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The Sachdev-Ye-Kitaev (SYK) model describes electrons with random and all-to-all interactions,
and realizes a many-body state without quasiparticle excitations, and a non-vanishing extensive en-
tropy S0 in the zero temperature limit. Its low energy theory coincides the low energy theory of the
near-extremal charged black holes with Bekenstein-Hawking entropy S0. Several mesoscopic experi-
mental configurations realizing SYK quantum dynamics over a significant intermediate temperature
scale have been proposed. We investigate quantum thermoelectric transport in such configurations,
and describe the low temperature crossovers out of SYK criticality into regimes with either Fermi
liquid behavior, a Coulomb blockade, or criticality associated with Schwarzian quantum gravity
fluctuations. Our results show that thermopower measurements can serve as a direct probe for S0.

I. INTRODUCTION

The Sachdev-Ye-Kitaev (SYK) model [1, 2] is a
strongly interacting quantum many-body system with-
out quasiparticle excitations that is maximally chaotic,
nearly conformally invariant, and exactly solvable in the
limit of large number of interacting particles. It also pro-
vide a simple holographic model of charged black holes
with AdS2 horizons, and the low energy theories of black
holes and the SYK model coincide both at leading [3, 4]
and sub-leading order [2, 5–11].

There have been a number of interesting proposals
towards realizing mesoscopic strongly-interacting corre-
lated electron systems in the presence of disorder and
narrow single-particle bandwidth [12–15]; others have ad-
vocated realization by quantum gates [16]. Here, we focus
on the ‘quantum simulation’ point-of-view in the meso-
scopic realizations. These have the added benefit of pro-
viding insight into the relevance of SYK to the naturally
occurring correlated electron systems [17]. A particularly
attractive experimental configuration can be built on the
zeroth Landau level in irregular-shaped flakes of graphene
[14], however our study addresses a more general case of
SYK islands independently of various possible physical
realizations.

The existing theoretical studies of such mesoscopic
‘SYK islands’ have focused on electrical transport be-
tween the SYK island and a normal metal lead [12–
15, 17, 18]. Here we extend these analyses to thermoelec-
tric transport in general. We will show below that the
thermopower Θ of an SYK island offers a direct probe
of the entropy per particle. In particular, such measure-
ments should be able to extract a unique feature of the
SYK model, its non-vanishing extensive entropy in the
low temperature (T ) limit, S0 6= 0. And this residual
entropy is directly connected to the Bekenstein-Hawking
entropy of extremal charged black holes [3].

In any realistic experimental configuration, SYK crit-
icality (and the black hole mapping) is only expected
to exist in an intermediate temperature scale below the

SYK random interaction scale J , and above a lower cut-
off energy scale. Depending upon the experimental con-
figuration, there are different possibilities for the largest
lower energy scale:

1. The ‘coherence’ scale

Ecoh =
t2

J
, (1)

where t is the bandwidth of the single-particle
states. We always assume t < J , for otherwise the
SYK regime does not exist at any T . For T < Ecoh,
quasiparticles re-emerge, and there is a Fermi liq-
uid regime, whose properties will be recalled in Sec-
tion III B. The crossover from SYK to Fermi liquid
behavior will be described in Section III A.

2. The charging energy EC . For T < EC , the
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FIG. 1. A sketch for an SYK island (center) characterized by
a random interaction of mean-square strength J , a random
electron hopping of mean-square strength t, and a dimen-
sionless particle-hole asymmetry parameter E . The island is
coupled to normal metal leads by hopping λi, and this is char-
acterized by an energy scale Γ ∝ |λi|2× (density of states in
the leads). The SYK behavior requires Γ, t� J .
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Coulomb blockade appears, and its interplay with
SYK criticality was investigated partly in Ref. 17,
but not for the case of thermopower. We will de-
scribe this crossover in Section IV.

3. The interaction energy scale J/N , where N is the
number of single particle states. The crossover
at T ∼ J/N is associated with quantum grav-
ity fluctuations described by the Schwarzian theory
[2, 5, 6, 19]. This crossover has been investigated
numerically in Ref. 20, but not for transport ob-
servables. We will discuss it in Section V.

Our paper will investigate the associated crossovers out
of SYK criticality at these 3 energy scales, especially in
the thermopower.

Fig. 1 illustrates another energy scale, Γ, associated
with the coupling to the metallic leads. All our results
in this paper will be in the limit Γ→ 0.

A. SYK criticality and thermopower

This subsection will recall some of the key properties
of the SYK criticality, obtained when all the 4 energy
scales just noted are vanishingly small. We also outline
our main new results on the thermopower.

Of particular interest to us is how the properties of
the complex SYK model (a model built on complex
fermions), evolve as a function of the conserved U(1)
charge, the electron density Q. The ground state of this
model realizes a critical phase, over a range of values of
the chemical potential µ, or Q. For a model with mean-
square random interaction of strength J , the imaginary
time electron Green’s function obeys at times |τ | � 1/J

G(τ) ∼


−τ−2∆ τ > 0

e−2πE(−τ)−2∆ τ < 0

, T = 0 (2)

where ∆ = 1/4 is the scaling dimension of the electron
operators. Our interest here focuses particularly on the
particle-hole asymmetry E , which can be expressed as a
function of Q via a Luttinger-like relation [19, 21, 22].

