the SYK model.
Should be applicable as long as eigenmodes of �(r) are extended.

2d-YSYK model: Fermi surface + critical boson with interaction disorder
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2d-YSYK model: Fermi surface + critical boson with interaction disorder
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Residual resistivity is determined by v2; Linear-in-T resistivity determined by g02;
Transport insensitive to g; Marginal Fermi liquid self energy and T ln(1/T ) specific heat.
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FIG. 2 Measurement of the di↵usion constant (a) and compressibility ((a)-inset) for a gas of ultra-cold 6Li atoms in an optical
lattice, realizing a two-dimensional Fermi-Hubbard model with U/t ' 7.5 at a density n ' 0.825. (b) Reconstructed ‘resistivity’
using Einstein-Sutherland relation. Grey horizontal dashed line represents the estimated MIR value. Theoretical calculations
using DMFT (in green) and the finite-T Lanczos method (in blue) are shown; the band representation indicates estimated error
bars. Adapted from (Brown et al., 2019).
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FIG. 3 Examples of T�linear resistivity extending over a wide range of temperature scales in (a) hole-doped La2�xSrxCuO4

(LSCO) near optimal doping (adapted from (Giraldo-Gallo et al., 2018)), and (b) magic-angle twisted bilayer graphene
(MATBG) near ⌫ ⇡ �2, relative to charge neutrality, ⌫ = 0 (adapted from (Jaoui et al., 2021)). In LSCO, Tcoh can be
inferred to be much lower than any characteristic energy scales by turning on a magnetic field and accounting for the finite
magnetoresistance ((a)-top inset); the variation of the slope (A) on hole-doping is shown in (a)-bottom inset. In MATBG, the
linearity for a range of dopings near ⌫ ⇡ �2 ((b)-inset) persists down to ⇠ 40 mK. Both family of materials also display a
Planckian form of �dc (Eq. 3.5).

associated with intermediate energy scales (and consis- tent with ARPES and ADMR) is used, rather than the

LSCO: Giraldo-Gallo et al. 2018

Strange
Metal
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2

FIG. 1: (a) Normal state resistivity exponent as a function of T and the T = 0 value of the renormalized boson mass
M (which tunes away from the quantum critical point at M = 0 [6]) together with the superconducting Tc. (b)

Normal state resistivity for different values of M . From bottom to top: M/t = 1.2, 1.1, 0.9, 0.7, 0.6, 0.4, 0.3, 0. The
inset plots A, the co-efficient of the linear-T resistivity, versus the superconducting Tc.

significant intermediate temperature range. At very low
T , there is a crossover to strong disorder physics with bo-
son localization [15–17], where we cannot use a disorder-
averaged analysis.

We consider the Hertz-Millis theory of a quantum
phase transition in a metal associated with a Ising-
nematic parameter � [18] in the presence of spatial dis-
order which preserves the Ising symmetry [19, 20] i.e.
no ‘random field’ disorder. Other order parameters, in-
cluding those at non-zero wavevector, and Fermi-volume
changing transitions without broken symmetries [21],
also map to essentially the same Yukawa-SYK model [10].
We write the Hertz-Millis Lagrangian for � and fermions
 with dispersion "(k) and a Fermi surface at wavevec-
tors k where "(k) = 0 (⌧ is imaginary time) in spatial
dimension d = 2:

LHM =  †
k
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The operator Dr = @2
x
�@2

y
is special to the Ising-nematic

case, and will be dropped for simplicity in our computa-
tions as it unimportant apart from ‘cold spots’ on the
Fermi surface. The transition is tuned by varying the
boson ‘mass’ s. LHM contains the two sources of disor-
der most frequently considered. One is the potential v(r)
acting on the fermions:

• Spatially random potential v(r) with v(r) = 0,
v(r)v(r0) = v2�(r � r0).

Its influence is familiar from the theory of weakly disor-
dered metals [22], leading to marginally relevant local-

ization effects on the fermions [22]. However, much more
relevant is the disorder which couples directly to the bo-
son leading to shifts in the local position of the quantum
phase transition

• Spatially random mass �s(r) with �s(r) = 0,
�s(r)�s(r0) = �s2�(r � r0).

This is a consequence of the violation of the Harris cri-
terion ⌫ > 2/d [23], where ⌫ is the correlation length
exponent, and the value ⌫ = 1/2 in d = 2. Consequently,
it is important that the influence of �s(r) be treated at
the outset. This is also supported by a recent analysis
of v(r) disorder effects along the lines of Ref. 22 near
quantum criticality [24] which found singular corrections
to the boson propagator.

Inspired by various works [2] on making the SYK
model more realistic, recent work [10] proposed the fol-
lowing approach. We can account for the strongly rele-
vant spatial dependence of �s(r) by rescaling � to make
the mass spatially uniform. But this rescaling induces
disorder in the Yukawa coupling g [25–32] (along with
disorder in other less-important couplings that we drop)
leading to the theory
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with the coupling g0(r) obeying

• Spatially random Yukawa coupling g0(r) with
g0(r) = 0, g0(r)g0(r0) = g02�(r � r0).
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The two-dimensional Yukawa-Sachdev-Ye-Kitaev (2d-YSYK) model provides a universal theory
of quantum phase transitions in metals in the presence of quenched random spatial fluctuations in
the local position of the quantum critical point. It has a Fermi surface coupled to a scalar field
by spatially random Yukawa interactions. We present full numerical solutions of a self-consistent
disorder averaged analysis of the 2d-YSYK model in both the normal and superconducting states,
obtaining electronic spectral functions, frequency-dependent conductivity, and superfluid stiffness.
Our results reproduce key aspects of observations in the cuprates as analyzed by Michon et al. (Nat.
Comm. 14, 3033 (2023)). We also find a regime of increasing zero temperature superfluid stiffness
with decreasing superconducting critical temperature, as is observed in bulk cuprates.

Higher temperature superconductors of correlated elec-
tron materials all display a ‘strange metal’ phase above
the critical temperature for superconductivity [1, 2]. This
is a metallic phase of matter where the Landau quasi-
particle approach breaks down. It is characterized most
famously by a linear in temperature (T ) electrical re-
sistivity. We use the term strange metal only for those
metals whose resistivity is smaller than the quantum unit
(h/e2 in d = 2 spatial dimensions). Metals with a linear-
in-T resistivity which is larger than the quantum unit are
‘bad metals’.

An often quoted model for a strange or bad metal
(e.g. [3, 4]) is one in which there is a large density of
states of low energy bosonic excitations, usually phonons,
and then quasi-elastic scattering of the electrons off the
bosons leads to linear-in-T resistivity from the Bose oc-
cupation function when T is larger than the typical boson
energy. However, studies of the optical conductivity in
the strange metal of the cuprates [5] show that the dom-
inant scattering is inelastic, not quasi-elastic, and leads
to a non-Drude power-law-in-frequency tail in the optical
conductivity. The optical conductivity data has been in-
cisively analyzed recently by Michon et al. [6]: they have
shown that while the transport scattering rate (related
to the real part of the inverse optical conductivity) ex-
hibits Planckian scaling behavior [1], there are significant

logarithmic deviations from scaling in the frequency and
temperature dependent effective transport mass (related
to the imaginary part of the inverse optical conductivity).
Furthermore, the optical conductivity data connects con-
sistently with d.c. measurements of resistivity and ther-
modynamics.

Our paper presents a self-consistent, disorder-averaged
analysis of a two-dimensional Yukawa-Sachdev-Ye-
Kitaev (2d-YSYK) model, which has a spatially random
Yukawa coupling between fermions,  , with a Fermi sur-
face and a nearly-critical scalar field, �. We use meth-
ods similar to those which yield the exact solution of the
zero-dimensional Sachdev-Ye-Kitaev model. Such a 2d-
YSYK model has been argued [7–9] to provide a universal
description of quantum phase transitions in metals, as-
sociated with the condensation of �, in the presence of
impurity-induced ‘Harris’ disorder [10–12] with spatial
fluctuations in the local position of the quantum critical
point. We find results that display all the key charac-
teristics of the optical conductivity and d.c. resistivity
described by Michon et al., as shown in Fig. 3.

Moreover, YSYK models also display instabilities of
the strange metal to superconductivity [13–17], with the
pairing type dependent upon the particular quantum
phase transition being studied. We will examine an insta-
bility to spin-singlet pairing in a simplified model which
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instead of attempting an extrapolation, we consider m*(0, T) as
adjustable values thatwe again tune such as to optimize the collapse of
the optical data. This analysis of m*/m confirms that the best scaling
collapse occurs for ν ≈ 1 but indicates a larger ϵ∞ ≈ 7 (Supplementary
Information Sec. B and Supplementary Fig. 3). The determination of ϵ∞
from the mass data depends sensitively on the frequency range tested
for scaling and drops to value below ϵ∞ = 3 when focusing on lower
frequencies. As a third step, we perform a simultaneous optimization
of the data collapse for 1/τ and m*/m, which yields the values ν = 1,
ϵ∞ = 2.76 which we will adopt throughout the following. Note that a
determination of ϵ∞ by separation of the high-frequency modes in a
Drude–Lorentz representation of ϵ(ω) yields a larger value
ϵ∞ = 4.5 ± 0.5, as typically found in the cuprates23,32,57. Importantly, all
our conclusions hold if we use this latter value in the analysis, however,
the quality of the scaling displayed in Figs. 2 and 5 is slightly degraded.

Scaling of the optical scattering rate and connection to resistivity.
The scaling properties of the scattering rate obtained from our optical
data according to the procedure described above is illustrated in
Fig. 2b,whichdisplaysℏ/τdividedby kBT andplotted versusℏω/kBT for
temperatures above the superconducting transition. The collapse of
the curves at different temperatures reveals the behavior
ℏ/τ∝ Tfτ(ω/T). The function fτ(x) reaches a constant fτ(0) > 0 at small
values of the argument, and behaves for large arguments as
fτ(x≫ 1)∝ x. This is consistent with the typical quantum critical beha-
vior _=τ ∼ maxðT ,ωÞ. When inserted in the ω =0 limit of Eq. (15), the
value fτ(0) ≈ 5 indicated by Fig. 2b yields 1/σ(0) =AT with A = 0.55 μΩ
cm/K, in fairly good agreement with the measured resistivity (Fig. 2a).
Hence the resistivity and optical-spectroscopy data are fully con-
sistent, both of them supporting a Planckian dissipation scenario with
ν = 1 for LSCO at p = 0.24.

Spectral weight, effective mass and connection to specific heat.
The dc mass enhancement values m*(0, T)/m resulting from the pro-
cedure described above are displayed in Fig. 2c. Remarkably, as seen
on this figure, the scaling analysis delivers an almost perfectly

logarithmic temperature dependence of m*(0, T), consistent with a
Planckian behavior ν = 1. As mentioned above, this logarithmic beha-
vior can actually be identified in the unprocessed optical data, (see
inset of Fig. 1). In order to compare this behavior to the corresponding
logarithmic behavior reported for the specific heat, we note that the
scaling analysis provides m*(0, T) up to a multiplicative constant Km,
where m is the band mass. In contrast, the electronic specific heat
yields the quasiparticle mass in units of the bare electron massme. We
expect that the logarithmic T-variation of m*(0, T) and m*

qp / C=T are
both due to the critical inelastic scattering and that the lnT term in
eachquantity should thereforehave identical prefactors. Imposing this
identity provides a relationship between Km and me, namely (m/me)
K = 583meV.

Remarkably, we have found that this condition is obeyed within
less than a percent by a square-lattice tight-binding model with para-
meters appropriate for LSCO at p =0.24 (Supplementary Information
Sec. E). This model has nearest and next-nearest neighbor hopping
amplitudes t =0.3 eV and t0=t = # 0:1758, respectively, and an electro-
nic densityn =0.76/a2. The Fermi-level density of states is 1.646/(eVa2),
which corresponds to a band massm/me = 2.76 using the LSCO lattice
parameter a = 3.78 Å. The spectral weight is K = 211meV, such that the
prediction of this tight-bindingmodel is (m/me)K = 582meV, in perfect
agreement with the previously determined value. In view of this
agreement, we use the tight-binding model in order to fix the
remaining two system parameters: m = 2.76me and K = 211meV. Fig-
ure 2c compares the mass enhancement inferred from the low-
temperature specific heat and from the scaling analysis of the optical
data. The tight-binding value of the product Km ensures that both data
sets have the same slope on a semi-log plot. However, the resulting
optical mass enhancement is larger than the quasiparticle mass
enhancement by≈0.75,which is also the amount bywhich the infrared
mass enhancement exceeds unity in Fig. 1d. A mass enhancement lar-
ger than unity at 0.4 eV implies that part of the intraband spectral
weight lies above 0.4 eV, overlapping with the interband transitions.
Conversely, interband spectral weight is likely leaking below 0.4 eV,
which prevents us from accessing the absolute value of the genuine
intraband mass by optical means. Figure 2d shows the collapse of the
frequency-dependent change of the mass enhancement, confirming
the behavior m*(ω) −m*(0) ≈ Tν−1fm(ω/T) with ν = 1. The shape of the
scaling function fm(x) agrees remarkably well with the theoretical
prediction derived in Theory below.

Apparent power-law behavior: a puzzle. The above scaling analysis
has led us to the following conclusions. (i) The optical scattering rate
and optical mass enhancement of LSCO at p =0.24 exhibit ω/T scaling
over two decades for the chosen value ϵ∞ = 2.76. (ii) The best collapse
of the data is achieved for an exponent ν = 1 corresponding to
Planckian dissipation. This behavior is consistent with the measured
T-linear resistivity. (iii) The temperature dependence of m*(0, T) that
produces the best data collapse is logarithmic, consistently with the
temperature dependence of the electronic specific heat.

