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We study the quantum transition from a strongly correlated metal, with heavy fermionic quasipar-
ticles, to a metal with commensurate charge- or spin-density-wave order. To this end, we introduce
and numerically analyze a large dimensionality model of Ising spins, in a transverse field, coupled
to two species of fermions; the analysis borrows heavily from recent progress in the solutlon of the

Hubbard model in large dimensions.

At low energies, the Ising order parameter fluctuations are

charactenzed by the critical exponent zv = 1, while above an energy scale, T, there is a crossover to
=3 1 criticality. We show that I is of the order of the width of the heavy quasiparticle band, and
can be made arbitrarily small for a correlated metal close to a Mott-Hubbard msulator Therefore,
such a correlated metal has a significant intermediate energy range of 2v = 1 3 behavior, a single-
particle spectrum with a narrow quasiparticle band, and well-formed analogs of the lower and upper
Hubbard bands; we suggest that these features are intimately related in general.

I. INTRODUCTION

It has become increasingly clear that studies of mag-
netic ordering quantum transitions in metallic, fermionic
systems will be of significant utility in understanding the
properties of strongly correlated systems like the cuprates
or the heavy-fermion compounds.'='® The reader is re-
ferred to a recent comprehensive study by Barzykin and
Pines!* comparing such ideas with experimental data on
the cuprates.

We begin by discussing some background before intro-
ducing the question addressed in this paper. Consider
a metal in the vicinity of a transition to a ground state
with spin- or charge-density-wave order. We denote by
U,(z, ) the order parameter field as a function of space
(=) and Matsubara time (7)—the index u = 1,...,3 for
the case of vector spin-density-wave order and p = 1 for
the case of scalar charge-density-wave order. The long-
distance, long-time, zero-temperature (T') effective action
for ¥, obtained after integrating out all the fermionic de-
grees of freedom takes the form?! 5971113

§= /ddqdwl‘l’u(q, W) (r + ¢ + vlw| + w?/cd) + - -- .

(1.1)

We have Fourier transformed to wave vector ¢ and Mat-
subara frequency w, and introduced phenomenological
constants 7, v, and c3; the ellipsis represents higher or-
der couplings between the ¥,,. We are con51der1ng here
only the case originally con51dered by Hertz! in which®
the ordering wave vector, Q, is not a spanning wave vec-
tor of the Fermi surface, and it is p0531ble to connect at
least two points on the Fermi surface by Q-—for a spher-
ical Fermi surface this last condition is lQI < 2kp, where
kr is the Fermi wave vector. In the language of a re-
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cent paper by one of us, Chubukov, and Sokol,'® we are
considering only transitions of type B. Under these con-
ditions, the density of particle-hole excitations with wave
vector Cj is linear in energy at small energies, and tlns is
responsible for the dissipative [w| term in §. The ¢ and

w? (Refs. 9-11, 13) terms are simply regular terms con-
trolhng spatial and dynamic fluctuations. Alternatively,
the w? term may be viewed as the simplest addition that
makes the order parameter correlator have the correci
1/w? decay at large frequencies.

In mean-field theory, S undergoes an ordering transi-
tion when the Landau-like parameter » = 0 —hence r > 0
measures the distance of the metal from the ordered state
[we caution that an action like S is not appropriate for
7 < 0 (Ref. 13)]. For the usual reasons, the mean-field
transition has a correlation length exponent v = 7. At
low energies, the |w| is the most important term control-
ling the energy scale—comparing this with the ¢Z term we
get a mean-field value for the dynamic critical exponent
of z = 2.1 Later we will consider the solution of a model
for such a transition in the limit of large dimensionality,
where z and v are not separately defined, but the energy
scale exponent zv is. Hence we prefer to quote the value

- of zv which is zv = 1 for the present mean-field theory.

