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Abstract

Quantum electrodynamics in 2+1-dimensions (QEDs3) is a strongly coupled conformal field theory
(CFT) of a U(1) gauge field coupled to 2N two-component massless fermions. The N = 2 CFT has been
proposed as a ground state of the spin-1/2 kagome Heisenberg antiferromagnet. We study QED3 in the
presence of weak quenched disorder in its two spatial directions. When the disorder explicitly breaks the
fermion flavor symmetry from SU(2N)—U(1)xSU(N) but preserves time-reversal symmetry, we find that
the theory flows to a non-trivial fixed line at non-zero disorder with a continuously varying dynamical
critical exponent z > 1. We determine the zero-temperature flavor (spin) conductivity along the critical
line. Our calculations are performed in the large-N limit, and the disorder is handled using the replica

method.



I. INTRODUCTION

While our understanding of magnetic systems and spin liquids in particular has made great
progress in the last two decades, most systems have been studied in the clean limit with transla-
tional symmetry present. In this paper, we explore the behavior of a critical spin liquid described
by a conformal field theory (CFT) when perturbed by weak quenched disorder.

The CFT we consider is 241 dimensional quantum electrodynamics (QEDj3), a strongly coupled
theory of a U(1) gauge field coupled to 2N massless two-component fermions [1, 2]. This CFT
is one of the proposed ground states of the spin-1/2 kagome Heisenberg antiferromagnet, Hy =
J > s Si+ Sy, where J > 0 and (ij) labels nearest-neighbour sites on a kagome lattice (shown in
Fig. 1) [3-5]. (We note that other proposed ground states are gapped Zs spin liquids [6], and the
choice between the CFT and the Zs spin liquids remains a matter of continuing debate [7-10].) In
addition, QED3 may also describe certain deconfined critical points [11, 12] between topological
phases [13, 14].

The QEDj3 action is written
) v

where « labels the 2N fermion flavors, and we have denoted the Euclidean spacetime coordinates

Sqed [V, A] = — / Px dr hay™ (aﬂ — / d*z dr (0,A, — ,A,)° (1)

asr = (x,7). The 1,’s are 2-component spinors, with 1, = ! 7% and v* = (7%, 7Y, —7%) where the
7@s are Pauli matrices. The dimension of the charge is [¢?] = +1 and so under the renormalization
group (RG) flow we expect e — oo; this will be discussed in greater detail in Sec. IT A. This theory
possesses an explicit global SU(2N) symmetry under which the fermions flavors are rotated into
one another.

The action in Eq. (1) specifically describes non-compact QEDj i.e. there are no monopoles oper-
ators in the action, and flux conservation is a global symmetry: 9,J{;, = 0, where J;, = €70, A,,.
Because Sgeq arises in condensed matter as the low-energy description of a lattice model, monopole
events must be allowed in the ultraviolet (UV). However, Berry phases from the underlying lattice
spins can lead to destructive interference between monopole tunneling events [11, 12, 15, 16], and
it could well be the case that monopoles with the smallest magnetic charge are prohibited for the
clean kagome antiferromagnet; the minimal magnetic charge for allowed monopoles in the kagome

antiferromagnet is unknown, and its determination remains an important open problem. In order

for non-compact QED3 to be the correct low-energy description, the smallest allowed monopole



operators must be irrelevant perturbations. When the number of fermion flavors is low, this is not
the case and the monopoles to proliferate, confining the theory [17, 18]. As matter is added to the
system, the scaling dimension of the monopoles increases and they eventually become irrelevant
[19-23]. The critical fermion flavor number is currently unknown, but estimates place it around
2N, < 12 for the smallest monopole charge [23]. In this paper, we work in the large-N limit,
where all possible monopole operators are strongly irrelevant [19]. The kagome antiferromagnet
corresponds to the case N = 2: the four flavors of fermions arise as a result of spin degrees of
freedom, as well as an additional two-fold valley degeneracy. Nonetheless, when we specify to this
case, we will operate under the assumption that the large N results also apply to the N = 2 case.

Since some degree of disorder is present in all physical systems, it is important to understand
the behavior of these theories under this type of perturbation. The primary result of this paper is
that when time reversal and a global U(1)xSU(N) flavour symmetry are respected microscopically,
there exists a critical line with both non-zero disorder and interactions. This is obtained by coupling

the theory to quenched disorder of the form

Sis,z [@D,zﬂ = /d2x dr [MZ((E)QEUZ@D(:E,T) + +iAjz(m)@Eazvjw(x,T)} . (2)

Here, M, and A;, are random fields with zero mean. Both fields are independent of time: although
QEDs is a relativistic theory, disorder explicits breaks this symmetry. This should be contrasted
with classical disordered field theories where the random fields are functions of all of the coordinates

in the action. M, and A, are both Gaussian and entirely determined by their disorder averages:

ML) = 2282 (0= o), A A @) = 6,228 (0 — o), M@ AL) = 0. (3)

The variances, ¢;, and g4, control the strength of the disorder, and, naturally, they must be
positive. Performing a diagrammatic expansion to O(g¢, ge/2N) with £ = (t,2), (A, z), we find a
critical line with g, , = —8¢.4.. + 64/(37*N). Provided the flavor symmetry is not broken further,
we expect at least a fixed point to exist at sufficiently large N: higher order corrections could
convert the fixed line to a fixed point, but are not expected to lead to runaway flows to strong
disorder.

In the context of the kagome antiferromagnet, the bilinear it)o*1) can be associated with the
z-component of the Dzyaloshinksii-Moriya (DM) interaction operator:

Y. z(SixS,)), (4)

(ij) €hex(x)



FIG. 1: The kagome lattice. The arrows indicate the convention chosen for the bond directions of
the spin chirality operator, S; x S;, where 7 and j label nearest-neighbour sites. The order of the
cross product is taken such that first spin sits at the lattice site pointing towards the site of the
second spin. Later, we will use the same ordering convention to define nearest-neighbour bond

operators S; - S.

where hex(x) labels the hexagon at point @ and the bonds (ij) are summed in the fashion shown
in Fig. 1. Similarly, itpo*y®¥1) correspond to spin currents in the microscopic theory. It follows
that the fixed line could be relevant to kagome magnets with a randomly varying DM field.

We also study the RG flow when disorder couples to the more general set of operators:

Ny = 9, N = 4oy, Jp = oy, Jiopu = €up0” A” (5)
where 0% = (¢0%,0Y,0%). We find that the U(1)xSU(N) symmetric critical line is relevant to
disorder coupling to either N*¥ Jf Y and J§. These theories flow to strong disorder and cannot
be accessed with the perturbative methods used here. Disorder coupling to the topological current
is marginal to leading order; however, while a full analysis has not been performed, we have strong
reason to believe that higher order contributions render Jiop ¢ relevant.

There have been earlier studies of massless Dirac fermions coupled to disorder. A comprehensive
analysis for free Dirac fermions was presented by Ludwig et al. [24]. An important ingredient in
their analysis was the coupling of the disorder to components of the current operator J*(r) =
iy (r). For the free theory, J* has scaling dimension 2, like any other globally conserved

current; consequently, the disorder coupling to J* turns out to be margnial at the clean free
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fixed point, and this has important consequences for the disordered system. For the QEDj3 case
considered here, the situation is dramatically different: because of the presence of the gauge field,
J" is no longer a globally conserved current, and its scaling dimension at the CFT fixed point is 3
[25]. The corresponding disorder is strongly irrelevant, and this is the reason it was not included
in Egs. (2) and (5).

Other earlier works with Dirac fermions studied the influence of disorder and the 1/r Coulomb
interactions between the Dirac fermions [26, 27], and were motivated by the study of transitions
between quantum Hall states. Today, they can be applied to graphene. As in our work, they found
fixed lines at non-zero disorder and interactions.