Hence, the data presented in Fig. 2 provide compelling evidence
that the low-energy carriers in LSCO at the doping p = 0.24 experience
linear-in-energy and linear-in-temperature inelastic scattering pro-
cesses, as expected in a scale-invariant quantum critical system char-
acterized by Planckian dissipation. It is therefore at first sight
surprising that the infrared conductivity exhibits as a function of fre-
quency a power lawwith an exponent that is clearly smaller than unity,
as highlighted in Fig. 3a, b. These figures show that the modulus and
phase of σ are both to a good accuracy consistent with the behavior
σ / ð#iωÞ#ν* =ω#ν*eiπ2ν* with an exponent ν* = 0.8. A similar behavior
with exponent ν* ≈0.6 was reported for optimally- and overdoped
Bi221223, while earlier optical investigations of YBCO and Bi2212 have
also reportedpower lawbehavior of Re σðωÞ26,28,29.Wenowaddress this
question by considering a theoreticalmodel presented in the following

Fig. 3 | Sub-linear power lawat intermediate frequencies. aModulus andbphase
of the complex conductivity shown in Fig. 1a and b; the modulus decays with an
exponent ν* ≈0.8 and thephase approaches a value slightly lower than (π/2)ν*. c and
d: same quantities calculated using a Planckian model with linear-in-energy scat-
tering rate, Eqs. (7) and (10). The model and parameters are discussed in the text.
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FIG. 3: (a,b) Normal state optical conductivity at the quantum critical coupling for various temperatures indicated
in Panel (a). (c,d) Transport scattering rate 1/⌧tr and effective mass m⇤ obtained from � using (3); inset of Panel

(c) is a scaling plot with 1/⌧tr and ! scaled by T , inset of Panel (d) is a scaling plotting showing
�m⇤/m = m⇤(!)/m � m⇤(0)/m as a function of !/T . (e,f) Modulus and phase of �(!). The effective exponent ⌫⇤

is explained in the text. Temperatures ranges are the same for Panels (a)-(d) and for Panels (e) and (f). Our results
closely match the trends of the observations in Figs 3a,3b,1c,2b,1d,2d of Ref. 5

does not exceed roughly 20% down to the lowest tem-
peratures we are able to reliably access in the numerical
calculations. At sufficiently low temperatures, however,
we anticipate m⇤(! = 0)/m diverges logarithmically with
T . The behavior of this “optical" mass enhancement is
consistent with the mass enhancement we have inferred
from the fermion self-energy [6]. We also report the mod-
ulus and phase of the optical conductivity in Figs. 3e,f.
Notably, we find the modulus of the conductivity has an
apparent sub-linear power law behavior over an interme-
diate frequency range |�| ⇠ 1/!⌫

⇤
, where ⌫⇤ ' 0.9 for

the chosen set of parameters. Over a similar frequency
range the phase of the optical conductivity plateaus at
a value arg � ' ⌫⇤⇡/2. Such behavior at intermediate
frequencies has been observed in infrared conductivity
measurements of cuprates [].

Within the quantum critical fan, frequency-dependent
observables are generally expected to obey !/T scaling.
In the present model, !/T scaling for the optical con-
ductivity is spoiled by logarithmic corrections [5, 10], the
most significant such effect arising from the logarithmic
divergence of the effective mass with T . This may be
accounted for by utilizing the generalized Drude formula
(3) and considering separately !/T scaling of 1/⌧tr and
�m⇤/m = m⇤(!)/m � m⇤(0)/m, where the subtraction
removes the logarithmic in T effective mass. With this
approach we find reasonable scaling collapse for the opti-

cal scattering rate – see inset of Fig. 3c. For the param-
eters presented here, significant logarithmic corrections
apparently remain for the �m⇤/m. To the extent there
is any reasonable scaling collapse, it only holds over a
much narrow range of !/T (see inset of Fig. 3d).

We now investigate the onset of superconducting pair-
ing in our theory. To preserve time-reversal symmetry,
we consider real-valued random couplings g0

ijl
. The su-

perconducting transition temparature Tc, as shown in
Fig. 1a, is numerically identified by the linearized gap
equation; see Appendix SIII. For each coupling strength
g0, we are interested in the superconducting transition at
the critical point � = �c, where the renormalized boson
mass vanishes approximately as M2 ⇠ T and the resis-
tivity exhibits a linear temperature dependence. At low
temperatures, we find a linear relation between Tc and
A, the slope of the linear-T resistivity ⇢(T ) = ⇢0 + AT
(Fig. 1b). The same correlation between A and Tc is
observed in various cuprate superconductors, suggesting
pairing and non-Fermi-liquid scattering can stem from
the same origin [7]. We have also computed spectral
properties as the system goes through the superconduct-
ing transition. In Fig. 4 we show the evolution of the
electronic density of states at the quantum critical point:
a gap opens as temperatures decreases to T < Tc. The
fermion self-energy behaves as a marginal Fermi liquid
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The two-dimensional Yukawa-Sachdev-Ye-Kitaev (2d-YSYK) model provides a universal theory
of quantum phase transitions in metals in the presence of quenched random spatial fluctuations in
the local position of the quantum critical point. It has a Fermi surface coupled to a scalar field
by spatially random Yukawa interactions. We present full numerical solutions of a self-consistent
disorder averaged analysis of the 2d-YSYK model in both the normal and superconducting states,
obtaining electronic spectral functions, frequency-dependent conductivity, and superfluid stiffness.
Our results reproduce key aspects of observations in the cuprates as analyzed by Michon et al. (Nat.
Comm. 14, 3033 (2023)). We also find a regime of increasing zero temperature superfluid stiffness
with decreasing superconducting critical temperature, as is observed in bulk cuprates.

Higher temperature superconductors of correlated elec-
tron materials all display a ‘strange metal’ phase above
the critical temperature for superconductivity [1, 2]. This
is a metallic phase of matter where the Landau quasi-
particle approach breaks down. It is characterized most
famously by a linear in temperature (T ) electrical re-
sistivity. We use the term strange metal only for those
metals whose resistivity is smaller than the quantum unit
(h/e2 in d = 2 spatial dimensions). Metals with a linear-
in-T resistivity which is larger than the quantum unit are
‘bad metals’.

An often quoted model for a strange or bad metal
(e.g. [3, 4]) is one in which there is a large density of
states of low energy bosonic excitations, usually phonons,
and then quasi-elastic scattering of the electrons off the
bosons leads to linear-in-T resistivity from the Bose oc-
cupation function when T is larger than the typical boson
energy. However, studies of the optical conductivity in
the strange metal of the cuprates [5] show that the dom-
inant scattering is inelastic, not quasi-elastic, and leads
to a non-Drude power-law-in-frequency tail in the optical
conductivity. The optical conductivity data has been in-
cisively analyzed recently by Michon et al. [6]: they have
shown that while the transport scattering rate (related
to the real part of the inverse optical conductivity) ex-
hibits Planckian scaling behavior [1], there are significant

logarithmic deviations from scaling in the frequency and
temperature dependent effective transport mass (related
to the imaginary part of the inverse optical conductivity).
Furthermore, the optical conductivity data connects con-
sistently with d.c. measurements of resistivity and ther-
modynamics.

Our paper presents a self-consistent, disorder-averaged
analysis of a two-dimensional Yukawa-Sachdev-Ye-
Kitaev (2d-YSYK) model, which has a spatially random
Yukawa coupling between fermions,  , with a Fermi sur-
face and a nearly-critical scalar field, �. We use meth-
ods similar to those which yield the exact solution of the
zero-dimensional Sachdev-Ye-Kitaev model. Such a 2d-
YSYK model has been argued [7–9] to provide a universal
description of quantum phase transitions in metals, as-
sociated with the condensation of �, in the presence of
impurity-induced ‘Harris’ disorder [10–12] with spatial
fluctuations in the local position of the quantum critical
point. We find results that display all the key charac-
teristics of the optical conductivity and d.c. resistivity
described by Michon et al., as shown in Fig. 3.

Moreover, YSYK models also display instabilities of
the strange metal to superconductivity [13–17], with the
pairing type dependent upon the particular quantum
phase transition being studied. We will examine an insta-
bility to spin-singlet pairing in a simplified model which
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photoemission spectroscopy (ARPES)30. These observations are qua-
litatively consistent with the T-linear dependence of the resistivity and
Planckianbehavior. In contrast, by analyzing themodulus andphaseof
the optical conductivity itself, a power-law behavior σðωÞ = C=ð#iωÞν

*

with an exponent ν* < 1 was reported at higher frequencies
ℏω ≳ 1.5kBT23,24,28,29,31,32. The exponent was found to be in the range
ν* ≈0.65 with some dependence on sample and doping level23,26,28,29.
Hence, from these previous analyses, it would appear that different
power laws are needed to describe optical spectroscopy data: one at
low frequency consistent with ℏω/kBT scaling and Planckian behavior
(ν = 1) and another one with ν* < 1 at higher frequency, most apparent
on the optical conductivity itself in contrast to 1/τ. A number of the-
oretical approaches have considered a power-law dependence of the
conductivity33–42 without resolving this puzzle. A notable exception is
the work of Norman and Chubukov43. The basic assumption of this
work is that the electrons are coupled to a Marginal Fermi Liquid
susceptibility3,4,44,45. The logarithmic behavior of the susceptibility and
corresponding high-energy cut-off observed to be ~ 0.4 eV with
ARPES46, is responsible for the apparent sub-linear power law behavior
of the optical conductivity. Our work broadens and amplifies this
observation. A quantitative description of all aspects at low and high
energy in one fell swoop has, to the best of our knowledge, not been
presented to this day.

Here we present systematic measurements of the optical spectra,
as well as dc resistivity, of a La2−xSrxCuO4 (LSCO) sample with x = p =
0.24 close to the pseudogap critical point, over a broad range of
temperature and frequency. We demonstrate that the data display
Planckian quantum critical scaling over an unprecedented range of
ℏω/kBT. Furthermore, a direct analysis of the data reveals a logarithmic
temperature dependence of the optical effective mass. This

establishes a direct connection to another hallmark of Planckian
behavior, namely the logarithmic enhancement of the specific heat
coefficient C=T ∼ lnT previously observed for LSCO at p = 0.2447 as
well as for other cuprate superconductors such as Eu-LSCO and Nd-
LSCO48.

We introduce a theoretical framework which relies on aminimal
Planckian scaling Ansatz for the inelastic scattering rate. We show
that this provides an excellent description of the experimental data.
Our theoretical analysis offers, notably, a solution to the puzzle
mentioned above. Indeedwe show that, despite the purely Planckian
Ansatz which underlies our model, the optical conductivity com-
puted in this framework is well described by an apparent power law
with ν* < 1 over an intermediate frequency regime, as also observed
in our experimental data. The effective exponent ν* is found to be
non-universal and to depend on the inelastic coupling constant,
which we determine from several independent considerations. The
proposed theoretical analysis provides a unifying framework in
which the behavior of the T-linear resistivity, lnT behavior of C/T,
and scaling properties of the optical spectra can all be understood in
a consistent manner.

Results
Optical spectra and resistivity
Wemeasured the optical properties and extracted the complex optical
conductivity σ(ω, T) of an LSCO single crystal with a-b orientation
(CuO2 planes). The holedoping is p = x =0.24, whichplaces our sample
above and close to the pseudogap critical point of the LSCO
family7,14,49. The pseudogap state for T < T*, p < p* is well characterized
by transport measurements12 and ARPES11. The relatively low Tc = 19 K
of this sample is interesting for extracting the normal-state properties
in optics down to low temperatures without using any external mag-
netic field. In particular, this sample is the same LSCO p = 0.24 sample
as in Ref. 50, where the evolution of optical spectral weights as a
function of doping was reported.

The quantity probed by the optical experiments of the present
study is the planar complex dielectric function ϵ(ω). The dielectric
function has contributions from the free charge carriers, as well as
interband (bound charge) contributions. In the limit ω→0, the latter
contribution converges to a constant real value, traditionally indicated
with the symbol ϵ∞:

ϵðωÞ = ϵ1 + i
σðωÞ
ϵ0ω

ð1Þ

σðωÞ = i
e2K=ð_dcÞ
_ω+MðωÞ

: ð2Þ

Here the free-carrier response σ(ω) is given by the generalized Drude
formula, where all dynamical mass renormalization (m*/m) and
relaxation (ℏ/τ) processes are represented by a memory-function51,52

MðωÞ = _ω
m*ðωÞ
m

# 1
! "

+ i
_

τðωÞ
: ð3Þ

The free-carrier spectral weight per plane is given by the constant K
and the interplanar spacing is dc. The scattering rate ℏ/τ(ω) deduced
using Eqs. ((1), (2), (3)) and the values of K and ϵ∞ discussed below are
displayed in Fig. 1c. It depends linearly on frequency for
kBT≪ ℏω≲0.4 eV and approaches a constant value for ℏω < kBT. This
behavior is similar to that reported for Bi221223. The sign of the
curvature above 0.4 eV depends on ϵ∞ and changes from positive to
negativenear ϵ∞ = 4.5.Our determination ϵ∞ = 2.76presented in Scaling
analysis does not take into account data for ℏω > 0.4 eV and may
therefore yield unreliable values of ℏ/τ in that range (see Supplemen-
tary Information Sec. A and B).