It has been argued on theoretical and phenomenological
grounds?®®:871L13 that ynder suitable conditions, the
nearly ordered metallic state should exhibit a crossover
at higher frequency or temperature scales to the region
with the effectlve exponent 2 = 1, or in mean-field the-
ory, zv = — (at the z = 1 fixed point we still have v =

in large d mea.n—ﬁeld theory, but » = 0.7ind = 2). It has
also been suggested that this z = 1 behavior is observed
in the cuprates not only at very low doping* but also
at moderate dopings.®!* In a simple mean-field analysis
of S, the energy/temperature scale above which 2 = 1

2
behavior appears is of order «yc2, as that is when the w?
Yo
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term starts becoming more important than the |w| term.

The question we address in this paper is the following:
under what conditions does this crossover from zv =1
to zv = % actually occur? In other words, is there a
reasonable scenario in which the crossover scale ~ ~yc2
is significantly smaller than all other higher energy cut-
offs of the critical behavior, so that zv = % behavior is
clearly observable? At sufficiently high energies the be-
havior of the system must become dominated by lattice
scale cutoffs, and hence nonuniversal, and it is therefore
important to have the cutoff ~ «yc2 be lower than such
cutoffs.

We will answer this question here using the solution of
a large dimensionality model of spinless fermions which
has a charge-density-wave-like order parameter with a
Zo symmetry (the solution uses recent progress in under-
standing the Hubbard model in large dimensions'®29)
Our model exhibits a transition between metallic states
with and without a mean value for the Z5 order param-
eter. We will show that there is indeed a reasonable
scenario in which the vicinity of this transition exhibits
v = % behavior over a significant intermediate energy
scale. Although we will explicitly display results only
for a specific model, our arguments are quite generic; we
expect that similar results apply to other models of or-
dering transitions in fermionic systems in infinite dimen-
sions, including those with order parameters with a larger
symmetry, e.g., the O(3) symmetry in spin-density-wave
transitions.

We now turn to a qualitative discussion of the region
of parameter space where such behavior occurs. Rather
than introducing the infinite-dimensional model at this
point, let us discuss a more familiar example in two di-
mensions; this example has the virtue of having phases
closely analogous to all of the phases of the infinite-
dimensional model (and perhaps more). This will make
the physical meaning of the phases transparent, allowing
us, then, to jump directly to the phase diagram of the
infinite-dimensional model.

Counsider spin—% electrons moving on a square lattice

with first- (#;) and second- (¢z) neighbor hopping matrix

elements and short range repulsive interactions of scale
U which prefer spin-density-wave ordering at the wave
vector Q = (m,m) (see, e.g., Ref. 13). We need second-
neighbor hopping to avoid effects from nested Fermi sur-
faces. On general grounds we anticipate four distinct
ground states for this model at half-filling:

(A) Metal — this is a Fermi liquid whose Fermi sur-
face crosses the boundary of the magnetic Brillouin zone.
Such a Fermi surface is not nested and is also of the type
in which spin fluctuations are described by an action like
S.

(B) Metal with spin-density-wave order — the mag-
netic order causes gaps over portions of the Fermi sur-
face, but the system remains metallic. Some details of
the evolution of the Fermi surface and critical properties
of the transition between phases (A4) and (B) were dis-
cussed in Ref. 13. At very large values of U we can have
two additional insulating phases. '

(C) Insulator with Néel order — all charged excitations
are now gapped. The appropriate model for spin excita-
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FIG. 1. Phase diagram of the Hamiltonian H (2.2) at
half-filling in the Z = oo limit. We have chosen ¢ = 1 and
A = 2.5. The metal-insulator transition between phases 4 and
D is assumed to be a second-order transition at g = gc2. How-
ever, phase D continues to be metastable for g1 < g < ge2
and the energy of this state crosses that of ‘A at a point very
close to g = g.2. Thus this transition could be weakly first or-
der, in which case g.2 and the multicritical point M will be in
a metastable region, However, the critical theories at g = ge2
and M could still be used to describe the shaded strongly
correlated metal. The Ising order parameter is (7;). We are
interested mainly in the Ising transition between A and B
from the shaded region of A: in this case the Ising fluctua-
tions have zv = 1 at low energies and zv = % at intermediate
energies. The Ising transition between D and C has zv = % at
low and intermediate energies. The phase boundary between
B and C is of no real interest to the discussion in this paper,
and its position is based on an educated guess; positions of
other phase boundaries were numerically determined.

tions is the spin—% Heisenberg spin model with first- and
second-neighbor exchange—the so-called J;-J; model.

