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Fermi liquid:
Area enclosed 

by Fermi surface 
=1+p

M. Platé, J. D. F. Mottershead, I. S. Elfimov, D. C. Peets, Ruixing Liang, D. A. Bonn, W. N. Hardy,
S. Chiuzbaian, M. Falub, M. Shi, L. Patthey, and A. Damascelli, Phys. Rev. Lett. 95, 077001 (2005)
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Pseudogap

“Fermi arcs” 
at

low p

Kyle M. Shen, F. Ronning, D. H. Lu, F. Baumberger, N. J. C. Ingle, W. S. Lee, W. Meevasana,
Y. Kohsaka, M. Azuma, M. Takano, H. Takagi, Z.-X. Shen, Science 307, 901 (2005)
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Numerous recent 
experiments 

indicating 
density wave (DW) 
order at low T in 

all the underdoped 
cuprates

Strange
metal



How do we 
understand the 

Fermi arc 
spectrum, and 

what is its 
relationship to 

the density 
wave (DW) 

order at 
lower T ?

Strange
metal



Is the higher temperature pseudogap 
(with ``Fermi arc'' spectra) described by

(A)   Thermal fluctuations of the low 
temperature orders (superconductivity, 

density wave, antiferromagnetism…)

OR

(B)   A new type of metal with “topological 
order”, which can be stable (in principle) as a 

quantum ground state
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Outline
1. The high T pseudogap:

A quantum dimer model for a metal 
        with topological order

2. The low T pseudogap:
STM observation of predicted 
        d-form factor density wave

3. Connecting high and low T:
Density wave instabilities

4. Quantum critical point near optimal p:
A Higgs critical point
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Gauge-charged, spin S=1/2, neutral 
“spinon” excitations
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Nearest-neighbor hopping leads to attraction 
between holon and spinon, which can pay for 

the energy needed to create the spinon 

R. K. Kaul, A. Kolezhuk, M. Levin, S. Sachdev, and T. Senthil, Phys. Rev. B 75, 235122 (2007)
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Spinon-holon bound state resides on 
a “bonding” orbital between two sites 

R. K. Kaul, A. Kolezhuk, M. Levin, S. Sachdev, and T. Senthil, Phys. Rev. B 75, 235122 (2007)
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Fractionalized Fermi liquid (FL*) 

Emergent 
gauge field

and 
gauge-neutral, 

spin S=1/2,
charge +e
fermions

of density p

T. Senthil, S. S., M. Vojta Phys. Rev. Lett. 90, 216403 (2003) 
R. K. Kaul, A. Kolezhuk, M. Levin, S. S., and T. Senthil, Phys. Rev. B 75, 235122 (2007)

E. G. Moon and S. S. Phys. Rev. B 83, 224508 (2011); M. Punk, A. Allais, and S. S., arXiv:1501.00978.
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Note: 
electron-like 
quasiparticle 
can only be a 

dimer because 
of spin-liquid 
background; it 
is not possible 
to have it on a 

single site

Fractionalized Fermi liquid (FL*) 

T. Senthil, S. S., M. Vojta Phys. Rev. Lett. 90, 216403 (2003) 
R. K. Kaul, A. Kolezhuk, M. Levin, S. S., and T. Senthil, Phys. Rev. B 75, 235122 (2007)

E. G. Moon and S. S. Phys. Rev. B 83, 224508 (2011); M. Punk, A. Allais, and S. S., arXiv:1501.00978.
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Realizes a 
metal with a 

Fermi 
surface of 
area p and 

“topological 
order”

Fractionalized Fermi liquid (FL*) 

T. Senthil, S. S., M. Vojta Phys. Rev. Lett. 90, 216403 (2003) 
R. K. Kaul, A. Kolezhuk, M. Levin, S. S., and T. Senthil, Phys. Rev. B 75, 235122 (2007)

E. G. Moon and S. S. Phys. Rev. B 83, 224508 (2011); M. Punk, A. Allais, and S. S., arXiv:1501.00978.
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Topological argument 

�

Put metal on a torus, adiabatically insert flux � = h/e through hole, and

measure change in momentum. In a FL, we can assume the only low energy

excitations are quasiparticles near the Fermi surface, and this leads to a non-

perturbative proof of the Luttinger relation on the area enclosed by the Fermi

surface. Violations of the Luttinger relation are possible in the FL* because

there are “topological” low energy excitations associated with a flux of the

emergent gauge field in the hole of the torus.

