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Abstract

Understanding the behavior and properties of strange metals remains an outstanding challenge in correlated
electron systems. Recently, a model of a quantum critical metal with spatially random couplings to a critical boson
(Patel et al., Science 381, 790 (2023)) has been shown to capture the linear-in-T resistivity down to zero temperature
(T) - one of the universal experimental signatures of strange metals. In our work we explore the non-linear transport
properties of such a model of strange metal. Uniting the large-N and Keldysh field theory formalisms, we derive
a set of kinetic equations for the strange metal and use it to compute nonlinear conductivity. We find that the
third-order conductivity is enhanced by a factor of Tw/T in comparison to a Fermi liquid, resulting in a strong
temperature dependence. This behavior is shown to arise from the strong, non-analytic energy dependence of
scattering rate and self-energies for electrons. We highlight the role of energy relaxation and electron-boson drag
for the nonlinear responses. Finally, we discuss the potential for nonanalytic nonlinear electric field (E) response
arising at low temperatures. Our work demonstrates the characteristic features of strange metals in nonlinear

transport, that may allow to gain more insight about their behavior in future experiments.
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I. INTRODUCTION

The strange metal state remains one of the most enigmatic phenomena in correlated electron systems,
where both its microscopic origin and definitive set of characteristic behaviors remain under debate,
calling for new probes and theoretical predictions. Recent advances in THz optics have opened the way
to probe nonlinear transport properties of correlated electronic systems. So far, these techniques have
found applications in probing collective modes in superconductors [1-4], quantum spin systems [5—§]
and strongly disordered semiconductors [9]. There, useful analogies with two-level systems can often
be established [9], allowing to characterize and classify the relevant relaxation processes. A large body
of work also exists on nonlinear transport effect in semiconductors [10-12], where features of the band
structure and impurity scattering are intimately related to the nonlinear response, best represented by the
strong response of Dirac systems. In weakly interacting metals, nonlinear effects appear due to the band
non-parabolicity and are expected to be small due to large Fermi energy [make more precise?]. However,
the potential influence of strong correlations have not been up to date theoretically investigated, while

recent experiments demonstrate the feasibility of such measurements [13] .

In this work we show that strange metals possess a strong nonlinear conductivity response in contrast to
Fermi-liquid metals. This behavior arises from the ~ w energy-dependent scattering, and thus constitutes
a new ”defining property” of the strange metal state, along with linear-in-7" resistivity and thermodynamic
scaling. We also show the appearance of a scaling relation between voltage and temperature at low

temperature, which has some similarities to that found near quantum critical points of bosons [14-18].

To describe the strange metal, we will use the microscopic model recently put forward capturing one
of the "trademark” strange metal behaviors : resistivity following a linear temperature dependence p ~ T’

down to zero.

The model was originally developed in the series of works [19-24] and is an SYK-type model of a
fermionic mode coupled to a scalar boson in the vicinity of a QCP in two spatial dimensions, building
upon earlier work on the zero-dimensional Yukawa-SYK model [25-30]. A particular feature of the model
that allows to reproduce the Plankian scattering rate comes in a form a spatially disordered coupling
between the fields and potential disorder, so called v — g/ model. In this work we assume that fermion
dispersion is linearized in the vicinity of the Fermi surface and adopt a minimal coupling to the electric
field. We use Keldysh field theory combined with the ¥ — G effective action method to derive quasiclassical
kinetic equations for both fermionic and bosonic fields as self-consistent dynamic degrees of freedom. In

particular, our method allows us to obtain the results without the typical assumption of a boson being



in thermal equilibrium. As a side result, we show that when the boson dynamics is being accounted for,
the bosonic degrees of freedom no longer play a role of a thermal bath and the total energy of the system
is conserved. The energy conservation in this model of strange metals is a consequence of absence of any
coupling to an external thermal bath or an outside field that could serve as an energy drain. Our method
allows us to study the boson and fermion dynamics and prove the energy conservation even with disorder

present at the level of kinetic equations.

As a main result of the paper, we present a study of third order electrical response of the aforementioned
model and compute the non-linear third order conductivity. We find that some non-linear responses arise
due to two expected mechanisms: dynamics of higher angular momentum harmonics and dynamics of the
energy density harmonic. We classify those two types of responses as “ordinary” non-linear response and
the “Joule-heating” response correspondingly. We discriminate two types of terms due to a special role
of the energy relaxation in the responses to spatially uniform perturbations. In the presence of spatial
modulation of the source field the energy relaxation is often greatly enhanced due to the interplay of
screening effects and charge density redistribution in the material. With that motivation, we showcase
the structure of both the term that comes from the “heating” of the system, and from the proper non-
linearity in the system to highlight that further study of the energy relaxation mechanisms in strange

metals is necessary.

We show that at low temperatures both Joule heating type and ordinary type of third order response
are enhanced by a factor of T /T in comparison to the analogous response that would have been expected
in a Fermi liquid state with similar Fermi surface parameters (e - Fermi energy), which is schematically
shown in Fig. 1. Additionally, we conjecture the structure of the Joule heating and ordinary non-linear
responses at all orders of perturbation theory and show that the ordinary non-linear response is exhibits
a universal |E|/T scaling (E - electric field), while the scaling of the Joule heating non-linear response
strongly depends on the energy relaxation mechanism in a real system. However, in the optical regime,
when we can neglect the energy relaxation processes in the system and treat the system as closed, we show
that the non-linear response exhibits universal scaling |E|/T'\/v, where v is a frequency of the external
field. In the regime of low frequencies the energy relaxation rate becomes dominant and thus is above

this paper scope and is a subject of a future study.

The rest of the paper is structured as follows. In the end of the current section (Sec. I) we provide
a brief summary of the main results and compare the non-linear responses in the considered model of
strange metal with expected results for a Fermi liquid. In Section II we describe in details the model that

we employ to study the strange metal phase and upgrade it to the form suitable for the Keldysh field



theory [31] calculation. In Section III we convert the theory into Keldysh formalism and employ G — %
effective action method with large-N expansion to derive the set of equations that connect Keldysh-Green
functions and self-energies. In Section IV we present a quasi-classical limit of Keldysh kinetic equations
that govern the dynamics of both fermions and bosons in a self-consistent manner. In Section V we
explore the properties of the energy relaxation in the given model, showcase the energy conservation in
the closed system, and discuss the limitations of the model. In Section VI we construct the perturbative
solution to the Keldysh kinetic equations obtained in Sec. IV and compute the non-linear conductivity

respomnses.

A. Summary of results and comparison to Fermi liquids

We highlight the results of our non-linear response calculation in the strange metal phase and compare
them to the corresponding non-linear responses in Fermi liquids. A typical kinetic equation for a Fermi-

liquid distribution function when homogeneous electric field E(t) is applied can be written as

adi5f + evp(k - B)du(f +6f) = I[5f), (1.1)

where 6f(t,w,k) = f(t,w,k) — f(w) is a perturbation of the distribution function away from the equi-
librium, w is an energy of the Landau quasi-particle, and k is a unit vector marking direction on the
Fermi-surface. The constant a is a dimensionless constant that represents the renormalized by the inter-
action dynamic term, vg is a Fermi-velocity and is related to the inverse effective mass. In this paper we
show that the strange metal dynamics is governed by a kinetic equation of a form similar to Eq. (1.1),
even though the Landau quasiparticles are absent and the excitations experience strong mutual drag.
Such kinetic equation originates from Keldysh field theory, where energy w and the distribution function
f(w) preserve their meaning of the excitation energy and distribution function correspondingly, as long
as the relevant Green’s functions are still sharp functions of momentum around fermi momentum kz [32].
The main difference between strange metals and Fermi liquids comes in the structure of the collision
integral I in Eq. (1.1).

Assuming rotational symmetry, the structure of the collision integral in a typical Fermi-liquid can be
conveniently described by expanding the perturbation § f into angular harmonics: 6f = >0 fme™%. The

simplest structure the collision integral takes a form

TeL[f] = = veLmd fme™%, (1.2)



when in case m # 0 rates yrr,;m = I' + YrL(m2T? + w?) /e with e being the Fermi-energy, and ~py, is a
dimensionless constant of the order of unity (kg = h = 1). The constant contribution I' comes from the

elastic collision disorder. This behavior of ypr,,, is a typical ~ w? and ~ T? behavior in Fermi liquids.

We derive the structure of strange metals collision integral, which can be also written as
Lirn[0f) = =) Yarrm fme ™% (1.3)
m

up to non linear corrections, which end up having no qualitative effects, but are still included in the
calculation. Additional feature of the strange metal that we obtain is a logarithmic divergence of a

dynamics coefficient a ~ log 1/T.

The main difference between the Fermi liquid and strange metal collision integral comes from the
structure of w-dependence of the decay rates in both of the theories. We show that the strange metal
decay rates are only functions of 7" and w/T', which is significantly different from the Fermi liquids, where

the characteristic scale for frequency is suppressed by ep.

The feature of w/T dependence appears from the structure of the fermion self-energy, since in Keldysh
field theory vup1, ~ Im X g, where ¥ = Yg(w/T,T) is a retarded fermion self energy.We showcase below
that such w/T dependence is a crucial ingredient for strong non-linear responses, since it changes the
non-linearity scaling from 1/ep to 1/T, which is an enhancement by a Tr /T at every order. This feature
is expected to be generic in models withw/T self-energy dependence, leading to a similar enhancement of

non-linear responses.

The relaxation rate ypr,o = I'o(T) of the density harmonic m = 0 is rather more special, since the
relaxation rate of the density is related to different mechanisms of the energy drain in the system that
is beyond the phenomenology of both Fermi liquid and strange metal. For example, in a closed system
it is expected that I'g = 0, in the case of coupling to the thermalized phonon bath I'y = 1/7¢1_pn ~ T
above the Bloch-Gruneisen temperature [33] and I'g ~ T below it. The energy relaxation rate in strange
metals, on the other side, is much less understood. In our model we considered two phenomenological
limits. First limit is a regime of closed system, which is relevant when the timescale of the evolution is
much smaller then the timescale of the energy relaxation. We show that in lowest orders of response such
model leads to y,rr,0 = I'g ~ 0, reflecting energy conservation in the system. Another limit corresponds
to the regime of suppressed boson dynamics due to an interaction with an external heat bath. We show

that this would lead to a relaxation rate I'g ~ 7" at all the temperature scales.

One can solve the kinetic equation in Eq. (1.1) with collision rates for Fermi-liquids and extract in



the linear order well known result for the linear resistivity ppr,(7):

1
S T.v) = j T? 14
O'FL(T, I/) ,OFL( 77/) Po +w ﬁp,FL + K/p 5 ( )

where the term pg comes from disorder, and coefficients prr,, and pprr, 7 are in the linear order inde-
pendent from frequency and temperature constants defined only by the parameters of the Fermi surface:
Bo,F1, = 2rha/e*kpop, Kk, = 8m3yrL(A)/3e*kpvper (kg = 1). The unitless value ypr,(A) ~ 1 away from
the QCP, and grows in the vicinity of QCP, which is discussed below Eq. (1.10). As a side result of our
calculation we re-derive the linear 1-sheet resistivity of the strange metals in the scope of the considered

model and obtain linear in 7" resistivity (up to a double-log of 1/T"):

Th

porL (v, T) = = po +ivf,In () +a,T, (1.5)

onrL (v, T) T

where o, and Bp are not independent quantities in the leading order: a, = 27y(T")3,, where y(T') is an
extremely slowly changing function of 7" with values of the order of unity: v(7") = In (%) +Inln (TT")
(kp = h = 1). Temperature Ty is a UV cutoff temperature that defines the applicability range of the
model, as we expect T' < T\ ~ Tp. In principle, the temperature-nontrivial part of the linear conductivity
is determined by two dimensional parameter «, and T, which are independent in the model, and can be
measured experimentally.

If one solves the kinetic equation in Eq. (1.1) perturbatively for a third order non-linear conductivity
(second order excluded by inversion symmetry), one obtains two main contributions that have a very
different interpretation. One of the contributions involves a perturbation of the m = 0 harmonic that
appears in the order above linear. Since the m = 0 is typically associated with the energy density in
the system. This contribution to non-linear response is associated with pumping energy into the system
and, therefore, Joule heating effect. We denote the corresponding contribution as UIS‘?’ 7 in Fermi liquids.
The contribution that does not involve the density harmonic m = 0 are regarded as an ordinary non-

3)

linear response, which we denote oy . Correspondingly, in the strange metal we denote the non-linear
resistivities as aﬁ)h ; and O'I(I:?L. The behavior of these two distinct contributions with temperature can
be very different, since the energy relaxation rate in the system is typically much smaller than all the
other harmonic relaxation rates due to energy conservation in internal interactions. However, since both
Fermi liquids and strange metals obey a kinetic equation of a similar structure to Eq. (1.1), their non-
linear responses have a similar structure and only the overall magnitude is system-dependent. Moreover,

since both of the models have few free internal parameters, the structure of all non-linear responses is, in

principle, can be matched to the structure of linear response.



Strange Metal
p ~ const + T /Tg
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Temperature 7'

A =0 Tuning parameter A

FIG. 1. Figure schematically shows the temperature dependence of linear resistivity (in units of A/e?) and third
order conductivity (in units of e*/hk%T32) in the vicinity of a QCP in strange metals. In the quantum critical
regime (in red), where linear resistivity is linear in temperature, third order conductivity scales as Tr/T. In the
Fermi liquid regime (in blue), where linear resistivity is quadratic in temperature, the third order conductivity is
constant in the leading order in temperature. The dimensionless constant vgr,(A), where A is the boson gap, is
of order 1 in the ordinary FL state away from the QCP. On approaching the QCP, the coupling grows, resulting
in yrL(A) ~ *T%/vEA? dependence, where ¢ and vp are the critical boson and electron velocities, respectively.

Qualitatively, in the quantum critical regime A? ~ ¢*TrT /v% resulting in the strange metal behavior.