(D) Insulating quantum paramagnet — or a Mott-
Hubbard insulator. The J;-J3 model can have a ground
state in which the magnetic order is short ranged.?22
This state can also have spin Peierls order,?? but this is
incidental to our considerations here.

Determining, in this two-dimensional model, the topol-
ogy of the phase diagram with phases A, B, C, D, and
possibly others, the nature of the phase transitions, and
of the possible multicritical points, is a formidable prob-
lem which we shall not address here.

Turning then to the large dimensionality model to be
introduced later in this paper, we show in Fig. 1 its phase
diagram. The phases are closely analogous to phases A,
B, C, and D above and are labeled as such in the figure.
The model has a charge-density-wave-like Z; order pa-
rameter (7,), but its role is analogous to the Néel order
parameter above.

We are now ready to state the main result of this pa-
per. We are interested in critical properties of the tran-
sition from phase A to phase B. Consider the region
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of phase A which is close to the Mott-Hubbard insula-
tor D. We identify this region as a “strongly correlated
metal,” and it has been shaded as such in Fig 1. In such
a metal,'%20:23:24 the fermionic quasiparticles are quite
heavy and form a narrow band of width I" around the
chemical potential. A large part of the single-particle
spectral weight is in the higher energy lower and upper
Hubbard bands. Now consider the ordering transition
from the strongly correlated metal to the metallic, or-
dered, phase Bj; in other words, the transition from A
to B, not too far from the multicritical point M. We
shall show that in the large dimensionality limit, the or-
der parameter fluctuations are characterized by zv = 1
only at energy scales below I', while zvr = % behavior
takes over at the intermediate energy scales between I'
and +/TU. For all energies below \/I—%— , and in finite, but
large, dimensions, the action S in Eq. (1.1) is an excellent
starting point for describing order parameter fluctuations
and the crossover between zv = 1 and zv = % critical-
ity, as examined in Ref. 13. As I’ can be made small by
moving towards phase D, there is a significant window of
intermediate energies with zv = % order parameter fluc-
tuations. (For extremely small values of T, it may also
be necessary to consider the energy range between +TU
and U—this regime also has 21 = % criticality, but with
a significant nonuniversal renormalization of the param-
eter ¢p in 5 at the scale +/TU.) These results suggest
an intimate relationship between a low energy crossover

to z2v = % behavior, heavy quasiparticle bands, and the

removal of spectral weight to the lower and upper Hub-
‘ J
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bard bands—we conjecture that this relationship is more
generally valid.

_ Finally, we mention that a recent study?® of liquid 3He
considers a large dimensionality model whose phase di-
agram has many similarities to Fig. 1, and which also
appeals to the proximity to a multicritical point closely
anologous to M.

The infinite-dimensional model will be introduced in
Sec. II and its ground states discussed in Sec. III. The
main conclusions will be reiterated in Sec. IV.

- --II. THE MODEL

" We motivate our model from the d = 2 spin-% model
considered in Sec. I. In the vicinity of the transition be-
tween phases A and B, we need only focus on the spin-
density-wave order parameter and portions of the Fermi
surface which are close to pairs of points that can be
connected by the ordering wave vector é Let k; and
ky = El + Q be one such pair of points; in general, there
will be other pairs of points, usually related to E;, Ey by
symmetry operations of the square lattice—these can be
treated in a similar manner and are not considered ex-
plicitly. We introduce two species of fermions ¢in, €30
(e =1, is the spin index) representing Fourier compo-
nents of the electron in the vicinity of EI and Ez. The
low energy effective action for the vicinity of the bound-
ary between A and B can be written as!3

5= / Az dr[(VE,)? + (0, 8,)2 /83 + 792 + cf (8, — 01 - V)era + b (8r — 72 - V)ecza — AW, (e} 08526 + Heel)),
' (2.1)

where ¥y, ¥ are the Fermi velocities at ﬁl, Ez, and o* are the Pauli matrices. After integrating out the fermions, the
effective action for ¥, should be of the form (1.1). The dissipative term is of the form |w| as long as ¥; and ¥, are
not antiparallel, i.e., there is no nesting. )