E =
1

2π
ln

sin(π∆ + θ)

sin(π∆− θ) ,

Q =
1

2
− θ

π
+

(
∆− 1

2

)
sin(2θ)

sin(2π∆)
. (3)

For the specific case of the pure SYK model with infinite-
range interactions, numerical studies [1, 21, 23–25] show
that solutions with variable Q and E exist for 0.2 < Q <
0.8 or |E| < 0.14 [25, 26].

Note that the particle-hole asymmetry in (2) is signif-
icantly stronger than that in a Fermi liquid case. Even
in the presence of an energy dependent density of states,
the electron Green’s function of a Fermi liquid is particle-
hole symmetric, with G(τ) ∼ −1/τ at large |τ |, with the

same amplitude for both signs of τ . So formally, E = 0
for a Fermi liquid.

The strong particle-hole asymmetry of the SYK model
is intimately connected to its extensive entropy as T → 0
via the relation [19, 21, 22]

dS
dQ = 2πE , (4)

where N is the number of sites in the SYK model, and
S ≡ S0/N is entropy density in the limit where N →∞
first, followed later by T → 0. (Eq. (4) also shows that
E = 0 in a Fermi liquid, because S vanishes as T → 0
in a Fermi liquid.) The relationship (4) was obtained
by Georges et al. [21], building upon large N studies
of the multichannel Kondo problem [27]. Independently,
this relationship appeared as a general property of black
holes with AdS2 horizons [28, 29], where E is identified
with the electric field on the horizon [30].

We now turn to the thermopower, Θ, and its connec-
tion to the entropy. In Fermi liquids, the thermopower is
usually computed by the ‘Mott formula’

Θ =
π2

3

k2
BT

e

∂ lnσ

∂εF
, (5)

where σ is conductivity at Fermi energy εF (we set
kB = 1 elsewhere). Note that the thermopower vanishes
as T → 0, and is proportional to particle-hole asymme-
tries which lead to a Fermi energy dependence in the
conductivity. If we assume that such dependence is en-
tirely due to the density of states (and not due to the
scattering time), then (5) can be written as

Θ =
1

e

dS
dQ , (6)

an expression dubbed as the ‘Kelvin formula’ in Ref. 31.
As the entropy vanishes linearly with T in a Fermi

liquid, (6) implies that the thermopower also vanishes
linearly with T . The Kelvin formula was originally pro-
posed as an approximate empirical formula useful in cer-
tain strongly correlated systems [31, 32].

Turning to thermopower in systems without quasipasi-
particles, Davison et al [22] showed that the Kelvin for-
mula was exact for transport in lattices of coupled SYK
islands. Given the non-vanishing of S as T → 0, this
implies that Θ also remains non-zero as T → 0, in strik-
ing contrast from a Fermi liquid. It was also found [22]
that the Kelvin formula was an exact general feature of
charged black holes with AdS2 horizons. We are inter-
ested here in transport between a single SYK island and
normal metal leads, a general idea is sketched in Fig. 1
(in contrast to transport between 2 SYK islands in the
lattice models [22, 33–37]). One of our new results is
that in the single-channel lead configuration, and under
conditions in which the transport is dominated by SYK
correlations (specified more carefully in the body of the
paper), we have the thermopower

Θ =
2

3e
2πE . (7)
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So as in other systems, the thermopower is intimately
connected to the Q dependence of the entropy, via (4).
One of our main observations is that the relations (2), (4),
and (7) link together the surprising features of the SYK
model: (i) the strong particle-hole asymmetry in the low
energy limit, (ii) the non-vanishing extensive entropy as
T → 0, and (iii) the non-vanishing thermoelectric power
as T → 0.

The outline of the remainder of the paper is as fol-
lows. We will setup the basic formalism for the transport
across SYK islands in Section II. To set the stage, Sec-
tion III B will investigate the familiar disordered Fermi
liquid regime, when Ecoh is the largest of the low en-
ergy cutoffs, and T < Ecoh. Then Sections III A, IV, and
V will discuss the low T crossover out of SYK critical-
ity controlled by the 3 energy scales noted earlier in this
introduction. We will discuss possible values of experi-
mental parameters, and these energy scales in Section VI.

II. SETUP

We will model the SYK island by a Hamiltonian, HI

with random interactions and hopping, and a bare charg-
ing energy E0

C :

HI =
1

(2N)3/2

N∑
ij;kl=1

Jij;klc
†
i c
†
jckcl (8)

+
1

N1/2

N∑
ij=1

tijc
†
i cj − µ

∑
i

c†i ci +
E0
C

2

(∑
i

c†i ci

)2

.