Indeed, we find that the leading order non-linear response and the Joule heating response expressions
can be expressed only through the quantities that appear in the linear conductivity of a corresponding
model (Eq. (1.4) or Eq. (1.5)) and the parameters of the Fermi surface:

RA(T)

0(3)a7b0d(Vb7 Ve, Va) = WJ(T’ va) 02T, voed) 0(T, Vea) Daped + (b, c,d  permutations), (1.6)
FUr
a,bed A(T T 2 T R)
033) (Vb Ve, vg) = 1 AT) o (T, va)o™ (T, Ved)dab Cd—i-(b,c,d permutations). (1.7)

2me’kivp iva(T) + To(T)
Quantities vp and kp are Fermi velocity and Fermi wavenumber, o (7T, v) is the linear conductivity defined
by the model, A(T') is a dimensionless function of temperature T' that describes the relative strength of

the third order response, and 7 is a number of the order of unity that we will provide below. The tensor



structure of non-linear response A, p.q can be obtained from
(A peds Ay ped] = [Re (uptcug), — Im (upucuq)], uw = (1,14), (1.8)

and we will discuss model-dependent renormalized mass a(7") when we discuss Joule heating. Note that
this form is only suitable for the models with a sharp momentum dependence of Green’s functions near
Fermi surface, since kr and vr are undefined otherwise. To obtain the Fermi-liquid or strange metal values
for the non-linear conductivity using in the Eqgs. (1.7) and (1.6), one has to substitute opr, and Apy, or
onrr, and Appr, correspondingly. Let’s start from comparing the structure of the ordinary non-linear

response. The corresponding expressions for Apy, and A,py, in that regime are given by

Ay (T) = 2r2e?viks Tr
nLA T T A T T

(1.9)

App, = 3he’kivr, = YrL(A) ~~ const, (1.10)

since hwpkp ~ ep and we expect o, ~ 1/ e?Ty according to [34]. The behavior of v, (A) depends on
the proximity to the QCP. For ordinary Fermi Liquid away from QCP we expect yp1, ~ 1, while on the
approach to QCP the coupling grows as y(A) ~ CQTI%/U%Az. Parameter A is a T = 0 mass gap, c is
a critical boson velocity. At the scale of A? ~ ¢2TrT/v? the quantum critical regime starts and the
strange metal response scalings are anticipated. Thus, as we argued above, the third order non-linear
conductivity for strange metal has an enhanced relative strength in comparison to Fermi liquids. Moreover,
as temperature decreases, we expect the third order conductivity to diverge as Tr/T for strange metals,
in contrast the third order conductivity in Fermi liquids is expected to be featureless. We schematically
mark the linear resistivity and third order conductivity scaling in Fig. 1. Note, however, that in the
vicinity of the QCP Ay, is still expected to be T-independent in the leading order, but is enhanced by a

factor of T2/A?%, where A is a boson gap in the v — ¢’ model, when away from the quantum critical point.

Now we compare the structure of the Joule heating terms between the strange metals and Fermi-
liquids. We consider two phenomenological limits. In one limit, we consider an ”optical” regime, where
the external frequency v is so large that the energy relaxation rate I'g can be neglected. Physically that
corresponds to response on short time scales, at which energy doesn’t dissipate. In model of strange metal
we obtained I'g = 0 for boson dynamics included, thus it would be logical to compare it to the Fermi

liquid response in the regime where I'y can be neglected too. The dynamic dimensionless coefficients a(7")



that appear in Eq. (1.7) in the corresponding theories are given by

2
e‘krvp
= 1.11
arL ok PFL,v; ( )
2
(& kF’UF TF
wrL(T) = In{—|. 1.12
anrL(T) ok ﬂpﬂ(T (1.12)
Relevant expression for the Joule heating contribution in the optical limit is
2
(3) bed Y7 AGrL(T) onrL (T, va)o e (T, Vbed)dabded boed .
= tat 1.13
OWFL,J (Vpy Ve, 1Vq) 6216}9’:@1? ivaner(T) £ To(T) + (b, c, permutations), ( )
(3) a,bed _ ApL (T) OFL (Ta Vd)o-l%L (Ta Vbcd)(sab(scd

ek b,c,d tati 1.14
e’ kivp ivapy,(T) + To(T) + (b,c,d  permutations), (1.14)

The dimensionless coefficient v; = 24 2v(T') is the effect of non-linear corrections into the strange metal
collision integral. If the collision integral was linear, we would expect v; = 1. Note, however, that we
neglected some details of frequency dependence of the linear conductivity when providing Eq. (1.13).
The full analysis can be found in the main text. Again, since both of the Fermi liquid and strange metal
responses have a similar structure, only the differences of a(7") and A(T) in different theories define the
relative strength of the response. Since A,pr, in enhanced in comparison to Apr, at low temperatures, we
expect stronger Joule heating effects in the optical limit for strange metals.

At low frequencies and temperatures, the energy relaxation rate values become important. In Fermi
liquids is typically mediated by phonons with I'y ~ T above the Bloch-Gruneisen temperature and ~ 7
below it. Below we demonstrate that if the bosons in the non-Fermi liquid are kept in thermal equilibrium,
they lead to a I'g ~ T dependence at all temperatures. Thus, heating effects in nonlinear transport should
be stronger in non-Fermi liquids at least in the whole range for Bloch-Gruneisen to Fermi temperature.
However, since the energy relaxation of boson has not been currently explored, it is also possible that the
actual energy relaxation rate in a non-Fermi liquid will be smaller at low T. Here we consider two extreme
limits (bosons in thermal equilibrium always or energy conservation in the fermion+boson system) and
leave the investigation of potential energy relaxation mechanisms for future work.

Finally, from the structure of the solution to the kinetic equation we have been able to conjecture the
scaling with T of all the higher order non-linear responses, and thus the response function in general. The

strange-metal non-linear response current takes a form

T%0(T) <U(T)|E| apT>
——FurL — ],
evp

—— 1.1
kel po (1.15)

linFL,ni| ~

which has a universal scaling structure |E|/T for low temperatures a,T" < po, while the non-linear response
in Fermi-liquids remains featureless due to being suppressed by T'\/ho/e?/ep < 1:

, 1.16
ekF\/FeF ER ( )

liFLni| ~



where ' is a relaxation rate due to potential disorder defined as I' = py /47r62ka:F. In the expressions
functions Fypr, and Fyr, do not depend on temperature explicitly. Note that the universal |E|/T scaling
in strange metals is only applicable as far as |E|/T < 1. Thus, decrease in temperature also requires an
decrease in the amplitude of an external field to observe the sampling. Decreasing temperature T while
keeping |E| constant would only lead to a very different regime where |E|/T scaling might no longer hold.
A similar statement can be conjectured about the Joule heating-related non-linear response current
density in the optical limit:
. eT?k evp|E
lJnFL] ~ 71“1/&(FT) FynFL (T lija(|T)> : (1.17)

while the Fermi-liquid result, again, remained featureless in terms of temperature dependence:

) cF eUF’E’
~ ekpapLvy| = F PR el B b8
ljsrL FOFL, \/? JFL (iVCLFL\/E> )

The expressions above are valid for a small T" limit. This shows that the strength of non-linear responses
in strange metal is in general controlled by temperature. Thus, one would expect the material at low
temperatures to become highly non-linear with a large number of higher order responses excited simul-
taneously. On this accord we conclude the showcase of results in the paper and proceed towards the

calculation discussion in the following section of the paper.

II. THE MODEL

To model a strange metal we use the so-called v — ¢’ model [20-22, 24]. This model consists of N
flavors of fermionic fields ;(x) coupled to N flavors of near-critical bosonic fields ¢;(x) through a spatial-
dependent coupling ggﬂ(r). The bosonic mode in a strange metal can play the role of a near-critical

collective fermion mode. The model The action for the model can be written as

Seq[th, @] = Solv), &l + Su[th, @] + Sy [, 0], (2.1)

where Sy is a bare 1-particle action terms are
N
Solb.) = Y- [ @ vl(@) [, - <(b) - b+ Al uila)
i=1

+ i/d?’x 1qﬁ(a:) [—32 + V2 — m2] ¢i(z). (2.2)
2 5 ®i ; Bl di(x). (2.

There z is a shorthand notation for the time and space coordinates (¢,r). The €(p) is an energy operator

for the fermions, and mp is a bare mass of the bosonic mode, ¢ is a velocity of the bosonic mode. We
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couple the fermions to a gauge filed A through a minimal coupling. In this paper we will restrict ourselves
to the case of a spatially homogenious electric field, so E = 9;A(t). The second term in Eq. (2.1)

corresponds to potential disorder described by a chemical potential v;;(r):

N
Sulpr ] = jﬁ 3 / 0 vy (e () (). (2.3)

ij=1

The third term in Eq. (2.1) is the spatial-dependent interaction

il = L S [ e ed 6l @)
Splndl = D | & cgivl(w)v;(x)d(z). (24)

i, =1
The choice of the coupling constant ¢’ to have an explicit prefactor of ¢ is merely a convenience that does
not contradict [22] in any way. Since we are interested in computing the model non-linear response to the
electric field by using the method of kinetic equations, we are going to apply the Keldysh approach to this
system. Therefore, we define the Keldysh action as S = Seq[t+, ¢4] — Seq[t)—, ¢—], where the fields
and ¢, are in the forward propagating part of the Keldysh contour, and 1_ and ¢_ are in the backward
propagating part. For our convenience, we introduce the Greek letter indices for the notation of the ”+”

and 7 —" fields:

Pri() = $4i(2) o Yailr) = Vi) (2.5)
¢—i(x) Y_i(z)

With this notation in hand, we can write down our action as
N
S = Z/d%c a3 wli(x)Ga;ﬁ(x’xl)¢ﬁi($)
i=1 L
330 [ @ ds! 6() Dy o)
i=1
1 N -
e Y [ @ uul@iaate)

ij=1

1 = 3 / N t
by 2 [ oyl @s@outa). (20

1,7,l=1

In the above equation, the new indexed objects Sag and Saﬁ » are responsible for the causality structure

of the action. The Sag coefficients are defined as



while the Saw\ are defined as
S+++ == —5___ - 1 (28)

with all the other components being 0. Note that in the following calculations we will be performing a
Keldysh rotation. We use the Kamenev convention [31], where bosons and fermions transform differently.
Thus we reserve «, 3, u, and v to correspond to the fermion causality indices, and A and p for the boson
causality indices.

The operators G, éﬁ and D ;)\ are the inverses of bare Green’s functions defined in Eq. (2.2) with
the corresponding causal structure induced by the Keldysh approach. Their form will be given after the
Keldysh rotation is performed. From now on we will only be working with the action written in the
notation of Eq. (2.6).

At last, we are going to assume that the potential disorder v;;(r) and the coupling g/ j ;(r) are random in
the flavor and spatial coordinate. Therefore, averaging over the classical ensemble of the disorder results

in

(vij(r)) = (giu(r)) =0, (2.9)
(v5;(r)vap(r)) = 028005 6(r — 1), (2.10)

(951(0) gt (x)) = g 8iadj01c 6(x — '), (2.11)

where the averaging is done over the gaussian-distributed variables v;; and g} Ik

3(‘") _ 7,]l(r>
Z/D[v,g’]f(v,g’)e_ W7o 207 (2.12)

In the next chapter we are going to perform the large-N expansion for this model with the use of ¥ — G

action in the Keldysh formalism.

III. SADDLE POINT EQUATIONS

Following the usual procedure of ¥ — G method [20-22], we define the bilocal Green’s funtions fields
Gaﬁ Z, IE Zwaz d}/jl , (31)

iDpx(x, ') Z¢m Yori(z). (3.2)

12



In terms of these new fields G and D, and their corresponding constraints Lagrange multipliers ¥ and II

(self-energies), the effective action after integrating out the ¢ and ¢ fields is

Set _ i _
~ :—zTrln(Gol—Z)+§T&"1n(D01—H)

1
+ i/dsaz d3z’ (2H,\p(x/, z) Doy (z,2") — Zag(as':p)Gﬁa(xja:')>

. 2 ~ B
+ % Brd®s 5(r — 1')00p0u Gra(a', 2)Ggu(z,2)

629/2

5 /d3x d3a’ 5aﬁp(§w>\Gm(1", 2)Gpu(x, 2" )Dox(z,2'). (3.3)
This complicated expression consists of several parts. The traces in the first line of Eq. (3.3) comes from
integrating out the fields ¢ and ¢. The terms with self-energies comes from the Lagrange multipliers.
The term in the third line corresponds to the potential disorder, and finally, the last line corresponds to
the randomized interaction.

Since the whole action is proportional to N, we apply a large-N expansion that leads to the equations
of motion for fields G, D, Y, and II for the action that correspond to the saddle point of the action in Eq.
(3.3).

Varying over the self-energies results in the Dyson equations

Gopla,7') = [(Ggl - z)‘l} (z,2), (3.4)

af

Dprf,a') = [(Dg" =)'] () (3.5)

Varying the action over GG results in

iYap(, 7)) = i2y,08(, x') + iXg ap(, 2, (3.6)

The corresponding v and ¢’ components are

izv;ﬂtﬂ(% $/) = in(S(I‘ - r/)gauguﬂGuu(Iv xl) (3.7)
. N *g” Ng F ! / !
iXg ap(x, ') = — 5(r = 1')0avp0,usrGou(x, ') (Dpr(z,2") + Diy(a’, x)) . (3.8)
Varying over D results in
il (, 7)) = 029/25(1' - r')gaﬁpgw)\G’m(m, x/)GBM(x/, x). (3.9)

The Eqgs (3.6) and (3.9) correspond to 1-loop corresponding expansions in the Keldysh theory. In the

next section we will use these results to construct a kinetic equation that would describe v — ¢’ model.
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The equations obtained above have a proper form to be converted into a kinetic equation. However,
before proceeding to the Keldysh kinetic equation, we need to complete the Keldysh rotation, where the
distinction between fermoionic and bosonic casuality indices becomes important, since they transform

differently in the convention employed in [31]. The Keldysh rotation for bosons is

¢cl 1 11 ¢+
= . 3.10
ol | | [ (3.10)

We denote the transformation matrix used above as A,y. For the fermions the transformation is more

complicated, since the conjugated fields transform differently from their counterparts:

el I O R W] RN R Wl (3.11)
wo| V201 -1 eo | el V2|1 1| |of] '

We denote the transformation matrix for the fields 1 as U, and for YT — as Vag- Then Green’s functions

in the old basis are expressed through the Green’s functions in the new basis as
[Dlota(2,2") = A7 [Dlnew (2, ') (AT, (3.12)

where the RHS involves the Green’s function after the Keldysh rotation, and LHS involves the Green’s

function before the Keldysh rotation. A similar expression for the fermions’ Green’s functions looks like
[Gloa(z, ") = U Gnew (2, 2 ) (VHT. (3.13)

This rotation allows to explicitly eliminate one of the four components of the 2x2 matrices [Gogloq and

[Dyalola as redundant in the theory. Thus we obtain

Gr G
Gag=| =K (3.14)
0 Gy
for fermions and
D D
D= | 7. (3.15)
Dy 0

Green’s functions Gr and Dpg are the retarded Green’s functions, and G4 and D4 are advanced Green’s
functions of the corresponding fields. We parametrize the Keldysh Green’s functions Dx and Gk by

introducing functions F'(z,z’) and Fp(z,z’) such that

Gx =Gro(1—2F)—(1-2F)oG4 (3.16)

DK:DRO(1+2FB)—(1+2FB)ODA. (317)
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The notation of A o B stands for

AoB = /d3y A(x,y)B(y, ) (3.18)

and functions F(z,2’) and Fp(z, ') play the role of a quantum analog of distribution functions that are

determined within the Keldysh formalism.