Our paper begins in Sec. II by discussing our model in more detail. We start by reviewing
some important properties of QEDj3 in Sec. [T A, before presenting the types of disorder under
consideration in Sec. I B. The renormalization procedure and resulting S-functions are described
in Sec. [IT A. The remainder of the section discusses the flows which result upon enforcing differ-
ent symmetries, including the U(1)xSU(NV) symmetric critical line mentioned above (Sec. 111 D).
Sec. IV focuses on applications to the kagome antiferromagnet and translates the fermion bilinears
and topological current of the CFT to the microscopic observables of the spin model. Finally, in

Sec. V the flavor conductivity along the critical line is calculated.

II. DISORDERED QEDj;
A. Pure QED;

The Euclidean signature action for QEDj3 is given in Eq. (1). In the IR limit, for N large
enough, this theory flows to a strongly coupled CFT at e = oco. All loop contributions to the

fermion propagator are suppressed by 1/2N and so we will work with the free propagator

Py
G(p) = das—3 (6)
p
where o and [ are flavor indices. The same is not true of the photon propagator. Instead, the
effective N = oo Green’s function must include a summation over the bubble diagrams shown in

Fig. 2. The effective propagator is determined most simply by adding a non-local gauge fixing



FIG. 2: Diagrammatic expression for the effective photon propagator in the large-N limit. The
dotted lines indicate the bare photon propagator, D2V (p), while the fermion bubbles are equal to
I1,,,(¢). As indicated in the text, only the full photon propagator will be used.

term to the action [28§]

1 d*p pupy v
Sgauge—ﬁxing = 39 (C — 1) / (271’)3 Ej’ A“(p)A (_p)> (7)

where ( is an arbitrary parameter which cannot enter into any physical observable. The resulting

free photon propagator is

2Ne? Pup 16 (¢ — 1) pup
DOVp:—((SV—“V)—F R 8
po(P) pr \" p? P p? (®)

The polarization bubble in Fig. 2 can be evaluated (see Appendix F 1) and gives

" (p) = % <5W - p;fy) ‘ ®)

The N = oo propagator is therefore

2t = (1000 + 1)) =19 (s - B2 ) 0 (%), o

~pl

Here, we have used the fact that, because the dimension of e? is 1, in the infrared limit, p — 0,
all terms of O(p?/e?) will be suppressed. Provided we use the effective photon propagator and
organize our perturbation theory such that no fermion bubbles of the type summed in Fig. 2 are
repeated, the limit e — oo can be taken directly. We will further simplify by working in the ( = 0
gauge.

Since we will regulate the disordered theory using dimensional regularization, we write

a B o —€/2
Sea [, 0, A] = — / dz dr ., (@ + szng) Y, (11)

where d = 2 + ¢, p is an arbitrary scale, and the photon propagator is understood to be fo,(p).
We will often write D = d + 1 and denote spacetime coordinates by r = (z,7). By making the
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coupling dimensionful, we are taking the engineering dimension of A, to be d/2. Gauge invariance
guarantees that g will not be renormalized, and it will be set to unity at the end of the calculation.
This is discussed further in Sec. IIT A.

We now discuss the symmetries and operator content of the theory. QEDj; has a SU(2N)

symmetry under which the flavors rotate into one another:
G = [exp (i00°T?)] ;05 (12)
Here, we have expressed the (2N)? — 1 generators of SU(2N) as
oo TP, ol T°, (13)

where 0%, a = x,y, z are the 2x2 Pauli matrices and T are N x N traceless, Hermitian matrices
normalized such that tr (T“Tb) = 04/2. Associated with each generator of this symmetry is a

conserved current,
Jjb(r) = ii/_JUaTb’}/ui/J(T>, ijo(r) = izﬁa“'yuw(r), ng(r) = z'@Tb’yuz/J(r). (14)

To all orders in 1/(2N), these operators have scaling dimension A; = 2. When we discuss the
symmetry of the theory in the remainder of the paper, we will be referring to the flavour symmetry
unless explicitly stated otherwise.

As we remarked in Sec. I, the irrelevance of monopoles results in an emergent U(1);,, symmetry

associated with a conserved gauge flux current,

o
‘]top

= PO, A, (15)

Like the SU(2N) currents, the scaling dimension of Jj;

top 18 exactly 2. In the limit we consider,

monopole scaling dimensions are much greater than 2, though, as N descreases, this may cease to
be the case.

The global U(1) transformation, ¢ — e?), also has a conserved current, J*(r) = ipy ) (r).
However, because the U(1) phase rotation is also a local symmetry, its current is quite different

from the SU(2N) and U(1);cp currents. This is evident upon considering the equations of motion:

1 1
Tt = —— 0, F" = €70, Jrop.p (16)

e2\/2N Y e2v/2N

Taken as an operator identity, this implies that the global U(1) current is actually a descendent of

the gauge field, and, consequently, its scaling dimension is 3 instead of 2 [25].
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In addition to the currents, there are (2N)?> — 1 “mass” operators which can be constructed

from the SU(2N) generators,

Nab(T) = &Uawa(T)v Nao(r> = &an(r% NOb(r> = @ET%D(T), (17>

as well as the usual 241 dimensional Dirac mass term:

Ni(r) = —f Pp(r): (18)
Unlike the currents, at finite N, these operators have nontrivial anomalous scaling dimensions
[25, 28, 29]. In particular, since Ny allows for “photon decay” processes, it becomes less relevant,

with a scaling dimension of

128 1
Ay =24+ ——== — |- 1
e 0 () )
Conversely, the SU(2N) masses become more relevant:
64 1
A =2— ——- — |- 2
! 322N © (N?) (20)

B. Disorder

We are interested in perturbing the QED3 CFT with disorder. A simple scaling argument shows
that there are a limited number of operators which can give interesting results upon coupling to
disorder. We begin by considering disorder which couples to an arbitrary, gauge-invariant operator

O with scaling dimension Ap:

Sais.o [0, O] = / d%x dr Mo (2)O(z,7) (21)

where Mp(x) is a Gaussian random variable with zero average and with correlations given by

Mo (2) Mo (z') = %Qéd(x — ) (22)

go is the variance of My and controls the strength of the disorder. To allow for a well-controlled
perturbative expansion, we further assume that go is of the same order as 1/(2/N); this implies that
the bare disorder strength and the electromagnetic interaction are of the same magnitude. The
dimension of go can be determined by first noting that Eq. (21) establishes that [Mp] = d+1—Ap.
With Eq. (22), this indicates that [go] = d + 2 — 2Ap, and it follows that disorder coupling to
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operators with Ap > 2 in 2d is irrelevant: at low energies, the system is described by the clean
theory. Conversely, operators with scaling dimensions less than or equal to 2 are either relevant
or marginal perturbations when coupled to disorder. This is the quantum version of the Harris
criterion [30].

Referring to the previous section, to leading order in N, there are no relevant perturbations and
only the global topological current, the SU(2N) currents, and the mass terms, N; and N, are
marginal. However, as mentioned above, at finite N, it’s possible that the scaling dimension of an
allowed monopole operator is less than 2, making it relevant. We will not examine this possibility
in our present large N expansion. As discussed in Sec. I, the global U(1) current, J* = ighy"1), is
irrelevant because its scaling dimension is 3.

