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Abstract

Anomalous metals are observed in numerous experiments on disordered two-dimensional systems prox-
imate to superconductivity. A characteristic feature of an anomalous metal is that its low temperature
conductivity has a weakly temperature dependent value, significantly higher than that of a disordered
Fermi liquid. We propose a dynamical mean-field model of an anomalous metal: interacting electrons
similar in structure to that of the well-studied universal Hamiltonian of mesoscopic metallic grains, but
with independent random interactions between pairs of sites, involving Cooper pair hopping and spin
exchange. We find evidence for critical anomalous phases or points between a superconducting phase
and a disordered Fermi liquid phase in this model. Our results are obtained by a renormalization group
analysis in a weak coupling limit, and a complementary solution at large M when the spin symmetry
is generalized to USp(M). The large M limit describes the anomalous metal by fractionalization of the
electron into spinons, holons, and doublons, with these partons forming critical non-Fermi liquids in the
Sachdev-Ye-Kitaev class. We compute the low temperature conductivity in the large M limit, and find

temperature-independent values moderately enhanced from that in the disordered metal.
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I. INTRODUCTION

The quantum phase transition out of the superconductor in disordered two-dimensional sys-
tems has been the focus of intense theoretical and experimental study in the past few decades
[1-11]. Depending upon experimental conditions, the non-superconducting phase can either be an
insulator or an ‘anomalous’ metal [1]. In an early proposal [11], it was argued that the break-
down of screening with increasing disorder could lead to a metallic phase with weak interactions
and disorder. However, as argued by Kapitulnik et al. [1], observations show that the metallic
phase is anomalous, with a much larger conductivity than in the ‘normal’ metal state at higher
temperatures. They dubbed it a ‘failed superconductor’: they surveyed the large body of experi-
mental data, and concluded that no available model of fluctuating superconductivity in a metallic
background can consistently explain the existing observations.

Given this impasse, further advances would be greatly aided by a dynamical mean-field model
which displays a quantum phase of matter analogous to an anomalous metal (a ‘dynamical mean-
field’ is a theory which is mean-field in space, but includes fluctuations in time). In this paper, we
propose such a model with a critical metallic state which shares some characteristics with those in
the Sachdev-Ye-Kitaev (SYK) models [12-15]. We consider a model of electrons with random pair-
hopping and spin exchange terms, and find evidence that a critical anomalous metal phase appears
either as a critical point or a critical phase between a disordered Fermi liquid and a superconductor.
But unlike earlier studies of the superconductor-metal transition [11], the interactions do not scale

to weak-coupling at the critical point, and there are large anomalous exponents.
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The infinite-range interactions (or large spatial dimensionality) in our models imply that it
cannot capture aspects of the physics that are associated with low dimensionality. These include
weak localization and interaction corrections associated with diffusive electrons which were key
ingredients in the theory of Finkel’stein [11]. However, these effects require coherent quasiparticle
excitations, which will turn out to be absent in our SYK-like model. Indeed, from our dynamical
mean-field model, our proposal is that the anomalous metal is controlled by non-quasiparticle
dynamics, and so it is a useful starting point to ignore such effects which have so far been at the
forefront in the theory of disordered interacting electrons. Quantum Griffiths effects associated
with rare regions will also be absent in our model, but there is little experimental indication that
rare regions control the observed anomalous metal.

The critical exponents of our anomalous metal turn out to have a natural interpretation in a
dynamical mean-field theory of fractionalization of the electron into spinons, holons, and doublons.
Galitski et al. [9] introduced the idea of fractionalizing electrons and Cooper pairs in a theory of
the anomalous metal, and examined a dual theory of fermionic vortices carrying flux h/(2e). It
is difficult to make contact with microscopic physics in such a dual formulation, and their theory
relies on a conjecture on the vanishing of an average dual field acting on the fermionized vortices.
In Section IV, we will implement fractionalization directly on the electrons, and show that it
applies in the large M limit of a model with USp(M) spin rotation symmetry. Furthermore, in
Section [T we will employ a renormalization group analysis to obtain very similar critical states
without explicit reference to fractionalized degrees of freedom.

We will carry out our analysis on a very general class of electronic Hamiltoinans with both
disorder and interations. Consider a model of electrons (¢) with on-site interaction U and chemical

potential p, and hopping and interaction terms between the sites:

N
= —chlacm + UZ (C;{TC%'T - %) ( ucw ) + —= Z tl] iaCja

z;éj 1

+— Z [JUS i+ Kijn, nj] + \/_1N Z L;; CzTCECNCJT (1.1)
z<] 1 i#j=1

(The 1/+/N normalizations are for future convenience.) The hopping between the sites is tij, and
there are three classes of interaction terms between the sites: a spin-exchange interaction J;; with
S = cl (Gap/2)cs (0 are the Pauli matrices), a Cooper-pair hopping term L;;, and a density-density
interaction K;; with n = cha; however, we note that we will only consider the K;; = 0 case here—
see comments below on changes expected for non-zero Kj;;). Such a class of Hamiltonian has been
much studied in the context of the ‘universal Hamiltonian’ for quantum dots [16-18], which take
a random set of ¢;; to obtain the random, extended, single-particle eigenstates of a Fermi liquid

description of the quantum dot. Kurland et al. [16] argued that in such a Fermi liquid phase, the
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effects of interactions for a sufficiently large and chaotic (in the single particle sense) quantum dot
can be accounted for by taking J;; = J/VN, K = K/VN, L; = L/v/'N for some constants .J,
K, L for all 2 and j. Then the interaction terms can be written as complete squares, dependent
only upon the total spin, number and pairing operator of the quantum dot.

As in previous work [19-23], our central thesis is that Hamiltonians like (1.1) can also exhibit
non-Fermi liquid phases or critical points in which the interaction terms cannot be accounted for so
simply. To access these non-Fermi liquid states without quasiparticle excitations, we will consider
the model in which the J;;, K;;, and L;; are independent real random numbers for each pair of
sites ¢, and j, instead of the constant values assumed in theories of quantum dots [16, 18]. So
the randomness in the interaction terms is treated at an equal footing with the randomness in t;;

(which is also an independent real random number), and we can choose

EZO 5 JU:O 5 KZJZO 5 L_U:O
12 42 T2 2 T2 2 T2 _ 712
t@'j =1 ) Jij _J ) Kij =K ’ Lij =L ’ (12)

and independent of N with the normalizations in (1.1). In previous works, Joshi et al. [20, 22]
considered cases with the on-site, non-random interaction term U — oo. Then, double occupancy
on each site is prohibited, and the L;; term has no effect. In this manner, they obtained a critical
metal state with SYK character, and proposed it as a candidate for optimal doping criticality in
the hole-doped cuprates. This critical metal appeared between a metallic spin glass phase and
a Fermi liquid phase. Numerical evidence for SYK criticality between a metallic spin glass and
Fermi liquid has appeared in recent work on a SU(2) model [23]. We also note earlier numerical
evidence for SYK criticality in a SU(2) model at the metal-insulator transition at half-filling [19].

In the present paper, we will consider the case where U is small and can take values of both
signs. Then, both the L;; term, and a U < 0 can favor a superconducting ground state. We find
evidence for critical metallic states with SYK character between a superconducting phase and a
Fermi liquid phase, and propose it as a candidate theory for the anomalous metal discussed by
Kapitulnik et al. [1]. We will provide both a renormalization group and a large M analysis of this
anomalous metal. For simplicity, we will consider the case where the density-density interaction
is neglected, K = 0. We have considered the effects of non-zero K for a related model in another
paper [22], and found that it did not change the basic structure of the critical phase, and mainly
modified certain critical exponents. We expect a similar consequence of a non-zero K here. Given
the significant complexity of our analysis below, we choose to defer a full analysis of the effects of
K to later work.

The model which is the focus of this paper will be introduced in Section II. As in earlier work
[23-25], we can also consider models in the limit of large spatial dimension with nearest-neighbor

non-random hopping and nearest-neighbor random exchange; this leads to the same saddle-point



dynamical mean-field equations, and also allows definition of the conductivity and other transport

observables.

In Section 11l we present a renormalization group (RG) analysis of the model of Section II for
the case at half-filling (x = 0). This analysis does not require a large M limit, and we retain
the SU(2) spin symmetry. We use the mapping of the model of Section Il to an impurity model
with a self-consistent bath. We assume that the bath correlators have a power-law decay and,
following Ref. 20, show that for suitable exponents a RG analysis is possible, analogous to the
field-theoretic € expansion. This RG analysis ignores the self-consistency condition on the bath;
but the self-consistency is imposed a posteriori on the exponents of the correlators, although not
the amplitudes. Our € expansion is carried out at U = 0, and finds fixed points at which U is
a strongly relevant perturbation about U = 0. We can therefore identify the fixed points with
critical points between a superconductor and a disordered Fermi liquid. We note that the RG
analysis in Section III is carried out entirely with the electron operator and its composites, and
there is no explicit reference to fractionalized degrees of freedom. Appendices A and D perform
the RG analysis using fractionalization of the electron into spinons, holons, and doublons. The
local constraint on the fractionalized fields is imposed exactly in this RG, and precisely the same
RG results are obtained in these appendices as those in Section III. This acts as a strong check
on our RG computations, and shows explicitly that the use of fractionalized variables is optional

when the gauge constraint is imposed exactly.

Section [V turns to a solvable large M limit of the model at general i, obtained by generalizing
the spin symmetry from SU(2) to USp(M). For our large M limit, we will have to explicitly
fractionalize the electron into spinons, holons an doublons. In the body of the paper we present
the formulation where we make the spinons fermionic, and the holons and doublons bosonic;
Appendix C considers the alternative formulation where the spinons and bosonic, and the holons
and doublons are fermionic, and obtains similar results. The large M limit admits intermediate
critical points or phases at variable density between the metal and the superconductor whose
structure we will describe in some detail. In particular, we will show that the conductivities of
these intermediate critical phases can be larger than that of the disordered Fermi liquid. The large
M solutions can be viewed as relatives of the critical points found in the RG analysis of Section I11.
This conclusion is supported by the agreement between the exponents of the electron, spin, and
Cooper pair operators between the large M computations of Section IV, and the RG computations

of Section III, as we will review in Section V.



II. MODEL

We will consider the model with all-to-all and random electron hopping, spin exchange, and
Cooper-pair hopping: this is the Hamiltonian in (1.1), with K;; = 0. Our analysis can be extended
to non-zero K;; without significant difficulty [22], but we choose not to do so here in the interests of
simplicity; we do not expect significant changes to be induced by the K;;. The random parameters
in the Hamiltonian obey (1.2). We can also consider a model without time-reversal symmetry with
t;; and L;; complex, but the results in the non-superconducting state will remain unchanged in
the all-to-all interaction limit.

Let us first discuss the possible phases of the model. For small U > 0 the electrons can freely hop
around to form a metal. Depending on the exchange interaction we may have a disordered Fermi
liquid or a metallic spin glass [21, 23]. For large U > 0, doubly-occupancy is energetically costly
thus restricting the electron movement to form a Mott insulator. This is likely to be a spin glass,
although in the large M limit (where M corresponds to SU(M) generalization of SU(2)) one obtains
the SY state [12]. This metal-insulator quantum phase transition at finite U > 0 in this model has
been recently studied both analytically [21] and numerically [19], with an evidence for a SYK-like
criticality. On the other hand, for large U < 0, one expects to obtain a superconductor. Thus near
U = 0 we expect a metal-superconductor quantum phase transition. This phase transition and its
vicinity will be discussed in detail here.

We note that we could equally consider a model on large-dimensional lattice with non-random
hopping, and nearest-neighbor random exchange. Such a model leads to the same large volume
limit, with the same on-site dynamical mean-field equations [23-25]. Such a limit allows definition
of transport quantities, and we will need it here to define the appropriate correlator needed to
define the conductivity.

The Hilbert space of (1.1) on each site has four states: empty (|0)), singly occupied (|1) or
|1)) and doubly occupied ([1l)). As we are working at small U, there is no constraint we need to
impose and we can perform computations directly using the electron operator ¢,. This will be our
strategy in the Section III. We will introduce a fractionalized representation later in Section [V

when we study a large M limit.

A. Large-volume limit

Models with random interactions often offer the possibility of simplification in the large-volume
limit, i.e., N — oo. We formally introduce replica indices for the fields in the path integrals and
perform a disorder average over t;;, J;;, and L;;. Consequently we arrive at an effective single-site

action. Since we are interested in the critical point the replica indices do not play a significant
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role. These are important when studying a spin-glass phase. The entire procedure follows the
methodology developed in Refs. [12, 26, 27]. In the end when N — oo and dropping the replica
indices for simplicity, we arrive at the effective single-site action below. (As we noted above, the

same single-site action can also be obtained in the limit of large dimensionality.)
Z = / De,(1)e 0751 (2.1)
Si= [ dr|er)grentn) - pebreatr) + VLD D rr ()] (22)
&:/ﬁmfPR@—mgummq—gQ@—fﬁ@yﬂﬂ
— L*P(r —7') c}(r)cj(f)ci(T’)cT(T’)} . (2.3)

The fields R, @), and P have to be determined self-consistently. With respect to the above path

integral we have the correlators,

Rt —7)=— <ca(7)cL(T')>Z

Qr —7) =5 (5r) - §())
P(r—1) = (ae(m)d()d @) (2.4)

To find the solution of the problem defined by Eq. (1.1) we have to impose the following self-

consistency conditions:

P(r—1)=P(r—-1). (2.5)

This is the difficult part in obtaining the solution. Note that since ¢;; and L;; are real random
variables, in principle, upon disorder averaging we also obtain the anomalous (pairing) fields in
Eq. (2.3). However, our analyses below will be restricted to non-superconducting states where the
anomalous correlators vanish, and so we have omitted them in our presentation for simplicity. If
we consider ¢;; and L;; to be complex then the anomalous fields do not arise. So as long as we are

not in the superconducting phase the analyses with real or complex ¢;; and L;; are same.