Here Jij;kl is random interaction with zero mean and
root-mean-square magnitude J (〈Jij;kl〉 = 0, 〈|Jij;kl|2〉 =
J2), and tij is random hopping with zero mean and root-
mean-square magnitude t (〈tij〉 = 0, 〈|tij |2〉 = t2). The
bare charging energy E0

C is renormalized to EC by the
Jij;kl interactions, as was computed in Ref. 19; we will
use the renormalized EC in all our results.

The large N retarded electron Green’s function, G(ω)
can be computed numerically at EC = 0 for all ω, T ,
µ, J , and t by solving a set of integro-differential equa-
tions. The solutions of these equations where described
elsewhere in the literature [34, 38] for E = 0. We have
extended these numerics to non-zero E(Q), with

Q =
1

N

∑
i

〈c†i ci〉 , (9)

and will describe the implications for thermoelectric
transport in Section III. We will also describe the ex-
tension to non-zero EC (at t = 0) in Section IV, and the
Schwarzian fluctuations at non-zero J/N in Section V.

A crucial feature of this solution for t � J (which
we assume throughout) is the emergence of a low energy
scale Ecoh which was defined in (1) as the first of low en-
ergy cutoffs for SYK behavior. When Ecoh is the largest
of the low energy cutoffs, then for T < Ecoh (but T larger

than the other of the low energy cutoffs), we recover the
physics of a disordered Fermi liquid, albeit with strong
renormalization from the interactions.

Let us now couple the island to the leads (Fig. 1).
Here we follow the approach of Gnezdilov et al. [18], and
model the leads by

H = HI +
∑
q

εq a
†
qaq +

∑
i,q

λic
†
iaq + λ∗i a

†
qci. (10)

The new terms represent dispersive electrons (a†p, ap) in
the single-channel contact with a dispersion εq near the

Fermi surface. The SYK quantum dot fermions c†i and
the lead fermions with ap are coupled by the random hop-
ping λi. The coupling to the leads will be characterized
by the energy scale

Γ = πρlead

∑
i

|λi|2, (11)

where ρlead is the density of states in the lead. In the
limit Γ → 0, the non-linear electrical transport of H is
described by the differential conductance [18, 39]

dI

dV
=

4Γe2

h

ˆ ∞
−∞

dωf ′(ω − eV )ImG(ω) (12)

where G is the retarded Green’s function of HI alone,
f(ω) = 1/(eω/T + 1) is the Fermi function, and a factor
of 2 for electron spin has been included.

For linear thermoelectric transport, we use expressions
derived by Costi and Zlatić [39]. We define

Lij =
2Γ

π~

+∞ˆ

−∞

dω ωi+j−2f ′(ω)ImG(ω) . (13)

Then we have for the electric conductance σ, thermal
conductance κ, and the thermopower Θ (see also Ref. 40
and 41)

σ = e2 L11,

κ = β

(
L22 −

L2
12

L11

)
,

Θ =
β

e

L12

L11
, (14)

where β = 1/T . The following sections will evaluate
these expressions in different regimes depending upon the
relative values of the small energy scales T , Ecoh, and EC .

III. CROSSOVER FROM SYK TO FERMI
LIQUID

We begin with the case in which Ecoh in (1) is the
largest of low energy cutoff scales i.e. Ecoh, T �
J/N,EC . Then there is a crossover from SYK criti-
cality for Ecoh � T � J to a Fermi liquid regime for
EC � T � Ecoh.
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A full description of the crossover requires numerical
results for G(ω), which generalize the earlier computa-
tions [34, 38] to non-zero E . Our numerical results for
crossover bewteen these two regimes at fixed filling Q
are presented in Fig. 2.

More complete analytic results are possible for the lim-
iting SYK regime for Ecoh � T � J , and for the Fermi
liquid regime for T � Ecoh, and we will present them in
the following subsections.

A. Pure SYK regime

We consider the main regime of interest to us, when
T is larger than all the low energy cutoffs mentioned in
Section I, but we have T � J .

To leading order, we may set Ecoh = 0. Analytic ex-
pressions for the Green’s function are possible for t/J = 0
and T � J . Then we can use the conformal form of the
(retarded) SYK Green’s function

G(ω) =− ie−iθ
( π

cos 2θ

)1/4
(

β

2πJ

)1/2

× Γ( 1
4 − i

2πβω + iE)

Γ( 3
4 − i

2πβω + iE)
, (15)

where Γ(x) is the Gamma function.
We find that the SYK state has a finite, temperature-

independent thermopower, a consequence of finite
Bekenstein-Hawking entropy S0 associated with the SYK
state. In the case of single-island pure SYK flake we find
the thermopower Θ is directly connected to particle-hole
asymmetry E :

Θ =
β

e

´ +∞
−∞ dω ωf ′(ω) ImG(ω)´ +∞
−∞ dωf ′(ω) ImG(ω)

=
4π

3e
E . (16)

This T -independent thermopower holds for T > Ecoh ∼
t2/J , and vanishes linearly with T in the Fermi liquid
regime T < Ecoh (we are assuming here that the other
cutoff energy scales discussed in Section I are even smaller
than Ecoh

It is useful to compare (16) with the result obtained
for the case of thermoelectric transport between SYK
islands, in contrast to the transport with normal metal
leads, as in Fig. 1. Then the corresponding expression
for the thermopower was obtained by Patel et al. [37]