Fig. 1 | Optical data of La2−xSrxCuO4 atp =0.24. aReal andb imaginary part of the
optical conductivity σ deduced from the dielectric function ϵ (Supplementary
Fig. 1), using Eq. (14) and the value ϵ∞ = 2.76. c Scattering rate and d effective mass
deduced from Eqs. (16) and (17) using K = 211 meV. The values of ϵ∞ and K are
discussed and justified in the text. Inset: Temperature dependence of m*/m at
ℏω = 5kBT (see dots in d). In each panel errorbars are indicated for three repre-
sentative frequencies and pertain to the upper curve, i.e., the lowest temperature
for σ(ω), m*(ω)/m and the highest temperature for ℏ/τ(ω). They represent the
uncertainty arising from reflectivity calibration using in-situ gold evaporation, and
have been estimated by repeating the Kramers--Kronig analysis after multiplying
the reflectivity curves by 1 ± 0.002.
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This linear dependence of the scattering rate calls for a com-
parison with resistivity. Hence we have also measured the tem-
perature dependence of the resistivity of our sample under two
magnetic fields H = 0 T and H = 16 T. As displayed in Fig. 2a, the
resistivity has a linear T-dependence ρ = ρ0 + AT over an extended
range of temperature, with A ≈ 0.63 μΩcm/K. This is a hallmark of
cuprates in this regime of doping10,13,14,20,53. It is qualitatively con-
sistent with the observed linear frequency dependence of the scat-
tering rate and, as discussed later in this paper, also in good
quantitative agreement with the ω→ 0 extrapolation of our optical
data within experimental uncertainties.

The optical mass enhancement m*(ω)/m is displayed in Fig. 1d.
With the chosen normalization, m*/m does not reach the asymptotic
value of one in the range ℏω <0.4 eV, which means that intra- and
interband and/or mid-infrared transitions overlap above 0.4 eV. The
inset of Fig. 1d shows a semi-log plot of the mass enhancement eval-
uated atℏω = 5kBT, where thenoise level is low forT⩾ 40K.Despite the
larger uncertainties at low T, this plot clearly reveals a logarithmic
temperature dependence ofm*/m. This is a robust feature of the data,
independent of the choice of ϵ∞ and K. We note that the specific heat
coefficient C/T of LSCO at the same doping level was previously
reported to display a logarithmic dependence on temperature, see
Fig. 2c47,48. We will further elaborate on this important finding of a
logarithmic dependence of the optical mass and discuss its relation to
specific heat in the next section.

Scaling analysis
In this section, we consider simultaneously the frequency and tem-
peraturedependenceof theoptical properties and investigatewhether
ℏω/kBT scaling holds for this sample close to the pseudogap critical

point. We propose a procedure to determine the three parameters ϵ∞,
K, and m introduced above.

Puttingω/T scaling to the test. Quantum systems close to a quantum
critical point display scale invariance. Temperature being the only
relevant energy scale in the quantumcritical regime, this leads inmany
cases toω/T scaling22 (inmost of the discussion below, we set ℏ = kB = 1
except when mentioned explicitly). In such a system we expect the
complex optical conductivity to obey a scaling behavior 1/
σ(ω, T)∝ TνF(ω/T), with ν⩽ 1 a critical exponent. More precisely, the
scaling properties of the optical scattering rate and effective mass
read:

1=τðω,TÞ=Tνf τ ðω=TÞ ð4Þ

m*ðω,TÞ #m*ð0,TÞ=Tν#1f mðω=TÞ ð5Þ

with fτ and fm two scaling functions. This behavior requires that both ℏω
and kBT are smaller than a high-energy electronic cutoff, but their ratio
can be arbitrary. Furthermore, we note that when ν = 1 (Planckian case)
the scaling is violated by logarithmic terms, which control in particular
the zero-frequency value of the optical mass m*(0,T). As shown in
Theorywithin a simple theoreticalmodel,ω/T scalingnonetheless holds
in this case to an excellent approximation provided that m*(0, T) is
subtracted, as in Eq. (5). We also note that in a Fermi liquid, the single-
particle scattering rate∝ω2 + (πT)2 does obeyω/T scaling (with formally
ν = 2), but the optical conductivity does not. Indeed, it involves ω/T2

terms violating scaling, and hence depends on two scaling variables
ω/T2 and ω/T, as is already clear from an (approximate) generalized
Drudeexpression 1/σ ≈ − iω + τ0[ω2 + (2πT)2]. For a detaileddiscussionof
this point, see Ref. 54. Such violations of scaling by ω/Tν terms apply
more generally to the case where the scattering rate varies as Tν with
ν > 1. Hence, ω/T scaling for both the optical scattering rate and optical
effective mass are a hallmark of non-Fermi liquid behavior with ν⩽ 1.
Previous work has indeed provided evidence for ω/T scaling in the
optical properties of cuprates23,24.

Here, we investigate whether our optical data obey ω/T scaling.
We find that the quality of the scaling depends sensitively on the
chosen value of ϵ∞. Different prescriptions in the literature to fix ϵ∞
yield—independently of themethod used—values ranging from ϵ∞ ≈ 4.3
for strongly underdoped Bi2212 to ϵ∞ ≈ 5.6 for strongly overdoped
Bi221232,55. The parameter ϵ∞ is commonly understood to represent the
dielectric constant of thematerial in the absenceof the charge carriers,
and is caused by the bound charge responsible for interband transi-
tions at energies typically above 1 eV. While this definition is unam-
biguous for the insulating parent compound, for the doped material
one is confronted with the difficulty that the optical conductivity at
these higher energies also contains contributions described by the
self-energy of the conduction electrons, caused for example by their
coupling to dd-excitations56. Consequently, not all of the oscillator
strength in the interband region represents bound charge. Our model
overcomes this hurdle by determining the low-energy spectrumbelow
0.4 eV, and subsuming all bound charge contributions in a single
constant ϵ∞. Its value is expected to be bound from above by the value
of the insulating phase, in other words we expect to find ϵ∞ < 4.5 (see
Supplementary Information Sec. A). Rather than setting an a priori
value for ϵ∞, we follow here a different route and we choose the value
that yields the best scaling collapse for a given value of the exponent ν.
This program is straightforwardly implemented for 1/τ and indicates
that the best scaling collapse is achieved with ν ≈ 1 and ϵ∞ ≈ 3, see
Fig. 2b as well as Supplementary Information Sec. B and Supplemen-
tary Fig. 2. Turning to m*, we found that subtracting the dc value
m*(ω =0, T) is crucial when attempting to collapse the data. Extra-
polating optical data to zero frequency is hampered by noise. Hence,

Fig. 2 | Scaling of scattering rate and mass enhancement. a Temperature-
dependent resistivity measured in zero field (black) and at 16 teslas (red). The inset
emphasizes the linearity of the 16 T data at low temperature. The dashed line shows
ρ0 +AT with ρ0 = 12.2 μΩcm and A =0.63 μΩcm/K. b Scattering rate divided by
temperature plotted versus ω/T; the collapse of the curves indicates a behavior 1/
τ ~ Tfτ(ω/T). c Effective quasiparticle mass (in units of the indicated band mass m)
deduced from the low-temperature electronic specific heat47

[m*
Cp = ð3=πÞð_

2dc=k
2
BÞðC=TÞ] and zero-frequency optical mass enhancement; the

dashed lines indicate lnT behavior. dOptical mass minus the zero-frequencymass
shown in c plotted versus ω/T; the collapse of the curves indicates a behavior
m*(ω) −m*(0) ~ fm(ω/T). The data between0.22 and0.4 eV are shown asdotted lines.
ϵ∞ = 2.76 was used here as in Fig. 1.

Article https://doi.org/10.1038/s41467-023-38762-5

Nature Communications | ��������(2023)�14:3033� 3

instead of attempting an extrapolation, we consider m*(0, T) as
adjustable values thatwe again tune such as to optimize the collapse of
the optical data. This analysis of m*/m confirms that the best scaling
collapse occurs for ν ≈ 1 but indicates a larger ϵ∞ ≈ 7 (Supplementary
Information Sec. B and Supplementary Fig. 3). The determination of ϵ∞
from the mass data depends sensitively on the frequency range tested
for scaling and drops to value below ϵ∞ = 3 when focusing on lower
frequencies. As a third step, we perform a simultaneous optimization
of the data collapse for 1/τ and m*/m, which yields the values ν = 1,
ϵ∞ = 2.76 which we will adopt throughout the following. Note that a
determination of ϵ∞ by separation of the high-frequency modes in a
Drude–Lorentz representation of ϵ(ω) yields a larger value
ϵ∞ = 4.5 ± 0.5, as typically found in the cuprates23,32,57. Importantly, all
our conclusions hold if we use this latter value in the analysis, however,
the quality of the scaling displayed in Figs. 2 and 5 is slightly degraded.

Scaling of the optical scattering rate and connection to resistivity.
The scaling properties of the scattering rate obtained from our optical
data according to the procedure described above is illustrated in
Fig. 2b,whichdisplaysℏ/τdividedby kBT andplotted versusℏω/kBT for
temperatures above the superconducting transition. The collapse of
the curves at different temperatures reveals the behavior
ℏ/τ∝ Tfτ(ω/T). The function fτ(x) reaches a constant fτ(0) > 0 at small
values of the argument, and behaves for large arguments as
fτ(x≫ 1)∝ x. This is consistent with the typical quantum critical beha-
vior _=τ ∼ maxðT ,ωÞ. When inserted in the ω =0 limit of Eq. (15), the
value fτ(0) ≈ 5 indicated by Fig. 2b yields 1/σ(0) =AT with A = 0.55 μΩ
cm/K, in fairly good agreement with the measured resistivity (Fig. 2a).
Hence the resistivity and optical-spectroscopy data are fully con-
sistent, both of them supporting a Planckian dissipation scenario with
ν = 1 for LSCO at p = 0.24.

Spectral weight, effective mass and connection to specific heat.
The dc mass enhancement values m*(0, T)/m resulting from the pro-
cedure described above are displayed in Fig. 2c. Remarkably, as seen
on this figure, the scaling analysis delivers an almost perfectly

logarithmic temperature dependence of m*(0, T), consistent with a
Planckian behavior ν = 1. As mentioned above, this logarithmic beha-
vior can actually be identified in the unprocessed optical data, (see
inset of Fig. 1). In order to compare this behavior to the corresponding
logarithmic behavior reported for the specific heat, we note that the
scaling analysis provides m*(0, T) up to a multiplicative constant Km,
where m is the band mass. In contrast, the electronic specific heat
yields the quasiparticle mass in units of the bare electron massme. We
expect that the logarithmic T-variation of m*(0, T) and m*

qp / C=T are
both due to the critical inelastic scattering and that the lnT term in
eachquantity should thereforehave identical prefactors. Imposing this
identity provides a relationship between Km and me, namely (m/me)
K = 583meV.

Remarkably, we have found that this condition is obeyed within
less than a percent by a square-lattice tight-binding model with para-
meters appropriate for LSCO at p =0.24 (Supplementary Information
Sec. E). This model has nearest and next-nearest neighbor hopping
amplitudes t =0.3 eV and t0=t = # 0:1758, respectively, and an electro-
nic densityn =0.76/a2. The Fermi-level density of states is 1.646/(eVa2),
which corresponds to a band massm/me = 2.76 using the LSCO lattice
parameter a = 3.78 Å. The spectral weight is K = 211meV, such that the
prediction of this tight-bindingmodel is (m/me)K = 582meV, in perfect
agreement with the previously determined value. In view of this
agreement, we use the tight-binding model in order to fix the
remaining two system parameters: m = 2.76me and K = 211meV. Fig-
ure 2c compares the mass enhancement inferred from the low-
temperature specific heat and from the scaling analysis of the optical
data. The tight-binding value of the product Km ensures that both data
sets have the same slope on a semi-log plot. However, the resulting
optical mass enhancement is larger than the quasiparticle mass
enhancement by≈0.75,which is also the amount bywhich the infrared
mass enhancement exceeds unity in Fig. 1d. A mass enhancement lar-
ger than unity at 0.4 eV implies that part of the intraband spectral
weight lies above 0.4 eV, overlapping with the interband transitions.
Conversely, interband spectral weight is likely leaking below 0.4 eV,
which prevents us from accessing the absolute value of the genuine
intraband mass by optical means. Figure 2d shows the collapse of the
frequency-dependent change of the mass enhancement, confirming
the behavior m*(ω) −m*(0) ≈ Tν−1fm(ω/T) with ν = 1. The shape of the
scaling function fm(x) agrees remarkably well with the theoretical
prediction derived in Theory below.

Apparent power-law behavior: a puzzle. The above scaling analysis
has led us to the following conclusions. (i) The optical scattering rate
and optical mass enhancement of LSCO at p =0.24 exhibit ω/T scaling
over two decades for the chosen value ϵ∞ = 2.76. (ii) The best collapse
of the data is achieved for an exponent ν = 1 corresponding to
Planckian dissipation. This behavior is consistent with the measured
T-linear resistivity. (iii) The temperature dependence of m*(0, T) that
produces the best data collapse is logarithmic, consistently with the
temperature dependence of the electronic specific heat.