“We now abstract from S the essential ingredients for a simple model of the ordering transition in large dimensions.
First, we reduce the symmetry of the order parameter from O(3) down to Z, (the symmetry of a charge-density-wave
order parameter) by discarding the spin index c.. Then, we replace the scalar field ¥ by an Ising spin 7,—its “kinetic”
term then becomes a transverse field, g. [For the model with O(3) symmetry, the Ising spins in a tranverse field would
be replaced by O(3) quantum rotors.] Finally, we place the system on a lattice (not the same lattice for which S was
the continuum limit) and write down the Hamiltonian

1
H=—g> mi— 7 > JiiTaits — 1Y _(c}ieni + chicas) ~
:

. ,
‘/—_Z(tmd;cu +taijehies) = XY mi(elion + chiens).
i>j 7 Z , ‘ i :

ij

(2.2)

I
sites. The Hamiltonian H contains all low order terms

consistent with the Z; symmetry,

We have introduced the two Pauli matrices 7, 7., an
Ising spin exchange J;;, a chemical potential x4, hopping
matrix elements £,;; and ¢.;;, and a fermion-Ising cou-

pling A. The parameter Z has different meanings de- T TR T =T, Te D TeTeTe =Te
pending upon the particular large dimensionality limit (2.3)
chosen'®1%:20_for a regular d dimensional lattice, Z = d; ci—ec1 , €3 —ca

for the Bethe lattice, Z is the coordination number; and
for a fully connected cluster with random hopping t;;;,
tz:; between all pairs of site, Z is the total number of

In the context of the original lattice model of electrons,
this Zy symmetry is simply the sublattice interchange
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symmetry which is broken by a charge-density-wave or-
dered state.

We will study in this paper the Z = oo limit of H.
Further, we will focus only on solutions of the mean-
field equations in which all sites are equivalent. This
amounts to neglecting possibilities in which there is a
staggered ordering of the Ising spins 7,. Such solutions
do occur, and are often lower in energy than the ones we
consider;19:23:26 however, we are not interested in them
on physical grounds. One can also appeal to the fully
connected random clusters for which the spatial uniform
solutions are expected to be true ground states.2?:19:23,26

‘We will make an additional, final, simplification. We
will work with models in which ¢1;; = t2;;. Although
there is no symmetry enforcing this equality, in finite-
dimensional, regular lattice models such an assumption
would drastically change the physics of the transition.
This is because, as will become clear below, for t1;; = ta;;
there are additional conserved charges which have a sig-
nificant effect on the critical theory.! However, at Z = oo,
all of the nontrivial critical behavior is in local correla-
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tors which are expected to behave in a similar manner
for t1;; = to;; and t1;; # f2:;. The numerical analysis
required to solve the mean-field equations becomes much
simpler at t1;; = t9;;.

We conclude this section by writing down the mean-
field equations. The equations take their simplest form
after performing a rotation of the fermionic fields,

L -1 e —c
Ca = 75(014-02), cp = \/2_( 1 2)- (2.4)

Under the Z; symmetry (2.4) we have ¢, — ¢ and
Ccp —> Cg; this makes it clear that we can simply think
of the a and b fermions as moving predominantly on the
two sublattices of the model underlying 5. For Z = oo,
the model is mapped onto a single-site mean-field Hamil-
tonian supplemented by a self-consistency condition. Fol-
lowing Refs. 17, 19 and 20, for t;;; = tg;; = t for near-
est neighbors on the Bethe lattice, or for the fully con-
nected cluster with £1;; = t2;; random but J;; uniform,
the single-site mean-field Hamiltonian is

Hur = —g10 —plcleq + clcb) — Jmt, — AT, (cleq — czcb)

+Z (eakflkfak + et [y For — Varel far — Hic. — Vire! fon —7H-C-) .
%

We have introduced fermions f,, f; to model the envi-
ronment of the site of interest. The couplings of these
fermions and the parameter m are determined by the
self-consistency conditions1?»19,20,23

m = (1,),
2 _ |Var|?
t*Gow) = Ek e’
= _— 4.4.6
t*Gp(w) Ek w— e (2.6)

where G, is the Fourier transform of the a fermion
Green’s function — (c,(0)c} (7)), and likewise for Gj.

