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Yukawa-SYK models
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Leads to fully self-consistent Migdal-Eliashberg equations
⌃ ⇠ g2G G�, ⌃� ⇠ g2G G in a SYK-like large N limit.
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Quantum criticality of Ising-nematic ordering in a metal
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• Nematic fluctuation at wavevector q couples most e�ciently
to fermions near ±k0.

• Expand fermion kinetic energy at wavevectors about ±k0.



M. A. Metlitski and S. Sachdev,
Phys. Rev. B 82, 075127 (2010)
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Fermi surface coupled to a gauge field
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A metal with a Fermi surface
minimally coupled to a gauge field A
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Fermi surface coupled to a gauge field
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• Gauge fluctuation at wavevector q couples most e�ciently to
fermions near ±k0.

• Expand fermion kinetic energy at wavevectors about ±k0. In
Landau gauge A = (a, 0).



Fermi surface coupled to a gauge field

M. A. Metlitski and S. Sachdev,
Phys. Rev. B 82, 075127 (2010)
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M. A. Metlitski and S. Sachdev,
Phys. Rev. B 82, 075127 (2010)
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Fermi surface coupled to a critical boson
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Fermi surface coupled to a critical boson
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Yields a state without quasiparticle excitations, but the theory is not systematic at large N

Sung-Sik Lee (2009)
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“Yukawa” coupling: g
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Boson self energy ⇧(q, i⌦) ⇠ �g2
|⌦|
q

(Landau damping)

Boson Green’s function D(q, i⌦) =
1

q2 + �|⌦|/q

Fermion self energy ⌃(k̂, i!) ⇠ �isgn(!)|!|2/3

Fermion Green’s function G(k, i!) =
1

i! ⌥ kx � k2y � ⌃(k̂, i!)



Simple scaling argument for z = 3/2.

Fermi surface coupled to a gauge field

M. A. Metlitski and S. Sachdev,
Phys. Rev. B 82, 075127 (2010)
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Under the rescaling x ! x/s, y ! y/s1/2, and ⌧ ! ⌧/sz, we
find invariance provided

a ! a s(2z+1)/4

 !  s(2z+1)/4

g ! g s(3�2z)/4

So the action is invariant provided z = 3/2.



<latexit sha1_base64="Qj2LLYTe6YvTP99OYMJHpUkROiM="></latexit>

L =  †
+

�
@⌧ � i@x � @2y

�
 + +  †

�
�
@⌧ + i@x � @2y

�
 �

� g a
⇣
 †
+ + �  †

� �

⌘
+

1

2
(@ya)

2

Simple scaling argument for z = 3/2.

Fermi surface coupled to a gauge field

M. A. Metlitski and S. Sachdev,
Phys. Rev. B 82, 075127 (2010)
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Fermi surface coupled to a critical boson
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“Yukawa” coupling:
gij`
N

Z
d2rd⌧  †

i (r, ⌧) j(r, ⌧)�l(r, ⌧)

gijl = 0 , |gijl|2 = g2
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Main idea:
Introduce N flavors of fermions and bosons, and examine
an ensemble of theories with di↵erent Yukawa couplings.
In the large N limit, every member of the ensemble is
expected to have the same critical properties, and so it is
easier to study the average theory.

Ilya Esterlis, J. Schmalian, PRB 100, 115132 (2019) 
Yuxuan Wang and A. V. Chubukov, PRR 2, 033084 (2020) 

E. E. Aldape, T. Cookmeyer,  A. A. Patel, and E. Altman, arXiv:2012.00763  
Ilya Esterlis, Haoyu Guo, Aavishkar Patel, S.S. PRB 103, 235129 (2021)



Ilya Esterlis, Haoyu Guo, Aavishkar Patel, S.S. PRB 103, 235129 (2021)
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The theory self-averages, and the average partition function can be written exactly
as a ‘G-⌃’ theory involving a path integral over bilocal in spacetime. We introduce
the spacetime co-ordinate X ⌘ (⌧, x, y), and all Green’s functions and self energies
in the path integral are functions of two spacetime co-ordinates X1 and X2.

Z =

Z
DG(X1, X2)D⌃(X1, X2)DD(X1, X2)D⇧(X1, X2) exp [�NI(G,⌃, D,⇧)] .