Hence, the data presented in Fig. 2 provide compelling evidence
that the low-energy carriers in LSCO at the doping p = 0.24 experience
linear-in-energy and linear-in-temperature inelastic scattering pro-
cesses, as expected in a scale-invariant quantum critical system char-
acterized by Planckian dissipation. It is therefore at first sight
surprising that the infrared conductivity exhibits as a function of fre-
quency a power lawwith an exponent that is clearly smaller than unity,
as highlighted in Fig. 3a, b. These figures show that the modulus and
phase of σ are both to a good accuracy consistent with the behavior
σ / ð#iωÞ#ν* =ω#ν*eiπ2ν* with an exponent ν* = 0.8. A similar behavior
with exponent ν* ≈0.6 was reported for optimally- and overdoped
Bi221223, while earlier optical investigations of YBCO and Bi2212 have
also reportedpower lawbehavior of Re σðωÞ26,28,29.Wenowaddress this
question by considering a theoreticalmodel presented in the following

Fig. 3 | Sub-linear power lawat intermediate frequencies. aModulus andbphase
of the complex conductivity shown in Fig. 1a and b; the modulus decays with an
exponent ν* ≈0.8 and thephase approaches a value slightly lower than (π/2)ν*. c and
d: same quantities calculated using a Planckian model with linear-in-energy scat-
tering rate, Eqs. (7) and (10). The model and parameters are discussed in the text.
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The two-dimensional Yukawa-Sachdev-Ye-Kitaev (2d-YSYK) model provides a universal theory
of quantum phase transitions in metals in the presence of quenched random spatial fluctuations in
the local position of the quantum critical point. It has a Fermi surface coupled to a scalar field
by spatially random Yukawa interactions. We present full numerical solutions of a self-consistent
disorder averaged analysis of the 2d-YSYK model in both the normal and superconducting states,
obtaining electronic spectral functions, frequency-dependent conductivity, and superfluid stiffness.
Our results reproduce key aspects of observations in the cuprates as analyzed by Michon et al. (Nat.
Comm. 14, 3033 (2023)). We also find a regime of increasing zero temperature superfluid stiffness
with decreasing superconducting critical temperature, as is observed in bulk cuprates.

Higher temperature superconductors of correlated elec-
tron materials all display a ‘strange metal’ phase above
the critical temperature for superconductivity [1, 2]. This
is a metallic phase of matter where the Landau quasi-
particle approach breaks down. It is characterized most
famously by a linear in temperature (T ) electrical re-
sistivity. We use the term strange metal only for those
metals whose resistivity is smaller than the quantum unit
(h/e2 in d = 2 spatial dimensions). Metals with a linear-
in-T resistivity which is larger than the quantum unit are
‘bad metals’.

An often quoted model for a strange or bad metal
(e.g. [3, 4]) is one in which there is a large density of
states of low energy bosonic excitations, usually phonons,
and then quasi-elastic scattering of the electrons off the
bosons leads to linear-in-T resistivity from the Bose oc-
cupation function when T is larger than the typical boson
energy. However, studies of the optical conductivity in
the strange metal of the cuprates [5] show that the dom-
inant scattering is inelastic, not quasi-elastic, and leads
to a non-Drude power-law-in-frequency tail in the optical
conductivity. The optical conductivity data has been in-
cisively analyzed recently by Michon et al. [6]: they have
shown that while the transport scattering rate (related
to the real part of the inverse optical conductivity) ex-
hibits Planckian scaling behavior [1], there are significant

logarithmic deviations from scaling in the frequency and
temperature dependent effective transport mass (related
to the imaginary part of the inverse optical conductivity).
Furthermore, the optical conductivity data connects con-
sistently with d.c. measurements of resistivity and ther-
modynamics.

Our paper presents a self-consistent, disorder-averaged
analysis of a two-dimensional Yukawa-Sachdev-Ye-
Kitaev (2d-YSYK) model, which has a spatially random
Yukawa coupling between fermions,  , with a Fermi sur-
face and a nearly-critical scalar field, �. We use meth-
ods similar to those which yield the exact solution of the
zero-dimensional Sachdev-Ye-Kitaev model. Such a 2d-
YSYK model has been argued [7–9] to provide a universal
description of quantum phase transitions in metals, as-
sociated with the condensation of �, in the presence of
impurity-induced ‘Harris’ disorder [10–12] with spatial
fluctuations in the local position of the quantum critical
point. We find results that display all the key charac-
teristics of the optical conductivity and d.c. resistivity
described by Michon et al., as shown in Fig. 3.

Moreover, YSYK models also display instabilities of
the strange metal to superconductivity [13–17], with the
pairing type dependent upon the particular quantum
phase transition being studied. We will examine an insta-
bility to spin-singlet pairing in a simplified model which
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Anomalous Criticality in the
Electrical Resistivity of La2–xSrxCuO4
R. A. Cooper,1 Y. Wang,1 B. Vignolle,2 O. J. Lipscombe,1 S. M. Hayden,1 Y. Tanabe,3 T. Adachi,3
Y. Koike,3 M. Nohara,4* H. Takagi,4 Cyril Proust,2 N. E. Hussey1†

The presence or absence of a quantum critical point and its location in the phase diagram of high-
temperature superconductors have been subjects of intense scrutiny. Clear evidence for quantum
criticality, particularly in the transport properties, has proved elusive because the important low-
temperature region is masked by the onset of superconductivity. We present measurements of the
low-temperature in-plane resistivity of several highly doped La2–xSrxCuO4 single crystals in which
the superconductivity had been stripped away by using high magnetic fields. In contrast to other
quantum critical systems, the resistivity varies linearly with temperature over a wide doping range
with a gradient that scales monotonically with the superconducting transition temperature. It is
maximal at a critical doping level (pc) ~ 0.19 at which superconductivity is most robust. Moreover,
its value at pc corresponds to the onset of quasi-particle incoherence along specific momentum
directions, implying that the interaction that first promotes high-temperature superconductivity
may ultimately destroy the very quasi-particle states involved in the superconducting pairing.

An important theme in strongly correlated
electron systems is quantum criticality
and the associated quantum phase tran-

sitions that occur at zero temperature upon tuning
a nonthermal control parameter, g (e.g., pressure,
magnetic field H or composition), through a
critical value, gc. One feature of such a system is
the influence that critical fluctuations have on
the physical properties over a wide region in
the (T, g) phase diagram above the quantum
critical point (QCP), inside which the system
shows marked deviations from conventional
Landau Fermi-liquid behavior. A number of can-
didate non–Fermi-liquid systems have emerged,
particularly in the heavy fermion family (1), al-
though there are others, for example, certain
transition metal oxides (2), that display similar
characteristics.

The physics of copper-oxide high-temperature
superconductors may also be governed by prox-
imity to a QCP. The generic temperature-doping
(T, p) phase diagram resembles that seen in the
heavy fermions, with an apparent funnel-shaped
region that either pierces or skirts the supercon-
ducting dome (3). Above this region, cuprates
display an in-plane resistivity, rab, that varies
linearly with temperature over a wide tempera-
ture (4) yet narrow doping (5) range. This T-linear

resistivity has been widely interpreted, in tan-
dem with other anomalous transport properties
(6), as a manifestation of scale-invariant physics
borne out of proximity to the QCP. This view-
point has remained untested, largely because of
the high upper critical field Hc2 values in high-
Tc cuprates that restrict access to the important
limiting low-temperature region below Tc( p).
We used a combination of persistent and pulsed
high magnetic fields to expose the normal state
of La2–xSrxCuO4 (LSCO) over a wide doping
and temperature range and studied the evolution
of rab(T) with carrier density, from the slightly
underdoped (p = 0.15) to the heavily overdoped
( p = 0.33) region of the phase diagram. Our anal-
ysis reveals the presence of a singular doping
concentration in LSCO at which the electronic
response changes, although in a manner distinct
from that observed in other candidate quantum
critical systems.

In-plane resistivity of La2–xSrxCuO4. A series
of high-field rab(T, H) measurements were car-
ried out on overdoped LSCO single crystals with
doping levels of p = 0.18, 0.21, and 0.23 (labeled
hereafter LSCO18, LSCO21, and LSCO23, re-
spectively) with the field aligned perpendicular
to the CuO2 planes in order to suppress the su-
perconductivity. Figure 1A shows the rab(T, H)
data obtained on LSCO23. In order to track the
temperature dependence of the zero-field resistivity
r(T, 0) below Tc, we used a simple, transparent
technique to extrapolate the high-field rab(T, H)
data to the zero-field axis (Fig. 1B). The re-
sultant r(T, 0) values, plotted in Fig. 1C together
with the zero-field rab(T) curve below 70 K,
are found to exhibit a T-linear dependence down
to 1.5 K. For comparison, we also plotted the ab-
solute values of r(T, 48) at a fixed high field of
48 T obtained directly from the vertical dashed
line in Fig. 1A. The temperature dependence of

the latter (analysis-free) values is identical to that
of r(T, 0) and is consistent with earlier 60-T data
taken on LSCO22 (7), showing that the anal-
ysis itself has not introduced any additional,
artificial temperature dependence in r(T, 0). Sim-
ilar pulsed-field measurements and analysis were
carried out for the two other doping levels as
summarized in fig. S1.

Figure 2 shows the resultant r(T, 0) values
plus zero-field rab(T) data for seven different
concentrations ranging from optimal doping
(p = 0.17) to the heavily overdoped, nonsuper-
conducting region (p = 0.33). The gradual cross-
over in the temperature dependence of rab(T),
from quasi-linear for LSCO17 to approximately
quadratic for LSCO33, is evident in the raw data
and is consistent with previous studies carried
out above Tc (5, 8, 9). At low temperatures, how-
ever, rab(T) develops predominantly T-linear
behavior for the entire doping range 0.18 ≤ p ≤
0.29 [for p = 0.17, data exists only above Tc(H =
0)]. Although evidence for a low-T T-linear re-
sistivity has emerged for single doping concen-
trations in both electron- (10) and hole-doped
(11, 12) cuprates, our measurements show that
the low-T linearity in fact persists over a broad
range of doping.

Single-component analysis. In heavy fermi-
on systems, Dr(T), the T-dependent part of r(T),
is often described by a single term anT

n whose
exponent n(T, H) evolves from the Fermi-liquid
value n = 2 to some anomalous value less than 2
over a narrow temperature and magnetic field
window (13–15). The anomalous exponent in
Dr(T) persists to low temperatures only at the
critical field, Hc. In Fig. 3, we plotted a com-
parative n(T, p) = d(lnDr)/d(ln T) for LSCO by
using the resistivity curves shown in Fig. 2.

For T > 50 K, the resultant phase diagram re-
sembles that seen in prototypical quantum critical
systems, with a narrow region in which rab(T) is
approximately (although not strictly) T-linear sep-
arated from a region where rab(T) varies approx-
imately as T2. As the temperature is lowered,
however, the situation becomes markedly dif-
ferent. Rather than collapsing to a single (critical)
point, the T-linear region in LSCO fans out and
dominates the low-T response. Intriguingly, this
T-linear regime (or more precisely, the region
where n < 1.1) is coincident with both the Tc
parabola (long-dashed white line) and the super-
conducting fluctuation regime (short-dashed white
line) and has thus been obscured until now by
the veil of superconductivity.

Dual-component analysis. Previously, Drab(T)
in overdoped, hole-doped cuprates has been ex-
pressed either as above, that is, as anT

n (1 ≤
n ≤ 2) (16), or as the sum of two components,
a1T + a2T

2 (11, 17, 18). In fig. S2, we describe
in detail why the latter is in fact the more ap-
propriate expression for LSCO. In Fig. 4, A and
B, we show the doping dependences of a1 and
a2, respectively, for two different fitting proto-
cols. The solid squares are coefficients obtained
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The presence or absence of a quantum critical point and its location in the phase diagram of high-
temperature superconductors have been subjects of intense scrutiny. Clear evidence for quantum
criticality, particularly in the transport properties, has proved elusive because the important low-
temperature region is masked by the onset of superconductivity. We present measurements of the
low-temperature in-plane resistivity of several highly doped La2–xSrxCuO4 single crystals in which
the superconductivity had been stripped away by using high magnetic fields. In contrast to other
quantum critical systems, the resistivity varies linearly with temperature over a wide doping range
with a gradient that scales monotonically with the superconducting transition temperature. It is
maximal at a critical doping level (pc) ~ 0.19 at which superconductivity is most robust. Moreover,
its value at pc corresponds to the onset of quasi-particle incoherence along specific momentum
directions, implying that the interaction that first promotes high-temperature superconductivity
may ultimately destroy the very quasi-particle states involved in the superconducting pairing.

An important theme in strongly correlated
electron systems is quantum criticality
and the associated quantum phase tran-

sitions that occur at zero temperature upon tuning
a nonthermal control parameter, g (e.g., pressure,
magnetic field H or composition), through a
critical value, gc. One feature of such a system is
the influence that critical fluctuations have on
the physical properties over a wide region in
the (T, g) phase diagram above the quantum
critical point (QCP), inside which the system
shows marked deviations from conventional
Landau Fermi-liquid behavior. A number of can-
didate non–Fermi-liquid systems have emerged,
particularly in the heavy fermion family (1), al-
though there are others, for example, certain
transition metal oxides (2), that display similar
characteristics.