Note that the total number of a fermions and b
fermions is separately conserved. This is a consequence
of the choice t1;; = %2:7; We reiterate that while such a
choice and the additional conserved quantities would be
dangerous in the finite-dimensional theory, its effect on
local correlators in the Z = co limit is expected to be
innocuous.

II1. GROUND STATES OF THE MODEL

This section will consider the solution of the Z = o
model Hyr in Eq. (2.5) along with the self-consistency
conditions (2.6). We will consider in Sec. III A the exact
solution in the atomic limit ¢ = 0, J = 0, followed by a
numerical solution of the ¢t #£ 0, J = 0 case in Sec. IIIB.
The most general ¢t =0, J > 0 case will be considered

in Sec. IIIC.

(2.5)

|
A. Atomic limit, t =0, J =0

All of the sites are now independent. Each site can
have either 0, 1, or 2 fermions and the eigenenergies of
H can be easily determined. They are

Ey = +g, 2 states

Ey = —put+/22 4 g2, both doubly dégenerate,:4 states

Ey = —2u+ g, 2 states. (3.1)

A key observation is that if we take the lower eigenvalue
for each particle number, the states map exactly onto
those of the Hubbard model with U/2 = /A2 4+ g2 — g.
Moving away from the atomic limit, the mapping of the
low energy states to the Hubbard model will continue to
hold as long as ¢, J < g. This mapping will be very useful
to us in the subsequent discussion.

B.J=0

We will study the ground states at fixed values of A
and ¢ as a function of g. This corresponds to the y axis
in Fig. 1 which presents results at t = 1 and A = 2.5.

First consider the limits of large and small g. For large
g, the Ising spin flips rapidly between its up and down
states as a consequence of the g7, term. The value of
T, averages out to zero, and the fermions effectively do
not see the Ising spin. The fermion spectral function
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Pa,5(2) = ImG, () is then simply the semicircular den-
sity of states of free fermions:

pal®) = pul@) = 5 VA — (@)%, g+,00 (3.2)

for [ — pu| < 2t and zero otherwise.

The behavior at small g is a little more subtle. The
Ising spin now fluctuates slowly between its up and down
states and the fermions have plenty of time to respond to
its instantaneous orientation: this yields fermion bands
centered around +A. As the Ising spin is equally likely to
be up or down, the fermion spectral function is an equal
superposition of the two possibilities

£a(0) = P(Q) & 15 [VEE — (@@= A~ )7

+/482 — (Q+ X — p)?], g small (3.3)
where it is assumed that the square roots vanish when
their arguments are negative. For A > 2t there is a win-

‘dow of energies where (3.3) predicts a gap; in reality,
we will only have a pseudogap whose origin is related to
the phenomenology discussed by Kampf and Schrieffer.28
For g >t (see Sec. III A) it is more appropriate to think
of the pseudogap as arising from the formation of the
“upper and lower Hubbard bands;” there is, however,
no fundamental distinction between the two mechanisms
and they continuously evolve into each other.

One might also wonder why, for small g, we do not
expect the Z; symmetry to be broken, thus causing the
Ising spin to pick a definite orientation and p, # ps.
This, however, does not happen for the same reason that
the insulating solution of the Hubbard model in Refs. 19,
20, and 23 is not ferromagnetic. One can test instability
towards “ferromagnetism” by measuring the response to
an external field—even though the local susceptibility is
infinite in the insulating solution, there is an internal field
from the neighboring fermions which causes the net local
effective field to vanish,?® and the uniform susceptibility
remains finite; the reader is referred to the discussion in
Refs. 23 and 29 for more discussion on this important
point in the context of the Hubbard model.