III. RENORMALIZATION GROUP ANALYSIS

In this section we present a renormalization-group study of the model in Eq. (2.1,2.2,2.3). To

make progress and set-up our RG let us for the moment ignore the self-consistency conditions,
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Eq. (2.5). We shall come back to it later in our analysis. Furthermore, since we are interested in
criticality let us assume a power-law time dependence for R, () and P fields,

R~ Q) ~ s PO~ (3.1)
where 7, d and d' are arbitrary numbers. The idea is similar to that introduced in Ref. [20]. This
allows us to decouple the quartic terms in the action, Eq. (2.3), by introducing a fermionic and
two bosonic bath fields. Consequently, the path integral reduces to a quantum impurity problem

with the following impurity Hamiltonian:

1 1
Hipp = —jiclco +U <c$c¢ - 5) (cig - 5)
i t Tas
+ g0 [eh ¥a(0) + Hee.] +y0ck —7cs 6a(0) + vo [y ((0) + Hee ]
1 1 ’

+ / k|7 d kbl e + §/ddm (72 + (0:04)°] + 5/dot x [T + (0:0)(0:.C7)] (3.2)
where a = (z,y,2), 0 are the Pauli matrices, 7, is canonically conjugate to the bosonic-bath
field ¢,, 7 is canonically conjugate to the bosonic-bath field {, and 1y, is a fermionic-bath field.
Additionally, ¢,(0) = ¢.(x = 0), ¢(0) = ¢(x = 0) and ¥,(0) = [ |k|"dk tga. As discussed in Sec.
I, we will perform the RG about half-filling and small U, and so we will set © = 0 and expand
perturbatively in U in the following RG calculations.

Let us start by writing the tree-level scaling dimensions of the fields and couplings,

1 d—1 d—1
dim[ca] =0,  dim[ta] = — _2” = —dim[t,(0)],  dim[g,] = . diml¢) = =
1—r 3—d € 3—d ¢

=7 di =— == —. 3.3
g =" dimbel=—=—==5. 2 2 (3:3)
Thus we will be using 7, €, and €’ as our expansion parameters in perturbative RG calculation. To

M ‘

dim(go] =

dim|wvg] =

set-up our field-theoretic RG, we introduce the following renormalization factors for the electron

operator and coupling constants,

= W Zyg pZy Pz
Ca = cha7R7 9o = \/Z_g ’ Yo = 7 - ) Vg = IUT . (34)

Note that the action in Eq. (3.2) does not contain any interaction terms for the bath fields. As
a result, the bath fields do not get renormalized. In the below subsections we shall calculate the
electron self energy and vertex corrections at one-loop order to obtain the renormalization factors
defined above.

We note that a perturbative RG was performed for Hi,,, without the ¢ bath field in Ref. [21]
by a different method which chose field definitions so that the tree level scaling dimension of ~
was € = 2 — d rather than € = 3 — d in (3.3). That approach led to an additional boundary
renormalization of the operator ¢?, and a different scaling structure. Here we choose the method

above because it leads to results compatible with the large M analysis in Section V.
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(a) (b) (©)

FIG. 1. Feynman diagrams for the self energy of electrons. Here the solid line is electron propagator,

dashed line is ¢ propagator, curly curve is ¢ propagator and wavy curve is ( propagator.
A. Self-energy of electron

We begin with the evaluation of the electron self energy. There are three contributions to the
electron self energy, one each from the gg, 79, and vy vertices. These are shown in Fig. 1 and

evaluate as follows:

) k| 2 . o 2 '
i) = o8 [ = B~ L, 35)
3 ddk 1 1 1 23 3y
Y (iv) =75~ =— = ———ivB, 3.6
1) (i) 704/ 27)1 Z it o ’704 (iv) . w (3.6)
| 'k 1 1 1, o
Yioiv) = —U%/ o Z w2 T i —vgg(w)l = —?wC’/’M (3.7)

where A, = p*"(iv) ™" Z? | Z., B, = p(iv)~<Z?/Z2, and C], = pe (iv)=¢ Z"?/Z2. Demanding the

cancellation of poles at the external frequency iv = u, we immediately get,

Zo=1-2L 2L _ - (3.8)

B. Vertex corrections

Next we evaluate the vertex corrections. The gy vertex has no corrections and so Z;, = 1. Let
us first calculate the correction to 7y vertex. There are two one-loop diagrams shown in Fig. 2 (a)

and (b), which evaluate as

1 A% 1 1 1 oa
Fr a) — 3 —— - _B, ) 3‘9
#@ %( 4)/( Zw2+k2zw+291lw+292 T n (39)
dk 1 1 1 1
Tony = 2 E —C' . 3.10
2(b) = 7oYo / (2 W + k2 iw +iQ iw + i T (3.10)

In Eq. (3.9), iQ = iQy are external electron frequencies. Similarly, in Eq. (3.10) i€y = —i)y

are external electron frequencies. We can compute the vy vertex correction, which has only one
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(a) (b) (c)

FIG. 2. Feynman diagrams for the vertex corrections. Diagrams in (a) and (b) contribute to 7y vertex

correction, while that in (c) contribute to vy vertex correction. Conventions are the same as in Fig. 1.

contribution at one-loop level (Fig. 2 (c)),

3 [ dk 1 1 1 1 3v?
F‘ c —= 2— _— — B/ . 311
29 UO%4/(27r)d,6’%;w2+k2iw+iﬁl i+ e n (3:.11)
Here i€y = —i{)y are external electron frequencies. The above vertex corrections then lead to

following renormalization factors:

2 2
v
Zy=1+ -~ (3.12)
372
7 =1- . 3.13
=1- (313)

C. Beta functions and fixed points

Having obtained the renormalization factors we can now derive the RG flow equations. Using
Egs. (3.4), (3.8), (3.12), and (3.13) we get the following beta functions,

_ 3 quv?

Bl9) = =T9+¢" + 207" + =~ (3.14)
€

B(Y) = =57+ + 2097, (3.15)
/

Bv) = —%v+v3 + 2vg?. (3.16)

The RG flow described by the beta functions found above has seven fixed points and a fixed line
in the v = 0 plane, which are located using the condition 5(g) = B(y) = B(v) = 0. These fixed

points/line (g%, y*2, v*?) are as follows:

FP; - (0,0,0) (3.17)

FPy: (7,0,0) (3.18)
€

FPy: (0,5,0) , (3.19)
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3
FP,: <4F— Z‘f,ze 87, o> : (3.20)
6/
FP;: (0,0,5) : (3.21)
€ €
FPs: -, = .22
6 (Oa 27 2) ) (3 )
FP;:(g%0,9%) , such that 2g° + v° = 27 with € = 47. (3.23)
47 € € 8 2€ 8 € €
FPy:|—— 4o~ - 2= . 3.24
8<3+4+3’3 3'3 2 6) (3:24)

Note that F'P; is not a fixed point but a fixed line; an ellipse in the v = 0 plane described by the
condition 2g% + 2 = 27 with € = 47. Thus F'P; occurs only at a fine-tuned value and is generically
not present. Also note that F'P, and F Ps lie on the same curve that describes the ellipse of F'P.
However, F'P, and F' P5 do not require any fine tuning and are generically present. It so happens
that if ¢ = 47 then the fixed line F'P; exisits and it passes through both F P, and F Ps.

Let us now discuss the conditions when the fixed points are real. The fixed point F'P, is real
for any 7 > 0, F'P; is real for any ¢ > 0, F'Ps is real for any ¢ > 0, and FF; is real for any
e,¢ > 0. The fixed point FP, is real if 167/3 > € > 47. While the fixed point F Py is real if
(167 — €')/3 > € > (167 — 4¢') /3. We emphasize again that F'P; exists only if ¢ = 4r. If ¢ = 47
then F'FPy also lies in the v = 0 plane, and in fact it lies on the ellipse describing F P;.

We discuss in detail the stability of the fixed points in Appendix A 6. In particular, the non-
trivial fixed point F'Ps, Eq. (3.22), is stable at the self-consistent values of ¢, ¢/, and 7, which will
be determined in the next subsection. It is interesting to note that this fixed point has ¢ = 0, and
so charge transport occurs only via Cooper pair hopping, and not via single-particle hopping. So

we may consider this as describing a critical Bose metal.

D. Anomalous dimensions of spin, electron and SC order-parameter operators

We now calculate the anomalous dimensions of the electron, spin, and SC order-parameter
operators. These exponents are physical observables in scattering and spectroscopic experiments.
Our aim is to evaluate the exponents corresponding to the spin correlator (S(7)-5(0)), the electron
correlator {c,(7)cl (0)), and the SC order-parameter correlator (A(7)AT(0)). For this purpose, we
define the following renormalization factors: S = \/Z_SS' r and A = /ZxAg. To evaluate these we

use the strategy of introducing source terms in the action. This is discussed in detail in Appendix
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A 8 for a similar RG procedure. From this analysis it is straightforward to see that

Z. 2 272 292
e g 3.25
o (Z;) ¢ P (3.25)
Z\* 2g° 20?2
Ia=[25) =1-22 - = 2
A (Z;,) 7 ¢ (3.26)

We have already evaluated Z, in Eq. (3.8).

It is now straightforward to express the required anomalous dimensions in terms of the coupling

constants,
e = Cilllr;ic =2¢° + 272 + 07, (3.28)
A = d;?nzj = 4g” + 2°. (3.29)

These can be evaluated at the respective fixed points,

FP:ng=0, n.=0, na =0 (3.30)

FPy:ng=4r, n.=2r, na=4r, (3.31)
3€

FP;:ns=c¢e, 770:§, na =0, (3.32)

FPy:ns=¢€¢, n.=2r, na=16r — 3¢, (3.33)
/

FPyins=0, 1, = % A =€ (3.34)
3 !

FPs:ng=e, nc:§€+%, na =€, (3.35)

FP::ng =43¢, n.=2F, na=F¢, (3.36)

FPs:ns=¢, n.=2r, na=¢€. (3.37)

Similar to Ref. [20], we can obtain an exact result here for the spin, electron, and SC order-
parameter anomalous dimensions. Using Eqs. (3.4), and (3.27) to (3.29) we obtain the exact
result that if g* # 0 then n. = 27, if v* # 0 then ng = €, and if v* # 0 then na = € at all orders in
€, ¢ and 7. In particular this means that at the non-trivial fixed F' Py we have 7. = 27, ng = ¢, and
na = € at all orders in the perturbation theory. Note that for K;; # 0 in Eq. (1.1) the exponent of
density operator is similarly determined exactly at the fixed points with non-zero density coupling.

Now we are in a position to impose the self-consistency condition, Eq. (2.5), that we had
neglected so far. We shall impose the self-consistency condition at the fixed point F'Fg, Eq. (3.22).
This simply means equating the exponents of Q(7) and P(7) in Eq. (3.1) to the anomalous
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dimensions calculated for the spin and SC order-parameter operators, i.e., 2—e¢ =ecand 2—¢ = ¢
Solving these equations yields the self-consistent values of ¢ = ¢ = 1 at the fixed point F'Fs. This
means that the spin and SC order-parameter correlators decay as 1/7. And we again emphasize
that this result is true at all orders in €, ¢ and 7. Note that since g* = 0 at F'Ps there is no
self-consistency condition for R(7) and hence the value of 7 is not fixed. Remarkably, at the
self-consistent values of € = ¢ = 1 the fixed point F'Fs is stable at one-loop order for & < 7/16;
although we can not formally trust this result at such large values of € and ¢. We also note that
had we decided to consider fixed point F'Pgs, we need to impose the self-consistency condition of
all P, @, and R, which fixes the values of ¢ = ¢ = 27 = 1. This means that spin, electron,
and SC order-parameter correlators decay as 1/7 at F'P;. However, at one-loop order F Py is
always unstable for real values. But one can not rule out the possibility that at large values of our

expansion parameters and at strong coupling the non-trivial fixed point F' Py is stable and controls

the RG flow.

IV. FRACTIONALIZATION AND LARGE-M ANALYSIS

In this section, we discuss another approach to solve the model introduced in Eq. (1.1). Here we
shall fractionalize the electron operator into spinons, holon and doublon. Also we will generalize
the SU(2) spin symmetry to USp(M). As we shall see this allows us to solve a set of saddle-point
equations and find a conformal solution of the electron Green’s function. In particular, we shall
calculate the residual conductivity. We discuss this approach in detail in the following.