The physics of copper-oxide high-temperature
superconductors may also be governed by prox-
imity to a QCP. The generic temperature-doping
(T, p) phase diagram resembles that seen in the
heavy fermions, with an apparent funnel-shaped
region that either pierces or skirts the supercon-
ducting dome (3). Above this region, cuprates
display an in-plane resistivity, rab, that varies
linearly with temperature over a wide tempera-
ture (4) yet narrow doping (5) range. This T-linear

resistivity has been widely interpreted, in tan-
dem with other anomalous transport properties
(6), as a manifestation of scale-invariant physics
borne out of proximity to the QCP. This view-
point has remained untested, largely because of
the high upper critical field Hc2 values in high-
Tc cuprates that restrict access to the important
limiting low-temperature region below Tc( p).
We used a combination of persistent and pulsed
high magnetic fields to expose the normal state
of La2–xSrxCuO4 (LSCO) over a wide doping
and temperature range and studied the evolution
of rab(T) with carrier density, from the slightly
underdoped (p = 0.15) to the heavily overdoped
( p = 0.33) region of the phase diagram. Our anal-
ysis reveals the presence of a singular doping
concentration in LSCO at which the electronic
response changes, although in a manner distinct
from that observed in other candidate quantum
critical systems.

In-plane resistivity of La2–xSrxCuO4. A series
of high-field rab(T, H) measurements were car-
ried out on overdoped LSCO single crystals with
doping levels of p = 0.18, 0.21, and 0.23 (labeled
hereafter LSCO18, LSCO21, and LSCO23, re-
spectively) with the field aligned perpendicular
to the CuO2 planes in order to suppress the su-
perconductivity. Figure 1A shows the rab(T, H)
data obtained on LSCO23. In order to track the
temperature dependence of the zero-field resistivity
r(T, 0) below Tc, we used a simple, transparent
technique to extrapolate the high-field rab(T, H)
data to the zero-field axis (Fig. 1B). The re-
sultant r(T, 0) values, plotted in Fig. 1C together
with the zero-field rab(T) curve below 70 K,
are found to exhibit a T-linear dependence down
to 1.5 K. For comparison, we also plotted the ab-
solute values of r(T, 48) at a fixed high field of
48 T obtained directly from the vertical dashed
line in Fig. 1A. The temperature dependence of

the latter (analysis-free) values is identical to that
of r(T, 0) and is consistent with earlier 60-T data
taken on LSCO22 (7), showing that the anal-
ysis itself has not introduced any additional,
artificial temperature dependence in r(T, 0). Sim-
ilar pulsed-field measurements and analysis were
carried out for the two other doping levels as
summarized in fig. S1.

Figure 2 shows the resultant r(T, 0) values
plus zero-field rab(T) data for seven different
concentrations ranging from optimal doping
(p = 0.17) to the heavily overdoped, nonsuper-
conducting region (p = 0.33). The gradual cross-
over in the temperature dependence of rab(T),
from quasi-linear for LSCO17 to approximately
quadratic for LSCO33, is evident in the raw data
and is consistent with previous studies carried
out above Tc (5, 8, 9). At low temperatures, how-
ever, rab(T) develops predominantly T-linear
behavior for the entire doping range 0.18 ≤ p ≤
0.29 [for p = 0.17, data exists only above Tc(H =
0)]. Although evidence for a low-T T-linear re-
sistivity has emerged for single doping concen-
trations in both electron- (10) and hole-doped
(11, 12) cuprates, our measurements show that
the low-T linearity in fact persists over a broad
range of doping.

Single-component analysis. In heavy fermi-
on systems, Dr(T), the T-dependent part of r(T),
is often described by a single term anT

n whose
exponent n(T, H) evolves from the Fermi-liquid
value n = 2 to some anomalous value less than 2
over a narrow temperature and magnetic field
window (13–15). The anomalous exponent in
Dr(T) persists to low temperatures only at the
critical field, Hc. In Fig. 3, we plotted a com-
parative n(T, p) = d(lnDr)/d(ln T) for LSCO by
using the resistivity curves shown in Fig. 2.

For T > 50 K, the resultant phase diagram re-
sembles that seen in prototypical quantum critical
systems, with a narrow region in which rab(T) is
approximately (although not strictly) T-linear sep-
arated from a region where rab(T) varies approx-
imately as T2. As the temperature is lowered,
however, the situation becomes markedly dif-
ferent. Rather than collapsing to a single (critical)
point, the T-linear region in LSCO fans out and
dominates the low-T response. Intriguingly, this
T-linear regime (or more precisely, the region
where n < 1.1) is coincident with both the Tc
parabola (long-dashed white line) and the super-
conducting fluctuation regime (short-dashed white
line) and has thus been obscured until now by
the veil of superconductivity.

Dual-component analysis. Previously, Drab(T)
in overdoped, hole-doped cuprates has been ex-
pressed either as above, that is, as anT

n (1 ≤
n ≤ 2) (16), or as the sum of two components,
a1T + a2T

2 (11, 17, 18). In fig. S2, we describe
in detail why the latter is in fact the more ap-
propriate expression for LSCO. In Fig. 4, A and
B, we show the doping dependences of a1 and
a2, respectively, for two different fitting proto-
cols. The solid squares are coefficients obtained
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The presence or absence of a quantum critical point and its location in the phase diagram of high-
temperature superconductors have been subjects of intense scrutiny. Clear evidence for quantum
criticality, particularly in the transport properties, has proved elusive because the important low-
temperature region is masked by the onset of superconductivity. We present measurements of the
low-temperature in-plane resistivity of several highly doped La2–xSrxCuO4 single crystals in which
the superconductivity had been stripped away by using high magnetic fields. In contrast to other
quantum critical systems, the resistivity varies linearly with temperature over a wide doping range
with a gradient that scales monotonically with the superconducting transition temperature. It is
maximal at a critical doping level (pc) ~ 0.19 at which superconductivity is most robust. Moreover,
its value at pc corresponds to the onset of quasi-particle incoherence along specific momentum
directions, implying that the interaction that first promotes high-temperature superconductivity
may ultimately destroy the very quasi-particle states involved in the superconducting pairing.

An important theme in strongly correlated
electron systems is quantum criticality
and the associated quantum phase tran-

sitions that occur at zero temperature upon tuning
a nonthermal control parameter, g (e.g., pressure,
magnetic field H or composition), through a
critical value, gc. One feature of such a system is
the influence that critical fluctuations have on
the physical properties over a wide region in
the (T, g) phase diagram above the quantum
critical point (QCP), inside which the system
shows marked deviations from conventional
Landau Fermi-liquid behavior. A number of can-
didate non–Fermi-liquid systems have emerged,
particularly in the heavy fermion family (1), al-
though there are others, for example, certain
transition metal oxides (2), that display similar
characteristics.

The physics of copper-oxide high-temperature
superconductors may also be governed by prox-
imity to a QCP. The generic temperature-doping
(T, p) phase diagram resembles that seen in the
heavy fermions, with an apparent funnel-shaped
region that either pierces or skirts the supercon-
ducting dome (3). Above this region, cuprates
display an in-plane resistivity, rab, that varies
linearly with temperature over a wide tempera-
ture (4) yet narrow doping (5) range. This T-linear

resistivity has been widely interpreted, in tan-
dem with other anomalous transport properties
(6), as a manifestation of scale-invariant physics
borne out of proximity to the QCP. This view-
point has remained untested, largely because of
the high upper critical field Hc2 values in high-
Tc cuprates that restrict access to the important
limiting low-temperature region below Tc( p).
We used a combination of persistent and pulsed
high magnetic fields to expose the normal state
of La2–xSrxCuO4 (LSCO) over a wide doping
and temperature range and studied the evolution
of rab(T) with carrier density, from the slightly
underdoped (p = 0.15) to the heavily overdoped
( p = 0.33) region of the phase diagram. Our anal-
ysis reveals the presence of a singular doping
concentration in LSCO at which the electronic
response changes, although in a manner distinct
from that observed in other candidate quantum
critical systems.

In-plane resistivity of La2–xSrxCuO4. A series
of high-field rab(T, H) measurements were car-
ried out on overdoped LSCO single crystals with
doping levels of p = 0.18, 0.21, and 0.23 (labeled
hereafter LSCO18, LSCO21, and LSCO23, re-
spectively) with the field aligned perpendicular
to the CuO2 planes in order to suppress the su-
perconductivity. Figure 1A shows the rab(T, H)
data obtained on LSCO23. In order to track the
temperature dependence of the zero-field resistivity
r(T, 0) below Tc, we used a simple, transparent
technique to extrapolate the high-field rab(T, H)
data to the zero-field axis (Fig. 1B). The re-
sultant r(T, 0) values, plotted in Fig. 1C together
with the zero-field rab(T) curve below 70 K,
are found to exhibit a T-linear dependence down
to 1.5 K. For comparison, we also plotted the ab-
solute values of r(T, 48) at a fixed high field of
48 T obtained directly from the vertical dashed
line in Fig. 1A. The temperature dependence of

the latter (analysis-free) values is identical to that
of r(T, 0) and is consistent with earlier 60-T data
taken on LSCO22 (7), showing that the anal-
ysis itself has not introduced any additional,
artificial temperature dependence in r(T, 0). Sim-
ilar pulsed-field measurements and analysis were
carried out for the two other doping levels as
summarized in fig. S1.

Figure 2 shows the resultant r(T, 0) values
plus zero-field rab(T) data for seven different
concentrations ranging from optimal doping
(p = 0.17) to the heavily overdoped, nonsuper-
conducting region (p = 0.33). The gradual cross-
over in the temperature dependence of rab(T),
from quasi-linear for LSCO17 to approximately
quadratic for LSCO33, is evident in the raw data
and is consistent with previous studies carried
out above Tc (5, 8, 9). At low temperatures, how-
ever, rab(T) develops predominantly T-linear
behavior for the entire doping range 0.18 ≤ p ≤
0.29 [for p = 0.17, data exists only above Tc(H =
0)]. Although evidence for a low-T T-linear re-
sistivity has emerged for single doping concen-
trations in both electron- (10) and hole-doped
(11, 12) cuprates, our measurements show that
the low-T linearity in fact persists over a broad
range of doping.

Single-component analysis. In heavy fermi-
on systems, Dr(T), the T-dependent part of r(T),
is often described by a single term anT

n whose
exponent n(T, H) evolves from the Fermi-liquid
value n = 2 to some anomalous value less than 2
over a narrow temperature and magnetic field
window (13–15). The anomalous exponent in
Dr(T) persists to low temperatures only at the
critical field, Hc. In Fig. 3, we plotted a com-
parative n(T, p) = d(lnDr)/d(ln T) for LSCO by
using the resistivity curves shown in Fig. 2.

For T > 50 K, the resultant phase diagram re-
sembles that seen in prototypical quantum critical
systems, with a narrow region in which rab(T) is
approximately (although not strictly) T-linear sep-
arated from a region where rab(T) varies approx-
imately as T2. As the temperature is lowered,
however, the situation becomes markedly dif-
ferent. Rather than collapsing to a single (critical)
point, the T-linear region in LSCO fans out and
dominates the low-T response. Intriguingly, this
T-linear regime (or more precisely, the region
where n < 1.1) is coincident with both the Tc
parabola (long-dashed white line) and the super-
conducting fluctuation regime (short-dashed white
line) and has thus been obscured until now by
the veil of superconductivity.

Dual-component analysis. Previously, Drab(T)
in overdoped, hole-doped cuprates has been ex-
pressed either as above, that is, as anT

n (1 ≤
n ≤ 2) (16), or as the sum of two components,
a1T + a2T

2 (11, 17, 18). In fig. S2, we describe
in detail why the latter is in fact the more ap-
propriate expression for LSCO. In Fig. 4, A and
B, we show the doping dependences of a1 and
a2, respectively, for two different fitting proto-
cols. The solid squares are coefficients obtained
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The presence or absence of a quantum critical point and its location in the phase diagram of high-
temperature superconductors have been subjects of intense scrutiny. Clear evidence for quantum
criticality, particularly in the transport properties, has proved elusive because the important low-
temperature region is masked by the onset of superconductivity. We present measurements of the
low-temperature in-plane resistivity of several highly doped La2–xSrxCuO4 single crystals in which
the superconductivity had been stripped away by using high magnetic fields. In contrast to other
quantum critical systems, the resistivity varies linearly with temperature over a wide doping range
with a gradient that scales monotonically with the superconducting transition temperature. It is
maximal at a critical doping level (pc) ~ 0.19 at which superconductivity is most robust. Moreover,
its value at pc corresponds to the onset of quasi-particle incoherence along specific momentum
directions, implying that the interaction that first promotes high-temperature superconductivity
may ultimately destroy the very quasi-particle states involved in the superconducting pairing.

An important theme in strongly correlated
electron systems is quantum criticality
and the associated quantum phase tran-

sitions that occur at zero temperature upon tuning
a nonthermal control parameter, g (e.g., pressure,
magnetic field H or composition), through a
critical value, gc. One feature of such a system is
the influence that critical fluctuations have on
the physical properties over a wide region in
the (T, g) phase diagram above the quantum
critical point (QCP), inside which the system
shows marked deviations from conventional
Landau Fermi-liquid behavior. A number of can-
didate non–Fermi-liquid systems have emerged,
particularly in the heavy fermion family (1), al-
though there are others, for example, certain
transition metal oxides (2), that display similar
characteristics.

