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The Einstein action for gravity in 3+1 dimensions is

IE =

Z
d4x

p
g


� 1

22
R4

�
, Z =

Z
Dg exp(�IE) ,

where 2 = 8⇡GN is the gravitational constant, R4 is the Ricci scalar. The Schwarzschild solution
of the saddle-point equations is

ds2 = V (r)d⌧2 + r2d⌦2
2 +

dr2

V (r)

where d⌦2
2 is the metric of the 2-sphere, and

V (r) = 1� m

r
.

The gravitational mass of the black hole is M = 2GNm. The black hole horizon is at r = r0 where
V (r0) = 0; so

r0 = m
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Distance
outside horizon
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The T > 0 quantum partition function is obtained in a spacetime which is periodic as a function
of ⌧ with period ~/(kBT ). We have to ensure that there is no singularity at the horizon r0 where
V (r0) = 0. Let us change radial co-ordinates to y, where r = r0 + y2. Then for small y

ds2 =
4

V 0(r0)


(V 0(r0))2

4
y2d⌧2 + dy2

�
+ r20d⌦

2
2 =

4

V 0(r0)

⇥
y2d✓2 + dy2

⇤
+ r20d⌦

2
2

The expression in the square brackets is the metric of the flat plane in polar co-ordinates, with
radial co-ordinate y and angular co-ordinate ✓ = V 0(r0)⌧/2. Smoothness requires periodicity in ✓
with period 2⇡, and so

4⇡T = V 0(r0) =
1

m
.
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The free energy �F = IE , where � = 1/T . So the entropy is

S = �@F

@T
=

✓
�

@

@�
� 1

◆
IE

However, the metric is ⌧ -independent, and the only explicit dependence of the action is via IE = �H.

Such an action implies S = 0.

The entire contribution to the entropy comes from the vicinity of the co-ordinate singularity at

r = r0. We evaluate the action is the small region around this point

Igrav = IE + IGH , IGH =

Z

@

d
3
x
p
gb


� 1

2
K3

�
, Z =

Z
Dg exp(�Igrav) ,

where K3 is the extrinsic scalar curvature of the 3-dimensional boundary of spacetime. IGH is the

Gibbons-Hawking boundary term, deduced by the requirement that the Euler-Lagrange equations

of Igrav co-incide with the Einstein equations, with no additional boundary terms. The entire

contribution to the entropy will come from IGH .



where H is the Hamiltonian. Hence, when such a geometry provides the dominant
saddle point, ln Z ≈ I is linear in β, and

S ≈
(

β
∂

∂β
− 1

)

I = 0. (6.7)

That is, there is no classical contribution to the entropy for this solution, as we would
expect.

For solutions with a black hole, on the other hand, such a foliation by surfaces of
constant time will necessarily break down in the interior, where the S1 degenerates.
Thus, the action will not be linear in β. We can split the integration over the spacetime
up in the way shown in figure 12, into an integral over a small disc around the horizon
at r = r+, and the remaining integration. The remaining integration will then be
linear in β, as this region can be foliated with surfaces of constant t.

τ
r = r+

Figure 12: Decomposition of the calculation of the bulk action into a small region
near the horizon and the remainder.

One might think that the integration over the small disc would vanish in the limit
as we take the size of the disc to zero, since this is a smooth region of spacetime.
However, this is not the case: to be able to write the integration over the bulk of the
spacetime in Hamiltonian form, we have to be careful about how we break up the
integration, which means we have to keep a boundary term in the action (see [69, 70]).
The (leading-order) gravitational part of the action for the disc is

Igrav =
1

16πG

∫

M

ddx
√
−gR +

1

8πG

∫

∂M

dd−1y
√
−hK. (6.8)

The first term is the usual Einstein-Hilbert term; the second term is the integral of
the trace of the extrinsic curvature over the boundary, K = hµν∇µnν , where nµ is the
normal to and hµν the induced metric on the boundary. The surface term can also
be rewritten as

∫

∂M

dd−1y
√
−hK = − ∂

∂n

∫

∂M

dd−1y
√
−h. (6.9)

This surface term is necessary to ensure that the variation of the action vanishes
under arbitrary variations of the metric which vanish on ∂M [71].