Θ =
β

e
,

´ +∞
−∞ dω ωf ′(ω) [ImG(ω)]2´ +∞
−∞ dωf ′(ω) [ImG(ω)]2

=
2π

e
E . (17)

Note that we now have 2 powers of the Green’s func-
tion in the numerator and denominator because both the
initial and final locations of the electron are on SYK is-
lands. Moreover, we find that the Kelvin relation (6) is
then precisely satisfied.
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FIG. 2. Crossovers in transport from the SYK regime at
T > Ecoh, to Fermi liquid behavior at T < Ecoh. There
is no divergence in the conductances as T → 0, and they
saturate at values related to those in (24), with an energy
scale of order Ecoh replacing t, µ. It is assumed here that
T,Ecoh � EC , J/N . We use J = 10, t = 0.1, and Q = 1/3.

The remaining transport properties in the SYK regime
can be obtained by inserting (15) into the expres-
sions in Section II. We obtain for T � J , and T �
Ecoh, J/N,EC :

eΘ =
4π

3
E ,

~σ
Γe2

=
[
0.72 +O(E2)

] 1√
JT

~κ
ΓT

=
[
1.42 +O(E2)

] 1√
JT

(18)

(the exact value of conductance prefactor is

2
√

2π−1/4Γ(3/4)/Γ(1/4) = 0.72). The Lorenz ratio
linking electrical and thermal conductance is

e2κ

σT
=
π2

5
+

1

5

(
4π

3
E
)2

, (19)
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and is T -independent, but its value is distinct from the
Lorenz number = π2/3 ≈ 3.29 in a Fermi liquid.

Recently, themoelectric cooling and power generation
in nanodevices, characterized by computed thermoelec-
tric figure of merit, has attracted significant attention
[42–44]. We calculate this quantity for a SYK island.
The maximum efficiency of electricity generation by a
thermoelectric device is typically described in terms of
its figure of merit Z:

Z =
L2

12

detLij
=

Θ2σT

κ
. (20)

For SYK criticality, thethermoelectric figure of merit is

Z =
5(eΘ)2

π2 + (eΘ)2
. (21)

This can be larger than in a Fermi liquid which has Z ∼
(T/EF )2, where EF is the Fermi energy.

B. Fermi liquid regime

Next, we present the familiar results in the Fermi liquid
regime T � Ecoh, but T � EC . The random SYK
interactions are formally irrelevant, and can be accounted
for by a renormalization in the value of t to Ecoh [34, 38].
We just present the results without this renormalization
here, but it should be kept in mind that for the results
in this section t should be replaced by an energy of order
Ecoh when t� J .

The Green’s function can be computed exactly in the
absence of interactions by solving a quadratic equation
[38]

G(ω) =
1

2t2

(
ω + µ−

√
(ω + µ)2 − 4t2

)
, (22)

which yields the well-known semi-circular density of
states of a random matrix. We denote

ρ = − 1

π
ImG(0)

ρ′ = − 1

π

d

dω
ImG(ω)

∣∣∣∣
ω=0

, (23)

as the density of states, and its derivative, at the Fermi
level. Then the thermoelectric responses are

eΘ =
π2T

3

ρ′

ρ

~σ
Γe2

= 2ρ

~κ
ΓT

=
2π2

3
ρ . (24)

As we can see, the thermopower Θ vanishes as T → 0,
which is a general phenomenon for interacting matter
with quasiparticles. Both the Mott Law and Wiedemann-
Franz Law hold, and the Lorentz number is L =
e2κ/(σT ) = π2/3, as well as the Mott number is M =
Θ/(Tρ′/(eρ)) = π2/3.

IV. CHARGING ENERGY

We now turn to the case where the charging energy EC
is the largest of the low energy cutoffs. We will consider
the crossover around T ∼ EC , with T < J , as always.
But in this section we assume EC � Ecoh, J/N .

Here we have consider the consequences of fluctuations
in the total charge, Q = NQ, of the SYK ideal. A com-
plete theory for such fluctuations was presented recently
in Ref. 19, and we recall essential aspects for our pur-
poses.

We need the corrections to the SYK Green’s function
from the charge fluctuations. This correction will arise
from the fluctuations of a conjugate phase field λ(τ), and
a time reparameterization field ϕ(τ). From Eqs (2.47)
and (2.48) of Ref. 19, the Green’s function of the complex
SYK model is given by

G(τ1 − τ2) = −b∆
〈
ϕ′(τ1)∆ϕ′(τ2)∆ (25)

×
(

2 sin
ϕ(τ1)− ϕ(τ2)

2

)−2∆

× exp
[
iλ(τ1)− iλ(τ2) + E (π − ϕ(τ1) + ϕ(τ2))

]〉
Ieff [ϕ,λ]

where the imaginary action for the fields ϕ(τ) and λ(τ)
is given by

Ieff [ϕ, λ] = −S0(Q) +
1

2EC

ˆ β

0

dτ
(
λ′(τ) + iEϕ′(τ)