M. Oshikawa, Phys. Rev. Lett. 84, 3370 (2000)
T. Senthil, M. Vojta, and S. Sachdev, Phys. Rev. B 69, 035111 (2004)



Characteristics of FL*

• Fermi surface volume does not count
all electrons.

• Such a phasemust have low energy collective
gauge excitations (“topological” order).

• These low energy gauge excitations are needed
to account for the deficit in the Fermi sur-
face volume, in Oshikawa’s proof of the
Luttinger theorem.

T. Senthil, M. Vojta, and S. Sachdev, Phys. Rev. B 69, 035111 (2004)



Quantum dimer model with 
bosonic and fermionic dimers 

M. Punk, A. Allais, and S. Sachdev, arXiv:1501.00978 



M. Punk, A. Allais, and S. Sachdev, arXiv:1501.00978 

Quantum dimer model with 
bosonic and fermionic dimers 

Connection to the

t-t0-t00-J model:

t1 = �(t+ t0)/2
t2 = (t� t0)/2

t3 = �(t+ t0+ t00)/4

,�J V)

,
�t1 ,

,

�t2

�t3



Quantum dimer model with 
bosonic and fermionic dimers 

M. Punk, A. Allais, and S. Sachdev, arXiv:1501.00978 

Dispersion and quasiparticle residue for J = V = 1, and hopping parameters

obtained from the t-J model for the cuprates,

t1 = �1.05, t2 = 1.95 and t3 = �0.6, on a 8⇥ 8 lattice.
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Quantum dimer model with 
bosonic and fermionic dimers 

M. Punk, A. Allais, and S. Sachdev, arXiv:1501.00978 

k
x

ky

Z(k)

Dispersion and quasiparticle residue for J = V = 1, and hopping parameters

t1 = 1, t2 = 1 and t3 = �1, on a 8⇥ 8 lattice.



Electron spectral
function of FL*

Semi-phenomenological theory of a FL* state with hole pockets of

volume p, along with a background spin liquid with an emergent

U(1) gauge field. Note that the quasiparticle excitations around

the Fermi surface do not carry U(1) gauge charges.

0 ⇡ 2⇡
0

⇡

2⇡

Y. Qi and S. Sachdev, Phys. Rev. B 81, 115129 (2010)
M. Punk, A. Allais, and S. Sachdev, arXiv:1501.00978



“Fermi arcs” 
at

low p

Kyle M. Shen, F. Ronning, D. H. Lu, F. Baumberger, N. J. C. Ingle, W. S. Lee, W. Meevasana,
Y. Kohsaka, M. Azuma, M. Takano, H. Takagi, Z.-X. Shen, Science 307, 901 (2005)

Strange
metal



FL* described 
by a quantum 
dimer model

Y. Qi and S. Sachdev, Phys. Rev. B 81, 115129 (2010)
M. Punk, A. Allais, and S. Sachdev, arXiv:1501.00978

Strange
metal



Outline
1. The high T pseudogap:

A quantum dimer model for a metal 
        with topological order

2. The low T pseudogap:
STM observation of predicted 
        d-form factor density wave

3. Connecting high and low T:
Density wave instabilities

4. Quantum critical point near optimal p:
A Higgs critical point



STM
of DW order

in non-La
materials

Strange
metal
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“R-map” of BSCCO in zero magnetic field, similar to those published in Y. Kohsaka, C. Taylor,
K. Fujita, A. Schmidt, C. Lupien, T. Hanaguri, M. Azuma, M. Takano, H. Eisaki, H. Takagi,
S. Uchida, and J. C. Davis, Science 315, 1380 (2007). Davis group has sub-angstrom resolution
capabilities, with lattice drift corrections, which make sublattice phase-resolved STM possible.

See also
C. Howald, H. Eisaki,
N. Kaneko, M. Greven,
and A. Kapitulnik,
Phys. Rev. B 67,
014533 (2003);

M. Vershinin, S. Misra,
S. Ono, Y. Abe, Yoichi
Ando, and
A. Yazdani, Science
303, 1995 (2004).

W. D. Wise, M. C. Boyer,
K. Chatterjee, T. Kondo,
T. Takeuchi, H. Ikuta,
Y. Wang, and
E. W. Hudson,
Nature Phys. 4, 696
(2008).
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Disordered uni-directional charge density waves

(“stripes”) with wavelength ⇡ 4 lattice sites ?