The physics of copper-oxide high-temperature
superconductors may also be governed by prox-
imity to a QCP. The generic temperature-doping
(T, p) phase diagram resembles that seen in the
heavy fermions, with an apparent funnel-shaped
region that either pierces or skirts the supercon-
ducting dome (3). Above this region, cuprates
display an in-plane resistivity, rab, that varies
linearly with temperature over a wide tempera-
ture (4) yet narrow doping (5) range. This T-linear

resistivity has been widely interpreted, in tan-
dem with other anomalous transport properties
(6), as a manifestation of scale-invariant physics
borne out of proximity to the QCP. This view-
point has remained untested, largely because of
the high upper critical field Hc2 values in high-
Tc cuprates that restrict access to the important
limiting low-temperature region below Tc( p).
We used a combination of persistent and pulsed
high magnetic fields to expose the normal state
of La2–xSrxCuO4 (LSCO) over a wide doping
and temperature range and studied the evolution
of rab(T) with carrier density, from the slightly
underdoped (p = 0.15) to the heavily overdoped
( p = 0.33) region of the phase diagram. Our anal-
ysis reveals the presence of a singular doping
concentration in LSCO at which the electronic
response changes, although in a manner distinct
from that observed in other candidate quantum
critical systems.

In-plane resistivity of La2–xSrxCuO4. A series
of high-field rab(T, H) measurements were car-
ried out on overdoped LSCO single crystals with
doping levels of p = 0.18, 0.21, and 0.23 (labeled
hereafter LSCO18, LSCO21, and LSCO23, re-
spectively) with the field aligned perpendicular
to the CuO2 planes in order to suppress the su-
perconductivity. Figure 1A shows the rab(T, H)
data obtained on LSCO23. In order to track the
temperature dependence of the zero-field resistivity
r(T, 0) below Tc, we used a simple, transparent
technique to extrapolate the high-field rab(T, H)
data to the zero-field axis (Fig. 1B). The re-
sultant r(T, 0) values, plotted in Fig. 1C together
with the zero-field rab(T) curve below 70 K,
are found to exhibit a T-linear dependence down
to 1.5 K. For comparison, we also plotted the ab-
solute values of r(T, 48) at a fixed high field of
48 T obtained directly from the vertical dashed
line in Fig. 1A. The temperature dependence of

the latter (analysis-free) values is identical to that
of r(T, 0) and is consistent with earlier 60-T data
taken on LSCO22 (7), showing that the anal-
ysis itself has not introduced any additional,
artificial temperature dependence in r(T, 0). Sim-
ilar pulsed-field measurements and analysis were
carried out for the two other doping levels as
summarized in fig. S1.

Figure 2 shows the resultant r(T, 0) values
plus zero-field rab(T) data for seven different
concentrations ranging from optimal doping
(p = 0.17) to the heavily overdoped, nonsuper-
conducting region (p = 0.33). The gradual cross-
over in the temperature dependence of rab(T),
from quasi-linear for LSCO17 to approximately
quadratic for LSCO33, is evident in the raw data
and is consistent with previous studies carried
out above Tc (5, 8, 9). At low temperatures, how-
ever, rab(T) develops predominantly T-linear
behavior for the entire doping range 0.18 ≤ p ≤
0.29 [for p = 0.17, data exists only above Tc(H =
0)]. Although evidence for a low-T T-linear re-
sistivity has emerged for single doping concen-
trations in both electron- (10) and hole-doped
(11, 12) cuprates, our measurements show that
the low-T linearity in fact persists over a broad
range of doping.

Single-component analysis. In heavy fermi-
on systems, Dr(T), the T-dependent part of r(T),
is often described by a single term anT

n whose
exponent n(T, H) evolves from the Fermi-liquid
value n = 2 to some anomalous value less than 2
over a narrow temperature and magnetic field
window (13–15). The anomalous exponent in
Dr(T) persists to low temperatures only at the
critical field, Hc. In Fig. 3, we plotted a com-
parative n(T, p) = d(lnDr)/d(ln T) for LSCO by
using the resistivity curves shown in Fig. 2.

For T > 50 K, the resultant phase diagram re-
sembles that seen in prototypical quantum critical
systems, with a narrow region in which rab(T) is
approximately (although not strictly) T-linear sep-
arated from a region where rab(T) varies approx-
imately as T2. As the temperature is lowered,
however, the situation becomes markedly dif-
ferent. Rather than collapsing to a single (critical)
point, the T-linear region in LSCO fans out and
dominates the low-T response. Intriguingly, this
T-linear regime (or more precisely, the region
where n < 1.1) is coincident with both the Tc
parabola (long-dashed white line) and the super-
conducting fluctuation regime (short-dashed white
line) and has thus been obscured until now by
the veil of superconductivity.

Dual-component analysis. Previously, Drab(T)
in overdoped, hole-doped cuprates has been ex-
pressed either as above, that is, as anT

n (1 ≤
n ≤ 2) (16), or as the sum of two components,
a1T + a2T

2 (11, 17, 18). In fig. S2, we describe
in detail why the latter is in fact the more ap-
propriate expression for LSCO. In Fig. 4, A and
B, we show the doping dependences of a1 and
a2, respectively, for two different fitting proto-
cols. The solid squares are coefficients obtained
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The presence or absence of a quantum critical point and its location in the phase diagram of high-
temperature superconductors have been subjects of intense scrutiny. Clear evidence for quantum
criticality, particularly in the transport properties, has proved elusive because the important low-
temperature region is masked by the onset of superconductivity. We present measurements of the
low-temperature in-plane resistivity of several highly doped La2–xSrxCuO4 single crystals in which
the superconductivity had been stripped away by using high magnetic fields. In contrast to other
quantum critical systems, the resistivity varies linearly with temperature over a wide doping range
with a gradient that scales monotonically with the superconducting transition temperature. It is
maximal at a critical doping level (pc) ~ 0.19 at which superconductivity is most robust. Moreover,
its value at pc corresponds to the onset of quasi-particle incoherence along specific momentum
directions, implying that the interaction that first promotes high-temperature superconductivity
may ultimately destroy the very quasi-particle states involved in the superconducting pairing.

An important theme in strongly correlated
electron systems is quantum criticality
and the associated quantum phase tran-

sitions that occur at zero temperature upon tuning
a nonthermal control parameter, g (e.g., pressure,
magnetic field H or composition), through a
critical value, gc. One feature of such a system is
the influence that critical fluctuations have on
the physical properties over a wide region in
the (T, g) phase diagram above the quantum
critical point (QCP), inside which the system
shows marked deviations from conventional
Landau Fermi-liquid behavior. A number of can-
didate non–Fermi-liquid systems have emerged,
particularly in the heavy fermion family (1), al-
though there are others, for example, certain
transition metal oxides (2), that display similar
characteristics.

The physics of copper-oxide high-temperature
superconductors may also be governed by prox-
imity to a QCP. The generic temperature-doping
(T, p) phase diagram resembles that seen in the
heavy fermions, with an apparent funnel-shaped
region that either pierces or skirts the supercon-
ducting dome (3). Above this region, cuprates
display an in-plane resistivity, rab, that varies
linearly with temperature over a wide tempera-
ture (4) yet narrow doping (5) range. This T-linear

resistivity has been widely interpreted, in tan-
dem with other anomalous transport properties
(6), as a manifestation of scale-invariant physics
borne out of proximity to the QCP. This view-
point has remained untested, largely because of
the high upper critical field Hc2 values in high-
Tc cuprates that restrict access to the important
limiting low-temperature region below Tc( p).
We used a combination of persistent and pulsed
high magnetic fields to expose the normal state
of La2–xSrxCuO4 (LSCO) over a wide doping
and temperature range and studied the evolution
of rab(T) with carrier density, from the slightly
underdoped (p = 0.15) to the heavily overdoped
( p = 0.33) region of the phase diagram. Our anal-
ysis reveals the presence of a singular doping
concentration in LSCO at which the electronic
response changes, although in a manner distinct
from that observed in other candidate quantum
critical systems.

In-plane resistivity of La2–xSrxCuO4. A series
of high-field rab(T, H) measurements were car-
ried out on overdoped LSCO single crystals with
doping levels of p = 0.18, 0.21, and 0.23 (labeled
hereafter LSCO18, LSCO21, and LSCO23, re-
spectively) with the field aligned perpendicular
to the CuO2 planes in order to suppress the su-
perconductivity. Figure 1A shows the rab(T, H)
data obtained on LSCO23. In order to track the
temperature dependence of the zero-field resistivity
r(T, 0) below Tc, we used a simple, transparent
technique to extrapolate the high-field rab(T, H)
data to the zero-field axis (Fig. 1B). The re-
sultant r(T, 0) values, plotted in Fig. 1C together
with the zero-field rab(T) curve below 70 K,
are found to exhibit a T-linear dependence down
to 1.5 K. For comparison, we also plotted the ab-
solute values of r(T, 48) at a fixed high field of
48 T obtained directly from the vertical dashed
line in Fig. 1A. The temperature dependence of

the latter (analysis-free) values is identical to that
of r(T, 0) and is consistent with earlier 60-T data
taken on LSCO22 (7), showing that the anal-
ysis itself has not introduced any additional,
artificial temperature dependence in r(T, 0). Sim-
ilar pulsed-field measurements and analysis were
carried out for the two other doping levels as
summarized in fig. S1.

Figure 2 shows the resultant r(T, 0) values
plus zero-field rab(T) data for seven different
concentrations ranging from optimal doping
(p = 0.17) to the heavily overdoped, nonsuper-
conducting region (p = 0.33). The gradual cross-
over in the temperature dependence of rab(T),
from quasi-linear for LSCO17 to approximately
quadratic for LSCO33, is evident in the raw data
and is consistent with previous studies carried
out above Tc (5, 8, 9). At low temperatures, how-
ever, rab(T) develops predominantly T-linear
behavior for the entire doping range 0.18 ≤ p ≤
0.29 [for p = 0.17, data exists only above Tc(H =
0)]. Although evidence for a low-T T-linear re-
sistivity has emerged for single doping concen-
trations in both electron- (10) and hole-doped
(11, 12) cuprates, our measurements show that
the low-T linearity in fact persists over a broad
range of doping.

Single-component analysis. In heavy fermi-
on systems, Dr(T), the T-dependent part of r(T),
is often described by a single term anT

n whose
exponent n(T, H) evolves from the Fermi-liquid
value n = 2 to some anomalous value less than 2
over a narrow temperature and magnetic field
window (13–15). The anomalous exponent in
Dr(T) persists to low temperatures only at the
critical field, Hc. In Fig. 3, we plotted a com-
parative n(T, p) = d(lnDr)/d(ln T) for LSCO by
using the resistivity curves shown in Fig. 2.

For T > 50 K, the resultant phase diagram re-
sembles that seen in prototypical quantum critical
systems, with a narrow region in which rab(T) is
approximately (although not strictly) T-linear sep-
arated from a region where rab(T) varies approx-
imately as T2. As the temperature is lowered,
however, the situation becomes markedly dif-
ferent. Rather than collapsing to a single (critical)
point, the T-linear region in LSCO fans out and
dominates the low-T response. Intriguingly, this
T-linear regime (or more precisely, the region
where n < 1.1) is coincident with both the Tc
parabola (long-dashed white line) and the super-
conducting fluctuation regime (short-dashed white
line) and has thus been obscured until now by
the veil of superconductivity.

Dual-component analysis. Previously, Drab(T)
in overdoped, hole-doped cuprates has been ex-
pressed either as above, that is, as anT

n (1 ≤
n ≤ 2) (16), or as the sum of two components,
a1T + a2T

2 (11, 17, 18). In fig. S2, we describe
in detail why the latter is in fact the more ap-
propriate expression for LSCO. In Fig. 4, A and
B, we show the doping dependences of a1 and
a2, respectively, for two different fitting proto-
cols. The solid squares are coefficients obtained
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The presence or absence of a quantum critical point and its location in the phase diagram of high-
temperature superconductors have been subjects of intense scrutiny. Clear evidence for quantum
criticality, particularly in the transport properties, has proved elusive because the important low-
temperature region is masked by the onset of superconductivity. We present measurements of the
low-temperature in-plane resistivity of several highly doped La2–xSrxCuO4 single crystals in which
the superconductivity had been stripped away by using high magnetic fields. In contrast to other
quantum critical systems, the resistivity varies linearly with temperature over a wide doping range
with a gradient that scales monotonically with the superconducting transition temperature. It is
maximal at a critical doping level (pc) ~ 0.19 at which superconductivity is most robust. Moreover,
its value at pc corresponds to the onset of quasi-particle incoherence along specific momentum
directions, implying that the interaction that first promotes high-temperature superconductivity
may ultimately destroy the very quasi-particle states involved in the superconducting pairing.

An important theme in strongly correlated
electron systems is quantum criticality
and the associated quantum phase tran-

sitions that occur at zero temperature upon tuning
a nonthermal control parameter, g (e.g., pressure,
magnetic field H or composition), through a
critical value, gc. One feature of such a system is
the influence that critical fluctuations have on
the physical properties over a wide region in
the (T, g) phase diagram above the quantum
critical point (QCP), inside which the system
shows marked deviations from conventional
Landau Fermi-liquid behavior. A number of can-
didate non–Fermi-liquid systems have emerged,
particularly in the heavy fermion family (1), al-
though there are others, for example, certain
transition metal oxides (2), that display similar
characteristics.