IV. KELDYSH KINETIC EQUATION

Now we proceed to derive the kinetic equation that corresponds to the action that we obtained in the
previous section. Since we have both fermionic and bosonic fields in the system, we need to write down
the equations that govern the evolution of both F(x,z') and Fp(x,2'). However, we will not utilize a
classic approach that directly derives the equations of motion for the mentioned functions (for example,
see Kamenev [31]). Instead we derive analogous equations for a set of functions G<(z,2’) and D<(x,2’)

defined as

GS =—-GroF+FoGy,, (4.1)

D<:DROFB—FBODA. (42)

It is motivated by the similarity between our system and the system studied in [24, 35]: both systems
have equilibrium self-energies independent from momentum. This allows to write a simpler set of kinetic
equations that do not involve any momentum information, unlike the equations that govern the evolution

of F' and Fp. Following [35], we obtain the equations of motion for those quantities:

_ 1
[ 01; G<] IQ(EKOGA—GROEK)—F
1
+§(2AOGA+GROER—EROGA—GROEA)+EROG<—G<OEA. (4.3)
_ 1
[Dy's D<] :§(HKODA—DROHK)+
1
+5(HAoDA+DRoHR—HRoDA—DRoHA)+HRoD<—D<oHA. (4.4)

Further simplification of the expressions in Eqs. (4.3) and (4.4) and their conversion into the Fourier
space is possible with a simultaneous application of a few steps: Wigner transform, small perturbation
expansion, and introduction of the spectral density function.

We are interested in studying the quasi-classical limit of the theory, and therefore, instead of studying

functions A(x,z’). We assume that all the 2-point functions in the theory are slow-varying with the
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change of (z 4+ 2’)/2 and fast-varying with the change of (z — a’)/2. Thus, as a first step, we study the

T ez (4.5)

evolution of the Wigner transformed 2-point functions defined as
3~ —ipE v z
A(:U,p):/dxe pA(x—i-z,x—Q),

where p is a shorthand notation for a pair p = (w, k), and pi = —wt + Kk¥.

Note that the Wigner transform has the following the properties:
i (0AOB 0AO0B
AoB ~ A B == 4.
(A0 B)ap) = Alep)Blep) + 5 (Gr o~ S5 ) (1.6
(4.7)

d3
=L Ax,q)B(z,p — q).

(o) Bl = [

and
Eq. (4.6) is the central approximation of the theory that limits the applicability of the theory to the

large wavelength and small frequency perturbations, since it involves the infinite series truncation under

assumption that the higher order terms in the series are small.
Applying Eqgs. (4.6) and (4.7) reveals the core property of v — ¢': due to a spatial disorder all the self-

energies do not depend on their corresponding momenta regardless of a concrete form of Green’s functions,

which proves that this is not only true in equilibrium case [20-22], but also in the non-equilibrium case

too.

The second step of the transformations involves the assumptions about the perturbation structure.
We assume that all the perturbations around the equilibrium distribution are small, and we can describe
the system by a small perturbation around that equilibrium:

3 (4.8)
(4.9)

F(z,w,k) = F(w) + 0F(z,w, k),
Fp(z,Q,q) = Fp(Q) + 0Fp(z,9,q),

where 0F <« F and 0Fp < Fp. In this paper we adopt the notation where we denote the equilibrium

quantities with a bar, and the perturbation away from the equilibrium with 6.
To compute all the terms in the non-linear response one would have to expand all the self-energies and

the Green’s functions in the order of F and §Fp. However, it will lead to infinite sequences of terms,

thus we will employ a different strategy that will involve defining analogous quantities to dF and 6 Fg to

make the number of terms in the resulting equation finite. We will eventually retrieve all the orders of

expansion in perturbation §F and 0Fp from Eqs. (4.3) and (4.4), but for now we start from the linear

order analysis.
16



We provide the algebraic details of the described above calculation in Appendix A. We demonstrate that
to the feature of decoupled momenta in v-g’ theory, the equations are subject to great simplification after
the Wigner transform and expansion. Below we only state the main results of the algebraic calculations
for completeness.

We assume that the equilibrium solution is consistent with the previous works [20-22] and takes a
form

Gr(w,k) = Al _
w—vpk —kpk-A) - Xgp(w,T)

1
02 — 2¢2 —m?2 +icyQ’

: (4.10)

Dgr(Q,q) = (4.11)

In our model the fermions have a spherically symmetric dispersion relation with bare dispersion linearized
at the level of the Fermi surface. The behavior of the ¥ z(w,T) is self-consistently determined through
the Dyson equations in equilibrium and yields ¥p(w = 0,7 = 0) = —iI" at T' = 0. The constant I"
is purely determined by the chemical potential disorder I' = v?kp/2vp where v is determined by Eq.
(2.10). This contribution to the imaginary part of self-energy is dominant at low temperatures and low
frequencies. The imaginary part in the boson propagator is also self-consistently determined with the
value of the constant ¢y = g’QCQk% / 87711% being fixed. The mass of the boson is a produced purely by
thermal noise around the quantum critical point at 7 = 0 and according to [20-22] scales with temperature
as m? ~ mcqT/In(Ty/T), where Ty is a UV cutoff in the theory.
Substitution of Eq. (4.10) into Wigner-transformed and linearized Eq. (3.9) yields

(SHR(.%', Q) = (5HA(x, Q) =0 (4.12)

at all the orders of perturbation of the excitation, which implies §Dr = D4 = 0. The linearization of

the Dyson equations connects dGr and 63 through
6Gpr = GRrodXgoGR. (4.13)
Substitution of Eq. (4.10) into a linearized Dyson equation in Eq.(4.13) produces a simple condition:
/dk 0GRr(w,k) =0, (4.14)

which is, in fact, also true at all the orders of perturbation in orders of § F and 0 Fp.
The last step towards deriving a simplified kinetic equations is to employ the observation made by
previous works [24, 35] that employ Keldysh field theory. Since we are working with sharp Fermi surface

at large kr and the self-energies don’t depend on the magnitude of corresponding momenta, the resulting
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response on the level of F' and Fp should not contain strong dependence on magnitude of k or ¢ [35]. We

combine the developments of [20-22] and [35] to define k- and ¢- independent spectral functions as

~ ‘ todk .
flx,w, k) = —ivp Q—G (z,w, k), (4.15)
oo 2T
27 o0 gdg
0,4 = — " I p<(z,0, q). 416
fB(x Q) arctg (%) A 27 (.’E q) ( )

Their main feature is that they are linear in F' and Fp due to Eqgs. (4.1) and (4.2), but have all the
information about momentum magnitudes k£ and g dependence being erased by the integral. The mo-
mentum information is erased in a self-consistent manner, since G< ~ F Im G, which corresponds to
the spectral density function. When integrated over momentum, it becomes a distribution in excitation
energy summed over all momenta. The complicated prefactors in Eqs. (4.15) and (4.16) are selected
purely for conventional reason that sets f = F' = (¢ +1)7! and fg = Fp = (e’ — 1) for Green’s
functions Gr and Dpg satisfying Egs. (4.10) and (4.11). Note that such result for F' and Fp is a usual
Keldysh field theory equilibrium result, while f and fg form comes from the convention on the prefactors.
An interesting extra abservation is that the linearized expression for § f does not need a small external

frequency expansion to be simplified exactly and yields

+oo
6f = _wF/ %M (Ga — Gr), (4.17)

—00

This is, however, not true for §fp, which involves an infinite tower of terms linear in dfp and it’s
time derivatives of all orders. This is one of the infinite towers this method allows to evade during the
calculation.

With all the features of the model discussed above, we execute the Wigner transform, expansion in
perturbation, and finally integrate that version of Eqgs. (4.3) and (4.4) over k and ¢ correspondingly to
obtain the system of closed equations for d f and d fp at all the orders of expansion for the perturbations
(see Appendix A for fairly involved algebraic details). We discuss the structure of the kinetic equation
and its solution for the remainder of the paper.

Before we proceed, it is important to consider the limitations in our approach. The equations for d f
and 6 fp to be derived from the Egs. (4.3) and (4.4) and the derivation involves Eq. (4.6), which for
2-point functions A and B holds only when |0;A 0,B| < |AB| and |0,A 0;B| < |AB|. This automatically

puts a set of constraints on the time derivative of § f and § fp which can be written as

0, ReXRg 96 f| < |ImER I f] (4.18)
|0,f0; Red0XRr| < |(2f — 1) Im 03X R| (4.19)
‘C(Q)@t(ﬂ_[[(’ < ‘(5HK’ (4.20)
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The first two conditions arise from the Wigner transformation of the terms ¥z 0o G< and G< o ¥4 in Eq.
(4.3). The third condition arises from the terms IIx o D4 and Dpg o Il in Eq. (4.4). These conditions

simplify to a simple single condition
vT (4.21)

with the expressions for the involved quantities, which can be found in Appendix A. Note that this
condition does not fulfill all the inequalities above for all values of w and €2, however it works for all values
besides 2 <« T and w < T'. However, since the range of frequencies where our theory breaks is small, the

impact on the behavior is negligible.

A. Boson in thermal equilibrium

At first, let’s consider the situation when the bosonic field is in a thermal state for simplicity. This can
occur when the boson experiences a strong drag due to interaction with other parts of the system. If that
interaction induces a drag much stronger then the interaction with the fermions, the boson relaxation
time will be negligibly small and we can treat it as if it is in a thermal equilibrium. We will use this
limit to phenomenologically understand the heating process in the material due to current circulation. To
obtain the kinetic equation that governs the evolution of § f, we apply all the previously described steps
to Eq. (4.3): the Wigner transform, expansion, and the algebraic simplification from 6G< to df that
captures all the orders in §f. The algebraic details of this calculation can be found in Appendix A. We

thermalize bosonic degrees of freedom by fixing d fg = 0 and we obtain the kinetic equation of the form
A[0,5f]) — (vi -E)0,(f +6f) = Ir[df] + Iy[0f] 4+ Lu[o f]. (4.22)

Even from the first glance the similarity between the form of Eq. (4.22) resembles the structure that we
would expect in the ordinary Fermi-liquid theory, as in Eq. (1.1). However, it is instructive to discuss
every term in it to see what novelty the model of strange metal in consideration brings in the contrast to
ordinary Fermi-liquids.

The first term in the RHS of Eq. (4.22) is a renormalized dynamic term that only depends on 9,0 f.

The term itself involves a rather complicated linear functional A that has a form

2 2
A0y 6 f] = alw, TV, 5 £ (Fyw) + 2 kFawf/ ‘;QB'(Q)/;“‘@ 5F(w + 0, k). (4.23)
F ™ ™

v

Variable k is the direction of momentum k that has been preserved in the theory. The function a(w,T) is

defined as a = 1 — J,, Re X and the details of its structure are determined by the structure of the boson
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thermal mass m?(T). At a critical doping point

T
m?(T) ~ ——a_ (4.24)
In(7)
which leads to a(w,T") having a rather complicated structure at 7' # 0:
9%kr c*Ad (0 (1_ _w
=1 1 — R - — — 4.25
alw) =1+ o, [n <2de U2 T o) | (4.25)

where 1 is a polygamma function of the 0’th order. Relevant details to the derivation of this expression
are shown in Appendix B. It is worth to note for the following sections that at T = 0 the expression for
a(w,T = 0) takes particularly simple form

9%kp NEN
n|ZA
Sm2vp w

a(w,T=0)=1+

: (4.26)

which is, interestingly, non-analytic at w = 0. Temperature Th = ecQAg /cq (e being an Euler constant) is
completely determined by the momentum UV-cutoff of the bosons A, that is necessary for the consistency
of the theory [20, 22]. Thus this temperature to be expected to be much larger than any other parameter
in the theory, in particular "< Tr. Function B’(€) involved in Eq. (4.23) is described by

d2q B 1 C4A4
/ — —¢? - 9
B'(Q) = —c / an)2 Re Dr(92,q) e In <m4 T ) (4.27)

The dynamic term has two main features that are distinctively different from Fermi-liquids. First feature
is that in Fermi-liquids one would typically expect no strong dependence of a(w,T’) on w or T', however in
our case it is not true neither for " > 0 or T' = 0 expression. Moreover, in the case of considered model
the full dependence involves a complicated integral that mixes the dynamics in w and in general needs
to be diagonalized. The second feature is that the dependence in w of the dynamic term is singular for
T =0 and w = 0 due to the logarithmic dependence of a(w,T) as in Eq. (4.26), unlike in Fermi liquids.
Note that this is not a sign of an inconsistency of the theory, since for 7' > 0 the dependence is completely
analytic, as in Eq. (4.25) (see Appendix B for more details).

Away from the critical doping the boson mass m?(T') ~ A? becomes temperature-independent, which

leads to a T- and w-independent value of a(w,T)

121 22
arr(w,T) =1+ 89772;; In (6A2‘1> ~ const, (4.28)

which is fully consistent with our expectation for the Fermi-liquid in Sec. 1. Additionally, away from the

critical point the ¢2Q? term in Eq. (4.27) can be neglected. Thus the integral term in Eq. (4.23) is

proportional to the change of the particle number [ dwdk § f(w, R) Thus, since the particle number is
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expected to remain unchanged, the integral has to disappear. In the regime of a gapped boson m? ~ A2,
the dynamic term reduces to a constat factor a in front of 9,0 f, as expected in Sec. I.

We proceed to consider the collision integral terms Iy, Iy, and I. In this calculation we deliberately
separated the terms in the collision integral into three categories, where every piece we diligently compute
in Appendix A.

The term I comes solely from the chemical potential disorder scattering. It has a simple form
and its scattering rate I' does not explicitly depend on temperature or energy of the excitation, since
I'=iXr(w=0,T=0):
dk’

Ip[of] = —2r (5f(w,f<) —/%(5f(w,f<’)> . (4.29)

In addition, this term has no non-linear corrections in § f and is computed exactly.

Terms I, and I, come from the interaction between the fermions and bosons. We split the interaction
terms in such a way that I, only contains linear in d f terms, while I;,; contains all quadratic in § f terms.
Note that there are no higher order corrections in powers of d f in this formalism and the equation for § f
becomes exact. The structure of I, is rather complicated structure and involves two terms:

@,
2

2 .
L [5f] = —2g(w, T) 6 (w, k) + & kF/ (@) (275(Q) - 27(w) +2)/;ﬂ;5f(w+9,f<). (4.30)

(%
One of the terms contains a function g(w,T) = Im Xg, which, same as a(w,T), is determined by the
structure of m?(7T'), has a rather complicated T-dependence at the critical value of doping (m?(T') is given

by Eq. (4.24)):

/2 ;
g kp 2meqT 1 iw
T) = T |1 —2ReInT = ——]|. 4.31
9(w.T) 8nup {n < m? > ¢ <2 27T (431)
Details for this calculation can be found in Appendix B. At T' = 0 it takes a particularly simple form:
9" kr
T=0)= . 4.32
oo, T =0) = £ (432

Also note that the structure of g(w,T’) at w = 0 is non-analytic when 7" = 0, but is analytic when 7" > 0,
same as a(w,T"). This is another feature that is explicitly distinct from ordinary Fermi liquids where one

would expect g ~ (m2T? + w?) /ep. However, the case of m? ~ A? yields

§?kreq

gFL(w7 T) = 167T2UFA2

(772T2 + w2) , (4.33)

which is exactly of the expected form. Additionally, at small enough 7" one can expand the function B(£2)
in the powers of Q ~ T in Eq. (4.30). This would lead to the temperature scaling of the integral term to

be shifted away from ~ T at the critical doping to ~ T2, which we expect in the ordinary Fermi liquid.
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In the following section we will show below that those non-analyticities of g(w,7T = 0) and a(w,T = 0)
at the critical doping, which are connected to w/T dependence, are crucially important for the structure
of higher order responses. Another function that is involved in the integral term of Eq. (4.30) is B(),
which is given by

2 ¢
B(Q) = —02/ (5732 Dr(Q,q) = i arctg <72?> . (4.34)

The full structure of the term I,;; that contains all the non-linear in § f corrections is shown in Appendix
A. Its structure is rather complicated and involves quadratic expressions in 0f and derivatives of df.
However, we will only be interested in computing only third order non-linear response in the leading
order in temperature dependence. The only relevant for this task term is rather simple and can be

written as

Ll f] = %F / / di' ) [67(0 + Q. K)5f (. K) . (4.35)

If one is interested in computing only the leading order of non-linear response, it is enough to use the
expression for I,; provided above. However, when we perform a structural analysis of the higher order
responses, all the terms have to be considered. Note that a complete expression for all non-linear terms
also involves terms proportional to 9.0 f. Technically, those terms have to be regarded as the terms that
belong to A and they will make functional A to be non-linear. However, in perturbation theory those
terms will always play a role of lower order in electric field sources that are sub-leading to the term in
Eq. (4.35).