We have numerically studied the crossover from small
to large g by solving Eqs. (2.6) using the exact diagonal-
ization method.3%:3! We used as many as eight sites each
for the a and b fermions and worked at half-filling. The
results were very similar to those obtained in the Hub-
bard model.'®2%2% We obtained two classes of solutions,
a metallic solution present for g > g.2 and an insulating
solution present for g < g.1 with gy > gea. For A = 2.5
and ¢ = 1 (the parameters used in Fig. 1), the energies of
the two solutions crossed each other at a value of g = 0.7,
which was quite close to g = g.z. We are therefore uncer-
tain as to whether the metal-insulator transition was first
or second order. However, this issue is really peripheral
to what we are interested in here, and so we did not do
the necessary investigation of numerical fine structure to
resolve it. ) )

What we do careabout is the behavior of the metal-
lic solution for g close to but greater than g.;—i.e., the
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shaded region of the strongly correlated metal in Fig. 1.
In this region, it is appropriate to use the continuous
transition at g = g.; to obtain a scaling description of the

‘Tesponse functions. There is a low energy scale, which we

denote by I', which vanishes as g approaches g., as??

'~ g— geo. (3.4)
The scale I" controls the width of the quasiparticle band
(~ I') or the effective mass (~ 1/T'). Our main interest
here is in the behavior of dynamic correlations of the
order parameter 7,. Its scaling properties can be deduced
from the elegant critical theory of the Mott transition
provided recently by Moeller et al.2* (Our model H has

_only a Z; symmetry and so the critical theory will be

a self-consistent Kondo-like model®* but with a planar
anisotropy in the exchange constants.) For the response,

“Xloc, to a local field coupling to T,

Xioc(w) = / dr e~ (1,(0)1, (1)), (3.5)

we have?4¢

1
Xioe(w) = 56 (£) + X1 = Xaw? + -, ol <A, (3.6)

with ¢ a universal scaling function; A is an upper cutoff
of order A or g, and constants X;, X3 contain the correc-
tions to scaling contributions of the higher energy exci-
tations associated with lower and upper Hubbard bands.
The latter excitations have an energy ~ A and hence
their contribution can be expanded in a smooth power
series in even powers of w. On dimensional grounds we
expect X; ~ 1/A and Xz ~ 1/A3.

We show in Fig. 2 a test of the scaling form (3.6) using

15
0.8 g=0.75
x~ g=0.80
g=0.85
0.61 g=0.90
r oo
Xio —— fit function
0.4
0.2
0
0

FIG. 2. Scaling plot of the local Ising spin correlation func-
tion Xioc for t = 1, A = 2.5 in phase A of Fig 1. The
values of I' with their respective values of g are g = 0.75,
T' = 0.0056; g = 0.8, T' = 0.0090; g = 0.85, " = 0.0128;
g = 0.0, T = 0.0179. The fit function ¢ is defined in Eq.
(3.8), and the values of the fitting parameters are quoted be-
low it.
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the numerically computed value of xjoc at four values of
g > gea—the collapse of the data onto a single scaling
curve is quite reasonable. The scaling function ¢ can be
chosen such that ¢(0) = 1 and must satisfy the asymp-
totic limits
_ [ 1—¢|z|, for|z| =0
QS(CB) = { Ez/(l)z,l for '-’l’l - 00 (37)

for some positive constants &, ;. The nonanalytic |z| be-
havior at small frequencies is a consequence of the damp-
ing of spin excitations from the finite density of states at
the Fermi level in the metal, while the z2 behavior at
large frequencies follows simply from the spectral repre-
sentation of the response functions in the critical theory.
These asymptotic limits suggest the simple interpolation
form

1 .
T 14 elz] + coz?’