Keeping in mind that in order to compare with the kagome antiferromagnet we must set N = 2,

we couple disorder to operators which break the SU(2N) symmetry down to SU(N):

Sais[t, ] = /ddx dr [Ms(x)g/zw(x, T) + My o(x)po)(x, T)
+ iAo ()P0 Y P (2, 7) + Va(x) oy (z, 7)

+ 18 () Fop (2, 7) + Bla) S (2, 7) (23)

where My, Mo, Aja, Vi, &, and B are Gaussian random variables with vanishing mean. Here
and throughout the paper we use the convention that, when contracting vectors and ~-matrices,
Roman letters i, j, £, etc. indicate that the sum is only over the spatial coordinates z, while Greek
letters p,v,o0, etc. include time as well. We note that since the quenched disorder is classical,
we’ve expressed the random fields in real time. That is, the time component of all classical gauge

753}
]

potentials picks up a factor of “”. Averaging over disorder, we have

M, (2) M, (7)) = %&i(gg — ), Vo(@)Vy(a') = 9;“ S0z — )
My o (@) Mrol) = %2508 (@ - ), E@E ) = 566" (x — o)
A @) A (@) = E525,0,,6% (0 — ), B@)B() = T6(x /) (24)

with all other two-points vanishing. As in the general case considered above, we assume that the
variances, {gs, 9t.a, GA.as Gv.as 9¢, 98}, are small and of the same order as 1/(2N).
When we interpret these operators in the context of the kagome antiferromagnet, the c® matrices

will act on spin. By recalling that the Dirac mass, ¥, is odd under time reversal in 2+1 dimensions,
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we deduce that the SU(2) mass operators, i1)c%), should be even. The same logic asserts that
the scalar potential operators, i1)7%c%), are odd under time reversal while the vector potential

and J?

iop are the emergent magnetic field

operators, iy’ o), are even. Similarly, the fact that J_,|
and electric fields respectively reveals that they are odd and even under time reversal. Therefore,
while the zero mean of the quenched disorder fields implies that Sgis[t), 1] preserves time reversal
on average, it is only a good symmetry everywhere within the system when M, V, and B are not
present (equivalently, gs = gyo = g = 0.) In Sec. IV we will discuss the microscopic meaning of
Sais[t, %] in the kagome antiferromagnet more thoroughly.

We will use dimensional regularization with d = 2 + € so that the dimension of the variances
is shifted to [g¢] = —e, where £ = s, (t,a), (A, a), (v,a), £, or B. For convenience, we make the
couplings dimensionless by taking g — p~“ge where p is an arbitrary momentum scale. When we
perform the renormalization group study, because the couplings physically correspond to variances,
they are restricted to non-negative values.

The disorder breaks translational symmetry and makes calculating quantities for a given re-

alization of disorder completely intractable. Instead, the fundamental quantity of interest is the

disorder-averaged free energy:

F=—logZ

€ d _wc d 2
Q#,?Id x Ms(x)? e 207 Jd%azB(z)

=— / DM (z) DM,(z) DM,q(2) DAq(x) DVy(x) eS¢~

e [l Mya@? —H— [ s Ap@AG) - [t (o)

X e_éfd%gj(m)gj(@ H e ™ e *a e % (25)
a=x,y,z
To solve perturbatively, we employ the replica trick. Using the identity
Z"—1
log Z = lim : (26)
n—0 n

we instead calculate

AL

— N / H DwOLKD/é/;OLZ ezae f ddx dr [ﬁa (IE,T)1/1ae(93,T)+1/7ae($>T)77a (1'77—)] e_Sn ["ba[y'&aﬁ] (27)
a=1

=1,...,2N
{=1,...,n
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> :Zp“;/ M’V\/\/\/\/V:E(;'uy I :M giy“

P p P Ip| P V2N
P+q

ARG~ = 2 g “’L@”z’” = 2md(g0)n™9eq” (‘W B ngJ>

Bt o, Bt a,0 ol
—b—?—h—
[}
|
q: = 2716(q0) =95 [ o5 (1], ! = —2m0(qo) ™ Gv.a [1100] 5 [17°0°],,,
|
p,m o,m p,m a,0 o,m
B, L a a, l B,¢ a, j a,t
—p—ﬂ—p— - -
n
an = 276(qo) 1™ G0 [0 05 [0, q = 210(qo) 1 “gaa [V 0] 15 [0 0],
n
n
p, M a o, m p,m > a,j > o,m

FIG. 3: Feynman rules associated with the replicated action, S, [@/}, W, A]. The diagrams on the
first and second rows are diagonal with respect to the replica and flavor indices. In the four-point

diagrams, ¢ and m are replica indices while «, 3, o, p label the 2NV fermion flavors.

where N is a normalization constant and

w [0, A Z/dﬂ?dﬂbz%ﬂ ($+ \/L]\?Ae)W(%T)

d%x dr dT'{ — gee(z, T)Umtbpm (2, T') — Z 9,000 e (2, T) Um0t (z, ')

- Z JA.a '(Eﬂlryjo-alpf (l‘, T)&mfm/jo-az/}m (.Z‘, T/) + Z Gv,a &Zi’)/oo'awl (.73, T)imi'yoo'ad}m (I, Tl)
T )+ g2 T 7)) (28)

In addition to the physical flavor symmetry, the fermions and photon now carry a replica index
denoted by ¢ and m. We have suppressed the summation over the flavour indices and will continue
to do so in what follows. Likewise, the replica indices will often be left implicit. The Feynman

rules corresponding to .S, [@/}, W, A] are provided in Fig. 3.
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FIG. 4: Example of a diagram which vanishes in the replica limit, n — 0. The internal fermion

loop involves a sum over all replica indices, and multiplies the diagram by an overall factor of n.

III. RENORMALIZATION GROUP ANALYSIS

A. Renormalized action

The low energy properties of S, [w, W, A] can be studied with the same renormalization tech-
niques used in many-body systems provided the number of replicas, n, is taken to zero at the end
of the calculation. This implies that diagrams which sum over all replicas must be neglected. For
instance, Fig. 4 is proportional to n and should not be included.

We will use renormalized perturbation theory [31], making use of a counter term action:

- e 0 ) ) Z'Iu—e/Qg(S/ iﬂ_e/ggdl A
CcT o d 0 1 4¢_0 2 Al
ST [, 4] = —%:/d z dT iy (2617 o> 1 6y 5 + Vo Aly° + v ALy ) (e, 7)

+ M2 ZZ/ddI dr dT/{ — 8 obe (2, T) b (2, 7') — ;&,a Vo0 Pp(2, 7)o g (2, T)
— Z S0 Vi 0" e(2, T)VmiVioam(z, T') + Z 8.0 Vi’ o Ue(z, T) i o uthm (2, 7')
— 0 gy (0, T) ey (0, 71) + b T (w0, 7) TG (0, 7) } (29)

The counter terms, {912, 0] 9,95, 01,05 Ov,a, 04,0, 08, O¢ }, are determined by requiring that all physical
observables are finite in a dimensional regularization scheme. While relativistic invariance is ex-
plicitly broken, there is no need track the relative flow of the fermion and photon velocities since
the low-energy behaviour of the photon propagator descends entirely from its interaction with the

fermions.
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The bare action is the sum of S,, and SCT:

- 9 o | igs)’ g5y’
S2 [0, A] Z/d zp dTp B (W 8_+ i’ 92,5 + \/B—AOB+ \/B— ]B> Ye5(p, TB)

+3 Z / dzp drp delg{gsB Ve, (B, TB)Pm,BYm,B(T8, Th)
lm

=Y 95 b0 528, T8)m 5O m. (15, Th)

a

=D 08 s 0" 5 (€5, TE) U 5100 m 5(2 5, Th)
a

+ Z gfa @ZE,BWOUGW,B@B, TB)ZEm,BWO%%Um,B(IB, 3)

— 9B Jfop 5B, TB)JtopOB(xB7 ) + e Jfop 5B, TB)JZZp,B,j (zB, 71,3)} (30)

where the bare fields are

¢B(IB7 TB) = 211/2770(:37 7_)7

Ao g(xp, T8) = Z,t’/oon(IE,T), Aip(xp,T8) = Z%fyA (x,71),
Z
T = 737, rp = T. (31)