As we expected, kinetic equation Eq. (A25) is, in fact, a closed equation for ¢ f (l%, w,t). We will explore
the solution of this equation by the means of perturbation theory in electric field in the following sections.

Now we proceed to modify the theory to include the boson dynamics.

B. Full self-consistent boson dynamics

Now we proceed to include all the corrections that come into the kinetic equation when the boson is
not thermalized and full dynamics of § fg has to be considered. To achieve this, we perform an analogous
calculation to the one that was described above and led to Eq. (4.22). However, this time we set 6 fp # 0
and include all the perturbative corrections in § fp ( algebra details in Appendix A). The calculation leads

to an equation of the form

Al0cof] = (vr - E)0u(f +6f) = Ir[0f] + Iyl f, 6 f] + Tu[of. 6 f5]- (4.36)
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It is useful to compare to the kinetic equation in Eq. (4.22). The close inspection shows that the dynamic
term A[0,0f] and the disorder collision integral Ir remained unchanged and are still described by Egs.
(4.23) and (4.29). The terms that did change are the linearized interaction-driven collision integral I;},,
and the non-linear in ¢ f and J fg corrections. The new linearized collision integral now depends on both

0f and dfp and can be written as

Iylof, 0] = Iy [6f] + Iy [0 f5), (4.37)

where the part I, that only depends on d f is the same as in the case of thermalized boson and therefore

described by Eq. (4.30). The new term that depends on §fp is

/2
I, [6f5) = 08 / / B Q) (F(w+ Q) + Flw— Q) — 27(w)) 675(2d). (4.38)

The non-linear corrections with the appearance of § fg # 0 take a much more cumbersome form. The full
structure is shown in Appendix A. However, the only leading order terms that appear in the 3rd order of

the perturbation theory still have a rather simple form

/2 !
151, 6 f5] = kF/ / /dk ) [2675(0. @) 6 (w. ) + 87 (w + QK 6f(w.B)] . (439)

Introduction of boson dynamics brings additional terms into the fermion kinetic equation in Eq. (4.36).
These new terms depend on § fg and therefore we require an additional equation that governs the evolution
of 0 fp. We construct this equation by performing an already mentioned above simplification procedure
on Eq. (4.4) (see Appendix A) in a similar manner as we did to derive the kinetic equations for fermions.

The result of our calculation manifests itself in a form of

0:6fp+cqdfp=1Ip [(5f] + IB,nl[éf]. (4.40)

As a reminder, cq = g"?c?k? 7w/ 87er7 which is determined self-consistently from the analysis of the theory
performed in a thermal equilibrium. Note, however, the analysis relies on the assumption that the
system has no other fields besides the fermions and the collective mode described by the bosonic field.
Introduction of other fields could lead to presences of additional thermal baths and therefore an additional
drag, which will make the value of ¢4 larger. The terms Ip and Ipy are linearized and quadratic in d f
collision integral terms in the bosonic kinetic equation correspondingly. The linearized part of collision
integral Ip is given by
g’ k2,
202 =

Ip

/ / ;liglz (1— fw—9Q) = flw+Q) x (6f —=C(ASF).  (441)
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The function C(Q2) is

2
c;82

2(m* + 20?) arctg (Cdg) '

m2

Q) =

(4.42)

The quadratic in § f correction to the collision integral Ip ; leading term in the 3rd order becomes

A9k /dw dk dk’ 1

Ioalf] = =5 o 05w - i K], (4.43)

21 | 27 2 Q
and there are no more higher order corrections in df or § fp to the boson kinetic equation in Eq. (4.40).
Instead, there is a truncated tower of quadratic in §f terms that involve derivatives over w and t of the
quadratic expressions in § f. Those, however, are sub-leading due to v < T and thus can be dropped, as

all the non-linear corrections will only play a role of the extra source terms.

The collision integral terms Ip and Ip, only depend on df and not dfp, because all the scattering
of bosons on each other is already self-consistently included into constant c¢4. Thus, these terms should
rather be interpreted as the coupling terms between the bosonic excitations ¢ fp and fermionic excitations
0f, even though these coupling terms originate from the term in Eq. (4.4) usually associated with the
collision integral. Comparing the kinetic equations for bosons in Eq. (4.40) and fermions in Eq. (4.36)
reveals that excitations § f and § fg are coupled to each other through the collision integral terms in both
of the equations. Now we are in a possession of the system of equations for § f and J fg, and the system
of equations is closed for those unknown function. We can proceed to construct the perturbative solution

to the system of equations in the following sections.

V. STRUCTURE OF THE EQUATIONS

Before we begin the construction of the perturbation theory in the powers of electric field, we need to
analyze the structure of the equations that govern the evolution of §f and dfp. In this section we will
explore the structure of the leading order terms in Egs. (4.36) and (4.40), which means we will for now
completely ignore the presence of I,) and Ip . This simplification will not impact the dynamics of the
response, since in the perturbation theory all the non-linear corrections play the role of the additional
sources in addition to the source generated by electric field E. We will reinstate the sources coming from

non-linear corrections in the process of computing the non-linear responses in the next section.
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We begin the analysis by implementing the angular harmonics expansion for ¢ f and d f5:

+o00
Z 8 fm (w)e™Ok (5.1)
5fB(€2, ) Z 8 fBm (2)e™. (5.2)

The angles 05, and 6, are the angles that describe direction of unit vectors k and g correspondingly.
This simplifies our analysis due to assumed spherical symmetry of the system. Implicitly we assume the
dependence of §f and §fg on T. From now on we will be using a lower index to signal the angular
harmonic expansion or relation to a particular harmonic. The linearized equations that we are interested

in analyzing have a form
A6 f] + evp (B-K) 0,(f +6f) = (Ir + 1g)[6f] + 1, [0 f5] (5-3)

for fermions and

00 fp+cidfp = IB[(gf] (5.4)

for bosons. As we mentioned above, these equations differ from the Egs. (4.36) and (4.40) by the absence
of non-linear terms I,,; and I 1. The fermionic collision integrals Ir (scattering on potential disorder), 1,/
(interaction with boson background), and I, (boson excitations) are described in Eqs. (4.29), (4.30), and
(4.38) correspondingly. The bosonic collision integral that comes from the fermionic perturbations can be
found in Eq. (4.41). We convert the kinetic equations into angular harmonics by integrating those over 6
and 60, with an appropriate exponent value. First we start from the harmonics m # 0 for simplicity. The
integral terms in the linear functional A and the collision integrals only depend on [ dké for [ dké B,

which are proportional to 0 fy and & fpg correspondingly and have no directional dependence themselves.

Thus those will have no effects for harmonics with m # 0 and the terms simplify to

a(w, T) O frn(w) + 2 (T + g(w, T)) 0 frn(w)+

evF evgp

L 06 1 (@) + E8Fmi1 (@) = =L O F (@) (E O + E°0-1m). (5.5)

In the equation above the first term corresponds to the A[0,d f] term, the second term corresponds to the
remains of collision integrals Ir,ly, and I, the last two terms correspond to the term with electric field
E. We introduced a shorthand notation for £ = E, + iE, with E, and E, being the components of E.
The £* is the complex conjugate of £. A complete expression for the fermion evolution would also involve

the extra source in the RHS of Eq. (5.5) generated by I}, that has a form

;11:_9/2’”/‘“2 (Q) [26/50() + 6fo(w + Q)] 8 fn(w). (5.6)

VR 2T
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The expression for the case of thermalized boson can be obtained by setting ¢ fgo = 0.

Analogous transformation for m # 0 for boson kinetic equation in Eq. (5.4) has a simple form:
00 fpm + cidfpm =0, m#0. (5.7)

Notice that § fg,,, for m # 0 is completely decopled from E and all the other harmonics of both fermionic

and bosonic fields. Therefore those will stay relaxed at all the levels of perturbation theory and
0fem =0, m#Q0. (5.8)

Thus all the effects of the boson dynamics are described by the evolution of § fgg.
We proceed to analyze the kinetic equations projected on the 0’th harmonic § fo and 0 fpg. Since the
scattering on the chemical potential disorder always conserves every, Ip[dfy] = 0 and equation for § fy

becomes
A[at(Sfo] + evp 8w(86f1 + 5*5f_1) = Ig/ [(5f0] + ch [(5f30] (59)

Note that the fermion density harmonic 6fy only couples to harmonics df+; and the boson density
harmonic § fgg. Therefore, the dynamics of the boson only impacts the dynamics of the density harmonic
of the fermion. Same as in the case of m # 0, the corresponding non-linear corrections can be restored,
however, there will be no non-linear corrections into the density harmonic below the 4’th order response.

For the density harmonic of the boson § fpg we acquire a following equation:

8t5fBO + Cd(szO = IB[5fO] (510)

The boson perturbations are only coupled to the perturbations of the fermion density harmonic § fo. The
coupling of only density harmonics in our theory is a result of all the interactions between the boson and
the fermion governed by a spatially random potential, which prohibits the momentum transfer. Due to
the structure of non-linear correction terms, there will be no contributions below the 4’th order response.

Before we proceed to construct the perturbation theory series in E (or, equivalently, in &), we need
to understand the structure of the equations for the density harmonics §fy and §fpg better. The w-
dependence of A[0;6 fo], 14[0fo], and I.,[0fpo] along with Q-dependence of Ig[0fy] is of a particular
interest, since it will turn out that the collective dynamics of the density harmonics is crucial for under-
standing the higher order responses. Below we describe our short studies of the structure of frequency
dependence and show that the theory contains a few surprising properties that will allow us to construct

a simplified but realistic model of the higher order optical responses.
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At first we analyze the structure of A linear functional and show that it’s action in the low temperature
limit reduces to a multiplication by a constant in the case of anti-symmetric in w argument § fg. In the
following sections we will show that this is exactly the case for §fy in the perturbation theory. The

expression for A[0 fo] dictates that

/2]€
A[0, 6 fo] = alw, T)8; 6 fo(w) Fa f/ )9, 8 folw + Q). (5.11)
The expression for B'(Q) is
w1 c'Ag
B'(Q) = ¢ In <m4 Tee ) (5.12)

Since at lower temperatures m? ~ wcyT/In(Tr/T), and we expect 6 fy to be localized in the region of

width Q ~ T around 0, we expect 0392 ~ C§T2 > m? at small enough 7" and thus m*

can be neglected in
Eq. (5.12). Since In Ag /c2T? is a constant and 4 fy is an anti-symmetric function, the constant integrated

against J fo will nullify and we will be left with

Alr 6 fo] = alw, TV, 8 folw) + IQkFa f/dQ In <T2>8t5f0(w+9) (5.13)

The integral term in the equation above has some non-trivial w-dependence, but the integral term is
always of the order of vg'?kr/vp, while according to Appendix B the w-independent term in a(w,T) is
a(0,T) ~ vg?kpIn(Tr/T) vk, v is the external frequency of the excitation §fy. Since a(w,T) is always

much greater than the integral term at w ~ T', we neglect the integral term and set

A[046 fo] = alw, T)0:d fo(w) (5.14)

This simplification preserves the asymptotic behavior of the coefficient at small T" and still leaves a residual
dependence on w, which presence will show to be important later.

Now we analyze the structure of the collision integral terms in the kinetic equations for fermions and
bosons in Egs. (5.9) and (5.10). Firstly, we would like to note that it is unnecessary to solve the two
kinetic equations separately. The boson degree of freedom can be self-consistently excluded. To do this

we Fourier transform the equations in time ¢ into external frequency v and obtain

W CL( )(Sfo + evp Oy (g(;fl + 5*(5‘]‘;1) = Ig/ [6f0] + ch [5fBO] (515)
(v +ca) 6 fpo = Ip[d fol. (5.16)

We can easily invert the second equation to obtain a single equation for ¢ fy that consistently captures

the dynamics of the boson:

v alw, T)3fo + S 0, (E5F1 + E6F 1) = 1 (o] + LcallBLSol] (5.17)

2 1w+ cq
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In case of a thermalized boson it is enough to set the last term in the RHS of Eq. (5.17) to 0.

Below we display our short study the structure of w-dependence of I,[é fo] and I, [Ig[6 fo]] terms with
a goal of better understanding of the response profile in w. In particular, we will show in the next chapters
that the source term in Eq. (5.17) has a form of 92 f(w), so we are in particular interested in the behavior
of the collision integral when it acts on the functions ¢ fo(w) with a narrow (w ~ T') peak at w = 0. Due
to a complicated form of the collision integral, we study it numerically. The integral is diagonalized on a
basis of local anti-symmetric functions that are exponentially suppressed at large w.

First we consider a model with a thermalized boson, thus collision integral only consists of one term
I,[0 fo]. We use an exact form of g(w,T’) given by

¢?kp 2megT 1 w
T) = T \ln{——)—2 InT ( = — 1
9. 1) 8mup [n < m? Reln 2 21T )|’ (5:18)

see Appendix B. The total collision integral becomes

g%kp [dQ

I8 fo) = —2g(w, T) 6 fo(w) + o e

(Q) (2fB(Q) — 2f(w) +2) 6 fo(w + ), (5.19)

where B(Q) is given by Eq. (4.34).