)2
− CSch

ˆ β

0

dτ Sch

(
tan

ϕ(τ)

2
, τ

)
. (26)

Here ∆ = 1/4 is the scaling dimension of the electron
operator, the prefactor b is

b =
(1− 2∆) sin(2π∆)

2πJ2(cosh(2πE) + cos(2π∆))
, (27)

S0(Q) is the zero temperature entropy at the equilibrium
total charge Q, the field ϕ(τ) is a monotonic time repa-
rameterization obeying

ϕ(τ + β) = ϕ(τ) + 2π , (28)

and λ(τ) is a phase field obeying

λ(τ + β) = λ(τ) + 2πn , (29)

with integer winding number n conjugate to the to-
tal charge Q. The notation Sch(f(x), x) stands for the
Schwarzian derivative

Sch(f(x), x) :=
f ′′′

f ′
− 3

2

(
f ′′

f ′

)2

. (30)

In (26), we have replaced the coupling NK ∼ N/J in
Ref. 19 by the inverse of the charging energy, 1/EC , to
correspond to the notation of Ref. 17, and the co-efficient
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of the Schwarzian, Nγ/(4π2) ∼ N/J , by CSch to corre-
spond to the notation of Ref. 20.

In the leading large N limit, we can replace ϕ(τ) and
λ(τ) in (25) by their saddle-point values ϕ(τ) = 2πτ/β
and λ(τ) = 0. This yields a G(τ) whose Fourier transform
is (15).

We now turn to fluctuations. In the present section,
with EC � J/N , the fluctuations of λ(τ) are more impor-
tant than those ϕ(τ). As the action for λ(τ) is Gaussian,
the path integral over λ is relatively easy to evaluate.
First we consider the partition function

Zλ
eS0(Q)

=

ˆ Dλ
U(1)

exp

(
− 1

2EC

ˆ β

0

dτ
(
λ′(τ) + iEϕ′(τ)

)2)
,

where we have divided the integral by the volume of U(1)
because we should view U(1) as a gauge symmetry. The
prefactor eS0(Q) reflects the multiplicity of the states.
We will see that this partition function and the corre-
lator needed for (25) are independent of ϕ(τ). Related
partition functions have also been evaluated recently in
Ref. 45. We now change variables to λ̃(τ), where

λ(τ) = λ̃(τ) + 2πn
τ

β
+ iE

(
2π

β
τ − ϕ(τ)

)
; (31)

from (28) and (29) we see that λ̃(τ) is periodic

λ̃(τ + β) = λ̃(τ) . (32)

Then we can write the path integral over λ̃ as

Zλ = eS0(Q)

( ∞∑
n=−∞

exp

[
− 2π2

βEC
(n+ iE)2

])

×
ˆ Dλ̃

U(1)
exp

[
− 1

2EC

ˆ β

0

dτ
(
λ̃′(τ)

)2
]
. (33)

The second term is just the imaginary time amplitude
for a ‘free particle’ of mass 1/EC , moving on an infinite
line, to return to its starting point in a time β [46]. In
this manner, we obtain

Zλ =

√
2π

βEC
eS0(Q)

∞∑
n=−∞

exp

[
− 2π2

βEC
(n+ iE)2

]
.(34)

This expression is convergent for all values of βEC , but
rapidly so when βEC � 1, when the leading contribution
is just the n = 0 term. Conversely, when βEC � 1, it is
easier to use the equivalent expression obtained from the
Poisson summation formula

Zλ = eS0(Q)
∞∑

p=−∞
exp

[
−βECp

2

2
+ 2πEp

]

=

∞∑
p=−∞

eS0(Q+p) exp

[
−βECp

2

2

]
, (35)

where we have used (4). The expression (35) has a sim-
ple interpretation: it is the sum over states with total

charge Q+p, with near-degeneracy eS0(Q+p), and energy
(1/2)ECp

2. For βEC � 1, the p = 0 term dominates.
Next, we consider the Green’s function

Gλ(τ1 − τ2) = (36)〈
exp
[
iλ(τ1)− iλ(τ2) + E (π − ϕ(τ1) + ϕ(τ2))

]〉
Zλ
.

Evaluating this with the parameterization (31), in a man-
ner similar to Zλ, we obtain

Gλ(τ) = exp

[
E
(
π − 2π

β
τ

)]
eS0(Q)

Zλ

√
2π

βEC

×
∞∑

n=−∞
exp

[
i
2πn

β
τ (37)

− 2π2

βEC
(n+ iE)2 − EC

β

∑
ωm 6=0

1− eiωmτ
ω2
m

]
,

where ωm is a bosonic Matsubara frequency. The sum-
mation over ωm can be evaluated exactly [47], and we
obtain (assuming henceforth that |τ | ≤ β)

Gλ(τ) = exp

[
E
(
π − 2π

β
τ

)
− EC

2

(
|τ | − τ2

β

)]
(38)

×e
S0(Q)

Zλ

√
2π

βEC

∞∑
n=−∞

exp

[
i
2πn

β
τ − 2π2

βEC
(n+ iE)2

]
.