We've let Z1 = 1+ 0, and Z5 = 1 + do, and, by taking x = xp, we are renormalizing relative to
the spatial scale. Gauge invariance constrains the photon field strength renormalization constants

to be

12 4 12 _
Zy0 = Z)05 =1,
2

(32)
and it follows that we must have 6,5 = d;,. This has been explicitly verified. The field strength

renormalization of the topological currents then follows simply from the renormalization of A, and

(x,7):

04, 0A, Zy (0Ay 0A, y 0Ay 0A,
— — e B=— | —=———== =— . 33
JtopB @l’ ay ) ‘]top,B Z2 ( 8y 87’ ) Jtop,B 81: 87' ( )
The dynamic critical exponent relates the scaling of time and space to one another:
d
,LL@T = ZT" (34)

Since 7 should scale like p, taking its derivative with respect to log u gives

d Z
zzl—udﬂlog(zj)~ (35)
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122 12 “ “
2
(&) ~i7py (50 ) (b) —ien® (£) (¢) —ien® (L, 52
a,0 a,0 a,j a, j
(d) —iwy® (3, L) (e) —iwy” (X, %)

FIG. 5: Feynman diagrams which contribute to the fermion self-energy at O(ge,1/2N).

The renormalization of the disorder strengths is determined by comparing the bare action to

S, + SST:

gsB = M76Z272 (gs + (55) I gfa = :u762272 (gt,a + 5757@) )
9he =1 Z3 (gaa+ 04a), 9F =125 (Gua + o) »
9¢ = 1 (ge + 9¢) 98 = W21 Z5° (98 + 0s) - (36)

The fact that the bare couplings are independent of the scale y establishes the f-functions. For

disorder coupling to fermion bilinears, we have

d d
0= —€(ge+0¢) —2(ge + 0¢) ,u@ log Z, + M@ng + fe, §=s,(t,a), (A a),(v,a), (37)

where B¢ = pdge/dp and a = x,y, z. Similarly, the S-functions for the flux disorder are

d
0= —e(ge+0¢) + ,ud—5g + B¢,
i

d
0= —¢ (gg + 53) + 2 (gB + (53) (Z — 1) + N@(SB + B5. (38)

In the second equation, the relation z — 1 = udlog (Z1/Z,) /dp has been used.

The fermion self-energy diagrams determining the counter terms d; and d, to leading order are

shown in Fig. 5. These are evaluated in Appendix B, and the divergent pieces are listed below the
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L v 2 :
| | PN |
| | / \ |
(a) [/ @] o 1] (—£) (b) [ @] L] () (@ Mettel] (L)

@ tetet(-x5) () o1t o 1] (o)

FIG. 6: Diagrams which contribute when only SU(2N)-preserving, bilinear disorder is considered
(9t.a = 9aa = Gua = 0). Both Figs. 6¢ and 6d are accompanied by a diagram with the interaction
on the other vertex. Partner diagrams to Fig. 6e with the fermion loop direction reversed and/or
the vertex switched are also present. These diagrams sum to

2 64gsg* 489542
[l®1][1®1] {& + 7r2(921€)6 - 7r2(g21{7)6}

TE

corresponding diagram in the figure. Only the photon loop in Fig. 5a contributes to Z,. In order

to cancel this divergence, we must have

852

" 3m2(2N)e (39)

0

The frequency counter term, on the other hand, receives contributions from all of the diagrams in
Fig. 5:
842 1

0 = ————
' 3m2(2N)e * 2me

gs + Z (gt,a + Gu.a + 29A,a)] : (4())

From Eq. (35), the dynamic critical exponent is

1
z=14+—

o (41)

Js + Z (gt,a + 2g.A,a + gv,a)

The provision that all couplings be positive implies that z > 1 in the presence of any disorder.
The bilinear counter terms, d¢, £ = s, (t,a), (A, a), (v,a), are determined by adding diagrams

like those in Fig. 6. In particular, Fig. 6 shows all diagrams which renormalize disorder coupled to
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the SU(2NV)-symmetric mass when all other couplings have been tuned to zero. The integrals are
performed in Appendix C, and the remainder of the diagrams renormalizing the bilinear disorder

are shown in Appendix D in Tables [, II, and III. The resulting counter terms are

1 649354 489352
58 = - 2 - s a v,a 2 a) — 2 v,a a
e [gs * w(2N)  7(2N) t9 Z(gtv T 9, 9Aa) za:g agdA,

a

1
6t,a = _E [gt,a (29757(1 - Z gt,b) - 2gt,a <2gA,a - Z g.A,b) + Jt.a (2911,@ - Z gv,b)
b b b

489t,aﬂ2
T(2N)

+ Grafs + 490a9408" — AraTvad” — 2 D 1€ Gragac —
be

1 abe| ((9tbIt.c Gu,bGu,c 169A,a 2
5A,a = __|:_gsgv,a_2|€ b ‘ (%‘FQQA@QA,C‘F > g
be

e 2 ) 3m(2N)
1
6v,a - _E [ — Guv,a <2gv,a - Z gv,b> — Guv,a <2gt,a - Z gt,b) - 291}@ <2g.A,a - Z gA,b)
b b b
16G,.04°
_vas_2s a_2 abe v c_—v' 42
Gosads — 29594, bz €| gup9.4, 32N (42)

The graphs which renormalize the topological disorder stengths, ge and gz, are actually three loop

diagrams at leading order. These are calculated in Appendix E where we find

4 4
(55 _ 9s9gBg 7 58 _ 9s9cyg )
TE e

Differentiating the bare couplings (Eq. (36)) with respect to u, solving for the [-functions to
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O(g¢, 9¢/2N ), and setting g° = 1, we obtain

Wﬁs =T€Gs + Ggs | gs + Z (gt,a + Gu,a — 29A,a) + 2c

—2 Z Gv,adAa
<2gt,a - Z gt,b) + 2 (Zg.A,a + Z g.A,b) - <6gv,a + Z gv,b)
b b b

+ Gtals — 20] =23 €| grpgac
be

7T'ﬁt,a = T€0t,a + Gt,a

gv,bgv,c>

2 2

ﬂ—ﬂv,a = T€Gv,a — Guv,a [ (2911,0, - Z gv,b) + <2gt,a - Z gt,b) + 2gv,a (29A,a - Z gA,b) + Js
b b b

- QgsgAﬂ -2 Z ’Eabc‘ GuvpGAc
be

TBaa = T€gAa — 9sGva — Z || <% + 294094, +
be

TP = TeGe — 39595,

7‘-58 = Tegp — 3gsg$ — 9B | YGs + Z(gt,a + 29A,a + gv,a> (44>
where
64
= —. 45
“T 3N (45)

In what follows we will work in 2 spatial dimensions and set ¢ = 0.

B. SU(2N) flavour symmetry

Since disorder coupling to the U(1) gauge currents is irrelevant, the only finite couplings which
preserve the SU(2N) flavour symmetry of QEDj are g, ge, and gs. With g1 = gt4 = gv.a = 0,

the only non-trivial g-functions are

mBs = g2 + 2cgs, TBe = —3959s5, 708 = —gs (39¢ + g5) - (46)

Bs is entirely determined by the fermion self-energy diagrams in Figs. 5a and 5b and the 4-point
diagrams in Fig. 6. Figs. 6a and 6b cancel, and Fig. 6¢ contributes the second term in 5. This is
precisely the same term found in Ref. 32 for free Dirac fermions. The second term in [, results from

interactions with the photon. In fact, this is simply the anomalous dimension of N(r) = \/%—N@EQ/J(T)
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0 0

FIG. 7: The only disorder diagram to contribute to O(gg/2N) when B(z) is the only random
field coupled to QEDj3. Note that it is subleading to the self-energy diagrams we consider

elsewhere in the paper. It contributes a divergence —ipyy° (%(giv)e)'

in pure QED;3 (Eq. (19)). Since gs > 0, both terms in s are positive, and, as the energy scale is
taken to zero, g, flows to zero.