At first, we note that at finite temperature and w ~ T the leading term in g(w,T) is the first term
with the asymptotic of T Inln(Ty/T) (It = ¢*I'?/v%cy). Naively one would think that the term will be
dominant in the collision integral at lower temperatures, however the second term in Eq. (5.19) also has
a divergence at 2 = 0 which at finite T is regularized by B(f2). The estimation of the integral leading
order reveals that the Inln term in the integral exactly cancels the leading term in g(w,T). Thus the
actual asymptotic of the collision integral is T" without any logarithmic corrections. When numerically
evaluating the integral we encountered a surprising property of I[6 fo]: the profile of interest 02 f is also

an eigenvector of Iy. Up to numerical error we retrieved

Iy [02f(w)] = —a=—— 02 f(w) (5.20)

with a ~ 1. For the purpose of the following calculations we set @« = 1. We introduce a convenient

notation

g/Qk.FT
Po(T) =" (5.21)

Thus the eigenfunction 2 f of the collision integral has an eigenvalue I'o(T') and so 1[92 f] = —T'o(T)d2%f.
The lower index of I'y is chosen to correspond to the § fy harmonics, since it only appears in the corre-

sponding kinetic equation for ¢ fj.
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Now we proceed with analyzing numerically the case of the self-consistent dynamics of the boson. For
now we restrict ourselves to the static case of v = 0 and analyze the structure of 1,6 fo] + I.,[IB[d fol] /ca-
Bu substituting explicit expressions for I, and Ip from Eqgs. (4.38) and (4.41) into the second term, we

can construct an explicit expression for the linear functional in the form of
g2k,

3
2v%

I, [I5[6f]) = / T (K (w,o,T) — ivKe(w,o!, T)) §£(), (5.22)

oo 2T

where integral kernels K (w,w’,T) and K¢(w,w',T) are
* dQ B(Q2
Ko [~ B0

oo 2

Kol ) = [ T2 (Fw+0) + Jlo - ) - 20@)CO - F +9) - ' ). (524)

(flw+9Q) + flw =) = 2f (@)1 - f' +Q) = f(' —Q)), (5.23)

Neither K or K¢ have a divergent behavior when 7" — 0, since the naive divergence of the integrands
in K as 1/Q and in K¢ as 1/92 do not appear, as the (f(w + Q) + f(w — Q) — 2f(w)) factor in the
integrands smoothens those as 2 — 0. The dimensional analysis of the term with the K kernel then
shows that the expected dimensional coefficient for this term is g’2kFT/vF — linear in T. Since at low
temperature B(Q)C(Q)/Q ~ 1/9? in comparison to 1/ term in K, the term with K¢ kernel will have an
extra factor of 1/T of divergence as T — 0, and therefore the scaling of v¢'?kr /vr, which is of the order
of the previously neglected term in the linear functional for A[9,0 fy]. Thus we can neglect this term too,
since its effects on the dynamics are of the order of already neglected terms and proceed to analyze the
remaining part of the collision integral, which is the K term. To understand the structure of the response

we numerically diagonalize

Iy[6fo] — K (w, )6 fo(w), (5.25)

gtk [0 du’
QU%Cd /_ o 2T

which are the only terms at v = 0. We find that the collision integral in Eq. (5.25) has a 0-mode (up to
numerical precision), which is shown in Fig. 2. This mode has a very similar to 92 f(w) in profile, but
unlike in the case of thermalized boson, it’s eigenvalue is very small. All the other eigenmodes that we
recover have finite eigenvalues and therefore will decay much faster. We associate the 0-eigenvalue mode
that we obtained with the energy conservation law that is present in the model when the boson dynamics
is present. Unlike the case of the thermalized boson, the boson field does no longer serve as a heat bath
for the fermions, but dynamically exchanges energy with the fermion. Moreover, since the bosons are only
coupled to fermions and potential disorder, the conservation of energy should be applicable for the whole
system. Thus there should be a collective fermion-boson mode that would nullify the collision integral

due to the energy conservation. Introduction of additional thermal baths, which are inevitably present in

any real setup, will drive the eigenvalue of this mode away from 0.
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FIG. 2. The figure shows the 0-eigenmode of the collision integral that includes consistent bosonic dynamics I/ 41, .
The blue line depicts the non-decaying eigenmode 6 fo(w) such that I, [0 fo] + I.,[I5[d fo]]/ca = 0. The orange line
depicts 92 f(w).

Due to a big similarity between the 0-eigenvalue mode of the collision integral, we propose a simple
phenomenological model that will capture those features. We propose to treat the 0O-eigenvalue mode

simply as 02 f(w). For the case v # 0, the eigenvalue then interpolates as

= I, [Ig[0% f]] g%krT  iv/cq _
2 d w _ 2
Iyl0u11+ iv+cg  Amop 1+ iu/cda“f' (5-26)

Thus the eigenvalue has to be proportional to v, and therefore is just another term that contributes to
a dynamic term. Moreover, since it is also proportional to 7', at low temperatures it will be just a small
correction to a(w,T’), and therefore can be neglected. Notice, however, that the terms that arise from
the structure of K and k¢ are the only terms that carry the value of the constant c. explicitly in them.
Thus, the value of ¢4 can be inferred from experiment if one can conduct a precise enough experiment
that would provide information on the m = 0 harmonic dynamics. In the section below we will show that

the Joule heating-related non-linear response in the optical limit provides an opportunity to tackle the
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information about the density harmonic dynamics experimentally, and thus infer the value of cg.
To summarize our insights in the dynamic structure of the fermion J fo harmonic behavior, we describe
again a phenomenological model that we adopt for the evolution of § fo harmonics, in particular for the

cases when 0 fo ~ 92 f(w). The dynamic term in Eq. (5.17) takes a form
A[ZV(Sfo] =V a(w, T)(Sfo. (527)

The collision integral term in the RHS of Eq. (5.17) takes a form of

#1102 ] 2 7
1..19? “alblPw/ll 9
g [auf] + i+ cd 0 awf? (5 8)
where
12
T
FO = J kF ’ 6fB = 07 (529)
4mop
To=0, &fp#0, (5.30)

With this relatively simple phenomenological model motivated by our numerical study, we proceed to

construct the perturbation theory in electric field in the next section.

VI. PERTURBATION THEORY IN ELECTRIC FIELD

We proceed towards construction of the solution to the kinetic equations for fermions 6 f and bosons
0 fp by the means of perturbation theory. We will consider the solution order by order and in the process
we will recover a known result for linear response, analyze the structure of the collision integral terms
with enabled and disabled dynamics. Eventually construct the description for the third-order response
(second order is nullified by inversion symmetry) and analyze the leading order scaling with temperature.
Additionally, We will compare the strange metal higher order responses to the Fermi-liquid responses.
We will show that the strange metal response grows large as T' — 0 with an extra power of 1/7, which
appears due to the non-analytic behavior of the model at w = 0 at 7' = 0. While performing the analysis,
we will differentiate between the non-linear responses coming from the energy harmonic excitations (Joule
heating), and other types of non-linear response. As a side product of our calculations, we will also obtain
the expression for linear resistivity which is consistent with the previous results that involve the model of
a critical Fermi-surface [20-22, 36].

First we organize the perturbation theory by expanding the harmonics § f,,, in the powers of £, where

€ is related to electric field components by & = E, + iE,:

Sfm(w) =D 8 (w). (6.1)
n=1
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We use the superscript to denote the order of the perturbation, so the term & f,Sf} ) (w) is a homogeneous

polynomial of £ and £* of power n.

We are interested in the first non-trivial non-linear response, which is expected to be a third order
response. Thus we are mostly interested in the structure of §f(3) and all the lower orders. To obtain the
relevant equations we substitute the expansion for § f,,, in Eq. (6.1) into Egs. (5.5) and (5.17) and expand

in the powers of electric field the fermion kinetic equations for m # 0 harmonics:

101 a(w, T) + 2T + 29w, TS £) (@) = =55 0 f (@) (€01 + E0-1m). (6.2)
101 a(w, T) + 20 + 2g(w, T £ (W) = =55 0u(E £ (@) + E5F L @) +If) . (6.3)

where term I, is the non-linear correction in the third order that comes from Eq. (5.6) and, particularly,

in the third order takes a form

2k ds2
R / B [20£50(@) + 3£ (@ + )] 5D (). (6.4)

For the higher responses one will have to consider all the non-linear correction terms shown in Appendix A

instead of just focusing on the leading order of corrections described in Eq. (5.6).

Following our discussion in Sec. V, the evolution of the density harmonics ¢ fy is governed by an

equation of a different form. We expand it in the orders of perturbation up to n = 2 and obtain

iva(w, T)5 £ (w) — I[5£{P (w)] = f%F 0. (E5FY + 75 £, (6.5)

The collision integral I is given by I = I for thermalized boson or I = Iy + I.,[Ig] for a dynamic boson,
as in Eq. (5.15). Note that in the orders of perturbation higher than n = 2 there will be numerous
non-linear corrections to this equations which will turn out to be important when computing higher order

respoinses.

Finally, we consider the source of electric field E of the form
E=) E,c"" (6.6)
i

where E,, are the space-independent coefficients and use the expanded equations in Egs. (6.2), (6.3), and

(6.5) to construct the perturbation in § f and later use 0 f solution to compute the response current j.
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A. Linear perturbation in electric field

As the first step, we compute the perturbation in é f up to a linear in £ term, which we denoted as

of

Sf = " sfmembe, (6.7)

m=—00
Since f%; = 0 by definition, the density harmonic m = 0 is not perturbed in the first order, and therefore
§fy = 0. Thus, all the dynamics of 6 f (1) is captured by harmonics 6 f(M)+1 described by Eq. (6.2). It is

useful to multiply Eq. (6.2) by % and sum over m to reconstruct the equation for §f():

A~

[ivi a(w, T) + 2T + 2g(w, T)] 6fV) = —evp (B, - k) 9, f. (6.8)

The solution to the equation above is

(5f(1)(w) = —evp Z(EW - l;) eVt W (w, Vi,T)(g)L{(w), (6.9)

7

where the transfer function W is

1

T) = .
Ww, v, T) iva(w,T)+ 2T + 2g(w,T)

(6.10)

Note that under our assumptions, the dominant term in the denominator of W (w,v,T') at low tempera-
tures and v < T is I', which does not depend on temperature.

One of the properties of the §f()(w) which will become important in the next subsection, is the
symmetry of the solution with respect to w — —w. Since g(w,T), a(w,T), and 9, f are symmetric
functions under w — —w, §f1) is symmetric under w — —w.

We use the solution for 6 f() in Eq. (6.9) in the following subsections to compute linear conductivity

and to compute higher orders of the perturbation 6 (™ in the following subsections.

B. Second order perturbation in electric field

. . e (2

In the second order of perturbation in E one, in general, would expect two types of excitations: ¢ f
and § f(§2), which are the "tensor” m = 2 and the ”particle density” m = 0 harmonic. The corresponding
equations for these harmonics are derived from Egs. (6.3) and (6.5). Since § fil?z = 0, it is particularly

easy to construct the equations for § fo) :

[iv a(w, T) + 2T + 2g(w, T))0 £ = —“%Fg*awa s (6.11)
[iva(w,T) + 2T + 2g(w, T)]5 £ = —WTFsawa £ (6.12)
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The solution to these equations can be constructed in the analogous way to the solution in Eq. (6.9) and

we obtain

5 = 62;’12” N & €W (w, vy, T)ai [W(w, vi, T)gﬂ (6.13)
.3
where v;; = v; + vj. Analogous expression for § fg) , but it involves to factors of £ instead of two factors
of £* in Eq. (6.13).

Now we proceed towards a similar construction for the density harmonic ¢ féQ), which, however, will
be more involved. At first we need to use the explicit solution we constructed for § (1) to justify the
approximations we have implemented in Sec. V and show that the structure of the second order pertur-
bation of a density harmonic has a rather simple profile. Note that in previous subsection we showed that
6fM) is a symmetric function of w. Thus the source term in Eq. (6.5) is an anti-symmetric function of w,
which implies that §f3 will also be an anti-symmetric function of w. Therefore the reduction of A[8;d fo]
to a(w,T') 00 fo is justified in our context due to the anti-symmetry of the argument. Let’s take the closer
look at the w-profile of the RHS source term in Eq. (6.5). The source has a form 9,6 f&) , where function
of) s
A f

S ~ T, f = .
Jii ~ Wiw, v, T)0uf iva(w, T)+ T + g(w,T)

(6.14)

The w derivative of § fill) involves two terms: W (w,v,T)92f and 0,W (w,v,T)0,f. In the first term,
as we mentioned above, I' is dominant in the denominator and therefore we can approximate the term
as W(w,v,T)0? f~ 0?2 f/T. The second term involves a derivative of W and can be approximated as
OW (w,v, T)O,f ~ (ivd,a+0,9)0.f/T?. By comparing the T' > 0 expressions for ivd,,a and d,,g in Egs.
(4.25) and (4.31) correspondingly, we see that under assumption of v < T the derivative of g dominates
over the derivative of a. Additionally, we see that the derivative of g is a constant factor multiplied by
1 —2f(w). Since (1 —2f(w))0,f ~ 02 f, the second term is also proportional to 92 f in the leading order.
Since the source therm in the RHS of Eq. (6.5) has a profile ~ 02 f, we can apply the approximate
treatment of the m = 0 harmonic of the collision integral developed in Sec. V and Eq. (6.5) simplifies to

liva(w,T) + To(D)3fe" () = ==F (€617 +€*0£%), (6.15)

where according to our model constructed in Sec. V, T'g(T') = g’szT/47er if the boson is in thermal
equilibrium and I'g = 0 when the boson dynamics is fully consistent with the fermion dynamics. Eq.

(6.15) can be easily solved, the solution with explicit dependence on E is

2,,2 _
(2) _ €Y . wijt 0 = Of
5f0 - 2 ZZJ:(EI/Z El/j) € WO(W, 7/1], T) aw |:W((JJ, vy, T) aw y (616)
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where v;; = v; + v; and the factor Wy for an m = 0 harmonics is

1
iva(w,T) +To(T)

Wo(w,v,T) = (6.17)

Note the similarity in the perturbative expansion structure for féz) and d fo) harmonics. The only
difference is the choice of the factor: W for m # 0 and Wy for m = 0.

The density harmonic m = 0 is related to the particle density and the energy density in the system.
Thus, the non-linear responses that involve the excitation of the m = 0 harmonic have a physical meaning
of the non-linear responses coming from the change of energy density in the system. This effect, when the
change of energy density is positive, is associated with the Joule heating of the system by the external
driving heat. Thus, the non-linear response contributions that arise from the excitation of the density
harmonics should be regarded as the joule heating effect. Other contributions should be regarded just as

ordinary non-linear effects. A complete solution for 6 f can be written as
55O _ 5O 4 P00 4 5@t (6.18)

Thus, we have ordinary non-linear terms and the Joule heating terms included and in the following

sub-sections we will analyze the consequences for both contributions.

C. Third order perturbation in electric field

The third order response tackles harmonics with m = +3 and m = +£1. Since we are interested in
eventually computing the currents from the perturbations, we will focus on deriving the expressions for
m = +1 harmonics, which is the only harmonics that carries current in a spherically symmetric system.