The G-⌃-D-⇧ action is now

I(G,⌃, D,⇧) =
g2

2
Tr (G · [GD])� Tr(G · ⌃) + 1

2
Tr(D ·⇧)

� ln det [(@⌧1 + "(�ir1)) �(X1 �X2) + ⌃(X1, X2)]

+
1

2
ln det

⇥�
�@2

⌧1 �r2
1 + s

�
�(X1 �X2)�⇧(X1, X2)

⇤
.

where we have introduced notation

Tr (f · g) ⌘
Z

dX1dX2 f(X2, X1)g(X1, X2) .
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G-⌃-D-⇧ Theory



Ilya Esterlis, Haoyu Guo, Aavishkar Patel, S.S. PRB 103, 235129 (2021)
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The saddle point equations are

⌃(r, ⌧) = g2�D(r, ⌧)G(r, ⌧),

⇧(r, ⌧) = �g2G(�r,�⌧)G(r, ⌧),

G(k, i!n) =
1

i!n � "(k)� ⌃(k, i!n)
,

D(q, i⌦m) =
1

⌦2
m + q2 + s�⇧(q, i⌦m)

.
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G-⌃-D-⇧ Theory
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Exact Solution at small !:

⌃(k̂, i!) ⇠ �isgn(!)|!|2/3 , G(k, i!) =
�1

"(k) + ⌃(k̂, i!)

where the co-e�cient is known exactly in terms of the Fermi velocity and
Fermi surface curvature at the Fermi surface point along the direction k̂.
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Fermi surface coupled to a critical boson
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“Yukawa” coupling:
gij`
N

Z
d2rd⌧  †

i (r, ⌧) j(r, ⌧)�l(r, ⌧)

gijl = 0 , |gijl|2 = g2

(a) (b) (c)

(e)(d)

+ all ladders and bubbles…..
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Yong Baek Kim, A. Furusaki, Xiao-Gang Wen,
P. A. Lee, PRB 50, 17917 (1994)
examined these graphs and concluded that
the d.c. resistivity ⇢(T ) ⇠ T 4/3

and �(! � T ) ⇠ !�2/3.
These results do not account for
conservation of total momentum i.e. ‘boson drag’.



Fermi surface coupled to a critical boson

Aavishkar Patel, Haoyu Guo, Ilya Esterlis, S.S. arXiv:2203.04990

<latexit sha1_base64="Lz18jAVqTTwzy8Y1l6tqfQpKic4="></latexit>

“Yukawa” coupling:
gij`
N

Z
d2rd⌧  †

i (r, ⌧) j(r, ⌧)�l(r, ⌧)

gijl = 0 , |gijl|2 = g2

(a) (b) (c)

(e)(d)

+ all ladders and bubbles…..

S. A. Hartnoll, P. K. Kovtun, M. Muller, and S.S. PRB 76, 144502 (2007)
S. A. Hartnoll, R. Mahajan, M. Punk, and S.S. PRB 89, 155130 (2014) 

A. Eberlein, I. Mandal, and S. S. PRB 94, 045133 (2016)

<latexit sha1_base64="TBwURNC5jZyXdS2mo2qPSw5wLe0="></latexit>

Conservation of momentum implies
the d.c. conductivity is infinite

Re�(!) = D�(!) + . . .
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�i! + !2
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Marginal Fermi liquid self energy and T log T specific heat
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Conductivity:
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The g2 log term does not contribute to transport
Aavishkar Patel, Haoyu Guo, Ilya Esterlis, S.S. arXiv:2203.04990
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With g and v non-zero, we obtain a non-zero residual resistivity
and Fermi liquid like corrections

⇢(T ) = ⇢(0) +AT 2 + . . ..
with 1/⇢(0) ⇠ 1/⌧trans ⇠ v2.

Aavishkar Patel, Haoyu Guo, Ilya Esterlis, S.S. arXiv:2203.04990
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Conductivity:
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The g2 log term does not contribute to transport
but the g02 log term does!
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Conductivity: �(!) ⇠ [1/⌧trans(!)� i!m⇤(!)/m]�1
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Residual resistivity is determined by v2; Linear-in-T resistivity determined by g02.
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Non-Fermi liquid with T 2/3 specific heat,
but conductivity �(!) ⇠ �(!)
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MFL self-energy, T ln(1/T ) specific heat,
but T -independent ‘residual’ resistivity,

and negligible optical conductivity
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“Yukawa” coupling:
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g0ijl(r) = 0 , g0⇤ijl(r)g
0
abc(r

0) = g0
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MFL self-energy, T ln(1/T ) specific heat,
linear-T resistivity and

1/[! � i(2!/⇡) ln(⇤/!)] optical conductivity
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