Both of the g-functions for the flux disorder are directly proportional to the SU(2/NV)-symmetric
mass coupling and so vanish when g, = 0. This is expected since the conservation of flux guarantees
that the scaling dimensions of J{ and J¥ are 1+ z and 2 respectively: when z = 1, both types
of disorder are exactly marginal. However, there is no reason to expect this to be true beyond
leading order. For instance, setting g; = ge¢ = 0, the lowest order diagram which contributes to the
self-energy is shown in Fig. 7. Like the self-energy diagrams in Fig. 5, its divergence is cancelled by
7, yielding a dynamic critical exponent greater than unity: z = 1+ gg/27(2N). Since monopoles
are still conserved, this is the only contribution to the g-function of gz, and we conclude that
785 = —gi/2N. The clean theory is therefore unstable to this type of disorder, albeit it at a
higher order than what we consider in the rest of the paper: O(g3/2N) ~ O(1/(2N)?) instead of
O(1/(2N)?).

The above reasoning has one caveat. Notably, if the scaling dimension of J

fop 1S MON-

perturbatively protected to be exactly 2, the p-function for g¢ should be exactly zero even in

the presence of a finite g,. Instead, when g, # 0, J. and J2  are mixed into one another.

top top
This arises from the same physics as the parity anomaly: when a single species of Dirac fermions
are coupled to a mass, a Chern-Simons term at level 1/2 is generated ~ %e“”pAM(‘?VAp/Zlﬂ. In
the disordered system, this manifests itself through the induced coupling of the two topological
currents.

Finally, when both the SU(2N) flavour symmetry and time reversal are imposed, only disorder
j

coupling to J,

iop 18 allowed. We expect this to be exactly marginal to all orders in perturbation

theory.
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C. SU(2)xSU(N) flavour symmetry

If we instead allow disorder to break the symmetry from SU(2N) — SU(2) x SU(N), no non-
trivial fixed point is found; the system flows to strong disorder, and out of the perturbative regime.

Setting gio = Gt, 9v.a = v, and g, = ga, the resulting set of S-functions is

TBs = gs[gs + 39: + 39y — 694 + 2¢] — 69,94,
70t = G [=9t + gs — 99y + 694 — ],

T = —4g% — 9; — G2 — GsGu,

By = Gu (9o — gs + g — 29.4] — 29594,

TBe = —39s9s,

705 = —39s9¢ — 95 9s + 3(ge + 294 + 9v)] - (47)

The third equation indicates that if either ¢;, g4, or g, is non-zero, g4 always flows to strong
coupling. The four negative terms in 54 can be traced to the diagrams in the first, fifth, and seventh
rows of Table I, and the second row of Table II (shown in Appendix D). In these diagrams, the
anticommutation properties of the Pauli matrices ensure that the “box” and “crossing” diagrams
do not cancel as they did for the singlet mass term (Figs. 6a and 6b). In fact, it is shown in
Appendix A that disorder symmetric under any continuous non-abelian subgroup H of SU(2N)
will have this property and, consequently, flow to strong coupling.

This may appear to contradict the argument of the previous section: since g4 couples disorder
to the spatial components of a conserved current, in the absence of a random mass Mj(z), should
it not be exactly marginal like g¢? The key difference is that because SU(2) is non-ablelian, the
SU(2)xSU(N) flavour symmetry is only present on average. The action for a specific realization
of disorder, Aj(z), only has a SU(N) flavour symmetry, and, as a result, the scaling dimension of
i)y 0% is not protected.

Similarly, if gs is non-zero and any of the other four fermion bilinears couplings are non-

zero, disorder coupling to J?

top also becomes strong. Again, this is because the dynamical critical

exponent is greater than 1 when g, g;, g4, or g, do not vanish. [JO ] =1+ 2 > 2 and it is a

top

relevant perturbation.
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D. U()xSU(N) symmetry

We turn, finally, to the case of greatest interest in the present paper. When the disorder couples
to a U(1) subgroup of SU(2N), we find a fixed line with both finite disorder and interactions.
We begin by considering an XY anisotropy where g. . is allowed to differ from g., =g, = g. 1.

With this restriction, the S-functions in Eq. (44) reduce to

T0s = Gs [9s + Gtz + 2010 — 2942 — 49a1 + Goz + 2001 +2¢] — 29,2942 — 4Gv,1 94,1,
B = 91,2 (96,2 — 2961 + 694 + 4941+ gs — T9u. — 2Gu1 — €] —4G1194,1,
TBt1L = g1 [~ Gtz + 9s + 8941 — Guz — 8GuL — €| — 2012941,
TBA: = _49.,24,L - th,L - gﬁ,L — 9sGv,z,
041 = —494194: — Gt.29t.L — Gv.2Gv, L — GsGv, L,
TBoz = Goz [—Gvz+ 2000 — Gtz + 2901 — 294 + 4941 — 9s| s —29594= — 49v, 1941
TBu L = Gl [Gvz + Grz — 9s] — 295941 — 2002941,
mBe = —39s9s,

g = —39s9s — 98 19s + Gt.o + 294 + Gv- + 2(9e,1 + 2941 + Go,1)] - (48)

These results are consistent with the RG equations obtained in Ref. 33. In this paper, the authors
considered Dirac cones interacting through a 3d Coulomb term instead of a strictly 241 dimension
gauge field; we can compare to their results by setting the Coulomb coupling in their equations to
zero and g% = gs = gy» = Gu,1 = ge = g5 = 0 in Eq. (42).

As in the previous section, the S-functions for the vector potential couplings, g4 . and g4 | are
all negative. In order to ensure that they do not flow to infinity, all perpendicular couplings must
vanish, g4, = g1 = g» 1. = 0, so that 8, | = a1 = B, = 0. This describes a situation where

the U(1)xSU(N) symmetry of the underlying theory is preserved even in the presence of disorder.
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FIG. 8 RG flow in the (a) (¢t.,94..) plane, (b) (¢t.., gv..) plane, and (c¢) (gs, gv,») plane with all
other couplings set to zero. (d) shows the (g;1,94..) plane with ¢; . = ¢ and all other couplings
vanishing. The critical point with all couplings equal to zero (no disorder) is marked in orange
with “A” and the critical point with g;, = ¢ is marked in green with a “B”. In (a), the critical

line is drawn in green. Here ¢ = 128/3mw(2N).
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The p-functions in the presence of this symmetry are

TBs = gs (s + .2 — 2942 + 3Gz +2¢) — 2942902
Btz = 91,2 (91,2 + 9s + 89 — T9u — €,
B4z = —9sGuv.z»
TBuz: = —Goz (Guz+ Gs + Gz +2942) — 295942,
e = —39s9s,
TBs = —39sgs — 95 (gs + Gre + 294z + Gu.2) - (49)

Recalling that all couplings must be positive, we find a single physical solution which breaks the

SU(2N) flavour symmetry to U(1)xSU(N). It is parametrized by the line

gtz = C— 8gA,za ga: < 5, (5())

col o

with gs and all other bilinear couplings equal to zero. Moreover, since gs, ¢, ., and gz are all
zero, each realization of disorder is invariant under time reversal and, consequently, g¢ is exactly
marginal (see Sec. IIIB). The fixed line we discuss is more correctly a fixed plane (though we will
frequently refer to it only as a line). Referring to Eq. (41), the dynamical critical exponent on this

surface is
z2=14+c—6ga. (51)

In the presence of both time reversal and the U(1)xSU(2N) flavor symmetry, g.; = 0, the
critical surface has one irrelevant and two marginal directions. It is stable to small variations in
gt,» while perturbations in g¢ and g4, are marginal. Once more, as these couplings are associated
with the spatial components of a conserved current, their scaling dimensions are non-perturbatively
fixed at exactly two when time reversal symmetry is present. As a result of these symmetries, for
sufficiently large N, we do not expect the stability of the critical surface to change, though it is
possible that that it will be reduced to a single critical point. The RG flow in the (g ., g4.) plane
is shown in Fig. 8a.