The equations that govern the evolution of § ffl) can be obtained from Eq. (6.3), which is

evF

[iv a(w, T) + 2T + 2g(w, T)]0FP () = — 25 Q€621 (@) + E8fmpy (@) + 11, (6.19)
where m = £1. The non-linear correction has a form

10 = L5 [ S0y o) +or o+ )] s, (6:20

v 2T

where in thermalized boson dynamics case § f1(320) = 0, and when the dynamics is accounted for,

Y - g’k / / dk L fw— ) = fw+ Q) (557 (@) - C@ a5 £ () - (6.21)

1w+ cq 21}% 27 Q

Notice that due to a non-linear nature of Ifl’ does not contain any factors of §f®). The non-linear

correction only contains the terms that depend on § féQ) and § fr(,} ), which have already been obtained by
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the means of the perturbation theory. The same conclusion will be applicable to all non-linear corrections
that come from the collision integral, and thus we argue that the non-linear corrections to the collision
integral only play the role of additional sources in the equations of the type of Eq. (6.19) and analogous
to it. In the rest of the subsections we solve Eq. (6.19) with all the sources included and find that in case
of the strange metal the sources originating non-linear corrections have no significant impact on the non-
linear response. Notice, however, that the non-linear correction term solely arises from the excitation of
m = 0 harmonics for bosons and fermions, and thus has to be attributed to the effects of the Joule heating.
Therefore, the ordinary non-linear response term should be computed with 6 fy = § fgg = 0. Therefore,
we have to make a distinction between the different types of non-linear responses and and to achieve this
we denote the perturbations associated to Joule heating as § ff’il, and the perturbations associated with
ordinary non-linear response as just ¢ fﬁ) . As was mentioned above, the ordinary perturbations come

from Eq. (6.19) with an assumption that no density harmonics are perturbed and result is

0

5f1(3) = e UF ZE* 8* &y €w’]ltW(w,VijlaT)i [W(W,Vin)aw

Ow {W(w, VzaT)afH , (6.22)

Ow
2,9,

and 67 = (571))"
To compute the Joule heating-related response & ff’il we split the expression into three terms ¢ ffil

based on the origin of the source of the term in Eq. (6.19):

3 3 3 3
5f}7,il = 5f§2main,i1 + 5f§—)n1,:|:1 + 5f5—)bos,nl,:|:1' (623)

The term § fL(,S) ; we associate with the "main” contribution that is present even when Ir/1(13) = 0.

—main,+
The term §f;_, we attribute to the source coming from a non-linear correction that is associated with
6f(52) in Eq. (6.20), present even when ¢ fpy = 0. Finally, the term 5f§?2bos Ll4+1 We associate with the
non-linear contribution of the bosonic dynamics & f](;g in the Eq. (6.20). The corresponding expression

for main contribution is

0
5f{(]3_)main71 6 UF ZS* E E ZVijltW(w7 Vijl, T)%

0 of
Wo(w,Vij,T)% [W(w,ui,T)&fu]] . (6.24)
1,5,

The non-linear correction from a thermalized boson contribution is obtained by setting ¢ fgg =0 in Eq.

(6.20) along with using Eq. (6.16) for 5f(§2) and has a form

2 3,,3
3 g kF €"v * iUy
5f§3n1,1 == E § : guz(EVj ’ EVi) it x

2
X W(w, viji, TYW (w, v, T)Wo(w, vij, T)W (w, v, T) <§£(w)) . (6.25)
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The non-linear contribution from boson dynamics is obtained by substituting Eqgs. (6.21) and (6.16) into
Eq. (6.20) and setting 5f0(2) = 0 and becomes

1223 e3u3 cqT
51 _ g CRp Fo(1p [ 942
J7 bos i1 mv3 (iv + cq) 48T ) T ) X

X Z 8* E E ) wijltW(w,l/ijl,T)W()(O,I/Z‘j,T)W(O,Vi,T)W(w,Vl,T)g({)(w) (626)

Vi, Vj,V]

with v, =~ 0.91. Even though the terms § f(gg_)nl,l and ft(lg—)bos,nhl seem to have a rather different from
0 f J—main1 Structure in the first glance, they are still strongly peaked functions at w = 0 of width w ~ T
We will show that their contributions into current look alike to the contribution coming from § fﬁ?’_)maiml.

From the expressions for the perturbation in Eq. (6.22) we can infer a structure of non-linear responses
in this model. Every extra order of non-linear response comes with a term proportional to electric field and
the factor of Wa,. The structure of the responses that excite the density harmonic is more complicated:
when we perturb the density harmonic m = 0, the additional factor becomes Wy0d,,, and several extra
corrections from non-linear terms take place too. We will explore the structure of the higher order
responses in a greater detail later in this section and meanwhile focus on computing the current responses

for the linear and 3rd order responses.

D. Currents in linear and third order responses

Some of the basic observables to study with the perturbation theory include linear conductivity and
higher order conductivities. We, in particular, are interested in computing the current produced by
perturbations ¢ f1) and 6 f®) to extract the features of the temperature dependence of the response. The

corresponding currents can be obtained with
+o0 d 2 dk R
—ek:F/ “/ S ko). (6.27)

We start from recovering an expected result for the linear response for j) and famous linear in T

conductivity. We substitute the expression for 6 f(1) from Eq. (6.9) into Eq. (6.27) and obtain

2 00 r
W) — ¢ vrkp E E iVit/ dw of 2
J 5 i v; € . 2m W(w vy, )800 (6' 8)

Now it is instructive to show the connection between the non-analytical structure of a and g at T = 0 and
the divergent responses. A typical next step in evaluating the integral like in Eq. (6.28) in Fermi-liquid

theory will involve taking a limit 7" — 0 that turns 9, f into a d-function, and then evaluating the integral.
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let’s formally perform that step and analyze the expression:

2 wyt
(1) _ € vrkp E, " 6.29
J A Z i3a(0,0) 4 2T + 2¢(0,0) (6.29)

On our way here, we several times mentioned the expressions a(w,T = 0) and ¢g(w,T = 0), which can
be found in Egs. (4.26) and (4.32) correspondingly. Notice that ¢(0,0) = 0 is well-defined, however
a(w — 0,0) is logarithmic-divergent, which is a smoking gun of the singularities at 7' = 0 and potential
extra divergences in the higher order responses. Indeed, the structure of a(w,T > 0) contains a logarithmic
divergence of a(w,T) ~ In(Ty/T) for all w < T. Thus the naive limit 7" — 0 that has been taken in Eq.
(6.29) is an illegal operation. We will have to be more careful when taking the limits and will need to
study the structure of the integrands. When we use full expressions for a(w,T) and g(w,T), we can see
that function 0, f is a sharp peak of width 7. Since I' is a dominant term in W (w, v, T'), the function W
does not have any serious peaks or discontinuities in the vicinity of w ~ T'. Thus, to estimate the values
of the integral, we can substitute w = T into a(w,T’) and g(w,T) when evaluating the integral in Eq.
(6.28). Assuming that the cotribution g(w ~ T,T) < T, we can expand W (w,v;,T) in Eq. (6.28) and we

obtain

2 it
.(1) _ € vrkrp E, e 6.30
J Y wvsa(T) + 2T + 2§(T)’ (6:30)

7

where up to a leading order

. teo - 9f q?kp WA

a(T) = — /_Oo dw 8—w(w) a(w,T) = - In <?) , (6.31)
~ Hoo 8]E g’2kF 4CdT gl2kF

g(T) = — /_OO dw a—w(w)g(w,T) = 87erT1n ( o ) =~(T) 877va (6.32)

The boson mass m? ~ wcgT/In(Ty/T), the function v(T) is a very slowly changing function of T due to

the double logarithm term

V(T) = In (i) +Inln (7;?) | (6.33)

Considering the case when T) being very, large, in the interval T € (1072Ty, 107197} ), the value of
~(T') changes in the interval of (1,1.5), which sets it to be some constant ~ 1 for any physically relevant

scenario. The resulting linear conductivity becomes

62UF]€F/47T
nfL(V, 1) = — - 6.34
ourL (v T) = e o + 25(T) (6:34)
which can be equivalently written as a linear resistivity of the form
(v, T) +ivgn () +a,7 (6.35)
1 = — —= 1% n _— .
PnFL\Y, UnFL(V; T) PO T WPp T Qpl,
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which is exactly Eq. (1.5) up to restoring the factors of  and kj with the coefficients being defined as

87TF g/2 g/2
Po e2vpkp’ 7 2me2vd’ o =(T) e2v, ™(T)B, (6.36)

This result reproduces the previous diagrammatic calculations performed in [21, 22] and, additionally,
correctly predicts the frequency-dependent part of the conductivity conjectured in [36]. Additionally, we
receive the plankian scattering rate 1/7p) = y(T")/In(Tp/T) - kgT/h.

The calculation above is valid only for small enough temperatures where o, 7" < pg, and the regime
of large temperatures has to be computed separately. In the regime of large temperature g(w,T') is the
only dominant term in Eq. (6.28), and the regime of large temperatures leads to a different expression
for a slope v(7T') that, in this case, we denote yprs (7). After numerically evaluating the integral in Eq.
(6.28) in the large temperature limit we find that for a physically relevant values of v(T') given by Eq.
(6.33) lead to a numerically robust relation yrs.7(7) ~ 1.03y(T") 4+ 0.12 for (7T ranging from 1 to 3.
Thus, even though the cross-over at «a,T" ~ pg exists, the actual change of slope is insignificant and can
be ignored.

Away from the critical point the values of g(w,T) and a(w,T') are described by Eqgs. (4.33) and (4.28)

correspondingly. When substituted into the equation for current in Eq. (6.28), it results in
prL = — = po +ivB,rL + K17, (6.37)
OFL

where the coefficients are

87l A7 2 22 2 g%
po=—5——> BpFL= [1+g F1n<A2q — 19 <

Ky, = —=—=.
’ p eQU%AQ

= 6.38
e2vpkp’ e2vpkp St2up (6.38)

In ordinary two-dimensional Fermi-liquids the scattering rates are such that gpp(w,T) = ~pr (72172 +
w?) /e, which instantly leads to Eq. (1.4) (yrL is a dimensionless number of the order of ~ 1). In the
vicinity of QCP 7y, grows as the boson gap A approaches 0, from the expression for x, we obtain

3 C2 g/2k.F 2 T2
A) = — L, .
() = e () 5 (6.39)

Since we expect ¢?kp/vp ~ 1 due to the universal resistance scaling [34], we arrive to Eq. (1.4) again.
Now we proceed towards computing the higher order current responses. We focus on the first non-
vanishing current j®, since j® vanishes by inversion symmetry. We will consider both the current related
to ordinary non-linear response j®) and the current associated with the Joule heating jf]3). To obtain j3)
we start with substituting our solution for § ffl) from Eq. (6.22) into the current equation in Eq. (6.27),

which results in
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33k | 9 9 of
«(3) FF E:abcd Iy .. ) _
= / lk B E, B} Aapede ’ltW(anijlvT)aw [W(W’VZJ’T)Gw [W(W’V“T) w” .
7]

In the equation above v;j; = v; + v; + 11 and tensor A, p.q components are defined by
Aiped = Re[upugug),  Agpeq = — Im [upuguy] (6.41)

Where components of a vector u, are given by u, = (1,1).

Before diving into the analysis and the integration of concrete expressions for the conductivity, we
want to highlight a very generic and important role of a(w) and g(w) in creation of non-zero j® and other
higher order responses. Above we conjectured that all the higher order responses can be obtained by
adding factors of W and extra derivatives on w, similar to Eq. (6.40). To better understand the structure

of that equation let’s integrate it by parts first to transform it to a form

ow
W(w, Vij7 T)i

a(.d (wv Vijlv T)

vk o Of 0
+(3) _ F F amb e pd wigit ZJ . —_
J - / Z k EIJL EI/]' Elli Aaade et 80} W(w’ Vi, T) aw

1,5,
(6.42)

Notice that this expression would vanish if W(w,v,T) did not depend on w. Thus, the presence of an
w-dependence in the scattering rates, in particular, g(w,T) is important for the presence of non-linear
responses. In Fermi-liquids with g(w,T) ~ w? and the strange metals with g(w,T) ~ In ch (w/27T)
the criterion is satisfied and the non-linear responses will be present. However, the strange metals and
Fermi liquids have a main difference. in Fermi-liquids the derivatives of gpy,(w,T) are all small, since they
are suppressed by ep. In contrast, strange metals w-dependence always comes in a form of w/T', which
make the derivatives, and thus non-linear responses, diverge as T" — 0. To illustrate this divergence we
fist showcase how these divergences arise from the non-analyticity of g(w,T = 0). We perform a naive

computation the same way to the liner response current in Eq. (6.29) and obtain

s US kr a c 1
J(S) - 1gTr Zk EﬁzEquiAa,bcde st x
@7,
ow ow O*wW
X W(O, VZ‘,O) |:8w (0 VZ]’O)f)T(w’ Vijl,o) + W(O,Vij,o)m(w,yijl,o) . (643)

Besides an already mentioned in Eq. (6.29) linear response problem related to a divergence of a(w,T = 0)
as w — 0 in the expression for W (0, v,0), the expression for non-linear current in Eq. (6.43) has a larger
divergence. The term 92W (0, v, 0) contains a term proportional to 92¢(0,0). However g(w,T = 0) = |w|,

and thus second derivative is singular and current j©® diverges. The divergence law can be extracted in
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exactly the same manner as in the linear response case: we first evaluate the integral over w in Eq. (6.42)

and then study the low temperature limit. In the leading order in 1/7" we obtain

4,3 2
.(3) _ € vpkr Lapb e d gt 9 kr 1
== > KELES B Agpeq ™! Sror T

1 1 1
X )

VpsVe,Vd

(6.44)

which can be rewritten using known quantities from linear resistivity in Eq. (6.35) and results in non-linear

conductivity of the form

Ufl?L,a,bcd(Vba Ve, Vd) = ?;i%w(aj%zﬁnm(”da T) o1, (Vseds T) ourL (Veds T) Ag bed- (6.45)
As we expected, the conductivity is proportional to inverse temperature and since at small temperatures
linear conductivity oupy, is constant, expression in Eq. (6.45) diverges at small temperatures as 1/7T.
Even though the expression for non-linear conductivity was derived for small temperatures T' < I', the
expression above appears to be applicable for all the values of temperature with a good accuracy. The
expression for ag)L for the regime of temperatures 7" > T" has an identical to Eq. (6.45) form with an
overall coefficient in front of the expression being less by a factor of ~ 17/20 = 0.85.

A similar expression for non-linear conductivity to an expression in Eq. (6.45) can be derived for a
Fermi liquid regime. In a similar manner to a derivation of an Eq. (6.37), we use the expressions for
apr, and gpr, given in Eqgs. (4.28) and (4.33) instead of the non-Fermi liquid expressions for a(w,7’) and
g(w,T'). The non-linear conductivity then becomes

1671'3 g’2kpcd

ok 3n2up A2 ovL(va, T)ofy, (Vseds T)orL Ve, T) Ag bed- (6.46)
F

(3) _
UFL,a,bcd(Vb’ Ve, Vd) =

In the ordinary Fermi liquids gpr,(w,T) = yrr(72T? 4+ w?) /e, which results in the expression similar to
the Fermi liquid result in Sec. I (ypr, is a dimensionless number of the order of ~ 1). As expected, in
Fermi liquids the non-linear response is constant and thus any prominent temperature-dependent features
are absent. Comparing the non-linear conductivity for Fermi liquids and strange metals in Eqgs. (6.45)
and (6.46) shows that at low enough temperature the relative strength of non-linear response with respect
to a linear response in strange metals will be much larger then the expected relative strength in Fermi
liquids.

