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The Hubbard Model

Will study on the square lattice
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Fermi surfaces in electron- and hole-doped cuprates
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E↵ective Hamiltonian for quasiparticles:

H0 = �
X

i<j

tijc
†
i↵cj↵ ⌘

X

k

"kc
†
k↵ck↵

with tij non-zero for first, second and third neighbor, leads to satisfactory agree-
ment with experiments. The area of the occupied electron states, Ae, from
Luttinger’s theory is

Ae =

⇢
2⇡2(1� x) for hole-doping x
2⇡2(1 + p) for electron-doping p

The area of the occupied hole states, Ah, which form a closed Fermi surface and
so appear in quantum oscillation experiments is Ah = 4⇡2 �Ae.
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The electron spin polarization obeys
�

⌃S(r, �)
⇥

= ⌃⇥(r, �)eiK·r

where K is the ordering wavevector.
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Fermi surface+antiferromagnetism



We use the operator equation (valid on each site i):
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Then we decouple the interaction via
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We now integrate out the fermions, and look for the saddle point of the

resulting e↵ective action for

~Ji. At the saddle-point we find that the lowest

energy is achieved when the vector has opposite orientations on the A and

B sublattices. Anticipating this, we look for a continuum limit in terms of

a field ~'i where

~Ji = ~'i e
iK·ri

(3)
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In this manner, we obtain the “spin-fermion” model
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Fermi surface+antiferromagnetism
In the Hamiltonian form (ignoring, for now, the time depen-
dence of ~'), the coupling between ~' and the electrons takes the
form

Hsdw = �
X

k,q,↵,�

~'q · c†k+q,↵~�↵�ck+K,�

where ~� are the Pauli matrices, the boson momentum q is small,
while the fermion momenum k extends over the entire Brillouin
zone. In the antiferromagnetically ordered state, we may take
~' / (0, 0, 1) , and the electron dispersions obtained by diago-
nalizing H0 +Hsdw are

Ek± =
"k + "k+K
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This leads to the Fermi surfaces shown in the following slides
as a function of increasing |~'|.



Metal with “large” Fermi surface
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Fermi surfaces translated by K = (�,�).
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“Hot” spots

Fermi surface+antiferromagnetism



Electron and hole pockets in

antiferromagnetic phase with h~'i 6= 0

Fermi surface+antiferromagnetism
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Square lattice Hubbard model with electron doping
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Square lattice Hubbard model with no doping
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Fermi surfaces translated by K = (�,�).
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Low energy theory for critical point near hot spots



Theory has fermions  1,2 (with Fermi velocities v1,2)

and boson order parameter ~',
interacting with coupling �

k
x

ky

v1 v2

�2 fermions
occupied

�1 fermions
occupied

Ar. Abanov and A.V. Chubukov, Phys. Rev. Lett. 93, 255702 (2004).
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“Cold” Fermi surfaces
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“Yukawa” coupling: Lc = ��~' ·
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Hertz action.

Upon integrating the fermions out, the leading term in the ~' e↵ective

action is �⇧(q,!n)|~'(q,!n)|2, where ⇧(q,!n) is the fermion polariz-

ability. This is given by a simple fermion loop diagram

⇧(q,!n) =

Z
ddk

(2⇡)d

Z
d✏n
2⇡

1

[�i(✏n + !n) + v1 · (k+ q)][�i✏n + v2 · k]
.

We define oblique co-ordinates p1 = v1 · k and p2 = v2 · k. It is

then clear that the integrand is independent of the (d� 2) transverse

momenta, whose integral yields an overall factor ⇤

d�2
(in d = 2 this

factor is precisely 1).



Also, by shifting the integral over k1 we note that the integral is
independent of q. So we have

⇧(q,!n) =
⇤d�2

|v1 ⇥ v2|

Z
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Next, we evaluate the frequency integral to obtain
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In the last step, we have dropped a frequency-independent, cuto↵-
dependent constant which can absorbed into a redefinition of r. In-
serting this fermion polarizability in the e↵ective action for ~', we
obtain the Hertz action for the SDW transition:
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Exercise: Perform a tree-level RG rescaling on SH . Now we rescale
co-ordinates as x

0 = xe

�` and ⌧

0 = ⌧e

�z`. Here z is the dynamic
critical exponent. Show that the gradient and non-local terms become
invariant for z = 2 (previous theories considered here had z = 1).
Then show that the transformation of the quartic term is u0 = ue

(2�d)`.
This led Hertz to conclude that the SDW quantum critical point was
described by a Gaussian theory for the SDW order parameter in d � 2.
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Spin-fluctuation exchange theory of d-wave superconductivity

⇥�

Fermions at the large Fermi surface exchange
fluctuations of the SDW order parameter ⇥�.



We now allow the SDW field ⌦⌅ to be dynamical, coupling to elec-
trons as

Hsdw = �
�

k,q,�,⇥

⌦⌅q · c†k,�⌦⇥�⇥ck+K+q,⇥ .

Exchange of a ⌦⌅ quantum leads to the e�ective interaction
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k,�,⇥

V�⇥,⇤⌅(q)c†k,�ck+q,⇥c†p,⇤cp�q,⌅,

where the pairing interaction is

V�⇥,⇤⌅(q) = ⌦⇥�⇥ · ⌦⇥⇤⌅
⇤0

��2 + (q�K)2
,

with ⇤0�2 the SDW susceptibility and � the SDW correlation length.

Spin-fluctuation exchange theory of d-wave superconductivity



BCS Gap equation

In BCS theory, this interaction leads to the ‘gap
equation’ for the pairing gap �k ⇤ ⌅ck⇥c�k⇤⇧.

�k = �
⇤

p

�
3⇥0

��2 + (p� k�K)2

⇥
�p

2
⌅

⇤2
p + �2

p

Non-zero solutions of this equation require that
�k and �p have opposite signs when p� k ⇥ K.

Spin-fluctuation exchange theory of d-wave superconductivity



Unconventional pairing at and near hot spots
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Pairing “glue” from antiferromagnetic fluctuations

V. J. Emery, J. Phys. (Paris) Colloq. 44, C3-977 (1983)	

D.J. Scalapino, E. Loh, and J.E. Hirsch, Phys. Rev. B 34, 8190 (1986)	


K. Miyake, S. Schmitt-Rink, and C. M. Varma, Phys. Rev. B 34, 6554 (1986)	

S. Raghu, S.A. Kivelson, and D.J. Scalapino, Phys. Rev. B 81, 224505 (2010)
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Hot spots in a two band model

QMC for the onset of antiferromagnetism

Requires only 
time-reversal 

symmetry. 
Particle-hole or 

point-group 
symmetries or 
commensurate 
densities not 

required !
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QMC for the onset of antiferromagnetism
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Electrons with dispersions "
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QMC for the onset of antiferromagnetism

No sign problem !

E. Berg, 	

M. Metlitski, and 	


S. Sachdev, 	

Science 338, 1606  

(2012).
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QMC for the onset of antiferromagnetism

Applies without 
changes to the 

microscopic band 
structure in the 	


iron-based 
superconductors

E. Berg, 	

M. Metlitski, and 	
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Science 338, 1606  

(2012).
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QMC for the onset of antiferromagnetism

Can integrate out ~' to
obtain an extended
Hubbard model. The

interactions in this model
only couple electrons in

separate bands.

E. Berg, 	

M. Metlitski, and 	


S. Sachdev, 	

Science 338, 1606  

(2012).
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