When time reversal only holds on average, g5, g,. and gp are allowed to be finite as well.
Disorder coupling to the SU(2/N)-symmetric mass term remains irrelevant, but the scalar potential-
like disorder, g, . and gg, take the theory into the strong coupling regime, as expected when the

z > 1. The RG flows in the (g: ., gv..) and (gs, gv,.) planes are shown in Figs. 8b and 8c.
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The fixed surface is not stable to perturbations which explicitly break the U(1)xSU(2N) flavour
symmetry of the replicated theory. Fig. 8d shows the RG flow in the (g¢¢ 1,941 ) plane for ¢, , = c,
g4 = 0 and indicates that both parameters are relevant. This is true along the entire critical

surface. Conversely, it can also be shown that along the critical line g, | is irrelevant.

IV. APPLICATION TO THE KAGOME ANTIFERROMAGNET

The large emergent symmetry of the QED3 CFT implies that the currents and the fermion
bilinears which we couple to disorder can be interpreted in a number of ways. Nonetheless, it is
useful to directly relate our model to the microscopic operators of the spin-1/2 kagome Heisenberg
antiferromagnet (N = 2): Hy = J>,, S; - S;, where (ij) are nearest-neighbour sites on the
kagome lattice (see Fig. 1). Special attention will be given to the fixed line found in Sec. 111 D.
This section draws heavily from the discussion of Ref. [5], and more details can be found therein.

We begin by reviewing how the CF'T is obtained as the low energy description of the kagome
antiferrormagnet. We start by expressing the spin operators in terms of fermions, S; = % fiTTO'TT’ firts
where o are the three Pauli matrices. This representation reproduces the Hilbert space of the spins
provided it is accompanied by the local constraint »___, | fI fiy = 1. The resulting Hamiltonian,
Hy = —% Z<ij> fiTTf i f jTTfZ-T/ + const., can be approximated by a mean field Hamiltonian Hyp =
— Z(m tij fiTT fjr—+H.c., where t;; is chosen so as to minimize the ground state energy while enforcing
the condition ZT:T, . (fir firy = 1 on average. The mean field ansatz which inserts 7 and zero flux
through the kagome hexagon and triangle plaquettes respectively is found to have a particularly
low energy [3-5]. In this case, the dispersion of Hyr has two Dirac cones per spin at a non-zero
crystal momentum, +@Q [3, 5]. The low energy excitations of Hyp are described by expanding
about these two valleys, giving a free Dirac Lagrangian, £p = —ta@1,, where a labels both spin
and valley (the relation between the continuum Dirac spinors, 1,, and the lattice fermions, fi.,
is given in the appendix to Ref. 5). However, since the physical spin operators, S;, are invariant
under local phase rotations, f;; — €' f;., the fermions carry an emergent gauge charge, and,
consequently, the true effective theory of Hy must take gauge fluctuations into account. Provided
monopoles do not the confine the theory, the low energy description of the kagome antiferromagnet
is QED3 and not the free Dirac theory [20-23]. We note that while Hy only had an SU(2) spin

symmetry, QED3 has an emergent SU(4) symmetry under which spin and valley indices are rotated
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into one another.
In order to calculate physical quantities, microscopic observables of the lattice theory must be

associated with continuum operators of QEDj3:
Ai ~ 20404(7‘), (52)
¢

where A; is some function of local operators near the lattice site r, and O,(r) are a set of operators
belonging to the CFT. At long distances, the quantities to the left and right of Eq. (52) must
decay in the same manner. Given A;, the set of operators O, for which ¢, is non-vanishing could
be determined by repeating the steps used to derive QED3 from the Heisenberg model on the
microscopic operators O, [5]. However, it is easier to note that the ¢,’s can be non-zero if and
only if A; and O, transform in the same manner under the action of the microscopic symmetries
of the theory. In particular, the action under time reversal and space group transformations will
be important. The symmetry operations relevant to the kagome antiferromagnet can be found in
Ref. 5.

As discussed in Sec. I B, we only consider disorder which couples to the topological current
and the fermion bilinears. That is, we restrict Oy to be either the conserved currents in Eqs. (14)
and (15), or the mass-like operators given in Egs. (17) and (18). By applying our large-NV results to
the N = 2 case, we may be neglecting relevant types of disorder in the form of monopole operators.

With this caveat in mind, we begin by identifying the singlet mass operator \/%Tvd_}w with the
chiral mass term discussed in Ref. 3. Noting that \/%Tvijw is odd under both parity and time
reversal, it’s not surprising that it can be associated with the scalar spin chirality,

Cssp(ma) = > Si(8;x S, (53)

(ijk)en

where x » is the position of a triangle in the lattice, and (ijk) are ordered as indicated by the arrows
in Fig. 1. The flux disorder operator, Jtoop transforms in the same way as \/%Tquw’ indicating that it
can also be associated with Csgp. We conclude that the random fields M, (z) and B(x) in Eq. (23)
descend from disorder coupling to Cssp. The renormalization group study of Secs. 111 B, II1C,
and III D indicates that a randomly varying scalar spin chirality remains a marginal perturbation
to leading order. However, this is not protected by any symmetry and, as discussed in Sec. I11 B,
higher order diagrams are believed to make it relevant.

The spatial components of the topological current are time reversal invariant and transform as

vectors under spatial rotations. The simplest operators invariant under time reversal are the bond
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operators,
P;=5;-8, (54)

where ¢ and j are nearest-neighbours. In order to find the simplest combination of P;;’s which
rotate in the correct fashion, we calculate the irreducible representations governing the bond con-

figurations within a unit cell. Defining

Po(z)= D, Py Pyz)= > el
ij€hex(x) ij€hex(x)

(efj)T B % (2; l,-1,-2,-1, 1)7 (ey')T - % (07 1,1,0, -1, _1)7 (55>

we identity J{, and Ji,, with P, and P, respectively. These patterns are shown in Fig. 9.

top
We next express the 15 generators of SU(4) as {¢%, 1/, 01/} where 0 and p/ are commuting
sets of Pauli matrices with ¢ acting on spin and p® acting on valley indices. Following the notation

of Ref. 5, it’s useful to re-label the operators of Egs. (14) and (17) as

Jila,u = ipp o, Jg = oy, Jé,u = p' ),
NIt =vpilo"s, Np = oy, NE = ' - (56)

Each of these operators can couple to a random field to give an action of the form in Eq. (23).

In Ref. 5, the microscopic spin operators corresponding to each of the mass operators, N, N&,
and N}, are identified. We will primarily be interested in N%. This is a spin triplet and is even
under time reversal. The simplest microscopic operator with this property is the vector chirality
operator C;; = §; x S§;, where 7 and j are nearest-neighbours. The linear combination of Cj;’s

within a unit cell which transform in the same way as IN g can be written

Cs(x) = Z Cij, (57)

(ij) €hex(x)
where the sum is taken around the hexagon at « following the convention in Fig. 1. As we indicated
in Sec. [, C is precisely the DM interaction.
Similar reasoning suggests that the B-type currents, Jp ,(r), correspond to the spin operator
and the spin currents. First, the space group symmetry acts on S; in the same way as it acts on
J Bo; in particular, both S§* and Jp are invariant under spatial rotations and odd under time

reversal. It’s not surprising then that Jp, and Jp, correspond to spin currents. They are both
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(a) Current in z-direction. (b) Current in y-direction.