é(z) - - (3.8)
which satisfies (3.7). We also show in Fig. 2 a fit of the
measured scaling functions to (3.8). It is apparent that
the interpolation form works rather well, and that the
accuracy of the numerical results is not sufficient to dis-
tinguish between the true ¢ and the approximate form
(3.8). For the parameters chosen, the best fit values were
c1 =~ 0.07 and cg = 0.32; the value of ¢ is quite reliable,
but the same cannot be said of c;— slightly different
choices in the fitting process gave values of ¢; differing
by a factor of 2, but only a few percent changes in cs.
However, ¢; always remained significantly smaller than
cz—indeed, the linear |w| dependence of ¢ is barely vis-
ible in Fig. 2. We had to compute xj,. at fairly large
J

Xgmo(w) ~ X + {

The first of these results in the energy range |w| < vT'A
will be used below to reach the main conclusions of this

paper.

cC.J>60

The exchange coupling J plays a very simple role in the
Z = co mean-field theory. It is apparent from Egs. (2.6)
that in phases with m = (r;) = 0 the single-particle
Green’s functions are in fact independent of J. The re-
sults at J = 0 thus continue to apply for a finite range
of values of J.

There is, however, a change in the 7, correlation func-
tions. It is not difficult to show, using an argument quite
similar to that in the original Curie-Weiss mean-field the-
ory, that

X;;.O(w)lj¢0 = Xq_=10 (w)‘_]=0 - J‘ (311)

The finite J uniform susceptibility therefore diverges at
J= x;io(w)\ J—o» Which is the point we have onset of a

C3(F -+ 61|WI'+ czwz/]f‘),
C3(1/X1 4 szz/Xf + .- '),
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values of g (g > 2.0), lying well within phase A, before
the metallic |w| behavior was clearly evident.

The scaling behavior of the ¢ = 0 susceptibility,
Xq=0(w), which determines the dynamic response of the
T, to a spatially uniform but time-dependent field acting
on the 7,, is somewhat more complicated. (Note that
since 7, mimics the density-wave order parameter at a
wave vector Q in the physical system, the ¢ = 0 suscepti-
bility of H is really the physical staggered susceptibility.)
Unlike X10c, this susceptibility is finite at the transition
at g = g.2;'92%%3 a5 a result the interesting frequency
dependence of x4=¢ is really a correction to scaling con-
tribution. With the limited accuracy of the numerical
method we are using, it would be quite difficult to obtain
the scaling results from the data. We therefore restrict
ourselves here to a qualitative discussion, which will be
sufficient to extract the physics we are interested in. Be-
cause of the similarity in the low energy structure of H to
the Hubbard model [in particular, the twofold degeneracy
of the lowest energy state E; in (3.1) in the atomic limit],
we expect that xg—o will behave in a manner similar to
the uniform spin susceptibility near the Mott transition.
From arguments similar to those in Ref. 23 we may then
deduce that xq_=10 behaves roughly like

Xgmo ~ X + C3Xijoes (3.9)
where the constant X ~ A and c3 is a dimensionless
constant of order unity (on the hypercubic lattice, the
above equation actually requires t1;; # ta;;). Combining
(3.6), (3.7), and (3.9), we can now deduce the frequency
dependency of the uniform dynamic susceptibility:

for |w| < vVTA

for vTA <E|w| < A. (3.10)

|
nonzero (7). The phase boundary between phases A and -
B and between D and C in Fig. 1 was determined in this
manner. The phase boundary between phases C' and .D
requires computations in the phase with {r,) # 0; as this
phase boundary is of no interest to us here, we did not
carry out the rather involved computations required—
the boundary between C and D, shown in Fig. 1, is just
an educated guess. .

Figure 1 also shows a multicritical point M, which is
the point where all four phases would meet if the metal-
insulator transition was second order. The correlation
functions on the (r,) = 0 side of this critical point are,
however, simply related to those at the g = gc2, J = 0
critical point discussed in Sec. ITIB: the single-particle
correlators are unchanged, while the relationship in the
spin susceptibility follows from (3.11).