This expression is rapidly convergent when βEC � 1,
and the leading answer is the n = 0 term. For βEC � 1,
it is easier to use the equivalent expression obtained from
the Poisson summation formula

Gλ(τ) =
eS0(Q)

Zλ
exp

[
πE − EC

2
|τ |
]

×
∞∑

p=−∞
exp

[
−βECp

2

2
+ 2πp

(
E − ECτ

2π

)]
. (39)

The expression (39) agrees with Eq. (11) in the supple-
ment of Ref. 17.

Returning to the full Green’s function in (25), noting
that Gλ(τ) is independent of ϕ(τ), we can write

G(τ) = −b∆ Gλ(τ)GSch(τ) (40)

where Gλ(τ) is specified either by (38) or (39), and GSch

is to be obtained from the Schwarzian path integral over
ϕ(τ) which reduces to that evaluated earlier for the Ma-
jorana SYK model [20, 48–50]. The expression (40) is ac-
tually valid for arbitrary ratios between the energy scales
T , J/N and EC . But for the case T,EC � J/N of inter-
est in the present section, we can approximate the path
integral over ϕ(τ) by its saddle point ϕ(τ) = 2πτ/β,
whence

GSch(τ) ≈
(
β

π
sin

πτ

β

)−2∆

. (41)
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FIG. 3. Crossovers in transport from the SYK regime at
T > EC , to Coulomb blockade behavior at T < EC . It is
assumed here that T,EC � Ecoh, J/N . We use J = 100 and
E = 0.05. The values of EC are EC = 0 (red), EC = 0.2
(green), and EC = 0.4 (blue).

We now take the Fourier transform of (40, 41), and an-
alytically continue to obtain G(ω) at real frequencies; see
the Appendix of Ref. 47 for a similar computation with
n = 0 term for Gλ in (38) at E = 0. This computation is
described in Appendix A. Inserting the Green’s function
so obtained, we can compute the transport properties at
non-zero EC from the expressions in Section II: the nu-
merical results are presented in Fig. 3.

For T � EC , the results are described in Section III A.
For Ecoh, J/N � T � EC we obtain the limiting forms

eΘ ∼ EEC
T

~σ
Γe2

,
~κ
ΓT
∼ e−EC/T

e2κ

σT
∼ (0.13 +O(E2))

E2
C

T 2
. (42)

Transport is exponentially suppressed by the charging
energy in this Coulomb blockade regime. Nevertheless

Θ ∼ 1/T from the structure of the exponential factors.
Terms higher order in the coupling to the leads, Γ, can
become important in this Coulomb blockade regime [17],
as we will discuss briefly in Section VII A.

V. SCHWARZIAN CORRECTIONS

This section considers the case where the lower energy
cutoff to SYK criticality is provided by J/N , the third
case in Section I. In this case, the crossover at the scale
J/N is described by the Schwarzian quantum gravity the-
ory. The other lower-cutoffs in Section I are presumed to
be at lower energy i.e. we assume in this section that
J/N � EC , Ecoh.

The expression (40) can also be used in the present
section. Now because we assume T, J/N � EC in the
present section, we can evaluate the λ integral at the sad-
dle point level, while the Schwarzian integral over ϕ has
to be exactly evaluated (note that this the complement
of the method in Section IV). So we can use

Gλ(τ) ≈ exp

[
E
(
π − 2π

β
τ

)]
(43)

which is the n = 0 term in (38) for βEc � 1. For GSch(τ),
we use the expression presented in Eq. (20) of the sup-
plement on Ref. 20. We compute G(ω) with this simpli-
fication in Appendix A. We also further compute G(ω)
without either of the simplifications of (41, 43) in that
Appendix.

From the G(ω) so obtained, we can compute the trans-
port properties as in Section II, leading to the numerical
results presented in Fig. 4. For T � J/N , the results are
described in Section III A. For Ecoh, EC � T � J/N we
obtain the limiting forms

eΘ ∼ 3.1E
~σ
Γe2
∼ [1.3 +O(E2)]

NT 1/2

J3/2

~κ
ΓT
∼ [4.5 +O(E2)]

NT 1/2

J3/2
. (44)

In this regime with T � J/N there is a Schwarzian criti-
cality with a fermion scaling dimension ∆ = 3/4 [48], and
we understand the power-laws in (44) from this value.

VI. EXPERIMENTAL PARAMETERS

We now present some estimates of parameters for
the proposed realization of SYK phases in an irregular-
shaped graphene flake [14]. Their proposal depends on
the physics of Dirac electrons in strong magnetic fields.
The magnetic fields should be sufficiently strong to en-
sure the well-defined Landau levels in a sub-micrometer
graphene flake. One can work with B ≈ 10 T in the
current state of quantum transport experiments. The
typical length scale set by external magnetic fields is
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FIG. 4. Crossovers in transport from the SYK regime at
T > J/N , to Schwarizan dominated behavior at T < J/N .
It is assumed here that T, J/N � Ecoh, EC . We use J = 1
and E = 0.05. The values of N are N = ∞ (red), N = 1000
(green), and N = 100 (blue).

lB =
√
h/eB, which for B =10 T gives magnetic length

scale lB ≈ 8 nm. We propose a graphene flake of size
L ' 80 nm should allow the wavefunctions to be sensi-
tive to the disorder originating from the edges. For such
length scales, the number of states in the lowest Lan-
dau level is hundreds, N ≈ Φ/Φ0 ∼ 102. This sets the
number of states for the SYK electrons N .