FIG. 9: Bond ordering of bond order and vector chirality operators corresponding to the
topological currents, thop, and the spin currents Jg,’j (r) in the z and y directions respectively.
Our convention is that in C;; = §; x S, the ith site points towards the jth. The double arrows
in (a) identify the bonds which are weighted twice as strongly as others, while the absence of

arrows on the horizonal bonds in (b) implies that they do not contribute at all.

even under time reversal and are spin triplets. As with IN g, this suggests a linear combination
of nearest-neighbour vector chirality operators, C;;, as their natural microscopic counterpart.

Like J/

ops they must transform as vectors under spatial rotations, implying that the Cj;’s should

correspond to the Jp; in the same way the F;;’s correspond to thop:

C.(w)= Y e Cy, Cm)= > eCy (58)

ij€hex(x) ij€hex(x)

where ef; and e} are given in Eq. (55) and shown in Fig. 9. In fact, since we assume that fermion
bilinears and topological currents are the only relevant operators of the CFT, all disorder coupling
to the C;’s is taken into account by random fields coupling to N g, Jp 4, and Jp,. In particular,
modulo the caveats we have already discussed, the low energy theory of the kagome AF with weak

disorder of the form
HpM =) "Mz 8, x S, (59)
(ig)
where JZ-]JD-M are sufficiently weak random variables, should be described by fixed line of Sec. 111 D.

Unlike N 5, the remaining two bilinears in Eq. (56) carry valley indices. The bilinear N rep-

resents a set of three spin triplets and is odd under time reversal. Focusing on the z component in
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spin space, Ni{z, three magnetic ordering patterns can be identified, each with a crystal momentum
at a different M point in the Brillouin zone. Under rotations about the z-axis, the Ni{z’s transform
into one another. Disorder resulting from magnetic defects could couple to bilinears of this form,
but the fixed line resulting in Sec. 11 D is particularly unlikely to occur. Except in cases of extreme
anisotropy, we do not expect disorder to exclusively couple to a single momentum channel. Simi-
j

larly considerations hold for N¢. These operators are spin singlets and, like J.

tops Can be associated

with bond ordering patterns P;; [3, 5]. In this case, two 3-dimensional irreducible representations
of bonds transforming in the same way as N/, are identified, and, again, each ordering pattern
within an irreducible representation is distinguished by having a crystal momentum at each of the

three M points. The same arguments hold for the microscopic analogues of Jj{f‘“ and Jau.

V. FLAVOR CONDUCTIVITY

The flavor conductivity is a universal observable of the CFT; for the case of the kagome anti-
ferromagnet, this conductivity is interpreted as a spin conductivity. By the usual arguments, we
expect this conductivity to also be a universal observable along the fixed line with U(1)xSU(N)
symmetry found in Sec. I[II D. Because of the presence of continuously variable critical exponents
along this line, we also anticipate the flavor conductivity to be continuously variable.

The flavor conductivity is determined by the two point correlators at zero external momentum

of the following currents:

J2(p) = Ty (p), Jo(p) = T v Y(p), JT,(p) = ibo™ Ty (p) = iha?T "4 (p). (60)

The diagrams which contribute to O(g; ., g, 1/2N) are shown in Fig. 10. To this order, a non-zero
ge will not contribute. We recall from the discussion at the end of Sec. III D that the dimensions of
the currents JZ, and JZ, are fixed at 2, implying that their correlators will contain no divergences.
Furthermore, an inspection of the diagrams in Appendix D shows that the scaling dimensions
of J¥ remain unaltered to the order we are considering. Appendix I outlines how Figs. 10a

to 10e are calculated, and also verifies that counter term diagrams do not contribute. The photon
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FIG. 10: Diagrams which contribute to the current-current correlator.
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contributions, Figs. 10f and 10g, are determined in Ref. [34]. Combining these results, we find

<J:a<p0)*]zmb(_p0)> = <Jfa(p0)J§b(—Po)>

1 a
== 5ab |p0| { - — + — + av gtz + a/E(gt,z + 2g.A,z)}

16 " 2N
— s |0l L% 4 ey +as) — (8ay + Gax) (61)
= Oab |Po 16 ON clay +— ax ay as)gA,z

and

(% (30) T~ o) = b o] 4 — — + 2 T an(ges + 2042)
1a\P0)J1p\—=P0)) = Oab |Po 16 IN av gtz ax:\ gt~ JA,z

1 a
= Oup ‘po‘ { — E + ﬁ + C(—av + ag) -+ (8av — 6az)g,4,z} (62)

where ay, ax, and a, are derived from Figs. 10b and 10c, Figs. 10d and 10e, and Figs. 10f and 10g

respectively. The two disorder contributions are equal,

1
Qdis = Ay = Ay, = %, (63>

and the photon contribution is [34]

5
= ( -o. . 4
a, ( 0.0370767 + - W) (64)

From the Kubo formula, it follows that the DC conductivities are

zO — 0O e 2 is -7 z)s
7:(0) = 0,(0) = == — 2+ 2aaulc — T94.2)
1 a
01(0) = 75 = 5p7 T 20aisgas (65)

In both flavor channels, disorder suppresses the conductivity and, except when g4 . = ¢/8, and
gt.» = 0, the singlet and spin-z channels are affected more strongly. This is physically reasonable
since we naturally expect transport to decrease most in channels which can couple directly to

disorder.

VI. CONCLUSION

This paper examined the influence of quenched disorder on the 2+1 dimensional CFT of 2NV

massless two-component Dirac fermions coupled to a U(1) field. The existence of this CFT can
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be established for sufficiently large NV by the 1/N expansion, and we combined the 1/N expansion
with a weak disorder expansion.

For generic disorder, our renormalization group analysis shows a flow to strong coupling, and
so we were unable to determine the fate of the theory. However, if we restrict the disorder to obey
certain global symmetries, then we were able to obtain controlled results.

For disorder respecting time reversal and the full SU(2/N) flavor symmetry of the CFT, we found
in Sec. [II B that all allowed disorder perturbations were marginal to the order we considered. Such
a result does not apply to the CFT of 2V free Dirac fermions: in that case, disorder coupling to a
randomly varying chemical potential leads to a flow to strong coupling [24]. However, once disorder
is allowed to break time reversal, we again find a runaway flow towards strong disorder, albeit at
a higher order in perturbation theory.

Our main results, in Sec. [II D, concerned the case in which disorder respects time-reversal and
U(1)xSU(N) symmetry. In this case, to leading order in 1/, we found a non-trivial fixed line with
both interactions and disorder. This fixed line had continuously varying exponents, in particular
a dynamic critical exponent z > 1. It also had a continuously varying, but cutoff independent,
flavor conductivity.

We also discussed the possible relevance of our results to the spin-1/2 kagome lattice antifer-
romagnet. In this case, the U(1) x SU(N) symmetric disorder corresponds to a randomly varying

Dzyaloshinkii-Moriya field, as we described in Secs. [ and IV.
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Appendix A: General non-abelian subgroup of SU(2N)

In this appendix, we briefly discuss the RG flow which results upon breaking the flavor symmetry
from SU(2N)— GxSU(2N)/G, where G is a continuous non-abelian subgroup of SU(2N). The

most general form the disorder could take is
S, ) = / d'z dr {Mag ()T (2, 7) + iA ()T Yz, 7) + VI (@) T ¢(z,7)| (Al

where 7% are the generators of G. Averaging over disorder, we assume

MM (a7) = 25,00 — o), M (@) AG (&) =
- 0 *E)\ -
AG (@) A5, (') = B 606,02 — o), Mg (x)V (') =0,
VRV @) = P M0 ), AV =0 (A2

We can study this theory in the same way we did in Secs. [I B and Il A. The Feynman rules will
be analogous to those shown in Fig. 3.