With the electron operator c,, we represent the 4 states on each site using fermionic spinons

fa, a bosonic holon b, and a bosonic doublon d as follows:
0) = 6o}, chloy = filo), clcljo) = difo), (4.1)

where |v) is the vaccumm state. We therefore fractionalize the electron into spinons, holon, and

doublon in the following manner:

Co = fubl +easfid, (4.2)
clea=n=1+d'd—b'D, (4.3)
- 1 1
S = §CLUa505 = §fota'a5f5, (4.4)
1 1 1 1
T T — T T

(CTCT — 5) (C¢C¢ — 5) = 5 <d d+ b'b — 5) s (45)
ClCp = de, (46)

with the constraint, fIf, + b'b + d'd = 1. Such a fractionlization was studied early on by Kotliar
and Ruckenstein [28], and applied to the Mott transition at large positive U. Here, we shall study
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the behavior at small and negative U, and allow for critical, gapless, SYK-like states in which the
bosons don’t condense.

Using Egs. (4.2) - (4.6), we can write the Hamiltonian in Eq. (1.1) in terms of the fractionalized
particles, f,b, and d, as

N
H=Y" (—,u(dj.di —bib;) + U(d}di + b}bi))
=1

2
1 & 1 & 1 &
t——= >ty ——= Y JiyS S+ —= > Lybldidib; . (4.7)
\/N i#j=1 \/N i<j=1 \/N i#j=1

Most of our analysis will be on the particle-hole symmetric case p = 0; the form of the particle-hole
symmetry is briefly discussed in Sec. IV B.

Next, we generalize the model in Eq. (4.7) to a model with M spin indices and M’ orbital
indices. We then study the model in the large-M limit at a fixed k = M’/M. As it will become
clear later, this allows us to find an analytic solution for our model in the low-energy limit. The

original model has M =2, M’ =1, k = 1/2. In this generalization, the electron operator is
Cto = fa b} + Tapfhde, (4.8)

where J is the USp(M) invariant tensor [29], while a« =1... M (M even), and £ =1...M’. This

representation has a U(1) gauge invariance,
fia = fia€ T, b = b7 diyy — dipe’® (4.9)
We also have the constraint fixing the U(1) gauge charge on each site,
M M’ M
> fhfia+ D (blbie+ dlydi) = - - (4.10)
a=1 (=1

Then the large M, M’ Hamiltonian is

U 1
H= 2; (—u (die = blybie ) + 5 (blybie + d}edw)) e 3 tchutin

1,7,4,c
1
> Jz‘jfoiﬁf}gfjaer > Liblydipdlybie. (4.11)

i>j,08 ], 00

1
_l’_ J—
vVNM
The large M analysis will proceed as Refs. [30] and [20]. We first take the N — oo limit and

perform disorder average, as discussed in Sec. I A to obtain the single-site action in the large- M
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limit,

Z = / D f,Db;Dd;Dre~°
T ) U 0 U
— dE:bT— RS\ A chﬂ i ~4i\ld
s /0 ! - Z<0T+M+2H)e+ ; e(f% ”+2+Z) ‘

0 M
L ; S il
+§a fa<a7_—|—z)\>fa z/\2

t2 1/T
T %:/0 drdr' R(1 — 7')c}, (T)era(T')

J2 1/T
“oar . ) drdrQE = TLEAN () ()
apf
2 1/T
- LM > / drdr' P(r — )by (r)de (7)d}, (7 )be(7') (4.12)
o V0

where T is the temperature. Here A(7) is the Lagrange multiplier imposing the constraint in Eq.

(4.10) and the self-consistency conditions read as follows:

R(r =) = =52 3 (el

Lo
Qi —7) = 153 SR B AE L))
ap
P —7) = 215 3 ()b (e (i) (4.13)

e
Alternatively, we can also use a representation with bosonic spinons b, fermionic holons §, and

fermionic doublons 0,. This is discussed in detail in Appendix C.

A. Saddle-point equations

We will now write down the saddle-point equations obtained from the action in Eq. (4.12).

Using the condensed matter notations, we first introduce the following Green’s functions

Gylr.7") = 2 STl ILE) 5 (114)

Go(r. ™) = 35 S AT B (4.15)
L

Culr,7) = 5 S AT ) (4.16)
)4

corresponding to the spinon, f, holon, b, and the doublon, d. Note that one can also construct
anomalous Green’s functions as well as a mixed Green’s function involving b and d. However, we

take these to vanish as they break the U(1) gauge symmetry, Eq. (4.9), down to Z.
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From the action in Eq. (4.12), it is straightforward to obtain the saddle point equations for the

fractionalized particles:

Yi(1) = kP R(—7)Ga(1) — kP R(T)Gy (1) + J*Q(T)G4(T), (4.17)
(1) = GH(T)R(—7) + K*L*G4(T)P(7), (4.18)
Ya(1) = —t*R(1)G (1) + K*L*Gy(1) P(—7), (4.19)
G Hiw) = iw — g — Ba(iw), a= f,b,d. (4.20)

Here p, are chemical potentials, determined by U and the saddle point value of A to satisfy

(f1f) =6, (4.21)
(b'b) = 6, (4.22)
(d'd) = 64, (4.23)
MQM/Z<C%CM> =n=1-86=1+681—"0, (4.24)

J X"
with the gauge-charge constraint (4.10) implying
1

5f + k’(5b + 5d) = 5 (4.25)
In terms of the Green’s functions, the self-consistency equations are expressed as follows:
R(7) = =G(7)Go(—7) + Gy (=7)Ga(T) ,
Q(7) = =G(1)Gs(-T),
P(1) = Gp(1)Ga(—T) . (4.26)

Now our aim is to look for the solution of these saddle-point equations, which we discuss in the

following subsections and refer to technical details in Appendix B.

B. Particle-hole symmetry

Before we discuss the solutions of our saddle-point equations, we briefly comment on the particle-
hole symmetry here. The form of the electron Green’s function in terms of the fractionalized

particles is
Ge(1) = =Gy (1)Go(—7) + G4 (—7)Ga(T) . (4.27)

The model considered here has particle-hole symmetry at © = 0, which exchanges the holon and

doublon. The particle-hole transformation can be written as follows:
b——d, d—b, fo— fa, (4.28)
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Under this transformation we have G,(7) = Gg4(7) and thus 0,(Q) = 04(Q2). Importantly, ¢, —
eaﬁcg, which means that n — 2—n. Therefore, the electron Green’s function is an odd function due
to particle-hole symmetry, i.e., G.(7) = —G.(—7). Also note that the spin operator is invariant

under this transformation.

C. Ciritical solution of saddle-point equations

We will now work towards finding solutions to the saddle-point equations, Eqs. (4.17) - (4.20)
assuming that the spinons, holons, and doublons are all gapless. The basic strategy is to find the
constraints on the parameters of our low-frequency ansatz by the saddle-point equations. In terms

of the imaginary time, 7, such that || > 1/J we write at T' = 0,

CoI'(2A,) sin(rA, + sgn(1)6,)
T|T|?Aa

Go(7) = —sgn(7) : (4.29)
where parameters C,, A, and 6, are real, with more details explained in Appendix B. The spectral
densities Eq. (B8) in comparison with Eq. (B10) immediately yields the following relations of the

exponents for nonzero ¢, J, and L,

1
Ay + Ay = 3 (4.30)
and a restriction on asymmetry angles

sin(mAy + 6) sin(rAq + 04)  sin(rAy, — 0p) sin(rAg — 04) (4.31)
sin?(mAy + 0;) B sin*(mA; — 6y) ' '

We can now evaluate the anomalous dimensions of the electron, spin, and SC order-parameter
operators in the present large M limit. Specifically, as the electron Green’s function is given by
Eqs. (4.27), spin correlator by (S(7)-S(0)) ~ —G¢(7)G¢(—7), and SC order-parameter correlator
by (A(T)AT(0)) ~ Gy(T)Ga(—7), it is straightforward to see the anomalous dimension of the

corresponding operators are

Ne = Mm{Q(Af + Ab), 2<Af + Ad)} 3 (432)
na = 2<Ab + Ad) =1. (4.34)

Examining the saddle-point equations leads to several possible solutions. Since we are interested
in the general t — J — L model, we will focus on the case with nonzero ¢, .J, L first and then discuss

other special scenarios.
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1 Ap=NAy=Ag=1/4

In this case, the exponents in %, J? and L? terms in X4 (see Eq. (B8)) are equal, and so all

terms are important in our low-frequency analysis. Comparison of (B8) with (B10) yields

sin(m/4 — 04) sin®(7/4 + 0;)

21212 272022 92,12 _
t°C3Cy cos(20f) — k*L*Cy Cg cos(204) — 2t°C:C,Cy Yy 7, (4.35)
i 4 — 0y) sin®(7/4 + 0;)
22 2 20,) — k212022 90,) — 2422 sin(/ b f) _ 4
t2C5C cos(205) — k™ L7C,Cg cos(20,) — 2t°C5CLCy sin(r/4+ 0) 7, (4.36)
J2C’;4f cos(26y) — thQC’]% C? cos(20,) + C3 cos(26,)
B 4Obcdsm(7r/4 — 0f) sin(mw/4 4 0,) sin(m /4 + 6,) o (437)

sin(w/4 + 65)
as well as the restriction on asymmetry angles Eq. (4.31). Notice the bounds |6;] < 7/4, 7/4 <
0, < /2 and w/4 < 0; < /2, which leads to all the coefficients on the left-hand sides of Egs.
(4.35) - (4.37) being positive. Since Cf, Cy, Cy are defined to be real positive numbers, we find

another constraint for 0;, 0, and 6,:
— cos (205) < —k[ cos (26,) — cos (204)] < cos (20;), (4.38)

Therefore the parameters of the solution (64, Cy, C, and Cy) are fully determined by the two
asymmetry angles 6y and 0. Recall that the values of 67 and 0, are related to the particle densities

Oy, 04 via the Luttinger constraints derived by techniques in Ref. [15]:

Hf 1 sin(29f) o 1

T (5 Af) sin(2rA;) 2 f (4:39)
Qb 1 sin(?@b) 1

20 i — 0 4.4
T <2 A”) sn@rd,) 2 % (4.40)
Hd 1 sin(?@d) - 1

P + (5 Ad) sm(2rAy) 2 + 04 (4.41)

And from (4.24), we see that at half-filling with particle-hole symmetry, we have n = 1 and 6§, = dg4.

It is useful to recall now all the parameters and constraint equations for the low energy behavior
of the large M ansatz. The low energy ansatz in (4.29) with Ay = A, = Ay = 1/4 is determined
by the 6 paramaters Cy, 8¢, Gy, 0y, Cq4, 04. Let us also regard the densities of the fractionalized
particles dy, d, and J; as unknown quantities to be determined by the electronic doping density
0. So at fixed 6 we have 9 parameters specifying the low energy solution. These parameters are
fully determined by 6 by 9 equations: the Luttinger relations (4.39), (4.40), (4.41), the density
constraints (4.24), (4.25), and the saddle point equations (4.31), (4.35), (4.36), (4.37). Now let us

consider the solution of the saddle-point equations at all energies (this has to be done numerically,
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and we will not carry out the numerical analysis here; such a numerical analysis has been carried
out for the t-J model in Refs. [31, 32]). The saddle point equations (4.17), (4.18), (4.19) will lead
to definite values of the self energies ¥ ¢(iw = 0), X4(iw = 0), L4(iw = 0). But the gapless nature
of the ansatz in (4.29) requires that G;'(iw = 0) = G, '(iw = 0) = G'(iw = 0) = 0, which
requires cancellation of the zero frequency self energy by the chemical potential [12]. The chemical
potentials of the 3 fractionalized particles in (4.12) are determined by the 3 parameters u, A, and
U. As U is not a free parameter, we conclude that the single parameter U must be tuned to realize
the critical solution (4.29). So this large-M solution describes a critical point at a fixed density 0,
but is present for variable 0.

From Egs. (4.30), (4.32), (4.33), and (4.34) we immediately see that in this critical point
ne =nNs = na = 1, i.e., the electron, spin, and SC order parameter correlators all decay as 1/7. In
particular, the 1/7 decay of the spin correlator is in stark contrast to its 1/72 decay in Fermi liquid
phase. Such a critical behavior of spin correlator is similar to the SYK-like criticality [12, 13]. The
present scenrario can be understood as a direct consequence of the fractionalization of electron
into spinons, holon, and doublon, wherein the correlator of each of these particles decay as 1/4/7.
As we shall show in the next subsection the conductivity of this critical phase is larger than that
of a Fermi liquid metal. Therefore, this solution is a candidate anomalous metal. In Sec. [II we
presented a weak-coupling RG analysis for the case of M = 2, M’ = 1, and we found a SYK-like
critical point, F'Ps in Eq. (3.24). The critical point therein is related to the critical point studied
here. Our one-loop weak-coupling RG analysis found F'Ps to be unstable. However, as mentioned
earlier we expect this fixed point to be stable at strong coupling such that it corresponds to the

present large-M solution.