We have two initial energy scales: the strength of the
SYK interactions in Ref. 14 is estimated as J ≈ 25 meV,
but this is likely to decrease with the effective system
size L/lB (J vanishes for infinite-size monolayer); we take
here J ≈ 10 meV as a reasonable estimate for our L ' 80
nm flake. The finite bandwidth of the lowest Landau level
(LLL) is set by bulk disorder and is estimated to be t ≈ 1
meV in realistic samples.

These estimates yield a rather low energy for the co-
herence scale Ecoh ≈ 1 K for the crossover in Section III.
The crossover for the Schwarzian corrections in Section V
is similar J/N ≈ 1 K. Finally, the charging energy EC ,

relevant for Section IV can be controlled by tuning the
capacitance of the system independently from other ef-
fective parameters (flake size, dielectric constant, sepa-
ration to the gate, and etc.). This can be achieved, for
example, by putting the back gate in the proximity of the
dots, which increases capacitance C of the quantum dot
in the controllable way. Depending on the thickness of
the dielectric layer, the charging energy of the quantum
dot C can be tuned between 0.5 to 50 K.

VII. CONCLUSIONS

The SYK model realizes a many-body state of quan-
tum matter without quasiparticle excitaions. Its unusual
properties include a non-vanishing entropy density in the
zero temperature limit, and a maximal quantum Lya-
punov exponent. Its low energy theory is identical to
those of charged quantum black holes which also share
these properties.

One of the main points of our paper is that the large
low T entropy density has a direct experimental signature
in the thermopower. We examined in detail the experi-
mental configuration shown in Fig. 1: with a SYK island,
realized e.g. in a graphene flake as proposed in Ref. 14,
coupled to metallic leads. We computed the characteris-
tic signature of SYK criticality in the electrical conduc-
tance, the thermal conductance, and the thermopower,
and the main results are in (18).

Every experimental realizations will have some low
temperature cutoff below which the SYK criticality de-
scribed above will not hold. We consider three possi-
bilities for this cutoff: the coherence energy Ecoh in (1)
below which quasiparticles re-emerge (see Section III and
(24)), the charging energy EC (see Section IV and (42)),
and finite N effects which appear below the scale J/N
and are described by quantum gravity fluctuations con-
trolled by a Schwarzian action (see Section V and (44)).
The effects of these crossovers in the transport properties
are contained in Figs. 2, 3, and 4 respectively.

An examination of these figures show that the ther-
mopower, Θ, has distinctive signatures, which will al-
low identification of the SYK regime, and the nature of
the low T crossover. The thermopower is T independent
in the SYK regime T < J , and remains nearly so into
the crossover into the Schwarzian dominated regime at
T < J/N (see Fig. 4); this reflects the presence of the
zero temperature entropy S0. For the case of a low T
crossover into the Fermi liquid, Θ vanishes linearly with
T , reflecting the vanishing entropy of the Fermi liquid
(see Fig. 2); and for a low T crossover into the Coulomb
blockade, Θ increases (see Fig. 3). Figs. 2, 3, and 4 also
contain the crossovers in the electrical and thermal con-
ductance, which should serve as additional experimen-
tal diagnostics, and allow conclusive identification of a
regime of a SYK criticality.



9

A. Larger Γ

An important topic for future work is the influence of
larger values of the coupling, Γ, between the SYK island
and the metallic leads. It is not difficut to determine from
perturbation theory that the energy scale Γ2/J controls
the low temperature crossover out of the SYK regime due
to the coupling to the leads. This is similar to coherence
scale Ecoh = t2/J in (1) for the influence of single particle
hopping within the SYK island. Indeed, we expect the
influence of the energy scale Γ2/J on the transport prop-
erties to be similar to the influence of Ecoh in Section III,
as both are associated with an increase in single-particle
hopping. Ref. 18 considered large Γ corrections to expres-
sions like (12); however, their analysis does not account
for the important self-consistent renormalization of the
SYK Green’s function that is induced by a non-zero Γ
(similar to the renormalization induced by a non-zero t,
that we computed in Section III).

Another larger Γ effect, is the importance of inelastic
co-tunneling at temperatures below the charging energy
EC , where the direct tunnelling contributions (computed
in the present paper) are exponentially small. This was
pointed out in Ref. 17, and it would be interesting to
extend their analysis to the particle-hole asymmetric case
with a non-zero thermopower.
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Appendix A: Corrected real frequency Green’s functions

In this Appendix we describe the computation of G(ω) taking into account corrections due to both the λ(τ)
fluctuations at nonzero charging energy EC , and the Schwarzian fluctuations of ϕ(τ).