The central interest of this paper is in the nature of
the order parameter fluctuations near the phase bound-
ary between A and B, at a point not too far from M
(Fig.1). From (3.11) and (3.10) we see that the static

uniform susceptibility diverges at J = X, and the Lan-
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dau parameter r = X +I'—J. The nature of the dynamic
susceptibility near the phase boundary between A and B
also follows from (3.11) and (3.10). From these equa-
tions we see that the infinite-dimensional transition has
zv = 1 at the lowest energies; however, this behavior
is only present for energies smaller than I', and 2v = -%
criticality takes over for larger energy scales. Observe,
however, by comparing the two equations in (3.10), that
there is a significant change in the coefficient of the w?
term at a scale +/TA. o

We can, in fact, also make a crude connection between
the dynamic susceptibility computed here and the finite-
dimensional action S discussed in Sec. I. One perspective
on the meaning of the results for dynamic correlators in
the infinite-dimensional model is that these specify the
input form of the effective action that must then be used
to understand fluctuations in finite dimensions. With
this point of view, our results allow us to deduce the
following effective action for the order parameter ¥, in
finite dimensions:

S = [ 4ol (@, )P + xZol)) 4o, (312

where the ¢ has been added on phenomenological
grounds and, as in (1.1), the ellipsis represents nonlin-
earities not explicitly displayed. From (3.10) and (3.11)
we see again that r = X +I'—J, and that the two actions
(1.1) and (3.12) have identical frequency dependencies in
the frequency range |w| < vT'A where

S = /ddqdw[\llﬂ(q, W)P(r+ ¢ + c3cy|w|

tezcqw? [T) - o v, (3.13)
The insight gained from the present approach is that we
now have an estimate of the scale at which the crossover
from zv = 1 to zv = 1 behavior occurs—it is the small
energy I', as had been claimed earlier in the paper. The
crossover itself is described by the action S in (3.13),
which is an excellent approximation for energies below
VTA. In the higher energy range vTA < |w| < A we
should use instead the second result for x;io in (3.10)—
this range still has zv = % behavior, but there is a nonuni-
versal crossover in the coefficient of the w? term at the
boundary |w| ~ VTA. So if ' is extremely small, this
second regime of zv = % behavior will be the most impor-
tant, and the very low energy regime of zv = 1 behavior
will be unobservable.

Before concluding, we also note that a similar approach
can be used to describe the ordering transition between
the insulating phases D and C. In this case, I' = 0 and
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we are always in the second of the regimes in (3.10)—
the transition therefore has zv = } down to the lowest
energy scales.

IV. CONCLUSIONS

This paper has examined a simple, infinite-dimensional
model for spin- or charge-density-wave ordering transi-
tions in strongly correlated metals. We were interested in
the case, originally considered by Hertz,! in which Fermi
surface geometry was such as to induce a |w| damping in
effective action for the critical modes of the order param-
eter. As a result, the order parameter fluctuations have
zv = 1 at the lowest energy scales. We examined the
conditions under which there is a well-defined crossover
at intermediate energy scales to zv = % criticality. We
showed that, under suitable conditions, it was indeed pos-
sible to have a low energy scale I" such that the zv = 1

behavior was restricted to |w| < T, and universal zv = %

behavior appeared in the energy range I' < |w] < VTA;
here A is an upper cutoff of order of the repulsion energy
between the electrons—A ~ U. For all energies smaller
than +TA the order parameter fluctuations in large, but
finite, dimensions are expected to be well described by
the action S in Eq. (1.1) or Eq. (3.13): a detailed analysis
of the finite temperature crossovers and fluctuations in a
d = 2 system controlled by S has already been presented
in Ref. 13. For frequencies larger than +/T'A, the order pa-
rameter fuctuations still have zv = %—the main caveat
to keep in mind is that there is nonuniversal change in
the value of ¢o [see (1.1)] around w ~ +/TA which is not
describable by the simple frequency dependence in S.

The key feature of the above scenario is of course the
presence of the low energy scale I' in a strongly correlated
metal. In infinite dimensions, T" vanishes at the transi-
tion to a Mott-Hubbard insulator, which we assume (see
Fig. 1) is in the vicinity of the strongly correlated metal.
In this same region,'®:2%:23 the single-particle spectral
function has a narrow quasiparticle band of width I, and
additional spectral weight at the energies ~ A which form
the analogs of the upper and lower Hubbard bands. This
window of energy between the guasiparticle excitations
and the localized Hubbard excitations is directly respon-
sible for the zv = % criticality in the order parameter
fluctuations.
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