2. Af > 1/4

For Ay > 1/4, we neglect the subdominant terms in our low-frequency analysis. The saddle

point equations Eqs. (4.35)-(4.37) are now modified as

1/2=A+ Ay, (4.42)

1/2 = Ay + Ay, (443)

L K2L2C2C2 sin(WAz? + 0p) sin(mrAy — 6p) ’ (4.44)
2w Ay sin(2wAy)

. _thC)%Cf sin(m A, '+ 0) sin(mAy — 0p) | (4.45)
2 Ay sin(2wA,)

Sin(ﬂ'Af + ef) SiIl(?TAf — Gf)/Af

—k= Sin(ﬂ'Ab -+ (91,) Sin(%Ab - Hb)/Ab — Sil’l(?TAd + Hd) Sin(ﬂ'Ad — Qd)/Ad ’
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or the other set of equations by making a replacement A, <> Ay, 0, <> 04, C, <> C,4. Since the
Luttinger relations (4.39), (4.40), (4.41), the density constraints (4.24) remain the same here, so
this solution corresponds to a critical phase. Here the anomalous dimensions of the spin operator,
ns > 1, while that of the SC order parameter, no = 1. The saddle-point of the J term vanishes
in this solution, and the solution only depends upon the values of t and L. So this solution is the

analog of the fixed point F'P; had only the g and v couplings non-zero.

3. Solutions att =0

In this case, the combination of Eq. (B8) and Eq. (B10) yields Ay = 1/4 and still satisfies
the constraints Eq. (4.30). We can assume A, = A > 0, Ay = 1/2 — A > 0 and therefore Egs.
(4.35)-(4.37) are modified to

J?C cos(205) =, (4.47)
L 2792,-2C08(204) + cos(2mA)
20,) — cos(2mA)
1212002 2€08(20, -9 4.4
ML GG A sin(2na) " (4.49)

Therefore the parameters of the solution (6, C'; and the product C,Cy) are fully determined by
the asymmetry angles 0, 6; and exponent A. Since Cy, (3, Cy are defined to be real positive

numbers, we find a constraint in analogy with (4.38) for §; and A at ¢ = 0:
cos (264) + cos (2rA) < 0. (4.50)

This solution corresponds to a critical phase with ng = na = 1 and 7. < 1. Our weak-coupling
RG in Sec. III yielded a stable ‘Bose metal’ fixed point, F'Ps in Eq. (3.22), with these properties.

4. Solutions at L =10

For Ay = A, = Ay = 1/4, the saddle point equations have the same form as Eqs. (4.35)-
(4.37) without L terms, but the condition to keep all Cy, Cy, Cy real and positive is different from
Eq.(4.38):

— cos (207) < —k/[ cos (26,) + cos (264)] < cos (26;). (4.51)

This solution actually is a special case in Sec. [V C1.

For Ay > 1/4 the J? term in Eq. (B8) is subdominant compared to the ¢* term, and so we
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neglect it in our low-frequency analysis. The combination of Eq. (B8) and Eq. (B10) yields

1/2 = Ap+ Ay, (4.52)

1/2 = Ap+ Ay, (4.53)
in(mAys 4 0)sin(mAy — 6y) sin(rAg — 0g) sin®(rA; + 6)

1 = 202 psin(rAy + 0y F Y 2o frY 4 54

reiG 2w A sin(2mA ) Ci C”Cd27rAf sin(27A ) sin(wA, + 6,) (4.54)
o0 oSin(mAy +0p)sin(mAy —0p) 5 sin(rA, — 0,) sin?(mAs + 6;)

L=1CC 21 A s sin(2wAy) FCFGC 2rApsin(2rAy) sin(wAg + 04) (4.55)

Lk sin(mAy 4 0f) sin(rAy — 0f) /Ay (4.56)

- sin(mAp 4 0p) sin(rAp — 0,) /Ay + sin(mAg + 04) sin(mAg — 04) /A

along with the restriction on the asymmetry angles Eq. (4.31). Therefore the parameters of the
solution (A, Ag, 05, 04, and the product CCy, CrCy) are fully determined by the asymmetry
angle 0y and exponent A;. This solution corresponds to a critical phase with ns > 1, 7a < 1 and

e = 1.

D. Non-critical phases

As in Ref. [30], we obtain non-critical phases by gapping or condensing the bosons. A solution
with both b and d gapped is possibly only at half-filling, and this describes a gapless spin liquid
of the f spinons. Such a solution is only reasonable at large U. If we condense only one of b and
d, then we Higgs the U(1) gauge symmetry, but leave the global U(1) symmetry unbroken—such a
solution is therefore a disordered Fermi liquid, as in Ref. [20]. Finally, if we condense both b and

d, we break both the gauge and global U(1) symmetries, and the solution is a superconductor.

E. Conductivity

We shall now compare the zero temperature residual conductivity between the normal state,
and the critical point corresponding to the solution Ay = A, = Ay = 1/4 found above. Let us
denote the residual conductivities in the normal and the critical phases by o\ and o§' respectively.
We shall show below that for a wide-range of asymmetry parameters the ratio R = o3 /oy > 1.
This suggests that the critical phase is in fact an anomalous metal phase, similar to that reported
in experiments in the vicinity of a metal-SC phase transition. In this section, we will need to revert
to the large dimensionality limit to properly define the expressions for the conductivity [24, 25].

The calculation in the critical (anomalous metal) phase uses techniques from Ref. [24], which

applies a more general formalism using time-reparameterization symmetry in SYK-like models.
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Following the steps in Ref. [24], we first generalize the Greens function to finite temperature,

B C.I'(2A,) sin(f, + TA,) -y

T |2 sin & 244

Ga(0) =

. 6e(0,2m), (4.57)

where we choose 0 = 277 /5. &, is determined by

1 0@ Aa
grea — S0 F TR (4.58)

sin(f, — mA,)
where ¢, = (4 = 1, (; = —1 indicate the periodicity of G,(#). Here the subscript a = f, b, d is used
for spinon, holon and doublon respectively.
The Kubo formula for conductivity on the Bethe lattice from electron hopping is derived in
Ref. [24]

/ Ao A () Ay + v)EW) ZnEW V). (4.59)

v

MI€2t2a2fd

2z

Ro(v)

where a is lattice constant, z is coordination number, d is spatial dimension and A.(w) =
—2Q3G.(w + in) is electron spectral density. We can introduce the bosonic Cooper pair Green’s
function Ga(0) = Gy(0)G4(—0), whose contribution to conductivity is an analogy with the elec-
tron contribution after making the replacement e — 2e, A, — A, ngp — npg and t?> — kL% The

residual conductivity now yields

A M/62t2a2fd M’(26)2/{JL2a27d

/ dwA.(w)*Bnp(w)np(—w) +

2 J—
o Gy 9> /deA(w) png(w)ng(—w),
(4.60)
where Ap(w) = —2FGa(w + in) is Cooper pair spectral density,
_ h(fw/2) e cosh(pw/2)

Aow) = 27Ce™ — 2 2rCleE 4.61

o(w) =2nCe cosh(fw/2 — 7€) e cosh(fw/2 — 7€)’ (4.61)

An(w) = —2rCpe-mea_SOR(Bw/2) (4.62)

cosh(fw/2 — wEA)

Here the parameters are defined as € =& — &, & =& — &, Ea = & — &4, C = CyCysin(fy +
7/4)sin(0, — w/4) /7, C' = —CyCysin(fy — w/4) sin(0,+ 7 /4) /7, Ca = CpCysin(b, + 7/4) sin(6; —
m/4)/m.

We now have all the ingredients to calculate the residual conductivity using Eq. (4.60). Inserting
Egs. (4.61)-(4.62) into Eq. (4.60) we obtain,

M/e2a2—d

sinh[7 (€ — &')]

z

) + AKL2C3 e ?men
(4.63)
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In the normal state with semi-circle density A.( \/ 4t2 — (w + p)2/t%, only electron con-
tributes to the residual conductivity. Therefore, at zero temperature and p = 0 the normal state

residual conductivity is

M/62t2a2_d 2M/€2a2_d
o) = T/dw/lc(w)zﬁnp(w)np(—w) =—" (4.64)
Now we have the ratio of these two residual conductivities,
O'A ’ ’ 7T(g — 8/)
R = “0 _ 2 t2 02 —27€ 0/2 —2r€ 20C" —m(E+E") 4kL2C2 —2m€n )
o T [ ¢ Tt et sinh [n(€ — &) ) T AC

(4.65)

As we can see from Sec. IV C, the above ratio has only two parameters, namely, 6y and 6,. In
Fig. 3 we make a density plot of R with contours as a function of these parameters. The ratios
are calculated at a given set of parameters k = 1/2,t =1/2, J =1, L =0 and 5 in two schemes:
the fermionic spinon scheme in Sec. IV and the bosonic spinon scheme discussed in Appendix C.
In the particle-hole symmetric case, the only solution is 6y = 0, §, = 7/2 with R ~ 5at L =5
and R = /2 at L = 0 for both schemes. We further explore the particle-hole symmetric solution
at k = 1/2 but arbitrary positive ¢, J, L parameters, and obtain the ratio in the range of

JL +t?

s
5 = Rloyc00npy = 277 gz S 27 (4.66)
More generally, for arbitrary k, ¢, J, L parameters,
R| kJ2L? + (1 = 2k)t* + /K2 J2L2t4 + (1 — 2k)2¢8 m/k, if JL >t
=T =
OO TR 4 2(1 = 2kt 4+ 2/R2PLA + (1= 26)%° | n/2, i JL < £2.
(4.67)

The limit JL > t? likely describes a Bose metal, where incoherent pairs of electrons carry the
charge current instead of bare electrons.

We now briefly discuss the conductivity of the phases corresponding to the RG fixed point
FP; and F Py, which are associated with the large M saddle points in Sections [V C2 and IV C3
respectively. For F'P;, we assume Ay = Ay = A > 1/4, 80 Ay =1/2 — A < 1/4 and the ratio of

these two residual conductivities yields

R:

m(1 — 2A) sin7(1 — 2A) {3 om (4.68)

1
. 3 cos(2mA) — 2 cos(26,) + 3 COS(QQf):| <

For F'Ps, we consider the case with ¢t =0, Ay =1/4, A, = A, Ay =1/2 — A. The ratio becomes

R _w [cos(zm) + cos(29d)] . (4.69)
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The maximum of R = 11.4 reaches at A = 0.365, §; = 7/2.

As a reminder, we also quote here the value of zero temperature residual conductivity in the
critical phase found in a related model, namely the random ¢-J model without double occupancy.
The result obtained in Ref. [24] is
. (4.70)

N

O'tJ M/62t2a27d T
RY = 20 — 27r(]2@—2”5—/aév =7 cos(26,) <
o z

=1
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FIG. 3. The ratio of large M background conductivity to normal state solution, R = 064 / O'(J)V , in a density
plot for possible asymmetry parameters 6y and ¢, in different representations; the full black lines are
contours of equal R. The ratio is calculated at k = 1/2, ¢ = 1/2, J = 1 and different L. (a) Bosonic
holon scheme with L = 0. (b) Fermionic holon scheme with L = 0. (c¢) Bosonic holon scheme with L = 5.
(d) Fermionic holon scheme with L = 5. The red dashed lines are contours of constant doping density §
obtained by solving (4.24,4.40,4.41), and the black dashed lines shows the solution of (4.31,4.39,4.40,4.41).
Spectral positivity and the conditions for real C, Cp, Cy parameters restrict the range of solutions: (a)
is bounded by (4.31,4.51,B3), (b) is bounded by (C20,C24,C26), (c) is bounded by (4.31,4.38,B3), and
(d) is bounded by (C20,C24,C25),. We could identify the ratio R in the two schemes (a) and (b) or (c)
and (d) by ¢ <> 7/2 — 6.
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V. CONCLUSIONS

We have examined a model of interacting electrons with random and all-to-all hopping and
interactions in (1.1): this yields a theory which is mean-field in space but includes fluctuations
in time. The interactions are in one-to-one correspondence with the interactions in the universal
Hamiltonian for disordered metallic grains [16-18]. The universal Hamiltonian has the same inter-
action strength acting between any pair of sites, but we instead take each interaction term to be
an independent random number. An important characteristic of our analysis is that the random
hopping and interaction terms are treated at an equal footing. We then employed RG and large M
computations to argue, as in Ref. [20], that such models lead to critical metallic solutions similar
to those in the SYK models. For the class of models examined here, with the on-site Hubbard
interaction parameter small, we have argued that such critical metals can realize a critical point
or phase between a disordered Fermi liquid and a superconductor, and so are candidate dynamical

mean-field descriptions of the anomalous metallic ‘failed superconductor’ [1].

The experimental observations are largely in two-dimensional systems, while our model has
either infinite-range interactions or large spatial dimensionality, a characteristic of dynamical mean-
field theories. So our model does not capture effects that have been viewed as crucial to the physics
of disordered interacting electrons: weak localization and interaction corrections from diffusive
electrons. However, such effects require long-lived quasiparticles, and the absence of quasiparticles
in our theory is reason to hope that our dynamical mean-field theory is useful starting point for a

theory in two dimensions which can be applied real materials.