The non-linear response that involves excitations of the density harmonic, with we attribute to Joule

heating, can be computed in a similar manner to the calculation above. We substitute the perturbation

3)

J—main’

) fﬁ?l given by Eq. (6.23) into the current expression in Eq. (6.27) and write out the three terms o
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0337)]&1, and aggzbos,nl that come from the perturbations 5f§?1)main7i1 in Eq. (6.24), 5f§?2n17i1 in Eq. (6.25),

(3)

and § f{@bos a1+1 in Eq. (6.26) correspondingly. The non-linear conductivity term o’ . becomes
2
3) mp oy onrL (Ve T) 0npr, Vbed, T) 505
. =— : 6.47
07 main.aped (Vos Ve, Vd) Skr ATV ivega(T) + To(T) abded (6.47)

The term 033)

. that comes from the fermionic non-linear corrections into collision integral is

»® (V. v, V) __m™F & OuFL(Ved, T)OnFL(Va, T)onrL (v, T)
J—nla,bed "0 e 3kr y(T)T iveqd(T) + To(T)

SabOed- (6.48)

(3

The term o J_)bos o that comes from the boson dynamics non-linear corrections into collision integral is

_ 2mvF ap OnpL (Veds T) onpL (Vas T)onpL (v, T)
Sk T (iveaa(T) + To(T)) (1+ %2 )

o (Vpy Ve, Vg) =
J—bos,nl,a,bed by Ve, Vd) =

SabOed- (6.49)

The three terms above have an, in principle, different external field frequency dependence, and thus can
be distinguished. However, the leading order expression in frequencies is overall frequency-independent.
In the optical regime, where we can neglect the energy decay rate I'g(7T") and treat the system as adiabatic.
The boson dynamics should be accounted for, which results in Eq. (1.13).

The Joule heating in the Fermi liquids can also be obtained in a similar manner to the calculation
above. For simplicity, we ignore the contribution of non-linear corrections into the Fermi liquid collision
integral and consider only the term that are present even in linear systems given by d f‘(]:i)mam’ 4 in Eq.
(6.24). However, instead of the non-Fermi liquid expressions g(w,T’) and a(w,T’) we use the expressions
suitable for Fermi liquid regime apy, and gpr,(w,T') provided in Egs. (4.28) and (4.33). The corresponding

expression for the Joule heating term will be given by

87 g”krca orL(va, T)ogy (Voed, T)
e2k% 8m2vp A2 iveqa(T) + To(T)

3
O—}S‘[)m](l/ba Ve, Vd) =

5abdcd- (650)

Again, in the ordinary Fermi liquids grp(w,T) = yrL(m2T? + w?)/er, which results in the expression

similar to the Fermi liquid result in Sec. I (ypr, is a dimensionless number of the order of ~ 1).

E. Higher order responses

Now we proceed to analyze the non-linear responses in strange metals and compare them to the generic
non-linear responses in Fermi liquids. The non-linear responses of arbitrary order in perturbation theory,
in general, toggle the dynamics of a density harmonic m = 0 as well as the other harmonics. The terms in
non-linear response that completely avoid triggering the density harmonics we attribute to the ”ordinary

non-linear response” in the system. The terms that involve only the current m = 1 and the density
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m = 0 harmonics we attribute as pure Joule heating. The mixed terms we interpret as an overlap of Joule
heating terms and ordinary non-linear terms in the perturbation theory.

At first, let’s try to understand the structure of the terms that we attribute to the ordinary non-linear
response. The higher order corrections to the perturbation df can be constructed by building a cascade
of W, expressions similar to one in Eq. (6.22). For simplicity, we ignore the tensorial structure and the

2n+1) then contains 2n + 1 factor of W

frequency dependence of the non-linear response. Perturbation § f1(
and 2n + 1 factor of derivatives d,,, where one of the derivatives creates 9, f. The leading in 1/T order
will come from the term that has all the derivatives acting on the same factor of g(w,T’), and thus the
leading order & f1(2n+1) has a form

" - 0*g(w, T 8f
5f1(2 +1) |E|2n+1W2 +28a(;2n)8w’ (6.51)

which leads to the current j2**1) magnitude to be

‘j(2n+1)‘ ~ ’E’(2n+1)ﬁ (6 52)
T2n—1 ' :

The peculiar feature of the expression above is that temperature factor scales along with the factor of
|E| with a similar power. This implies that when the all the perturbation terms are resumed, the leading

order in 1/T" current jypr, 1 will have a form

. T20(T oM E| a,T
ljnFLn| = ﬁFnFL <()|| p) , (6.53)

ekrT 7 po
where F'(z,y) is some continuous odd function of x that does not depend on temperature explicitly. Thus,
in the regime «o,T" < pg, the system is expected to have a universal scaling of response, where the non-
linearity strength is controlled by the ratio of o(T)E/T. At small temperatures we expect the conductivity
o =~ const, and therefore the scaling becomes E/T. However, the universal scaling, in general, will only
hold for |E|/T < 1, thus decrease of the temperature requires the decrease in

When applied to Fermi liquids, the derivatives of gpr,(w,T) do not contain any 1/7 extra divergences.

Instead, every derivative comes with a factor of ~ T'/\/epI" and the non-linear response becomes

) T?0(T a(T)|E o(T T
JFLul| = LFFL (DIE 5 ) y— | (6.54)
evfR ek:F (& kFUFEF EFp

which is featureless at small values of T', since for any physical scenario of response measurement both of

the arguments are small.
Considering the non-linear terms in the Joule heating related response is a more complicated task

due to the presence of non-linear corrections, but can be achieved in a similar manner. There, since the
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evolution of the m = 0 harmonic is drastically different from the m # 0 harmonics, we will need to track
the expressions for the even and odd levels of perturbation separately. However, only odd perturbation
orders will have non-zero current due to inversion symmetry. To construct the leading order in 1/T
solution, we first ignore non-linear corrections, construct the solution as if the non-linear corrections were
absent, and then show that non-linear correction do not generate new terms with a faster 1/7" scaling.
Since, in general I'g(7") < IT" for a small enough T, the presence of the extra density harmonics in the
response will make the Joule heating much stronger than the non-linear response. Thus the largest term
includes the excitation of a density harmonic m = 0 at all even orders of perturbation theory and the
current harmonic at m = 1 at all the odd orders. Thus, every odd (2n + 1)’th order contains n + 1 factor
of W and n factors of Wy. Every even 2n order, on the other side, contains n factors of W and Wj.
Additionally, the n-th order of perturbation theory contains n — 1 derivatives over w that can act on W
or Wy. In Sec. V we showed that in the case of 3’rd order response I'y and thus Wy do not depend on w
due to energy conservation. However for higher order responses such cancellation, in general, is no longer
true and derivatives of Wy will be present. The structure of the collision integral for m = 0 harmonic also
implies that I'g only contains the w/T dependence, thus the derivatives of Wy induce extra factors of 1/T

in a similar manner to the derivatives of W. Thus the leading order perturbations are

OF  ponsa WG 0

2n 1 n n n n
5f r:aln B2yl (92 WO)&U Tt B (6.55)
of wrwyttof
I i~ B W @2 W) 0L g ST (6.56)

With the expressions above we can now estimate the non-linear corrections brought by the presence of
lower order terms as extra effective sources for higher order terms similar to I/, in Eq. (4.39) and I in
Eq. (4.43). However, unlike in our previous calculations, we will have to account for all the extra terms
present in the equation, which can be found in Appendix A. The fermion non-linear dynamics correction,
in general, has only terms of the form [dQdfydf. Thus the terms that arise from these corrections, in
general, take a form
wrmwetmtE of 12
T2 (n+m) 4w F2

1 Wn+m+2Wn+m+2 af T2
T2n+2m—3 aw FoF

) fmg*{;; Wo ( / dQ s fé%)> §Fm) ~ p2ndm) —_ g flant2m) (6.57)

6fn2n+2m+l W </ dQ 5f(§2n)> 5f2m+1 ~ F2(n+m)+

on—lin

5fT(LQn+2m+1) (658)

Considering that we expect I'g ~ T for the higher order responses, the non-linear terms above are of the
same order in the powers of 1/7T as the main sequence of terms in Eqs. (6.55) and (6.56). The non-linear

corrections that come from non-trivial boson dynamics come in the form of the terms of two kind. First

44



kind of the terms, which we have already seen in Eq. (6.25), consists of quadratic corrections of the form

5fnon—lin,bos,2 ~ </ % /dw 5f0> 5f (659)

The second class of terms is the only third order non-linear correction that appears in the theory, and

according to the full calculation in Appendix A, it has a form

5 faon—tnbos.s ~ < / - / o 5f05fo> 1. (6.60)

In a similar manner to Eqgs. (6.57) and (6.58), these expressions do not induce new leading order correc-
tions. This fact can be observed just from the structure of Egs. (6.59) and (6.60), because the overall
power of w and € in the expressions is the same as in Egs. (6.57) and (6.58): the extra factor of 1/
matches the extra integral over €.

Thus, the scaling of the non-linear response associated with Joule heating for small temperatures can

be written as

i = eT?kp evp|E| (6.61)
JJ,HFL - \/m J,IlFL T\/m .
if I'g > v - dominates over v, or
eT?kp evp|E|
apl = —E_p o [ ORI 6.62
UL Tva(r) ™" (T Tva(T) (6.62)

when v > I'y. Note, however, that the expression in Eq. (6.61) requires a clear understanding of the
energy relaxation mechanism in the system. The mechanism has not yet been theoretically understood
and requires further study. However, in the optical regime v > I'g, the presence of I'y can be neglected
and we retrieve a general expression shown in Eq. (6.62).

The corresponding expressions in Fermi liquids yield, again, expressions with arguments suppressed

by T'/+/Toer. The expression in adiabatic limit becomes

. EF evp|E|
— ehpToy ) LRy (—2ERL 6.63
ljsrL| = ekrplo r FurL <F0(T)\/E> (6.63)

and expression in the optical limit becomes

. EF G’UF’E’
L er, (_evrBl Y 6.64
L]J,FL‘ e FaFLV\/? J,FL (’L'VCLFL\/ITF> ( )

Thus, while in Fermi-liquids non linear responses remain rather featureless, the strange metal behavior,

again, manifests a |E|/T scaling.
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VII. CONCLUSIONS

In this work we have studied the non-linear conductivity of a non-Fermi liquid with linear-in-T resistiv-
ity using a model of a quantum critical metal with disordered electron-boson couplings. The non-analytic
behavior of the scattering rate InXr = I' + a|w| reflects in an anomalous enhancement of the third-order
conductivity o« Tr/T in comparison to a Fermi liquid. We have identified two qualitatively different
contributions to third-order nonlinear response. In particular, excitation of the zeroth angular harmonic
of the distribution function describes the Joule heating effects and leads to a nonlinear response inversely
proportional the energy relaxation rate, I'g, which is zero for a closed system and linear in temperature for
bosons being kept in equilibrium. I'g is typically smaller than all the other relaxation rates, making this
contribution dominant. Nonetheless, we demonstrate that choosing polarization of electric field allows to
select contribution arising from excitation of different harmonics of the distribution function too. We find
that the resulting third-order conductivity is uniquely related to the slope of the linear-in T resistivity.
Finally, we demonstrate that at low temperatures, the nonlinear corrections to transport become singular
suggesting a universal |E|/T scaling of nonlinear transport in non-Fermi liquid for |E|/T < 1. Overall,
our work demonstrates that nonlinear transport can be a useful tool to probe and characterize non-Fermi

liquid state in future experiments.
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Appendix A: Self-energy corrections

Here we showcase all the necessary algebraic details on the conversion of Keldysh equations for G<
and D< into kinetic equations for §f and 6 fg. We first start from showing how the setup of the v-¢’

model leads to particularly simple expressions for llg, 0Gr, and df and 6 fp.

First of all, consider 6Gr and 6G 4. We expand Eq. (3.4) up to a linear order in §G and 6II. For the
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G r component, we receive
8Gr=GRrodXroGpR. (A1)
Performing a Wigner transform on Eq. (Al) yields
6GR(w, k) = G%(w, k)6TR(t,w) + ... (A2)

but the derivative terms disappear. However, integrating it over k& with the assumption of the form of
Gr = [w—vrk —Xg(w)]~! yields 0 since all the poles of the expression are above the integration contour,

and therefore
/ dk 5Cip(w, ) = 0. (A3)

An equivalent statement holds for G 4. Moreover, when we expand to an arbitrary order in dXg, the
same argument can be applied to claim that Eq. (A3) holds at all the levels of perturbation. Now we are
required to understand the structure of §llp. We perform a Wigner transform on the component of Eq.
(3.9) that corresponds to Il and obtain

/262 W 2 21,/
iiae,9) = £ [ 6 2K Gno0Gio - 0.0) + Gl 06w - 0K (A8

Expanding the expression in the orders of perturbation and yields

i0llg(x, Q) =

g% [dw d’k d’K - ~
5 | 5t O k) [Grlw + Q)+ Caw =21 (A9

as all the quadratic in perturbation corrections disappear due to Eq. (A3). With the use of a substitution
of equilibrium quantities Gg = [w — vpk — Xg(w)]~! and equivalent expression for G4 = G% into Eq.

(A5), the terms G and G 4 cancel and we obtain
0p = 6114 = 0. (A6)

This instantly implies that §Dp = §D4 = 0, because 6 Dr = Dg o 811z o Dr. Moreover, that holds in all
the levels of perturbation theory, since d Dy is in general proportional to the powers of §llg.
Additionally we demonstrate how the expression for § f simplifies in this model. We consider f defined
in Egs. (4.15) and expand it up to a linear order in perturbation. The expression for d f becomes
400

5f(z,w, k) = —QiUF/ Z—k [—i6FIm Gr
T

—00

—iFIméGR + 0,0F0, Re G — 0,0F0, Re G

+0,6F9, RedGR]. (A7)
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However, notice that ' doesn’t depend on k and therefore all the terms with Gz and 0G4 integrate to
0. Additionally, notice that since F' doesn’t have a strong k dependence, we can perform the integral over
k for the terms with derivatives of F' to see that all the poles of remaining expressions are on one side of

the contour and all the terms with derivatives of 6 F' cancel. Thus we obtain

« +o0 _ _
Sf(z,w, k) = —iUF/ %M?(GA — GR). (A8)

—0o0

The same argument applied to d fp does not result in the cancellation of all the terms, since the terms
that contain the derivatives of d Fg will have a much more complicated structure. Thus the expression
for § fp will contain not just JF, but also its time derivatives.