The physics of copper-oxide high-temperature
superconductors may also be governed by prox-
imity to a QCP. The generic temperature-doping
(T, p) phase diagram resembles that seen in the
heavy fermions, with an apparent funnel-shaped
region that either pierces or skirts the supercon-
ducting dome (3). Above this region, cuprates
display an in-plane resistivity, rab, that varies
linearly with temperature over a wide tempera-
ture (4) yet narrow doping (5) range. This T-linear

resistivity has been widely interpreted, in tan-
dem with other anomalous transport properties
(6), as a manifestation of scale-invariant physics
borne out of proximity to the QCP. This view-
point has remained untested, largely because of
the high upper critical field Hc2 values in high-
Tc cuprates that restrict access to the important
limiting low-temperature region below Tc( p).
We used a combination of persistent and pulsed
high magnetic fields to expose the normal state
of La2–xSrxCuO4 (LSCO) over a wide doping
and temperature range and studied the evolution
of rab(T) with carrier density, from the slightly
underdoped (p = 0.15) to the heavily overdoped
( p = 0.33) region of the phase diagram. Our anal-
ysis reveals the presence of a singular doping
concentration in LSCO at which the electronic
response changes, although in a manner distinct
from that observed in other candidate quantum
critical systems.

In-plane resistivity of La2–xSrxCuO4. A series
of high-field rab(T, H) measurements were car-
ried out on overdoped LSCO single crystals with
doping levels of p = 0.18, 0.21, and 0.23 (labeled
hereafter LSCO18, LSCO21, and LSCO23, re-
spectively) with the field aligned perpendicular
to the CuO2 planes in order to suppress the su-
perconductivity. Figure 1A shows the rab(T, H)
data obtained on LSCO23. In order to track the
temperature dependence of the zero-field resistivity
r(T, 0) below Tc, we used a simple, transparent
technique to extrapolate the high-field rab(T, H)
data to the zero-field axis (Fig. 1B). The re-
sultant r(T, 0) values, plotted in Fig. 1C together
with the zero-field rab(T) curve below 70 K,
are found to exhibit a T-linear dependence down
to 1.5 K. For comparison, we also plotted the ab-
solute values of r(T, 48) at a fixed high field of
48 T obtained directly from the vertical dashed
line in Fig. 1A. The temperature dependence of

the latter (analysis-free) values is identical to that
of r(T, 0) and is consistent with earlier 60-T data
taken on LSCO22 (7), showing that the anal-
ysis itself has not introduced any additional,
artificial temperature dependence in r(T, 0). Sim-
ilar pulsed-field measurements and analysis were
carried out for the two other doping levels as
summarized in fig. S1.

Figure 2 shows the resultant r(T, 0) values
plus zero-field rab(T) data for seven different
concentrations ranging from optimal doping
(p = 0.17) to the heavily overdoped, nonsuper-
conducting region (p = 0.33). The gradual cross-
over in the temperature dependence of rab(T),
from quasi-linear for LSCO17 to approximately
quadratic for LSCO33, is evident in the raw data
and is consistent with previous studies carried
out above Tc (5, 8, 9). At low temperatures, how-
ever, rab(T) develops predominantly T-linear
behavior for the entire doping range 0.18 ≤ p ≤
0.29 [for p = 0.17, data exists only above Tc(H =
0)]. Although evidence for a low-T T-linear re-
sistivity has emerged for single doping concen-
trations in both electron- (10) and hole-doped
(11, 12) cuprates, our measurements show that
the low-T linearity in fact persists over a broad
range of doping.

Single-component analysis. In heavy fermi-
on systems, Dr(T), the T-dependent part of r(T),
is often described by a single term anT

n whose
exponent n(T, H) evolves from the Fermi-liquid
value n = 2 to some anomalous value less than 2
over a narrow temperature and magnetic field
window (13–15). The anomalous exponent in
Dr(T) persists to low temperatures only at the
critical field, Hc. In Fig. 3, we plotted a com-
parative n(T, p) = d(lnDr)/d(ln T) for LSCO by
using the resistivity curves shown in Fig. 2.

For T > 50 K, the resultant phase diagram re-
sembles that seen in prototypical quantum critical
systems, with a narrow region in which rab(T) is
approximately (although not strictly) T-linear sep-
arated from a region where rab(T) varies approx-
imately as T2. As the temperature is lowered,
however, the situation becomes markedly dif-
ferent. Rather than collapsing to a single (critical)
point, the T-linear region in LSCO fans out and
dominates the low-T response. Intriguingly, this
T-linear regime (or more precisely, the region
where n < 1.1) is coincident with both the Tc
parabola (long-dashed white line) and the super-
conducting fluctuation regime (short-dashed white
line) and has thus been obscured until now by
the veil of superconductivity.

Dual-component analysis. Previously, Drab(T)
in overdoped, hole-doped cuprates has been ex-
pressed either as above, that is, as anT

n (1 ≤
n ≤ 2) (16), or as the sum of two components,
a1T + a2T

2 (11, 17, 18). In fig. S2, we describe
in detail why the latter is in fact the more ap-
propriate expression for LSCO. In Fig. 4, A and
B, we show the doping dependences of a1 and
a2, respectively, for two different fitting proto-
cols. The solid squares are coefficients obtained

RESEARCHARTICLE

1H. H. Wills Physics Laboratory, University of Bristol, Tyndall
Avenue, Bristol, BS8 1TL, UK. 2Laboratoire National des Champs
Magnétiques Pulsés (LNCMP), UMR CNRS-UPS-INSA 5147,
Toulouse 31400, France. 3Department of Applied Physics, Grad-
uate School of Engineering, Tohoku University, 6-6-05 Aoba,
Aramaki, Aoba-ku, Sendai 980-8579, Japan. 4Department of
Advanced Materials Science, Graduate School of Frontier Sci-
ence, University of Tokyo, Kashiwa-no-ha 5-1-5, Kashiwa-shi,
Chiba 277-8651, Japan.

*Present address: Department of Physics, Okayama University,
Tsushima-naka, Okayama 700-8530, Japan.
†To whom correspondence should be addressed. E-mail:
n.e.hussey@bristol.ac.uk

www.sciencemag.org SCIENCE VOL 323 30 JANUARY 2009 603

D
ow

nloaded from
 https://w

w
w

.science.org at H
arvard U

niversity on O
ctober 26, 2023



Localized 
overdamped bosons,  

but extended 
fermions 
in “foot”

Anomalous Criticality in the
Electrical Resistivity of La2–xSrxCuO4
R. A. Cooper,1 Y. Wang,1 B. Vignolle,2 O. J. Lipscombe,1 S. M. Hayden,1 Y. Tanabe,3 T. Adachi,3
Y. Koike,3 M. Nohara,4* H. Takagi,4 Cyril Proust,2 N. E. Hussey1†

The presence or absence of a quantum critical point and its location in the phase diagram of high-
temperature superconductors have been subjects of intense scrutiny. Clear evidence for quantum
criticality, particularly in the transport properties, has proved elusive because the important low-
temperature region is masked by the onset of superconductivity. We present measurements of the
low-temperature in-plane resistivity of several highly doped La2–xSrxCuO4 single crystals in which
the superconductivity had been stripped away by using high magnetic fields. In contrast to other
quantum critical systems, the resistivity varies linearly with temperature over a wide doping range
with a gradient that scales monotonically with the superconducting transition temperature. It is
maximal at a critical doping level (pc) ~ 0.19 at which superconductivity is most robust. Moreover,
its value at pc corresponds to the onset of quasi-particle incoherence along specific momentum
directions, implying that the interaction that first promotes high-temperature superconductivity
may ultimately destroy the very quasi-particle states involved in the superconducting pairing.

An important theme in strongly correlated
electron systems is quantum criticality
and the associated quantum phase tran-

sitions that occur at zero temperature upon tuning
a nonthermal control parameter, g (e.g., pressure,
magnetic field H or composition), through a
critical value, gc. One feature of such a system is
the influence that critical fluctuations have on
the physical properties over a wide region in
the (T, g) phase diagram above the quantum
critical point (QCP), inside which the system
shows marked deviations from conventional
Landau Fermi-liquid behavior. A number of can-
didate non–Fermi-liquid systems have emerged,
particularly in the heavy fermion family (1), al-
though there are others, for example, certain
transition metal oxides (2), that display similar
characteristics.

The physics of copper-oxide high-temperature
superconductors may also be governed by prox-
imity to a QCP. The generic temperature-doping
(T, p) phase diagram resembles that seen in the
heavy fermions, with an apparent funnel-shaped
region that either pierces or skirts the supercon-
ducting dome (3). Above this region, cuprates
display an in-plane resistivity, rab, that varies
linearly with temperature over a wide tempera-
ture (4) yet narrow doping (5) range. This T-linear

resistivity has been widely interpreted, in tan-
dem with other anomalous transport properties
(6), as a manifestation of scale-invariant physics
borne out of proximity to the QCP. This view-
point has remained untested, largely because of
the high upper critical field Hc2 values in high-
Tc cuprates that restrict access to the important
limiting low-temperature region below Tc( p).
We used a combination of persistent and pulsed
high magnetic fields to expose the normal state
of La2–xSrxCuO4 (LSCO) over a wide doping
and temperature range and studied the evolution
of rab(T) with carrier density, from the slightly
underdoped (p = 0.15) to the heavily overdoped
( p = 0.33) region of the phase diagram. Our anal-
ysis reveals the presence of a singular doping
concentration in LSCO at which the electronic
response changes, although in a manner distinct
from that observed in other candidate quantum
critical systems.

In-plane resistivity of La2–xSrxCuO4. A series
of high-field rab(T, H) measurements were car-
ried out on overdoped LSCO single crystals with
doping levels of p = 0.18, 0.21, and 0.23 (labeled
hereafter LSCO18, LSCO21, and LSCO23, re-
spectively) with the field aligned perpendicular
to the CuO2 planes in order to suppress the su-
perconductivity. Figure 1A shows the rab(T, H)
data obtained on LSCO23. In order to track the
temperature dependence of the zero-field resistivity
r(T, 0) below Tc, we used a simple, transparent
technique to extrapolate the high-field rab(T, H)
data to the zero-field axis (Fig. 1B). The re-
sultant r(T, 0) values, plotted in Fig. 1C together
with the zero-field rab(T) curve below 70 K,
are found to exhibit a T-linear dependence down
to 1.5 K. For comparison, we also plotted the ab-
solute values of r(T, 48) at a fixed high field of
48 T obtained directly from the vertical dashed
line in Fig. 1A. The temperature dependence of

the latter (analysis-free) values is identical to that
of r(T, 0) and is consistent with earlier 60-T data
taken on LSCO22 (7), showing that the anal-
ysis itself has not introduced any additional,
artificial temperature dependence in r(T, 0). Sim-
ilar pulsed-field measurements and analysis were
carried out for the two other doping levels as
summarized in fig. S1.

Figure 2 shows the resultant r(T, 0) values
plus zero-field rab(T) data for seven different
concentrations ranging from optimal doping
(p = 0.17) to the heavily overdoped, nonsuper-
conducting region (p = 0.33). The gradual cross-
over in the temperature dependence of rab(T),
from quasi-linear for LSCO17 to approximately
quadratic for LSCO33, is evident in the raw data
and is consistent with previous studies carried
out above Tc (5, 8, 9). At low temperatures, how-
ever, rab(T) develops predominantly T-linear
behavior for the entire doping range 0.18 ≤ p ≤
0.29 [for p = 0.17, data exists only above Tc(H =
0)]. Although evidence for a low-T T-linear re-
sistivity has emerged for single doping concen-
trations in both electron- (10) and hole-doped
(11, 12) cuprates, our measurements show that
the low-T linearity in fact persists over a broad
range of doping.

Single-component analysis. In heavy fermi-
on systems, Dr(T), the T-dependent part of r(T),
is often described by a single term anT

n whose
exponent n(T, H) evolves from the Fermi-liquid
value n = 2 to some anomalous value less than 2
over a narrow temperature and magnetic field
window (13–15). The anomalous exponent in
Dr(T) persists to low temperatures only at the
critical field, Hc. In Fig. 3, we plotted a com-
parative n(T, p) = d(lnDr)/d(ln T) for LSCO by
using the resistivity curves shown in Fig. 2.

For T > 50 K, the resultant phase diagram re-
sembles that seen in prototypical quantum critical
systems, with a narrow region in which rab(T) is
approximately (although not strictly) T-linear sep-
arated from a region where rab(T) varies approx-
imately as T2. As the temperature is lowered,
however, the situation becomes markedly dif-
ferent. Rather than collapsing to a single (critical)
point, the T-linear region in LSCO fans out and
dominates the low-T response. Intriguingly, this
T-linear regime (or more precisely, the region
where n < 1.1) is coincident with both the Tc
parabola (long-dashed white line) and the super-
conducting fluctuation regime (short-dashed white
line) and has thus been obscured until now by
the veil of superconductivity.

Dual-component analysis. Previously, Drab(T)
in overdoped, hole-doped cuprates has been ex-
pressed either as above, that is, as anT

n (1 ≤
n ≤ 2) (16), or as the sum of two components,
a1T + a2T

2 (11, 17, 18). In fig. S2, we describe
in detail why the latter is in fact the more ap-
propriate expression for LSCO. In Fig. 4, A and
B, we show the doping dependences of a1 and
a2, respectively, for two different fitting proto-
cols. The solid squares are coefficients obtained
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The presence or absence of a quantum critical point and its location in the phase diagram of high-
temperature superconductors have been subjects of intense scrutiny. Clear evidence for quantum
criticality, particularly in the transport properties, has proved elusive because the important low-
temperature region is masked by the onset of superconductivity. We present measurements of the
low-temperature in-plane resistivity of several highly doped La2–xSrxCuO4 single crystals in which
the superconductivity had been stripped away by using high magnetic fields. In contrast to other
quantum critical systems, the resistivity varies linearly with temperature over a wide doping range
with a gradient that scales monotonically with the superconducting transition temperature. It is
maximal at a critical doping level (pc) ~ 0.19 at which superconductivity is most robust. Moreover,
its value at pc corresponds to the onset of quasi-particle incoherence along specific momentum
directions, implying that the interaction that first promotes high-temperature superconductivity
may ultimately destroy the very quasi-particle states involved in the superconducting pairing.