Another perspective on our anomalous metal is provided by an analogy with the large U work
of Joshi et al. [20]. That work examined the transition between a metallic spin glass and a
disordered Fermi liquid, and proposed a description in terms of a deconfined spin liquid with
doped charge carriers. Our present work is carried out at small |U|, and has fluctuations in the
Nambu pseudospin space along with spin fluctuations. So we may consider the anomalous metal as
a ‘deconfined pseudospin liquid’ found at the transition between a supercondutor and a disordered

Fermi liquid.

Our RG computations in Section III, and our large M computation in Section [V yielded a
number of candidate solutions for the critical anomalous metal. There are interesting connections
between these two classes of solutions, and we list below 3 solutions from each method that have
similar physical properties and exponents. Notice, however, that the stability of the phases differs

between the two methods, and so we are not able to reliably determine the optimal candidate.
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RG Large M

Fixed point F P Solution in Sec. IV C1
Ne=1s=1na=1 Ne=mns =na=1
Unstable critical point Stable critical point
Fixed point F' P Solution in Sec. [V C2
Ne=1a =1 Ne=1na=1,15>1
Present only for ¢ = 47
Line of stable critical points Stable critical phase
Fixed point F P Solution in Sec. [V C3
Ns =na =1 Ns =na=1mn<1
Stable critical point Critical phase unstable to ¢t #£ 0
Critical Bose metal Critical Bose metal

The exponents 7., ng, Na determine the decay of the electron, spin, and Cooper-pair correlators
in imaginary time ~ 1/77. The Bose metal transports charge primarily via Cooper pair hopping,
and single electron hopping is subdominant.

The conductivities of the anomalous critical metal phases were computed in Section [V E in
the large M theory. Here, we followed the large-M formulation of the conductivity in a large
dimension lattice, which was discussed in Ref. [24]. It should be noted that this large M approach
yields residual resistivities which are significantly higher than those obtained numerically in the
SU(2) solution of the same model [19]. So we computed the ratios of the conductivity of large M
solution of the critical anomalous metal to that of the disordered Fermi liquid, as an estimate of
any enhancement of the conductivity in the anomalous metal in the large M limit. As presented in
Section [V E there is a moderate, but not large, enhancement in this ratio in our computations. It
would be of interest to perform numerical studies for the SU(2) case, similar to that in Ref. [19], for
models like (1.1) with Cooper pair hopping, and compute their conductivities between the Fermi

liquid and superconducting phases.
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Appendix A: Renormalization-group analysis using fractionalization

This appendix will obtain the same RG results as those obtained in Section III, but by using
the fractionalized degrees of freedom we defined in Section ['V. To this end, we rewrite the impurity
Hamiltonian in (3.2) using the spinon, doublon and holon operators.

U

2
+%KﬂMwwmmdmm+ﬂd+mﬂ%?mmmmwdwwm+ﬂq
+/WW%M%MM+%/Q%Pi+@maﬂ+%/f%w%+gmm@cn, (A1)

As discussed in Sec. 11, we expand about the point © = U = 0, where the propagators of f,, b and

Hipp = — 1 (dfd — b1b) + = (b0 + dfd) + X (f1 £ + 0Tb + dfd)

d all carry the same energy. The constraint fIf, + b'b+ d'd = 1 is imposed by taking the limit
A — oo [33]. For a more detailed discussion about mapping to an impurity problem we refer the
reader to Ref. [20].

The impurity Hamiltonian in Eq. (A1) is now amenable to RG analysis similar to the problems
of impurity in quantum magnets [34, 35], and Kondo models [33, 36]. To start with, we can easily

identify the tree-level scaling dimensions of the operators and vertices,

1 1—
dim[f] = dimfp] = dim[d] = 0;  dim{yya] = ——— = —dim{yo(0)]; dim[go] = ——
) 3—d 3—d _ € ) _d—-1 ) _d -1
dim[y] = 5 =3 5 =75 dim[¢,] = 5 dim[(] = .
Thus, r =1, d = 3 and d’ = 3 are the upper critical dimensions around which we shall make a

T

[

dim[vg] = (A2)

systematic expansion. More precisely, we will be using 7, € and € as our expansion parameters in
the perturbative calculation.

As a first step we define the renormalized fields and couplings in the following manner:

fa=VZifra, b=\ Zybr, d=+/Zidg,
/[ o NfZg2 NE/QZW /LEI/QZU

go = gi, Yo = 92, YW=— —7"5 Vo= —F7——Y, (A3)
A V24 Zir/ Sar1 \/ ZvZaSa 11

where Sy = I'(d/2—1)/(4n%?). Note that we have introduced two different renormalized couplings
g1 and gy corresponding to the two terms fTb and e,5fsd' respectively that couple to 1(0). How-

ever, in the end we shall see that these are equal as we must expect. Also note that the bath fields
¢, ¥, and ( are not renormalized due to the absence of the respective interaction terms. In the
following subsections we will evaluate the self energies and vertex corrections to one-loop order.
These will determine the renormalization factors defined above. We will tune our model to the
critical point by setting U = 0 and subsequently derive the flow away from it. Also note that we

work at zero temperature.
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@Z@ e

(a)
FIG. 4. One-loop self-energy diagrams. Spinon (f fermion) self-energy diagrams are shown in (a)-(c),
holon (b boson) self energy is shown in (d-e), and doublon (d boson) self energy is shown in (f-g). In these
diagrams, solid line is for f propagator, dashed line is for 1) propagator, red wavy is for b propagator, blue

wavy is for d propagator, black spiral is for ¢ propagator, and cyan spiral is for ( propagator.

1. Self energy of spinon f

We begin by calculating the self energy of spinon at one-loop level. There are three self-energy

diagrams as shown in Fig. 4(a) - (¢). These are evaluated below,

1 , )
g [ | e = gl )i
—AngiD(rT(1 —r)(—iv + \)
2 1 - . 27 . —27 Zg21
=An097| — T 14+0(7)|(=iv+X)  (where, A,y = p™" (—iv + \) ﬁ) , (A4)
b
1 , )
- / / —iw + k—i(v+w)+ A = ~gol (LA = r)(=iv+ )
= —Agl(r(1 —r)(—iv+ \)
1 . 27 . —27 Zg22
—A295 % 14+0(F) |(—iv+A)  (where, Ay = p*" (—iv + A) ﬁ) : (A5)
F2d
d?k 1 1 S k=2
Zio =055 +1) / / i s S el / 7R
= —35(S + 1) 5T D1 —d)(\ —iv)?? (d=3—¢)

2

Z2Z¢

)-
(A6)

= B,*S(S+1) [ - % + N/2+ O(e)} (—iv+A)  (where B, = p(—iv+ )¢

In the momentum integral above, we have used [ d%k = 3¢ [ dkk?~! with S, = 2/I'(d/2)(4m)¥2.
Also, we used Y g€z, = 1 in Eq. (A5), and the constant N = y5 — 2log[2] — I'3)/r@3) =
—0.8455686....
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2. Self energy of holon b

The self energy of holon, b, involves two diagrams Fig. 4(d) - (e) at the one-loop level. They

are evaluated here,

1 ‘ .
S =-# 3 [ oo [ 2T - )i+

1
:2Aulgf[—;%—1—1—0(7")}(—2'1/%—)\). (A7)
o dd’ 1 1 S, ,
> = p? - _ 2_1—\ IFl— AV d'—2
4e) UO/_ / —iv 4w + Aw? + k? %2 ()P = d)(=iv + )
o Z2
:CHUZ{———l—VE—l—l—O( )}(—iu—l—/\). (where C, = pu€ (—iv + \)~ ZZ)' (A8)
vZd

Note that the self energy diagram Fig. 4(d) includes a factor of ) 1 = 2 due to the spin index of

internal f-line.

3. Self energy of doublon d

The self energy of doublon, d, also involves two diagrams Fig. 4(f) - (g) at the one-loop level.

They are evaluated below,

1 , . )
=95 Z a,e/ / —y + ki =) 1 = 2¢;0'(r)I'(1 —r)(—iv+ A)

1
= 24,205 [ ~ o5 +14+0 (7“):| (—iv + ). (A9)
> dd’ 1 1 5 Sa, o .
)y 9) — ,U(2)/ / _ Cd) + )\w2 + k2 = _UO 2d (d )F(]‘ - d)(—ZV + A)d 2
—CMU2|:——+’YE—1+O< )1(—2’u+)\). (A10)

Note that the self energy diagram Fig. 4(f) includes a factor of 3__, €25 = 2 due to the spin index

of internal f-line.

4. Vertex correction

Unlike in Ref. [20], due to the presence of doublon in this case there is a one-loop correction to

the vertex go corresponding to the fermionic bath coupling. This is shown in Fig. 5 (a) and (b),
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(c)
FIG. 5. One-loop diagrams for vertex corrections. Vertex corrections to the fermionic bath coupling, go,

are shown in (a) and (b), while that for bosonic bath coupling, 7, is shown in (c). The conventions are

same as those used in Fig. (4).

which is evaluated here,

dw 1 1 1
Tow = &S ewsesn | 2 [ il
5(@) g“§6566 /277/ H—z'wlJr/’{:—z'(o.mLerV)Jr)\—i(WlJrV)JF)‘

1
= QOAMQQS(—U[—% +1+0(r)], (A11)
dw 1 1 1
Do = —g3as | 2 dkelk|"
o® go€a5/ 27r/ i —iw; +k—i(w—w +v)+ A —i(w—w)+ A
1
= goﬁﬁaAulgf[?f —1+0(r)]. (A12)

The original vertex is go€gq-

The vertex correction to the bosonic bath coupling 79, shown in Fig. 5 (c), is same as that in
Ref. [20] and evaluates to

Fow = 73(S? + S — 1)%r(3 — A)D(d — 1)(—iv 4 2) @

1
=B,V (S* + S — 1)[; —1—=N/24 O(e)]
1[1

= —%Bﬂ?Z il N/2+4 O(e)| . (A13)

Note that there is no vertex correction to the bosonic bath coupling wvy.

5. Beta functions

Now that we have evaluated the self-energies and the vertex corrections we can obtain the
renormalization factors defined in Eq. (A3). We choose the external frequency such that —iv+\ =

1 and demand the cancellation of poles in the expressions for the renormalized vertices and Green’s
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functions. Consequently we obtain,

2 2 2
g1 95 3y
go—1_9_9% _ Al4
! 2F 27 de (AL4)
2 2
91 v
2 2
g2 U
92 Al7
Zy =1—22
g1 2777 ( )
o Al8
Ly, =1— =
92 27;7 ( )
ik A19
Zn =14 —
Zy=1. (A20)

Using the expressions for vertex renormalizations in Eq. (A3) and Eqs. (A14) - (A20) we find the

beta functions,

Blgr) = ufl—% = —Tg + %gi” + %glgg + ggw? + 9171)2 : (A21)
B(g2) = ué—f = —7gy + %g%gz + %g% + ggﬁ + 92702 , (A22)
Blv) = ug—z = —gwrv?’ + 9y + 957, (A23)
Blv) = M;Z—Z = —gv +0° + glv+ giu. (A24)

Note that the vertex corresponding to the fermionic bath is g and so g1 = g2 = g. Therefore we

have,

B 3 v2
B(g) = —Tg+¢° + gg’f + 97 : (A25)
€
BlY) = =37+ v +2¢%, (A26)
!
B(v) = —%v +v* 4+ 2¢%. (A27)

These are identical to the beta functions obtained in Sec. 1] where we used the electron operator

instead of the fractionalized operators. The discussion of the fixed points is therefore same as in
Sec. II1C.
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6. Stability of fixed points

Here we discuss the stability of the fixed points (Egs. (3.17)-(3.24)) by looking at the eigenvalues

of the following stability matrix:

Jv Sy Js
J= 0y Js Js| (A28)
Jr Js Jo
where,
0B(g) 2,3 o V 9B(g) 3 9B(g)
J=—=- 3 — — Jo=—"F=- Js = =
1 9g T+ 39 +87 T 2 D 197 3 BN gu,
9B(7) OB(y) _ € a0 9B(7)
Jy=—==4 Jy=——"=—+4+3 2 Jg = =0
4 ag g, 5 87 2 + Y + g, 6 Ee )
9pB(v) 9B(v) 9p(v) ¢ 2 2
J; = =4 Jg=—-=0 Jo= —~L=——+3 2g°. A29
7 9g vy, 8 oy ) 9 Ee 5 +ov” + 29 (A29)
We shall consider 7 > 0, € > 0 and ¢ > 0. From the eigenvalues,
/
Eﬁl) = _777 Eél) = _37 E§2) = _%a (A30)

it is immediately clear that the Gaussian fixed point F'P; is unstable. The fixed point F'P, has

the following eigenvalues:

4r — A7 — €
T € E§2): T E.