Now we proceed to convert the kinetic equations in real space for G< and D< given in Eqs. (4.3)
and (4.4) into kinetic equations for 6 f and dfp. As a first step, we expand the equations in the orders
of perturbation §G< and 6D< (including all terms of all the self-energies and Green’s functions). As a
second step, We apply the Wigner transform, and as a final step we integrate the resulting equations
for §G< and dD< over k and ¢ correspondingly. After algebraic simplification we obtain a system of

equations of the form

a(w,T) 0 f — (vi - E)(F +0f) + (9uf) (s RedXg) = —%52K+
+(2f —1) ImdSg + 2Im (Sg + 65g) 6f + 9y RedSR 0 f — B RedSru0f,  (A9)

208,60 fp = %mK - %C(Q)&t STy + 2Tm TR 6 fp, (A10)

where we introduced notation

a(w,T) =1—-9,ReXpg, (A11)
2Q)
Q) = “ . (A12)
Q
2(m* + 20?) arctg (%—2)

The expressions for the equilibrium self-energies are known from previous works [CITE] by using a Mat-

subara technique, so
ImIlz = —c4, (A13)

where ¢y = ¢ 20214:% / 8%@%. The expressions for ¥ for non-zero temperature are rather complicated and

we devote a separate appendix (Appendix B) for understanding it’s structure. For 7' > 0 the expressions
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for a(w,T) becomes

?kp A2 o (1 iw
-1 _ - Al4
a(w) * 8m2up . (277ch Rey 2 27T )|’ (A14)
- g?kp 2mcgT 1w

Im»p=-T— Tl -2 InT' (= - — Al

TR 8mup [n( m? Re In 2 27T )|’ (AL5)
and greatly simplifies for 7' = 0 case to be
9°kr | |Ta

=1 In|— Al

aw) =1+ g5 -2 (A16)
3 g/2k,F

Imp==-T-— . Al

mXp Srop || (A17)

The analytic continuation of the thermal Matsubara self-energies and Green’s function greatly simplifies
our approach, since it allows us to escape the necessity to compute the equilibrium expressions of self-
energies Y and IIx in the Keldysh formalism.

In the following subsections we show that the self-energy perturbations 0¥ i and dX i are quadratic
functionals of § f and ¢ fg, while 0l is a quadratic functional only of § f. This calculation will conclude
the derivation of the system of kinetic equations, since that will make the Eqgs. (A9) and (A10) closed
for 0 f and dfp. We study the structure of those self-energies in great detail in the following subsections
for two physically distinctive scenarios. The first scenario is a closed system scenario, where the boson is
only coupled to the fermionic field in the theory and plays a crucial role as a dynamic degree of freedom.
The second, simpler scenario, involves an external heat bath strongly coupled to the boson and causing
thermalization of the Bosonic degree of freedom. At the end we attempt to construct a continuous family

of the theories whose limiting cases produce thermalized and conservative bosonic modes’ behavior.

1. Thermalized boson

Above we obtained kinetic equations for 6 f and dfp in Egs. (A9) and (A10). However, in the form
that we provided the system of equations is not closed yet: it contains the expressions for self-energies
0¥ R, 60Xk, and dllg. Below we show that these perturbations to self-energies are linear in §f and 0 fp
and therefore the system of the equations closes.

First of all, we inspect the structure of the self-energy of the fermionic field 6Xx and §X . The expan-
sion of 60X r and §X i involves linear and quadratic terms in 6G and § D, Thus we split the perturbations

of self-energies into three terms: 0¥ ;¢ and 06X s¢ are linear fermionic perturbations G, 0¥k sp and
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0¥k sp are linear in bosonic perturbations D, and 6X i sgsp and 6Xk sgsp are quadratic in G and 6D:

0¥k = 0XKksq +0XKsp +0XK sGsD, (A18)

0XRr = 6XRsc + 0XRsD + 0X R 6G5D: (A19)

where the perturbation due to fermions is

. c2g? [dQ d’q &’k - _
10XRsG = — 1 /271_ 2r)2 (2r)2 [DR(Q,q)5GK(w —0.k)+ Da(2,9)0Gk (w + Q,k)] . (A20)
and
: 2g? [dQ d’q d’k -
2521(’56* = — n / 9 (27_‘_)2 (27‘()2DK(Q’ q) ((5GK(W -, k) + (5GK(W + Q, k))

+z’v2/(;lj:){25GK(w,k). (A21)

For now we focus on the case of thermalized bosonic degrees excitations, and therefore for now we set
0Dk = 0, and therefore § fg = 0. This instantly implies that 63X and 0¥ are linear in dG only, since
0XRsp = 0XKsp = 0XRsasp = 05K sasp = 0. We will consider the impact of dynamics of bosonic
field on the fermion in the next subsection. Algebraically simplifying the expression in Eq. (A20) and

rewriting it in the terms of § f leads to

, kp [dk ., - kp [ dQdK _ .
Sk = 20— | —5f(k,w) —2¢"~= | ———DB(Q) (2f(Q)+1) § QK A22
i8Ekoc =200 [ GEarH w) — 202 [ TRECB@) (@ +1) dw+ 2 F), (A22)
where B(Q2) = —c? | d227q Im Dp. We obtain an expression for X s¢ in a similar way:
_ ¢Pkp [ dQdK .
Im ¥R 56 = - / 5 5 B(Q)df(w+ QK (A23)
and with B'(Q) = —¢? [ d;—wq Re Dg:
B g'%F/def{' ) .
RedXpsa = o 5 5 B'(Q)df(w+ QK. (A24)

The k corresponds to the remaining angle of the momentum k degree of freedom after the integration
over |k| is performed.
Substitution of the self-energy perturbation expressions from Eqs. (A22), (A23), and (A24) into the

kinetic equation in Eq. (A9) we obtain a closed kinetic equation for 0 f:

Al0y0f) — (Vi - E)Ou(f +6f) = Ir[6 f] + Iy [0f] + Lu[6 f]. (A25)
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Above we introduced the following notation for the terms of a few different types. For the dynamic term

that only involves 0,6 f we introduced a linear functional A defined as

B - 20%kp , = [dQ ke .
A018f) = a(), 57 () + L0, f [ 2B9) [ S 0iafw+0.h. (A26)
The collision integral terms I, Iy, and I, are defined as
Ip[6f] = =20 (6 f (k,w) — 6 fo(w)), (A27)
\ Pkp [ dQ . . dk \
Ly [6f] = —2g(w) 6f (k) + 2g F o B(Q) (2f5(Q) — 2f(w) + 2) /%5f(w +Q, k). (A28)

Lalsf] = %F == / / I ) 6w+ O, K6 f (w0, k) +

IQkF / /dk/B, 00 f(w+ QLK) 06 f(w, k) — 010 f (w + Q k) 0,0 f(w, k)| . (A29)

Note that since we derive the equation under an approximation of v < T, the second line in the expression
for I is sublleading with respect to the first line and can be neglected leading to Eq. (4.35). Term Ip
corresponds to the term produced by potential disorder, and term I, corresponds to the linearized in ¢ f
interaction with the bosonic mode, and term I,;; corresponds to the non-linear corrections created by the

interaction. In the expressions above we used

1 CdQ
B(Q — — A
() = |~ arctg (mQB > (A30)
1 AN 2
B(Q)=—In|—%£4 . A31
(&) T n<m4B/c§+Q2 (A31)

As we can see, all the terms in the Eq. (A25) depend linearly on 0 f only, therefore we obtained a closed

equation for § f.

2. Dynamic boson

In this subsection we direct our attention to deriving the kinetic equations that govern the self-
consistent dynamics of both boson §f and a fermion §fp. We start from considering the structure of
self-energy corrections to, at first, prove that the Egs. (A9) and (A10) are still closed under ¢ f and § fp.

In a similar manner to the subsection Appendix A1, we focus on the structure of d¥rsp, 0¥k sp,
0¥ Rrsasp, and ¥R sqsp in Egs. (A18) and (A19), along with the structure of éIIx. Through a Wigner
transformation and expansion in §D in Eq. (3.6) derive the contributions to fermionic self-energies created

by the dynamics of a boson:

. g dQ d?>q d*k _ _
Z(sER’(;D = — 4 / % (27[_)2 (271‘)2 (5DK(Q, q) [GR(W — Q, k) + GR(LU + Q, k)] (A32)
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and

z‘cSZK,(;D =

2 /2 dQ d2 ko _ _
/ 9K S Dr(a) (Crlw - QK) + Grlw+QK).  (A33)

1 ) 2r (2n)2 2n)2

After algebraic simplification and rewriting in terms of § f and ¢ fp we recover

122 dS) dq
twiznsn = -2 [ S2B@) [ §lofa0.0) (A34)

and RedX g sp = 0. The expression for 60Xk sp becomes

ioicop = LI [0 f0)— o 0)80) [ Sapu,) (A35)

VR 2
The g degree of freedom corresponds to the direction of q after the integration over |q| has been performed.
The corresponding quadratic in G and dD corrections can be computed in a similar manner and result

in 6ER,6G5D =0 and

IS 55D — —49/2kF / / / Q)65 a) (5w~ QR) +5fw+2R) . (A30)

The perturbation to the bosonic self-energy is can be written as

- S 2/ / ko ko'
1 K—

GK (w—90 k,) + Gr(w+ 0 K))6G K (w, k) + 6Gx (w — Q,k)(SGK(w,k)} . (A37)

After rewriting through df and ¢ fg we receive

10l =

5 — X
2 o7 o7

2922k, /dw dic i
VR

x [(1 W= Q) — flw+ ) f(w, k) £ 0f(w— Q) f(w, 12;')} . (A38)

We use all the expressions for self-energy perturbations for X g, 0¥k, and §I1x that appear in Eqgs. (A18)
and (A19) and substitute them into fermion and boson kinetic equations. This leaves us with the system

of differential equations of the form

Aloyof] = (vr -B)0u(f +0f) = Ir[0f] + I, [0f, 8 f5] + Lo f, 8 5], (A39)
8t (5fB + cq (5fB = [B[5f] + IB7n1[5f]. (A40)
First, let’s direct our attention to the fermion kinetic equation described by Eq. (A39). Note that in

the kinetic equation for the fermions the disorder term It and the dynamic term A stay unmodified in

comparison to the case of thermalized boson in Eq. (A25), while the linearized boson interaction-induced
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I;/ and the non-linear corrections I}, are now modified by the presence of § fg. The new term I ;, in Eq.

(A39) is now

/2
1,16, 6) = Iylof) + £ / Y B ) (Flw+ Q) + Flw—Q) — 2(@) 6/5(d),  (Ad1)

where I is the collision integral from the thermalized boson case. The non-linear corrections into fermion

dynamics become

FAl61.615] = Lulof] + L2 b [eR[a L

X [5fB(Q, &) <6f(w CQK) 40 f(w+ QLK) — 26 f(w, 12))} . (A42)

This shows that the kinetic equation for fermions is now contains both § f and ¢ fg as unknown functions.
The corresponding linearized Ip and quadratic correction I, collision integrals in Eq. (A40) are given

by

gkt dk L
2vF / / 51— flw=9) = flw+Q)) x(0f - C(Q)adf), (A43)
~ g?kE [dw [ dkdK 1 ) N A y
nof) = S5t [ 5 [ G g 1~ 2 R0 s K) — Ca (35— 0087w )|

(A44)
The term Ip and Ip, only depend on fermion perturbations Jf, since all the effective drag for the
equilibrium scattering of bosons is already accounted for in the term proportional to ¢4. Thus it is more

convenient to interpret those terms as the coupling terms between bosonic and fermionic excitations.

Appendix B: Related expressions for self-energies, scattering rates, and other useful expressions

at non-zero temperature

In Section IV we found ourselves in the need to understand the w- and T- dependence of the fermion
self-energy to complete the description of kinetic equations. In addition, we showed that the self-energies
of fermions at T' = 0 are non-analytic at w = 0. This leads to the diverging as T — 0 coefficients in the
response according to Sec. VI. To regularize this divergence, we need to properly treat the self-energy of
the fermion at 7' # 0, evaluate the integral ever w in Eq. (6.27) and only then consider a limit 7" — 0.

For this we consider a small T' expression for the fermion self-energy derived in [22, 24] and given by
272 272 : .
A A 1 2 1
n (CA8) g (i (A 1w ) m? 1 e
m2 2wl 2 27T 2regT 2 27T

C2A2 m2
— InT g InT
" (277ch> i <27rch>

(B1)
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where I'(z) is an Euler gamma-function and A, — a UV cutoff of the boson. Assuming that scale of the UV
cutoff A4 is dominant over all the other scales, the expression for the self-energy can be further simplified

based on the structure of m(T"). The structure of doping at the critical value, according to [CITE], is

weqd
mz(T) T A2y (B2)
In ( T )
The fermion self-energy in Eq. (B1) then simplifies to
/2 : 22 .

= . 9 kp tw "G 2meqT 1 w
Yp = —il T|—1 —1 2InT | = — — B3
r ! +Z87rvp AT (27rch) n( m? e 2 2nT (B3)

The relevant for the kinetic equation expressions of g(w,7) = ImXg and a(w,T) = 1 — 9,X g are then

given by
q%kp A2 o (1 iw
T)=1 - S B4
alw T =1+ g, [ <2de CUT\g T 2 (B4)
¢%kp 2meqT 1 w
T) = T |1 -2 In'| = — B
9w, 1) 8rup [n( m? Reln 2 27T (B5)

Notice that in these expression the dependence on w comes exclusively in the form of w/T. This will

induce extra factors of 1/7", when the derivatives of a(w,T") and g(w,T') are taken:

dwalw) = 1%,72r§;:;1m¢(1) (; B ZZ:T) (B6)
ug(e) =~ Lty (5-57) (57)
Ooglw) = 1%?5515 % Ry (i - 21:T> (BY)

A useful property of I'-functions can be used to further simplify answers the expressions above:

1 iz us
r=-— = —. B10
‘ <2 T ) ch(x) (B10)
It allows to rewrite the real part of the logarithm of I'-function as
1 Tw 1 w
Inl (= — = :7(1 ~1 h(—)) B11
Re In <2 27rT> 5 (In7m —Inch (= (B11)
This allows us to write an analogous expressions for g(w), and it’s derivatives as
§?kp 2c,T ( w )
= T1 h ( — B12
o) = 4 (2 (7). (B12)
12
g kJF w
- th (7) , Bl
09) = 5o M a7 (B13)
/2
g kF 1
92 = = : Bl14
9) = i T e ? (%) (B14)
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Coefficient a(w) cannot be simplified in that way.
The structure of the self-energy Y p away from the critical doping, where the Fermi-liquid regime is

expected to be dominant, takes a form
m?(T) ~ A? = const, (B15)

which gives the boson a temperature-independent gap A. Assuming we are in the low temperature regime

and A > T, the self-energy simplifies to

872 eA2 | 16m2vpA2

B /Zk 62A2 . /2k
Yp=—il'— —%w In ( q) Yg_rcd (7r2T2 + w2) (B16)
F

under assumption that m? < ¢qT at sufficiently large temperature.

which is exactly the expectation for a Fermi-iquid, since the expression above leads to

g/2k,F c2A\2
a(w, T) =1+ R In (eAg : (B17)
9”krcq 22 2

These expressions are in full correspondence to the naive expectations for Fermi liquids that we showcased

in Sec. 1.
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