Unconventional density wave (DW) : 
Bose condensation of particle-hole pairs

⌦
c†↵(r1)c↵(r2)

↵

=
h
P(r1 � r2)

i
⇥  DW

✓
r1 + r2

2

◆
eiQ·(r1+r2)/2 + c.c.

M. A. Metlitski and S. Sachdev,  Phys. Rev. B 85, 075127 (2010)
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=
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Crucial “center-of-mass” co-ordinate.

(Not used in previous work)

Simplifies action of time-reversal

M. A. Metlitski and S. Sachdev,  Phys. Rev. B 85, 075127 (2010)



Unconventional density wave (DW) : 
Bose condensation of particle-hole pairs

⌦
c†↵(r1)c↵(r2)

↵

=
h
P(r1 � r2)

i
⇥  DW

✓
r1 + r2

2

◆
eiQ·(r1+r2)/2 + c.c.

Density wave form factor (internal particle-hole pair wavefunction)

P(r) =

Z
d2k

4⇡2
P(k)eik·r

Time-reversal symmetry requires P(k) = P(�k).

We expand (using reflection symmetry for Q along axes or diagonals)

P(k) = P
s

+ P
s

0
(cos k

x

+ cos k
y

) + P
d

(cos k
x

� cos k
y

)

M. A. Metlitski and S. Sachdev,  Phys. Rev. B 85, 075127 (2010)
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y
Conventional CDW order: s-form factor

Plot of Pij =

D
c†i↵cj↵

E
for i = j, and i, j nearest neighbors.

Pij =

Z

k
P(k)eik·(ri�rj)

�
eiQ·(ri+rj)/2

+ c.c.

P(k) = 1 and Q = 2⇡(1/4, 0)

Q = (⇡/2, 0)
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Unconventional DW order: s0-form factor

Plot of P
ij

=

D
c†
i↵

c
j↵

E
for i = j, and i, j nearest neighbors.

P
ij

=

Z

k
P(k)eik·(ri�rj)

�
eiQ·(ri+rj)/2

+ c.c.

P(k) = ei� [cos(k
x

) + cos(k
y

)] and Q = 2⇡(1/4, 0)

Q = (⇡/2, 0)
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y

Q = (⇡/2, 0)

The pattern of

charge densities

and bond

energies in the

“stripe” model

yields a

combination of

s and s0

components

Unconventional DW order: s+ s0-form factor

M. H. Fischer, Si Wu, M. Lawler, A. Paramekanti, and Eun-Ah Kim, arXiv:1406.2711

Plot of P
ij

=

D
c†
i↵

c
j↵

E
for i = j, and i, j nearest neighbors.

P
ij

=

Z

k
P(k)eik·(ri�rj)

�
eiQ·(ri+rj)/2

+ c.c.

P(k) = ei� [1/2 + cos(k
x

) + cos(k
y

)] and Q = 2⇡(1/4, 0)
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Q = (⇡/2, 0)

Unconventional DW order: s+ s0-form factor

Plot of P
ij

=

D
c†
i↵

c
j↵

E
for i = j, and i, j nearest neighbors.

P
ij

=

Z

k
P(k)eik·(ri�rj)

�
eiQ·(ri+rj)/2

+ c.c.

P(k) = ei� [1/2 + cos(k
x

) + cos(k
y

)] and Q = 2⇡(1/4, 0)

X-ray
observations
indicate
strong s0

component in
LBCO David 

Hawthorn,
Waterloo

A. J. Achkar, F. He, R. Sutarto, Christopher McMahon, M. Zwiebler, M. Hucker, G. D. Gu,
Ruixing Liang, D. A. Bonn, W. N. Hardy, J. Geck, and D. G. Hawthorn, arXiv:1409.6787
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Plot of P
ij

=

D
c†
i↵

c
j↵

E
for i = j, and i, j nearest neighbors.

P
ij

=

Z

k
P(k)eik·(ri�rj)

�
eiQ·(ri+rj)/2

+ c.c.