E<2) — 97 B2 _
1 (R 2 2

(A31)

So F'P, is stable for any € < 47 and ¢ < 47. The fixed point F P is unstable and has one relevant

direction as seen from the eigenvalues,

3¢ — 167 ‘
E® =c, EY= % EY) = -Z. (A32)

F P, is stable if 47 < € < 167/3 and € < 167 — 3¢, which follows from its eigenvalues,

_16?—36—6'

EY =5c—167r -, B =5¢—167+v, EY 5 :

(A33)

where ¥ = /76872 — 3847¢ + 49¢2 > 0. The fixed point FP; is unstable and has one relevant

direction as is evident from the eigenvalues,

1_4—
B =-L, B =¢, BP=""7 (A34)

The fixed point F'FPs has the eigenvalues,

—167 + 3¢ + 4¢’
16 '

E® =¢, EP=¢, EY= (A35)
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Thus it is stable if —167 4+ 3¢ + 4¢/ > 0. We will discuss the eigenvalues at F P,

4G —e€

. BV =0, B =16F —87>. A36
2 2 3

E"

It is then clear that F'P; is marginally stable if 2F > g* > ¢/4. The first inequality is trivially
satisfied by the points on the ellipse describing F'P;. The second inequality is satisfied if € < 47
(since g* < 7), which leads to atleast one stable fixed points. For lower values of € there is a fixed
line on the ellipse describing F'Px.

The stability of F'Py can be best studied by looking at the characteristic equation,

E*+ AE* +BE+C =0, (A37)

where A = —Jy — Js — Jo = —2(g2 + 72 +0*2) < 0, B = JiJs + JiJy + JsJo — Ty — JyJy =
g2y + 4202 > 0, and C = J3 o J5 + JoJyJy — J1J5Jyg = 6g*2y*20*2 > 0, with ¢*,~*,v* being
the values at FPs. It is clear that C = —EVE®E® B = E®YEY + EVE® + E®E®  and
A= —(E{S) + EéB) + Eég)), where Ei(S) are the eigenvalues. So, if F'P is real, one of its eigenvalue

is negative and so it is an unstable fixed point.

7. Anomalous dimensions of spinon, holon and doublon operators

We will now evaluate the anomalous dimensions of the fractionalized particles f, b, and d.
Although, we must keep in mind that these are not gauge-invariant operators and these exponents

are not physical observables. In terms of the renormalization factors, the anomalous dimensions

are,
dlnZ; dln Z, dln Z,
np = ;=R ;o Ma= (A38)
dp |pp dp |pp dp | pp
In terms of the coupling constants,
2, 3 9
Ny =297+ 37 (A39)
m = 29" +v*, (A40)
na = 29> +v2. (A41)
At the fixed points, we obtain,
FPllnf:O, anO, nd:O, (A42)
FPy:np=2r, mn=2r, ng9=2rT, (A43)
3€
FPg:nf:§, m=0, n,=0, (A44)
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FP4I77f:2f, nb:8f—§, nd:8f—5, (A45)
€ €
FP5I77f:O, nb:§, T]dZE, (A46)
3e € €
FPGIW:§7 m=5, Ma=7, (A47)
e €
FP;:np =27, W= =g (A48)
2r € €
FPgI?]f:—g, 77b—§, T]dZE (A49)

8. Anomalous dimensions of spin, electron and SC order-parameter operators

Now we calculate the anomalous dimensions of the electron, spin, and SC order-parameter op-
erators, which are gauge-invariant. These exponents are physical observables in scattering and
spectroscopic experiments. Our aim is to evaluate the exponents corresponding to the spin cor-
relator (S(7) - 5(0)), the electron correlator (cqo(7)cl(0)), and the SC order-parameter correlator

(A(T)AT(0)). To proceed, we add a source term corresponding to these operators in the action,

S, = % > (Asfl%ﬁfg + A[fIb+ eapfad + H.c.] + Aa(A + H-c-)> : (A50)

Wn

Here we have expressed the spin, electron, and SC order-parameter operators in terms of the
fractionalized operators: S = Ji(025/2) fa, cl, = fib+ eapfsd’ and A = d'b. In terms of these
operators the spin, electron, and SC order-parameter are composite operators. Within the field-

theoretic RG scheme, we have

_ Zgihsr _ ZpAer  Zpaler Zp

Ag = ;o A= = , A = ———=Aar.
Zf \/Zbe \/Zde V ZbZd

(A51)

The composite operators S = fl(agﬁ/Z)fg, cl = flb+ €apfsdt, and A = d'b are renormalized as

follows:
S=\2sSz, c¢=+Zwr, A=\/ZaAg. (A52)

Just like in Ref. [20], even in this case the diagrams involved in the above vertex corrections are
exactly the same as those involved in the vertex corrections of g, v, and v vertices evaluated in

Sec. A 4. Note that this is true at all orders in €, 7, and € and not just at one-loop level. Setting
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g1 = g2 = ¢, we thus have,

7.\ 2 92 2
ne (L)
Z € T
7 — Zbe Zde 1 3’)/2 g2 U2
© 7z Z% 4e T €
ZbZd 292 2’02
A = 72 =l=-— =
T €

(A53)
(A54)

(A55)

These renormalization factors are exactly the same as evaluated in Sec. [IID. The consequent

discussion of anomalous dimension is thus identical to that discussed in Sec. 111 D.

9. Density correlator

Next, we shall now evaluate the correlator of the density n = 1 + d'd — b'b. This quantity

has been of recent interest and can be measured in a M-EELS experiment. The strategy to

evaluate this quantity is the same as in the last two subsections via introducing a source term

with vertex renormalization Z,; in the action. We find that at the one-loop level there are no

vertex corrections to the correlator (nb'd) to order g2, but there is a one-loop correction to order

v?. Hence it is straightforward to see that

7 Zb 2 . Zd 2 . 2g2 41}2
" an B an B r € ‘
Using this we can obtain the anomalous dimension for the density correlator,
dln Z,
Mn = - = 4¢% + 4* .
dln p

Note that higher-order corrections in €, ¢ and 7 will change the value of this exponent.

fixed points we have,

FP :n,=0,
FPy:n,=4r,
FP;:n,=0,

FPy:n, =161 — 3¢,
FPs:n, =2,

FPs:n, =2,
FP;:n, =43 + 49°,
Fsznn:%—ejL%E,.

(A56)

(A57)

At the



At the fixed points F'P; (Eq. (3.22)) and FPs (Eq. (3.24)), we have 7, = 2 and 1, = 7/3, using
the self-consistent values of €e = ¢ =1 and € = ¢ = 27 = 1 respectively. There will be corrections

to these values though.

Appendix B: Solving the saddle point equations in large-M analysis

We proceed by introducing a low-frequency ansatz for the Green’s functions defined earlier. In
terms of the imaginary time, 7, such that |7| > 1/J we write at T'= 0,
Co.I'(2A,) sin(mA, + sgn(1)6,,)

Ga<T) = —SgIl(T) 7_‘_‘7_|2Aa ) (Bl)
where parameters C,, A, and 6, are real. To simplify the expression, we define
it = CoI'(2A,) sin(mA, + sgn(7)d,) ' (B2)
T
Positivity constraints on the spectral densities impose restrictions on asymmetry angles:
—TAy <O <mAy, TN <O <72, TA;<O;<T/2. (B3)

We can now collect the corresponding expressions for self energies at |7| > 1/J and T = 0 by
plugging (B1) into (4.17)-(4.19) and obtain,
crcic;  c;Cf oeson
— 2 b f d —f 272 -b Yd ~d
Eb(T) - _Sgn(T)t (|7_|4Af+2Ab - |7-|4Af+2Ad) + Sgn(T)k L m
cicre;  cyof? Cy e, Cf
— 2 d~ff b f 2722 b d
Zd(T) = —sgn(T)t (|7—|4Af+2Ad — |7—|4Af+2Ab) + Sgl’l(T)k’ L m s (B5)
cfere;  205CfCr Cfoicy oyaien
Sp(7) = sgn(r)kt® f2Ab+4£b - 2Af+2bAb+(;Ad + fm d+4§d —sgn(r).J? ! 6Af - (B6)
il |7 [*2 il [m[°%

(B4)

Using the spectral representation of the self energies,

$(z) = /oo oS (B7)

T z— )

—00

we perform the Laplace transforms at 7' = 0, |2| < J and obtain

- — 2
@) - T GOC  w GO R GiCiG
D(2A, + 4A;) [Q17280=487  T(2A, + 4A¢) [Q17284748s  T(2Ap + 44 ) |1 -220—48a
S p—" CiorG v GCF* w2 GG o)
D20, + 4Af) Q17284748 T(2A, 4+ 4A;) [Q|1 72807485 T(2A4 + 4Ay) Q128444 7
op(Q) = — ht? CrCyCy _ mkt? CiCrCy
f T(2A; + 4A,) |Q|172Af—4Ab L(2A; + 4A,) |Q|1—2Aff4Ad
mkt? 20, CfCy T J? C;{2Cf*

+

D(2Af 4 20, + 2A,) [Q1 728772807244 t T(6A;) Q1645
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where

Col'(2A,) sin(mA, £ sgn(Q2)0,)

™

CE =

(B9)

On the other hand, we can rewrite the saddle point equations (4.20) at |w| < J and perform

the analytic continuation to obtain

1 sin(mA, + sgn(2)0.)

Ua(Q) = C., |Q|2Aa—1 )

a=fbd. (B10)

Comparison of (B10) with (B8) for both positive and negative 2 leads to the solutions to the
saddle point equations in Sec. IV C.

Appendix C: Large M analysis with bosonic spinon 4+ fermionic holon and doublon

We now discuss the other fractionalization scheme, consisting of bosonic spinons b, and

fermionic holons §, and doublons 9y,
Cto = b ) + Tapbl 0y, (C1)

where J is the USp(M) invariant tensor (see Section 2.2 of Ref. 29), while the spin index o =
1...M (M even) and the orbital index ¢ = 1...M’. This representation has a U(1) gauge

invariance,

fio = fia€® D) by = by 2y — 0T (C2)

We also have the constraint fixing the U(1) gauge charge on each site,

M M M
Z b, bio + Z (fj@fie + ngaw) =5 (C3)
a=1 =1

The large M analysis will proceed as Sec. IV, Refs. [30] and [20]. We first take the N — oo

limit and perform disorder average, as discussed in Sec. Il A to obtain the single-site action in the
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large-M limit,

= / Db, Df, Do, De®
yT U 0 U
= dr E fg +,u+ + 2\ fg—l—g De ——p—|—2+@)\
0
M
L I S tinl
+§ ba( +z>\)ba A

+ v: /I/T drdr R(T = 7')c}, (7)cra(T)
_ % " drdr Qe — L (P)os (P ba(r)
a,B /0
X P = R R, on

where T is the temperature. In the large-M limit the Lagrange multiplier, A(7) imposes the

constraint in Eq. (C3) and the self-consistency condition reads as follows:

R(r =) = =52 3 {ealDea(™)

Qlr ) = #Z(b*( Jos(r)ob ()b (7))

P(r—7) = ,22@ ol (7)o (L)) (C5)

2,0
1. Saddle point equations

Introducing bilocal fields

Go(r. ') = —% ; b ()6 (7)), Gi(r,7) Zf,g DY, Galry 7 = —ﬁ ;a@ma;(%)
(C6)
and the corresponding self-energies, we can obtain the saddle point equations:
Galiw) = w_“al_za(w), a7 b, (c7)
Yo(7) = kt*R(—7)Go (1) — k*R(T)Gi(T) + J*Q(7)Gy(T) , (C8)
(1) = Gy (T)R(—7) + K*L*Go (1) P(7), (C9)
Yo(1) = —t*R(7)Gy(7) + K*L*G;(T) P(—7) . (C10)
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Here p, are chemical potentials, determined by U and the saddle point value of A to satisfy

(') = . (C11)
(b'b) = &, (C12)
2 Z<T >— —1-0=1+406,—6 (C14)
MM’ : CpoCla ) = N = - 0 fo
with the gauge-charge constraint (C3) implying
1
Op + k(05 + 0p) = 3 (C15)
The self-consistency equations are

R(1) = Go(7)G(—7) — Go(—7)Go(T) (C16)
Q(7) = Go(7)Go(—T7), (C17)
P(r) = =G§(1)Go (7). (C18)

We solve Egs. (C7)-(C10) in a similar procedure as in Sec. IV and Appendix B. We introduce a

low-frequency ansatz for the Green’s functions in terms of the imaginary time || > 1/J at T' = 0,

CoI'(2A,) sin(mA, + sgn(7)0,)

|7 |?Aa

Go(T) = —sgn(7) , a=1f,b,0 (C19)

where parameters C,, A, and 0, are real and positivity constraints on the spectral densities yields
— A <O <TA;, Ty <Oy <72, —TAy < by <Ay (C20)

Assuming Ay = Ay = A, = 1/4, the exponents in ¢*, J? and L? terms in Egs. (C8)-(C10)
are equal, and so all terms are important in our low-frequency analysis. Combination of Egs.