For a small disc near the horizon, the metric is approximately

ds2 ≈ ρ2κ2dτ 2 + dρ2 + r2
+dΩ, (6.10)

33
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We evaluate IGH by using the identity

Z

@

d3x
p
gb K3 =

@

@n

Z

@

d3x
p
gb

where n is the Gaussian normal co-ordinate of the boundary. Evaluating at y = ✏, we have

Z

@

d3x
p
gb = 2⇡✏A

where A = 4⇡r20 is the area of the horizon. Combining everything, we have the famous result of

Hawking

S =
2⇡A
2

=
A

4GN

.



Charged black holes
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We consider a charged black hole in Einstein-Maxwell theory of g and a U(1) gauge flux F = dA

IEM =

Z
d4x

p
g


� 1

22
R4 +

1

4g2
F

F 2

�
, ZQ =

Z
DgDA exp(�IEM � IGH) .

The saddle-point equations now yield a solution as before with

V (r) = 1 +
⇥2

r2
� m

r
; A⌧ = iµ

⇣
1� r0

r

⌘
; ⇥ =

r0p
2gF

µ ; Q =
4⇡µr0
g2
F

; S =
2⇡A
2

where Q is the total charge, the chemical potential is µ, and as before the horizon is where V (r0) = 0,
the temperature T = V 0(r0)/(4⇡), and A = 4⇡r20.

This defines a two parameter family of charged black hole solutions of IEM determined by T and Q.



Charged black holes
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Now we take the limit T ! 0 at fixed Q. Then we find the remarkable feature that the horizon
radius remains finite

Rh ⌘ r0(T ! 0,Q) =
QgF
4⇡

In this limit, entropy becomes

S(T ! 0,Q) =
4⇡R2

h

GN
+ � T , � ⌘ 4⇡2R3

h

GN

For the near-horizon metric, it is useful to introduce the co-ordinate ⇣

r = Rh +
R2

h

⇣

so that the horizon at T = 0 is at ⇣ = 1. Then in the near-horizon regime Rh ⌧ ⇣ < 1 the T = 0
metric is

ds2 = R2
h
d⌧2 + d⇣2

⇣2
+R2

hd⌦
2
2

This spacetime is AdS2 ⇥ S2.



Reissner-Nordstrom black hole of 
Einstein-Maxwell theory

⇣

total
charge Q
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Horizon
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AdS2 ⇥ S2
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S2
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Boundary
graviton

⇣
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⌦2
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3+1
dimensional
spacetime
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1+1
dimensional
spacetime
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Dimensional reduction from 3+1 dimensions
to 1+1 dimensions (AdS2) at low energies!
Is there a mapping to a quantum system with Planckian dynamics in 0+1 dimensions?
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⇣ = 1/(2⇡T )
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⇣ ⇠ Rh
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The AdS2 metric

ds2 =
d⌧2 + d⇣2

⇣2

is invariant under isometries which are SL(2,R)
transformations. Verify that the co-ordinate change

⌧ 0 + i⇣ 0 =
a(⌧ + i⇣) + b

c(⌧ + i⇣) + d
, ad� bc = 1 ,

with a,b,c,d real, leaves the AdS2 metric invariant.
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The co-ordinate transformation

⇣ =
1

cosh(2⇡T⇢)� sinh(2⇡T⇢) cos(2⇡T ⌧̂)
, ⌧ =

sinh(2⇡T⇢) sin(2⇡T ⌧̂)

cosh(2⇡T⇢)� sinh(2⇡T⇢) cos(2⇡T ⌧̂)

maps the metric to

ds2 = 4⇡2T 2
⇥
d⇢2 + sinh2(2⇡T⇢)d⌧̂2

⇤
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