P(k) = ei� [cos(k
x

)� cos(k
y

)] and Q = 2⇡(1/4, 0)

Unconventional DW order: d-form factor

M. A. Metlitski and S. Sachdev, Phys. Rev. B 82, 075128 (2010).
S. Sachdev and R. LaPlaca, Phys. Rev. Lett. 111, 027202 (2013).
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The identity of the fundamental broken symmetry (if any) in the
underdoped cuprates is unresolved. However, evidence has been
accumulating that this state may be an unconventional density
wave. Here we carry out site-specific measurements within each
CuO2 unit cell, segregating the results into three separate elec-
tronic structure images containing only the Cu sites [Cu(r)] and
only the x/y axis O sites [Ox(r) and Oy(r)]. Phase-resolved Fourier
analysis reveals directly that the modulations in the Ox(r) and Oy(r)
sublattice images consistently exhibit a relative phase of π. We
confirm this discovery on two highly distinct cuprate compounds,
ruling out tunnel matrix-element and materials-specific systemat-
ics. These observations demonstrate by direct sublattice phase-
resolved visualization that the density wave found in underdoped
cuprates consists of modulations of the intraunit-cell states that
exhibit a predominantly d-symmetry form factor.

CuO2 pseudogap | broken symmetry | density-wave form factor

Understanding the microscopic electronic structure of the
CuO2 plane represents the essential challenge of cuprate

studies. As the density of doped holes, p, increases from zero in
this plane, the pseudogap state (1, 2) first emerges, followed by
the high-temperature superconductivity. Within the elementary
CuO2 unit cell, the Cu atom resides at the symmetry point with
an O atom adjacent along the x axis and the y axis (Fig. 1A,
Inset). Intraunit-cell (IUC) degrees of freedom associated with
these two O sites (3, 4), although often disregarded, may actually
represent the key to understanding CuO2 electronic structure.
Among the proposals in this regard are valence-bond ordered
phases having localized spin singlets whose wavefunctions are
centered on Ox or Oy sites (5, 6), electronic nematic phases
having a distinct spectrum of eigenstates at Ox and Oy sites (7,
8), and orbital-current phases in which orbitals at Ox and Oy are
distinguishable due to time-reversal symmetry breaking (9). A
common element to these proposals is that, in the pseudogap
state of lightly hole-doped cuprates, some form of electronic
symmetry breaking renders the Ox and Oy sites of each CuO2
unit cell electronically inequivalent.

Electronic Inequivalence at the Oxygen Sites of the CuO2
Plane in Pseudogap State
Experimental electronic structure studies that discriminate the
Ox from Oy sites do find a rich phenomenology in underdoped
cuprates. Direct oxygen site-specific visualization of electronic
structure reveals that even very light hole doping of the insulator
produces local IUC symmetry breaking, rendering Ox and Oy
inequivalent (10), that both Q ≠ 0 density wave (11) and Q = 0
C4-symmetry breaking (11, 12, 13) involve electronic inequi-
valence of the Ox and Oy sites, and that the Q ≠ 0 and Q = 0

broken symmetries weaken simultaneously with increasing p and
disappear jointly near pc = 0.19 (13). For multiple cuprate com-
pounds, neutron scattering reveals clear intraunit-cell breaking of
rotational symmetry (14, 15, 16). Thermal transport studies (17)
can likewise be interpreted. Polarized X-ray scattering studies
reveal the electronic inequivalence between Ox and Oy sites (18)
and that angular dependent scattering is best modeled by spa-
tially modulating their inequivalence with a d-symmetry form
factor (19). Thus, evidence from a variety of techniques indicates
that Q = 0 C4 breaking (electronic inequivalence of Ox and Oy) is
a key element of underdoped-cuprate electronic structure. The
apparently distinct phenomenology of Q ≠ 0 incommensurate
density waves (DW) in underdoped cuprates has also been reported
extensively (20–27). Moreover, recent studies (28, 29) have dem-
onstrated beautifully that the density modulations first visualized
by scanning tunneling microscopy (STM) imaging (30) are in-
deed the same as the DW detected by these X-ray scattering
techniques. However, although distinct in terms of which symmetry
is broken, there is mounting evidence that the incommensurate
DW and the IUC degrees of freedom are somehow linked micro-
scopically (13, 16, 19, 31, 32).