(C7)-(C10) yields

sin(m/4 — 0,) sin® (/4 + 6;)
sin(7/4 + 65)
sin(m/4 — 6;) sin®(7/4 + 0y)
sin(7/4 + 6;)

—t*C? {C’? cos(260y) — 2C;C, ] + k‘QLQCfQC},2 cos(20,) = m, (C21)

—t*C¢ {C’g cos(26,) — 2C;C, } + k2L2CfQCD2 cos(260;) =, (C22)

—J2C} cos(20) + kt*C? C’? cos(26;) + C3 cos(26,)

—ACC,

sin(m/4 — 6y) sin(w/4 + 6;) sin(7/4 + 90)} —r, (C23)

sin(m/4 + 6y)
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and a restriction on asymmetry angles

sin(mA +0;) sin(mA — 0y)  sin(mA + 0y) sin(7A — 6;)
sin(mrA — 6;) sin(rA + 6,)  sin(rA — 6y) sin(rA + 6,)

(C24)

Notice the bounds |6 < 7/4, /4 < 6, < /2 and |6y] < 7/4, which leads to all the coefficients
on the left-hand sides of Eqs. (C21) - (C23) being positive. Since Cj, Cy, Cy are defined to be real

positive numbers, we find another constraint for 6;, 6, and 6, at nonzero ¢, J, L:
cos (205) < —k|[ cos (26) — cos (26,)] < — cos (265) (C25)

and at L = 0:
cos (20,) < —k[ cos (26;) + cos (26,)] < — cos (265) (C26)

Therefore the parameters of the solution (6,, Cj, Cy and Cy) are fully determined by the two
asymmetry angles 6; and 6. Note that the values of 6; and 6, are now related to the parti-

cle densities &;, d, via the Luttinger constraints in analogy with Eqs. (4.39)-(4.41) of the other

represention:
05 1 sin(20;) 1
T (2 Af) sin(2mdy) 2 O (C27)
O 1 sin(20,) 1
T <§ Ab) sin(2rA,) 2 0. (C28)
0 1 sin(20,) 1
v * (2 AD) sin(27A,) 2 % (C29)

At half-filling with particle-hole symmetry, we have n = 1 and d; = d,. Consequently, all parameters
of the solution are fully determined at fixed doping density. So this large-M theory also describes

a critical point.

2. Conductivity

The calculation follows the steps in Ref. [24]. We first generalize the Greens function to finite
temperature similar to Eq. (4.57) in Sec. IVE with ¢, = 1, ( = ¢ = —1. Here the subscript
a = b,f,0 is used for spinon, holon and doublon respectively.

We assume the system living on a Bethe lattice and consider both electron’s and cooper pair’s
contribution to the residual resistivity:

" M/€2t2a2_d

M'(2¢)?kL%a*>~4
2mz

2rz

/dec(w)QﬂnF(w)nF(—w) + /deA(w)ZBnB(w)nB(—w),

(C30)
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where a is lattice constant, z is coordination number, A.(w) is electron spectral density and A (w)

is Cooper pair spectral density,

_ —n€ COSh(ﬂW/Q) ! —n&' COSh(Bw/2>
Aelw) = 2mCe cosh(fw/2 — w€&) Tante cosh(Bw/2 — 7€)’ (C31)
Ar(w) = —21Cpe~ ™A sinh(fw/2) (C32)

cosh(fw/2 — w€EA)
Here the parameters are defined as £ = & — &, &' = £ — &, Ea = & — &, C = CrCysin(bs —
7/4)sin(bp +7/4) /7, C" = —CoCyysin(By — w/4) sin(0, +7/4) /7, Ca = —C;Cy sin(6y — /4) sin(0; +

7/4)/m. The ratio in this fermionic holon representation then becomes

R = ﬁ _ 71_2 t2 026—271'5 + Cl2€—27r8’ + 200/6—71'(8-1-8’) ﬂ-(g _ 5/> + 4kL202 e—27r€A
ol sinh [7(€ — &)] A '
(C33)
We could transfer the bosonic holon scheme in Sec. IV into the fermionic holon scheme by
s T
0;=——20 Oy =—=—0;. C34
=50, =50 (C34)

Therefore both schemes give the same ratio R at the particle-hole symmetric solution 6; = 0,
9(, =T / 2.

Appendix D: Gauge-invariant RG

There is a third way to perform the renormalization group analysis of the impurity Hamiltonians,
Eq. (3.2) or (Al): this gives us yet another derivation of the same RG equations as those obtained
in Section III and Appendix A.

In this appendix, we proceed directly using the gauge-invariant operators [34, 37]. We will
follow the strategy from Ref. [20, 34, 37], which relies on explicit evaluation of operator traces
rather than the Wick’s theorem. More technical details can be found in Refs. [20, 34, 37].

Let us begin by introducing the following renormalization factors for the operators and cou-

plings,

= 4/ ZSS%, Caq = \/ZCROL7 =V ZAAR’

e/QZ rZ ’/2Z

Jdo =
\/ ZSSd+1 v Z L+ 1 \/ ZASd’—i—l

We perform the calculation on the same lines as in Ref. [20]. Similar to the one used in Ref. [20],

(D1)

we introduce the following notation that will be used in the calculation below.
Lope = ((fL12)"(010)(d'd)") . (D2)
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For M = 2, M’ = 1, it turns out that for all a,b,c > 1, Z,00 = 1/2, Zopo = 1/4, Zoo. = 1/4,
Zavo =0, Zyoe =0, Zyp. = 0, and Z, . = 0. We also note that the operators in (D2) can be

expressed in terms of the gauge-invariant electrons via
fofa =mg +ny = 2npmy
bTb =1- (nT + ni) + mn,
d'd = nyn, (D3)

where n, = cha.

1. Spin correlator

Here we calculate the spin correlator, (O;) = (S*(7)S%(0)), which will give us Zg. As mentioned
above we will not use the Wick’s theorem and instead evaluate the numerator and the denominator

in (O;) = Ny/D separately. The numerator and denominator in (O;) are

D =Trl + 3Ly (D1g + Doy + Dsgy) + g5 Lg (D', + Dy, + D)
+ gLy (DY, + Dy, + Diy) + v (Lo + Lg) (D¢ + Dac 4 Dyc) (D4)
Ny = Lo+ 75 (L1 D1y + Lo Dag + Ly Dyy) + g5 (Ly DYy + LoDy, + L5 Dy, )
+ g2 (L”D’w + LyDy, + Lng’w) +v5 ((L1 + L)) Dic + (Lo + Ly) Do + (Ls + L4)Ds¢) , (D5)

In the above expressions,

= (5°8%) = %(211,0,0 —Ir00) ; (D6)
Ly = (cuacly) = —Th10 + 2010 + Li00 + Lr01 » (D7)
Ly = (CgaC£a> Tioo+Zi10+2Zo01 —ZLipa s (D8)
Ly = (5°5°SP5%) = 196 (4300 + Za00 — 4Z300) (DY)
Ly = (5"5°8"5") = < (4Tp00 + Tapo — 4Ts00). (D10)
Ly = (88”58 = 1—6(—811,0,0 +16Z00 — 12300 + 3Zs00) » (D11)
L}y = (S"cac},S") = 2(41271,0 — 47110 —Zsp0 — 2Z201 + L3010 — 2La00 + L300) (D12)
Ly = <Sa5a64acza> = —2(412,1,0 — 47110 —T310 — 2To01 + L3010 — 2Z200 + Z300) (D13)

3
Ly = (S° CeaSana> = 1(312,1,0 — 27110 —Z31,0 — 3200 + L300 + 21100 — 31201

+Z301+2Z101) , (D14)
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L = <Sacgacéasa> = 1(212,0,0 —Ts00+2T010—Zsn0+4Ti01 + L1 — 42201) »
Ly = <Sa5acmcm> = 2(212,0,0 —T300+2Zo10—Zs10+4Z101 + Zs01 — 4Z201) »
Ly = <SanQSaCea> = 3(31—2,0,0 — 27100 — L300 + 32210 — 22110 — L310+ 2210,
—3Z01 +Zs01)
Ly = (S*"AATS?) = %(211,0,1 + 27111 —Zoog — Ion1),
<SQATASCL> = 2(211 10+2Z1110 —Zopo—Zona),
= (S“S*AAT) = L,
Ly = (S*S“ATA) = L],
= (S°AS°ATY = L,
= (S“ATS*A) = L] .
Also,
D,y = / dr /T1 drG (T — 7o) = ?i+iT€) ,

3

Sd+1’fe

D2¢—/ dTl\/_l_l dTQG¢ 7'1—7'2) 6(1—6)’

2N €
D3¢ :/ dTl/ dTQGd)(Tl —7'2) = Sd+17- s

e(1-¢)
Dy = / dr / drsGy(re —71) = FQ(J —1)2r>
D}, = / dr / draGly(12 = 1) = 1;((1+ —1)2r>
- [[in [ - 25752?_12% |
Dy, = / dri /T1 Gy (T —7y) = = 1;5’7Q(1+—1>27’)
Dy, = / dTl/T A Gy (T = 7y) = I2‘§“T(1+—1)27“)
Dy, = / dmy / draGy(Ti = 7o) = 2;(;112)7‘ )

Sd'+1T
ch = / dTl/ dTQGC ) 5
1 /(1 - 6/)

S/ 7'
DQC—/ dT1/ dTQGC 7'1—7'2) (d1+_1€),
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(D16)

(D25)
(D26)
(D27)
(D28)
(D29)
(D30)
(D31)
(D32)
(D33)
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25,
Dy = / dn / dryGel(my — 1) = (ii) (D35)

Note that we have evaluated the above integrals at T" = 0, by extending the integrals appropriately
as explained in Ref. [34]. Here,

dk dw e ™7 §d+1
G = — = . D
+(7) / (2m)4 27 k2 + w?  |7|dt (D36)

n= [y [ 5225
_ / dk[k|" [~¢7* (0(k)8(7) — 0(—k)O(—T))]
I'(1+r)

G

Similarly,

[6(=7) = 6()] . (D37)

From Eqs. D4 and D5 we obtain,

7= i{ 1t | (7 i) ot (i) D (210 1
0,) = =Lgs 1+ — —Lg| Dy + | ——Log| Doy +|——Lg | D
( 1) D 0 70 Lo 0 1¢ Lo 0 26 Ly 0 3¢
L’ L’ L
+ 94 (Lo L’) Dy + (Lo LB) Dy, + (L_i - LG) Déw}
Ll/ Ll/ L//
0 (Lo L”) D <L0 Lg) Doy + (Lo LS) Dgw]

L,+Ly - Lo+L, - . Ls+ Ly - -
+ ol ( Lt 1—L0—L3)D1<+( 2L+ 2—L0—L6>D2<+( i 3—L0—Lg)Dgc]}.
L 0

L() LO
(D38)
It is then straightforward to identify,
2 2 v?
Zs=1 %LV %Lg — Ly, (D39)
where,
Li+ Ly —2L
L, = 1+L2 22, (D40)
0
L L+ I/ L — 9L — 9L
Lg: l+ 1+ 2—22 3 3:4’ (D41)
0
L+ L+ Lo+ I — 2Ly — 2L
[,—tht ZJFL? & 5—0. (D42)
0
We thus have,
292 2¢?
Zszl—%—%- (D43)

This is exactly as obtained in Sec. A 8.
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2. Electron correlator

Next we evaluate the electron correlation, (Os) = (c¢(7)c(0)) = Ny/D. We have,

Ny = Py+ 73 (PiD1y + PyDoy + P3Dsy) + ga (P D}, + PyDh, + PiD},)
+ 9 (P”D/¢ + P”D/¢ -+ Pé,Dg¢) + Vo ((Pl + Pl)D1C + (Pg + PQ)DQC + (]53 -+ Pé)D3C) ,

(D44)
where,
Py = {chycta) = Tr00 + Ti10 + 2Zo01 — L1, (D45)
Py = (c}, 8" cta) = 2(412,0,0 —3Th10,0 — L300 + 42210 — 3T110 — L3.10
+2Z001 — L1010 — 2Z201 + I30,1) 5 (D46)
Py = (c},ceaS"S") = i(QIzo,o — L300 +2Lo1,0 — L310 + 4Z1 01 — 42201 + I30,1) (D47)
Py = <Cga5a0m5a> 2(312,0,0 — 27100 — L300 +3Z21,0 —2Z1,1,0 — L300 +2Z1 01
— 32501+ Z501), (D48)

Pl = <Czoéce’60}/gcea> = 32100 — L20,0+6Z110+3ZL120 —2Z210 —ZLaoo +4ZL101 — 22201

+4Z1110 — 22200 +Loo0 +Lo10+Zoo1 +ZLoaa —ZLioo —Ziao — Lo
—ZTiq1+20000 — 3L +Logg + 40100 +4L1 10 — 22901 — 21911
+ 27002 +Zi02 — L202 (D49)