We first deal with the regime appropriate for (41) in Section IV, with only the effects of λ(τ) fluctuations with
EC 6= 0 taken into account. Substituting (41, 39) in (40), we straightforwardly obtain, after a Fourier transform and
analytic continuation

G(ω) = − eiπ/4sech1/4(2πE)

2π1/4
√
TJϑ3

(
iπE , e−EC2T

) ∞∑
p=−∞

(
e
EC (2p+1)

2T + i
)
eπE(2p+1)−EC (p+1)2

2T Γ
(
ECi(2p+1)

4πT + 1
4 − iω

2πT

)
Γ
(
ECi(2p+1)

4πT + 3
4 − iω

2πT

) , (A1)

where ϑ3 is a Jacobi theta function [51]. The sum over p must be evaluated numerically but converges rapidly.
If we instead go to the regime appropriate for (43) in Section V which includes only flucuations of ϕ(τ), we must

use the expression presented in Eq. (20) of the supplement on Ref. 20 for GSch(τ), which is

GSch(τ) =
e−2π2CSchT

C2
SchJ

1/2T 3/2

ˆ ∞
0

ds1

2π2

ˆ ∞
0

ds2

2π2

[
s1s2 sinh(2πs1) sinh(2πs2)

×e−
τT (s21−s22)+s22

2CSchT

∣∣∣∣Γ(1

4
− i(s1 + s2)

)
Γ

(
1

4
+ i(s1 − s2)

)∣∣∣∣2
]
, (A2)

along with (43) for Gλ. We do the imaginary-time Fourier transformation first. This involves the integral

ˆ 1/T

0

dτ eiωnτe
− s

2
1τ+s

2
2(1/T−τ)

2CSch eπE(1−2Tτ) =

2CSche
−πE

(
e
− s21

2CSchT + e
2πE− s22

2CSchT

)
4πCSchET − 2iCSchωn + s2

1 − s2
2

, (A3)

where we used ei(ωn/T−π) = 1. For numerical purposes it is easier to analytically continue iωn → ω + i0+, and then
take the imaginary part to compute the spectral function A(ω) = −(1/π)Im[G(ω)],

2CSche
−πE

(
e
− s21

2CSchT + e
2πE− s22

2CSchT

)
4πCSchET − 2iCSchωn + s2

1 − s2
2

→ −2CSche
−πE

(
e
− s21

2CSchT + e
2πE− s22

2CSchT

)
δ
(
4πCSchET − 2CSchω + s2

1 − s2
2

)
.

(A4)
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This δ function then leads to the final expression with only one numerical integration,

A(ω) =
2e−π(2πCSchT+E)sech1/4(2πE)

CSchJ1/2T 3/2

(
eω/T + 1

)ˆ ∞
0

ds1

8π4

[
θ
(
s2

1 + 4πCSchTE − 2CSchω
)
s1 sinh(2πs1)e

− s21
2CSchT

× sinh

(
2π
√
s2

1 + 4πCSchTE − 2CSchω

) ∣∣∣∣Γ(1

4
− i
(
s1 +

√
s2

1 + 4CSchπTE − 2CSchω

))∣∣∣∣2
×
∣∣∣∣Γ(1

4
+ i

(
s1 −

√
s2

1 + 4CSchπTE − 2CSchω

))∣∣∣∣2
]
, (A5)

where θ is the Heaviside step function. The real part can then be obtained by numerically performing the Hilbert
transform

Re[G(ω)] =

 ∞
−∞

dΩ
A(Ω)

ω − Ω
. (A6)

Finally, we note the computation for the full Green’s function (40) using Eq. (20) of the supplement on Ref. 20 for
GSch(τ), along with (39) for Gλ. The following result is valid for arbitrary ratios between ω, T , EC and J/N , provided
they are all smaller than J . It is similar to the above, but with an additional numerical summation, and the final
result is,

A(ω) =
2e−2π2CSchT sech1/4(2πE)

CSchJ1/2T 3/2

(
eω/T + 1

)
ϑ3

(
iπE , e−EC2T

) ∞∑
p=−∞

ˆ ∞
0

ds1

8π4

[
θ
(
CSch(2ECp+ EC − 2ω) + s2

1

)
s1 sinh(2πs1)

× exp

(
−CSchEC(p+ 1)2 − 2πCSchE(2p+ 1)T + s2

1

2CSchT

)
sinh

(
2π
√
CSch(2ECp+ EC − 2ω) + s2

1

)
×
∣∣∣∣Γ(1

4
− i
(
s1 +

√
s2

1 + CSch(2pEC + EC − 2ω)

))
Γ

(
1

4
+ i

(
s1 −

√
s2

1 + CSch(2pEC + EC − 2ω)

))∣∣∣∣2 , (A7)

with the real part again determined as in the above. The numerical integrations and summations can be peformed
using NIntegrate, Sum for (A1) (with a cutoff on p), and NSum for (A7) in Mathematica without any issues. For (A6),
the numerical integration can be done with NIntegrate using the standard definition of the Cauchy principal value.
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