Significance

High-temperature superconductivity emerges when holes are
introduced into the antiferromagnetic, insulating CuO2 plane
of the cuprates. Intervening between the insulator and the
superconductor is the mysterious pseudogap phase. Evidence
has been accumulating that this phase supports an exotic
density wave state that may be key to its existence. By in-
troducing visualization techniques that discriminate the elec-
tronic structure at the two oxygen sites with each CuO2 unit
cell, we demonstrate that this density wave consists of periodic
modulations maintaining a phase difference of π between ev-
ery such pair of oxygen sites. Therefore, the cuprate pseudo-
gap phase contains a previously unknown electronic state—
a density wave with a d-symmetry form factor.
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d-form factor is peaked at the pseudogap energy,
and does not disperse as a function of wavevector
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Outline
1. The high T pseudogap:

A quantum dimer model for a metal 
        with topological order

2. The low T pseudogap:
STM observation of predicted 
        d-form factor density wave

3. Connecting high and low T:
Density wave instabilities

4. Quantum critical point near optimal p:
A Higgs critical point



Fermi surface+antiferromagnetism

+

Metal with “large” 
Fermi surface

The electron spin polarization obeys

D
~S(r, ⌧)

E
= ~'(r, ⌧)eiK·r

where K = (⇡,⇡) is the ordering

wavevector.
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wavevector
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Write the electron operator c↵ (↵ =", # are spin indices)

as

✓
c"
c#

◆
= R

✓
 +
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◆

where R is a SU(2) matrix which determines the orienta-

tion of the local antiferromagnetic order, and  ± are spin-

less fermions which carry the global electron U(1) charge.

This parameterization is invariant under a SU(2) gauge
transformation

✓
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◆
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✓
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; R ! RU†

SU(2) gauge theory
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Assume field R is non-critical.

• Fermion  , transforming as a gauge SU(2) fun-
damental, with dispersion "k from the band struc-
ture, at a non-zero chemical potential: has a
“large” Fermi surface.

• A SU(2) gauge boson.

• A real Higgs field, H, transforming as a gauge
SU(2) adjoint, carrying lattice momentum (⇡,⇡).
Condensation of the Higgs breaks SU(2)!U(1),
and transforms the large Fermi surface to a small
Fermi surface.
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SU(2) gauge theory

The electrons, c↵ move in the presence of local antiferromag-

netic order ~n. In the rotating reference frame, this is equiv-

alent to a Yukawa coupling between the  fermions and a

spin-singlet, gauge-SU(2) adjoint Higgs field Ha
given by
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SU(2) gauge theory for underlying quantum critical point

• The quantum critical theory is the Higgs transi-
tion where the gauge “symmetry” breaks from
SU(2) down to U(1), in the presence of a Fermi
surface of fermions carrying fundamental SU(2)
charges.

• The Higgs condensation does not give the fermions
a “mass”; instead it reconstructs the Fermi sur-
face from large to small.

• The quantum phase transition has no gauge-
invariant “order parameter”, and it does not
break any global symmetries.
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Higgs transition between non-Fermi liquid metals 
with large and small Fermi surfaces
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SU(2) gauge theory for underlying quantum critical point
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Transport in QC regime:

All points on the Fermi surface have a 
rapid relaxation to local thermal 

equilibrium by processes which conserve a 
suitably defined momentum.

Relaxation of the momentum occurs at a 
slower rate.

SU(2) gauge theory for underlying quantum critical point

S. A. Hartnoll, R. Mahajan, M. Punk and S. Sachdev, Phys. Rev. B 89, 155130 (2014)
A. Patel and S. Sachdev, arXiv:1408.6549



SU(2) gauge theory for underlying quantum critical point

The resistivity of this strange metal is not

determined by the scattering rate of charged

excitations near the Fermi surface, but by the

dominant rate of momentum loss by any

excitation, whether neutral or charged, or

fermionic or bosonic.

There is a dominant contribution ⇢(T ) ⇠ T by

the coupling of long-wavelength disorder to the

gauge-invariant operator O ⇠ H2
.

S. A. Hartnoll, R. Mahajan, M. Punk and S. Sachdev, Phys. Rev. B 89, 155130 (2014)
A. Patel and S. Sachdev, arXiv:1408.6549



Conclusions
1. Predicted d-form factor density wave order 

observed in the non-La hole-doped cuprate 
superconductors.

2.  The “electron becomes a dimer” in the  
    pseudogap metal: proposed a quantum dimer   
    model.

3.  The d-form factor is an unexpected window
    into the electronic structure of the
    pseudogap, with evidence for a 
    fractionalized Fermi liquid (FL*) model.
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