P, = <Czaceace/ﬁcg/ ) =2T110+2Z190 —Z210 — Z220 + L2000+ Zo10+ Zoo1 + L2121

/ T
Py = —(coCopcracls

+2Z100+ 22100 + 22101 + 22110 — 22900 — 22210 — 22201 — 22211
—4T510 + 62110 — 2000 +Tony — 4T00,0 +4T00,0 + 2002 — Lop2, (D50)
) =2T110+2L190 — To10 — Lo20 + 200 + Ton0 + Loog +Loaa +2Z100
+2Z110+ 22101 + 22101 — 22900 — 22210 — 2Z201 — 22211 — 42011
+6Z1110 — 22211 +Zong —4T1aa + 42001 + 22102 — Lop 2, (D51)

P = <Cgacz/504/50£a> =2(Z200 — T100) +3(Z210 —Z110) — 20 + La20

P} = (clucrachaces)

+ 22901 + 22011 — 42101 — 42100 +3L1p1 +3L111 — Lo — Loaa

+ 27001 +2Zo10 +Zioq +ZLig1 — Zoor — Lo

+2Zo01+2Zo10 —4L1o1 — 41111

— 27001+ 2Zop2 + 3Z101 — 3Z102 — Lo01 + Lop2 s (D52)

=To00+ 22210+ Looo+ 22101 +2Z111 —Lopyr — Lo11
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+ 27500 +2Z21,0+2Z001 + 2219110 — 2L100 — 2Z11,0 — 2Z100 — 22111

+4Zp11 — 62111+ 22010 + 22101 +2L100 — Loon — L2

+Zo02 —4Z102 +4Zop2 (D53)
Py = _<CZQCZ/5CZO<C€’B> = 2(Zs00 — T100) +3(Z210 —Z110) — Z120 + L2920

+ 272901 +2Zo10 —4L101 — 42110 +3L100 +3Li00 — Lo — L2

+ 27001+ 22010 +Tiog +ZLig1 —Zoo1 — Lo

+ 272501+ 22011 —4Z101 — 41111

— 22001 + 2Zop2 + 3T101 — 3Z102 — Lo01 + L2025 (D54)
P = <CZQAA Cra) = 2101 +3L111 +ZLipa + 2T002 — 2Zo01 + 2Zoa2 — 2Zo110 — L1

+Tion—Tiip+Tiaa, (D55)

< ATAC@a> Tipo+2Lv10+Tioo+ZLipgr +20100 +Zi21 + 22012 — 1112, (D56)

< CeaAAT> =Tion +20111 + L1213+ 22002+ 22012 —Lio2 —Lia2, (D57)

= [acéaATA> Liio+Tiso+Tigg +Ziog +2Zo11 +2Z012—Tigg —Liag, (D58)
< JACi A > =2T101 + 311110 +ZLioq + 2Lop2 — 220,01 + 22012 — 220110 — L1

+Tion—Tiip+Tiaa, (D59)

P3 <CZQATCeaA> =Tiao+ZLig1+Zigo+ZTign +2Zo00 +22002 —Zigg —Zi12- (D60)

Note that there is a minus sign in P§ and P because we need to move ¢ across an odd number of ¢
operators to contract it with . This minus sign was missed in Refs. [20, 22] in the corresponding
terms of electron correlator (Egs. (B39) and (B42) in Ref. [20], which were also used in Ref. [22]).
However, in Refs. [20, 22] these terms vanished and hence this minus sign does not influence the

results therein. For the electron correlator we thus have,

N, P P, P;
O))=-—==PR1+~||—=—-Ly | D = _ILo|D —~ _Ly|D
< 2> D 0{ +% {(PO O) 1¢+ (PO 0) 2¢+ (PO 0) 34

[/ P! P! P!
+ g0 (F; — Lg) D, + (Fz — Lg) Dj, + (Fz — Lg) Dgw}

P// P// Pl/

+p PP P+ P
o ( Lt I—Lo—L6>D1¢+< 2; 2—Lo—L6)D2<+( e L@)Dgg]}.

0 0
(D61)
Similarly, it is then straightforward to write,
2 2 2
g 9 v
Z.=1—-—P,—=—P,——PF,, D62
L ( )
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where

P+ P, —2P; 3

T P, S
Pl + P, —2P;+ P/ + P} —2PY
P, = =2,
F
. _151+151’+152+P2’—2153—2Pg_1
v PO — 4.
Therefore we have,
2 2
Zo—1-3C L v
4e r €

which is same as obtained earlier in Sec. A 8.

3. SC order-parameter correlator

(D63)
(D64)

(D65)

(D66)

We define superconductor order parameter, A = cici = bd". We will now evaluate the correlator

of A, (O3) = (A(T)AT(0)) = N3/D. Here we have,

Ny = Ry + 72 (R Dyy + RyDay + RsDsy) + g2 (R, D}, + RyDhy, + RyD,)

+ g5 (R{DY, + RyDY, + RiDS,) +vg ((Ry + Ry)Die + (Re + Ry)Dy¢ + (Rs + Ry)Ds¢)

where,

+2Z100+Zia,2,
R;, = (ATACE'ﬂCz/ﬁ = 27020+ 2ZLp21 — 120 —Lip1 +Zi1o0+2L110 +Tia2,

R = (ATC@@’AC;/@ = 27020 — 2Zo,1,0 +2ZLp21 — 2Zo11 — Li20 +ZLigo —Zio1 +4Z1 11

+2Li10+Zia2,

R} = (ATCZ%CZ'BA> =Tio0+Zio1+2ZL010+ 420110 +2Z012 —ZL1a0 — 22111 —Lia2,

<ATACE/BC[/B> =TLi1o+ZLigg+ZLipo+Tipr +2Loa0 +2Z002 — L1 — a2,
<ATC;/ﬁAC[/B> = Rg,
(ATAATAY = T 50+ 2T001 + Lo 22,

R//
R//
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Ry = (ATATAA) = 27450 — 2T01.0 + 3Z021 — 3Zo11 + Tooo — Loz, (D79)
Ry = (ATAAAT) = 1011+1021+1012+1022, (D80)
Ry, = (ATAATA) = Ry, (D81)
Ry = (ATAAATY = Ry, (D82)
Ry = (ATATAA) = R;. (D83)

Thus we have,

NS Rl RQ R3
(O3) = D - Ro{l +7§ [(R_o - Lo) Dy + (EO — Lo) Dyy + (R_o — Lo) D3¢]
Ry R}, R}
o (Ro L/) D+ (R ~ ) Do + (RO L5> Déw]
/! /! !/
+ 9 (IR%O L”) Dy, + (R L”) (R Lg) Dgw]

D/ / D, D/
+ vl (Rl+Rl —LO—L’)D1¢+ (R2+R LO—L’)D2¢+ (R?’;R?’ —LO—Lg) Dgc] }
L 0

Ry
(D&4)
Similarly, it is the straightforward to write,
2 2 2
g g v
Zn=1—-——R,——R,— —R,, D85
2 e T o2r 9 ¢ ( )
where
Ry + Ry — 2R
R, =TT (DS6)
Ry
R R — 2R R'+ R" —92R"
Rg: 1+ 2 3+ 1+ 2 3:4’ (D87)
Ry
Ri+ R| + Ry + Ry — 2R3 — 2R
R, — Sttt i > 39, (D8R)
Ry
Therefore,
2g° 20?2
ZAzl—%—i,> (D89)
T €

same as obtained in Sec. A 8.

4. Density correlator

We also evaluate the correlator of density n = 1+ d'd — b'b. The constant 1 is not renormalized

and we ignore it here and consider n = d'd — b'b for renormalization purpose. We have (O,) =
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(n(T)n(0)) = Ny/D with

Ny = Ty + 3 (Ts D1y + Ty Day + Ty Dsy) + g2 (T, D}, + TaDly, + TyDy,)
+ g5 (17D}, + Ty Dy, + Ty Dy,) + vg ((Ty + T1)Di¢ + (T 4 T3) Da¢ + (T + T3)Dse) , (D90)

where,

= (nn) =ZLo20 +ZLoo2 — 2Zo11, (D91)
= (nS*Sn) = 2(211,2,0 + 21009 — 42111 — Lo — Loo2 +2121,1) , (D92)
= (nnS*S*) =Ty, (D93)
= (nS*nS*) =Ty, (D94)

T = <7ZC£/504/5”> =2To12 —Tia2 — 221 +ZLipg +ZLio2 +Tios —Ligg —Liap — 2Lo20
+Ti21+2Z030 —Li30 —Ligg —ZLig2+Zigo+Zi2a (D95)

Ty = <7mCe'BCZ//3> =2To12—Tia2 — 221 +ZLip1 +ZLio2 +Tios —LZigg —Liap — 2Lo20
+ZTip1+ 22030 —Z1s0 —Ziga —Tip2t+Zigo +Li2a, (D96)

Ts = <nc@5nc€, ) =2Zp10—Ti12—2Tp21+ 22011 +Tion —Tiaa+Tioa + 22102+ L1
—Th11—Ti12— 221 +Zi21 +2T0 30 — 2Zp20 — L1530 + L1200

—Tiao0—2Lia0—Tiao+Tipo + 2121, (D97)
T = <nc},604/5n) =TLio2+ZLig2—Tigg —Tion + 22003 — Lio3 — 2Zop2 + 112

—Tiag—Tipn +ZLipo+Tiso—2Zoi2+ZLiao+2Loo1 — L1, (D98)
Ty = <7m02/506'ﬂ> =Tio2+ZLin2—Tiag —Zioq +2Z003 —Z1o3 —2Zo12+ 21112

—Tiaa—Tipqn +ZLipo+Tiso—2Zoi2+ZLiao + 2021 — L1, (D99)

Ty = <nC}/ﬁnCe'ﬂ> =Tio2+ZLin2—Tio1 — 201010 — 121+ 22003 — 22002 — L1033 +Zio2
—Tiag—Tipa +ZLiao+ 20100 +Liso — 2Zo12 +2Z010 +Tia2 — L1

+2Z021—Z121, (D100)
Ty = (nAATn) = Too 5+ Toas — 22012 — 2Z022 + Lo21 + Zoaa (D101)
T = (nATAn) = To15 + Lo 5 — 2Zo21 — 2Lo22 + Zog0 + Zos1 » (D102)
Ty = (nnAAY = T3 +To13 — 2To10 — 22022 + To21 + Los. (D103)
Ty = (nnATA) = To10 + To13 — 2T001 — 2Z02.2 + Toso + Los. (D104)
Ty = (nAnAT) = Ty 03 — Too2 + Zoas — Zorz — Looz — 2012 — Lo
—Zop2+Zoa1 —Zoz2+Zo21 +Zoxa +2Zo21 +Zos s (D105)
Tj = (nATnA) = To11 +2Zo12 + Zoas — Zoga + Zoaa — o2z + Loz
—To2,0 — 2ZLo21 — Lo22 +ZLoso +Zoz1 — Lo20 — Lo2,a - (D106)
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Thus we have,

Ny T, T Ty
[ /T! T T!
2 1 2 3
w4 (7 = 4) i (7 4) o (7 4) P4

B T// T// T//
+ g2 (ﬁ — Lg) DY, + (?Z — Lg) Dy, + (ﬁ — Lg) D§¢}

(T + T - To+Ty  — Ts+T, - -
p (P L ) Dt (22 Lo I Dac ot (2B Lo~ L) Dac| b
[\ To Ty Ty
(D107)
Similarly, it is then straightforward to write,
2 2 2
Zp=1— %T7 - g—ng - Z—,Tv , (D108)
where
T+ T, — 275
T, = — =0, (D109)
Tl T/ _ 2T/ T// Tl/ _ 2T//
Tg: 1+ 2 3_;1—{— 2 3:47 (D]_l())
0
Ty + T{+ Ty + T} — 2Ty — 2T
TU: 1+ 1+ 2+T2 3 3:4 (Dlll)
0
Therefore,
2g° 4o
Zy=1-" 2 (D112)
T €

same as evaluated in Sec. A 9.

5. Beta functions

We are now in a position to write the beta functions for the coupling constants. Using Eq. D1

we find three equations,

€ Y aZS Y 825 Y 8ZS .
02+ |25 - 152 6y - 15200 - 1) =0, (D113)

_ g0Z, g0Z, g0Z, B
raZa+ | 2= 55| Bla) - 5500 - §5e6(0) =, (D114)

¢ vOZA vOZA RO YAN B
50Za+ [ZA - 55] Bv) — 58—95(9) - §Wﬁ(7) =0. (D115)
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We have used the exact relations Zg = Zv = Z, = 1 in obtaining these equations. Solving these
three equations and using the expressions for the renormalization factors found above we obtain

the following one-loop beta functions,

P P P, 3 v?
Blo) = —T9+ 59"+ 597" + 590" = —Tg + 9"+ 297" + —92 : (D116)
€ L L L, €
B = =357+ 7773 + 79792 + 77112 =57+ 7+ 27g°, (D117)
" R, ., R R /
ﬁ(v) = _%U + 71)3 + 791)92 + 7711'72 = _%U + v* + 2”92 . (D118)

These are exactly the same as Eqs. (3.14) - (3.16) derived in Sec. 11 C using diagrammatic RG
with electron operator, as well as Eqs. (A25) - (A27) found using the fractionalized RG method
in Sec. Ab5. Therefore the fixed points are also the same as obtained earlier as well as all the

exponents. Hence we do not discuss them here again.
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