An important theme in strongly correlated
electron systems is quantum criticality
and the associated quantum phase tran-

sitions that occur at zero temperature upon tuning
a nonthermal control parameter, g (e.g., pressure,
magnetic field H or composition), through a
critical value, gc. One feature of such a system is
the influence that critical fluctuations have on
the physical properties over a wide region in
the (T, g) phase diagram above the quantum
critical point (QCP), inside which the system
shows marked deviations from conventional
Landau Fermi-liquid behavior. A number of can-
didate non–Fermi-liquid systems have emerged,
particularly in the heavy fermion family (1), al-
though there are others, for example, certain
transition metal oxides (2), that display similar
characteristics.

The physics of copper-oxide high-temperature
superconductors may also be governed by prox-
imity to a QCP. The generic temperature-doping
(T, p) phase diagram resembles that seen in the
heavy fermions, with an apparent funnel-shaped
region that either pierces or skirts the supercon-
ducting dome (3). Above this region, cuprates
display an in-plane resistivity, rab, that varies
linearly with temperature over a wide tempera-
ture (4) yet narrow doping (5) range. This T-linear

resistivity has been widely interpreted, in tan-
dem with other anomalous transport properties
(6), as a manifestation of scale-invariant physics
borne out of proximity to the QCP. This view-
point has remained untested, largely because of
the high upper critical field Hc2 values in high-
Tc cuprates that restrict access to the important
limiting low-temperature region below Tc( p).
We used a combination of persistent and pulsed
high magnetic fields to expose the normal state
of La2–xSrxCuO4 (LSCO) over a wide doping
and temperature range and studied the evolution
of rab(T) with carrier density, from the slightly
underdoped (p = 0.15) to the heavily overdoped
( p = 0.33) region of the phase diagram. Our anal-
ysis reveals the presence of a singular doping
concentration in LSCO at which the electronic
response changes, although in a manner distinct
from that observed in other candidate quantum
critical systems.

In-plane resistivity of La2–xSrxCuO4. A series
of high-field rab(T, H) measurements were car-
ried out on overdoped LSCO single crystals with
doping levels of p = 0.18, 0.21, and 0.23 (labeled
hereafter LSCO18, LSCO21, and LSCO23, re-
spectively) with the field aligned perpendicular
to the CuO2 planes in order to suppress the su-
perconductivity. Figure 1A shows the rab(T, H)
data obtained on LSCO23. In order to track the
temperature dependence of the zero-field resistivity
r(T, 0) below Tc, we used a simple, transparent
technique to extrapolate the high-field rab(T, H)
data to the zero-field axis (Fig. 1B). The re-
sultant r(T, 0) values, plotted in Fig. 1C together
with the zero-field rab(T) curve below 70 K,
are found to exhibit a T-linear dependence down
to 1.5 K. For comparison, we also plotted the ab-
solute values of r(T, 48) at a fixed high field of
48 T obtained directly from the vertical dashed
line in Fig. 1A. The temperature dependence of

the latter (analysis-free) values is identical to that
of r(T, 0) and is consistent with earlier 60-T data
taken on LSCO22 (7), showing that the anal-
ysis itself has not introduced any additional,
artificial temperature dependence in r(T, 0). Sim-
ilar pulsed-field measurements and analysis were
carried out for the two other doping levels as
summarized in fig. S1.

Figure 2 shows the resultant r(T, 0) values
plus zero-field rab(T) data for seven different
concentrations ranging from optimal doping
(p = 0.17) to the heavily overdoped, nonsuper-
conducting region (p = 0.33). The gradual cross-
over in the temperature dependence of rab(T),
from quasi-linear for LSCO17 to approximately
quadratic for LSCO33, is evident in the raw data
and is consistent with previous studies carried
out above Tc (5, 8, 9). At low temperatures, how-
ever, rab(T) develops predominantly T-linear
behavior for the entire doping range 0.18 ≤ p ≤
0.29 [for p = 0.17, data exists only above Tc(H =
0)]. Although evidence for a low-T T-linear re-
sistivity has emerged for single doping concen-
trations in both electron- (10) and hole-doped
(11, 12) cuprates, our measurements show that
the low-T linearity in fact persists over a broad
range of doping.

Single-component analysis. In heavy fermi-
on systems, Dr(T), the T-dependent part of r(T),
is often described by a single term anT

n whose
exponent n(T, H) evolves from the Fermi-liquid
value n = 2 to some anomalous value less than 2
over a narrow temperature and magnetic field
window (13–15). The anomalous exponent in
Dr(T) persists to low temperatures only at the
critical field, Hc. In Fig. 3, we plotted a com-
parative n(T, p) = d(lnDr)/d(ln T) for LSCO by
using the resistivity curves shown in Fig. 2.

For T > 50 K, the resultant phase diagram re-
sembles that seen in prototypical quantum critical
systems, with a narrow region in which rab(T) is
approximately (although not strictly) T-linear sep-
arated from a region where rab(T) varies approx-
imately as T2. As the temperature is lowered,
however, the situation becomes markedly dif-
ferent. Rather than collapsing to a single (critical)
point, the T-linear region in LSCO fans out and
dominates the low-T response. Intriguingly, this
T-linear regime (or more precisely, the region
where n < 1.1) is coincident with both the Tc
parabola (long-dashed white line) and the super-
conducting fluctuation regime (short-dashed white
line) and has thus been obscured until now by
the veil of superconductivity.

Dual-component analysis. Previously, Drab(T)
in overdoped, hole-doped cuprates has been ex-
pressed either as above, that is, as anT

n (1 ≤
n ≤ 2) (16), or as the sum of two components,
a1T + a2T

2 (11, 17, 18). In fig. S2, we describe
in detail why the latter is in fact the more ap-
propriate expression for LSCO. In Fig. 4, A and
B, we show the doping dependences of a1 and
a2, respectively, for two different fitting proto-
cols. The solid squares are coefficients obtained
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Anomalous Criticality in the
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The presence or absence of a quantum critical point and its location in the phase diagram of high-
temperature superconductors have been subjects of intense scrutiny. Clear evidence for quantum
criticality, particularly in the transport properties, has proved elusive because the important low-
temperature region is masked by the onset of superconductivity. We present measurements of the
low-temperature in-plane resistivity of several highly doped La2–xSrxCuO4 single crystals in which
the superconductivity had been stripped away by using high magnetic fields. In contrast to other
quantum critical systems, the resistivity varies linearly with temperature over a wide doping range
with a gradient that scales monotonically with the superconducting transition temperature. It is
maximal at a critical doping level (pc) ~ 0.19 at which superconductivity is most robust. Moreover,
its value at pc corresponds to the onset of quasi-particle incoherence along specific momentum
directions, implying that the interaction that first promotes high-temperature superconductivity
may ultimately destroy the very quasi-particle states involved in the superconducting pairing.

An important theme in strongly correlated
electron systems is quantum criticality
and the associated quantum phase tran-

sitions that occur at zero temperature upon tuning
a nonthermal control parameter, g (e.g., pressure,
magnetic field H or composition), through a
critical value, gc. One feature of such a system is
the influence that critical fluctuations have on
the physical properties over a wide region in
the (T, g) phase diagram above the quantum
critical point (QCP), inside which the system
shows marked deviations from conventional
Landau Fermi-liquid behavior. A number of can-
didate non–Fermi-liquid systems have emerged,
particularly in the heavy fermion family (1), al-
though there are others, for example, certain
transition metal oxides (2), that display similar
characteristics.

The physics of copper-oxide high-temperature
superconductors may also be governed by prox-
imity to a QCP. The generic temperature-doping
(T, p) phase diagram resembles that seen in the
heavy fermions, with an apparent funnel-shaped
region that either pierces or skirts the supercon-
ducting dome (3). Above this region, cuprates
display an in-plane resistivity, rab, that varies
linearly with temperature over a wide tempera-
ture (4) yet narrow doping (5) range. This T-linear

resistivity has been widely interpreted, in tan-
dem with other anomalous transport properties
(6), as a manifestation of scale-invariant physics
borne out of proximity to the QCP. This view-
point has remained untested, largely because of
the high upper critical field Hc2 values in high-
Tc cuprates that restrict access to the important
limiting low-temperature region below Tc( p).
We used a combination of persistent and pulsed
high magnetic fields to expose the normal state
of La2–xSrxCuO4 (LSCO) over a wide doping
and temperature range and studied the evolution
of rab(T) with carrier density, from the slightly
underdoped (p = 0.15) to the heavily overdoped
( p = 0.33) region of the phase diagram. Our anal-
ysis reveals the presence of a singular doping
concentration in LSCO at which the electronic
response changes, although in a manner distinct
from that observed in other candidate quantum
critical systems.

In-plane resistivity of La2–xSrxCuO4. A series
of high-field rab(T, H) measurements were car-
ried out on overdoped LSCO single crystals with
doping levels of p = 0.18, 0.21, and 0.23 (labeled
hereafter LSCO18, LSCO21, and LSCO23, re-
spectively) with the field aligned perpendicular
to the CuO2 planes in order to suppress the su-
perconductivity. Figure 1A shows the rab(T, H)
data obtained on LSCO23. In order to track the
temperature dependence of the zero-field resistivity
r(T, 0) below Tc, we used a simple, transparent
technique to extrapolate the high-field rab(T, H)
data to the zero-field axis (Fig. 1B). The re-
sultant r(T, 0) values, plotted in Fig. 1C together
with the zero-field rab(T) curve below 70 K,
are found to exhibit a T-linear dependence down
to 1.5 K. For comparison, we also plotted the ab-
solute values of r(T, 48) at a fixed high field of
48 T obtained directly from the vertical dashed
line in Fig. 1A. The temperature dependence of

the latter (analysis-free) values is identical to that
of r(T, 0) and is consistent with earlier 60-T data
taken on LSCO22 (7), showing that the anal-
ysis itself has not introduced any additional,
artificial temperature dependence in r(T, 0). Sim-
ilar pulsed-field measurements and analysis were
carried out for the two other doping levels as
summarized in fig. S1.

Figure 2 shows the resultant r(T, 0) values
plus zero-field rab(T) data for seven different
concentrations ranging from optimal doping
(p = 0.17) to the heavily overdoped, nonsuper-
conducting region (p = 0.33). The gradual cross-
over in the temperature dependence of rab(T),
from quasi-linear for LSCO17 to approximately
quadratic for LSCO33, is evident in the raw data
and is consistent with previous studies carried
out above Tc (5, 8, 9). At low temperatures, how-
ever, rab(T) develops predominantly T-linear
behavior for the entire doping range 0.18 ≤ p ≤
0.29 [for p = 0.17, data exists only above Tc(H =
0)]. Although evidence for a low-T T-linear re-
sistivity has emerged for single doping concen-
trations in both electron- (10) and hole-doped
(11, 12) cuprates, our measurements show that
the low-T linearity in fact persists over a broad
range of doping.

Single-component analysis. In heavy fermi-
on systems, Dr(T), the T-dependent part of r(T),
is often described by a single term anT

n whose
exponent n(T, H) evolves from the Fermi-liquid
value n = 2 to some anomalous value less than 2
over a narrow temperature and magnetic field
window (13–15). The anomalous exponent in
Dr(T) persists to low temperatures only at the
critical field, Hc. In Fig. 3, we plotted a com-
parative n(T, p) = d(lnDr)/d(ln T) for LSCO by
using the resistivity curves shown in Fig. 2.

For T > 50 K, the resultant phase diagram re-
sembles that seen in prototypical quantum critical
systems, with a narrow region in which rab(T) is
approximately (although not strictly) T-linear sep-
arated from a region where rab(T) varies approx-
imately as T2. As the temperature is lowered,
however, the situation becomes markedly dif-
ferent. Rather than collapsing to a single (critical)
point, the T-linear region in LSCO fans out and
dominates the low-T response. Intriguingly, this
T-linear regime (or more precisely, the region
where n < 1.1) is coincident with both the Tc
parabola (long-dashed white line) and the super-
conducting fluctuation regime (short-dashed white
line) and has thus been obscured until now by
the veil of superconductivity.

Dual-component analysis. Previously, Drab(T)
in overdoped, hole-doped cuprates has been ex-
pressed either as above, that is, as anT

n (1 ≤
n ≤ 2) (16), or as the sum of two components,
a1T + a2T

2 (11, 17, 18). In fig. S2, we describe
in detail why the latter is in fact the more ap-
propriate expression for LSCO. In Fig. 4, A and
B, we show the doping dependences of a1 and
a2, respectively, for two different fitting proto-
cols. The solid squares are coefficients obtained
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Extended bosons and fermions 
in “fan”
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The Sachdev-Ye-Kitaev model of many-particle entanglement:
 No quasiparticles: yields a metal in which current is carried not by individual 

electrons, but by an entangled “quantum soup”.
 Dual to low-energy theory of charged black holes in 3+1 dimensions

Quantum phase transitions of qubits
 Described by a conformal field theory in 2+1 dimensions

Quantum phase transitions of metals
 Breakdown of fermionic quasiparticles, but transport is that of a perfect metal.

Quantum phase transitions in inhomogeneous metals 
described by the 2d-YSYK model

 Universal theory of strange metals, good agreement with transport and optical data.  
The “foot” in phase diagram is associated with boson localization.