From the calculations in Appendix C, we see that only the diagrams in Figs. 12a and 12b, and
Figs. 13a and 13b contribute to the renormalization of A 4. In particular, letting I" 4 be the vertex
function whose spinor indices are proportional to 7/ ® iv;, we find

Loy @iy =~ (R N+ ) ¥ 0 3 [T T 0 T*T — T*T @ T'T°]

4re
ab

1
=+

— N+ 404+ N) iy @i > [T T @ [T, 7"

ab

1 .
=5 (W +aE 20 i @iy YT eT (A3)

where we’ve used the fact that

Z [Ta’Tb} ® [Ta,Tb} _ Z,l-fabc Z-fadec ® Td _ Zéchc ® Td _ ZT{Z QT (A4>
cd a

ab abed

where f%¢ are the structure constants of the algebra. It follows that
mha=— (A +4NG+A2). (A5)
Appendix B: Fermion self-energy

In this section, we calculate the fermion self-energy diagrams given in Fig. 5.
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Self-energy contribution from photon: Fig. 5a

6 —€ 2/ qu ui(p—i_Q)a/ya. ,,(S,uy
/’1/ ( [/ T

Fig. ba = — vy
2N 2m)P (p+q)? lq|

Using the identity

1 /1 n(l — )"
= x
AB" " Jo A a(m— A
and the fact that y#*y, = (20" — y*y*) v, = —(D — 2)7*, we write

i(D - 2)16u‘5y27ﬂ/ d"q /1 L] qu+ (1 —2)p,
2N (2m)P Jo 2V1 —x [ + 2(1 — 2)p?]*/*

Fig. ba =

852
= —ivip, (=2 ) 1 finite.
" Pu (37?2(2]\7)6) hinite

Self-energy contribution from singlet mass disorder: Fig. 5b

. dPq i(q+p)uy”
Fig. 5b = g, | —— 976(qo) L PInT
ig. b =g /(%)D mo0) =3 )2
= ig / dlq i[(q+p)iv' + poy"]
*J @m)? (g+p)?+ P}

= —ipyy’ <%> + finite.

Self-energy contribution from SU(2) mass disorder: Fig. 5c

(B2)

(B4)

The contribution from the SU(2) mass disorder is the same, since the Pauli matrices square to

the identity:

D

: aa [ d7q i(q +p)" o (Yta .
Fig. 5¢ = g1 ,0% / @)D 27r(5(q0)W = —ipyy (2—m) + finite.

Self-energy contribution from scalar potential disorder: Fig. 5d

Fig. 5d = —gy.a v

)

dPq ol Dp)ay™.
— 276 (qo )iy ——L 0

(2m)P e
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a,l b, b, ¢ I a,l

—_————
a3 = 2100(qo) [1] [1] 4 q =2m0(qo) [iv"] 4 [17"]ca
—>—:—>—
d7 m ¢ m d7 m Iz G m

FIG. 11: Feynman rules for diagrams without flavor indices. a, b, ¢, d on the graphs label the
spinor indices, and ¢ and m label the replica indices. The vertex on the left describes mass-like
disorders, such as M,(r) and M, ,(r), and the diagram on the right corresponds to the SU(2)

scalar and vector potential disorder, V,(r), and A;,(r).

Self-energy contribution from vector potential disorder: Fig. 5e

. d"q g +p)ar”, 0 (9Aa .
Flg' oe = JAa / WQTF(S(QQ)Z’}/J W'L’Yj = —1Po7Y (?) + finite. (B?)

Appendix C: Diagrams without flavor indices

Since the spinor and flavor tructure of the interactions factor, it’s convenient to first calculate the
diagrams which correct the four-point interaction without reference to the fermion flavor indices.
We denote these generalized vertices with the Feynman graphs shown in Fig. 11. The set of
diagrams with only internal mass-like disorder and photon lines is shown in Fig. 12, while diagrams
with only gauge-like disorder and photon lines are shown in Fig. 13. Finally, Fig. 14 lists those

diagrams which have contributions from both mass and gauge-like disorder.

1. Diagrams with mass-type disorder and photon lines: Fig: 12

In this section, we evaluate the diagrams with only internal mass disorder and photon lines.

These are listed in Fig: 12.
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o o o ° : 3 > ..—..’._._o
(a) 77 @ (~7e) (®) ¥ @7 () (c) 1@ (5) (@) 1&1 (5)
p ud RG
— >
] o ]
p ! Pu
2442 2442
(e) Convergent (f) Convergent (g)1®1l (_WHIV)E> (h) 1®1 (- Wz(QgN)E)
————— ————— ————— —————
v 1 v u p I
4 4
1ol (%) (Hlewl (%) (k) Cancels Fig. 121 (1) Cancels Fig. 12k

FIG. 12: 4-point diagrams with photon and mass-like disorder internal lines. Below each
diagram, the divergent piece, if present, is given. (The factor of 27wd(gp) has been been

suppressed for simplicity.)

Two internal mass lines, no crossing: Fig. 12a

. . [ d°q il—q—p),* _ilg+p)sy”’
Fig. 12a = 6/—27r5 2o (qy + &
g w | amp (40)276(go + po) o) TR
dq / b q*/2
— 2 —€ d J ® .
o [ et Jy T e e — o
A 1
= 2m(po)y’ ®7; (—4—m) + finite. (C1)



v H v 1]
v “w “w v

(a) (re) ’ b) (e
101-1"®9°% (n,v)=(0,0),(£0) 1e1+9°®4% (nv)=(0,0),((0)
v v K v I
n
m
W v v v I
(c) 27 (po)7° ©4° (3r) (d) 2m(po)7° ®7° (5k) (e) Convergent
% KO [ sv0 + Z 5Vj % §V0 [_5#0 + Zj 5#]}
o v
2
(f) 276 (po)y* @ Y (_% (g) 278 (po) " @ M 3W28(52N) ) (h) Convergent
p p 1 1
%u 1 iz %u
(i) Vanishes (j) Vanishes (k) Cancels Fig. 131 (1) Cancels Fig. 13k

FIG. 13: 4-point diagrams with photon and gauge-like disorder internal lines. Below each
diagram, the divergent piece, if present, is given. (The factor of 2wd(g) has been been

suppressed for simplicity.)
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X(2—5uj)]l®]l X(2—5Mj)]l®]l

FIG. 14: 4-point diagrams with both mass-like and gauge-like disorder internal lines. Below each
diagram, the divergent piece, if present, is given. (The factor of 27d(qy) has been been
suppressed for simplicity.) The tr [Oy] term in Figs. 14i and 14j indicates that once the action on

the flavour indices has been specified, a trace over this operator should be taken.

Two internal mass lines, with crossing: Fig. 12b

dPq iqa7" _ i(q+p)s7”
Fig. 12b = p~° 216 (qo)2m0
s = / ()0 200200 p0) = © S
| 1
= 27(po)Y' ® Vi <4_7re) + finite. (€2)
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Vertex correction from disorder: Figs. 12¢ and 12d

. [ d%q iy i (2= )57
Fig. 12c = / Gy 20 @2md ) 2= @

. »Yj®f>/j/ ddq /1 qz ‘
=2 — d 1 + finit
mpo) [ > ) @i )y Pl e —app) O

=2m(pe) 1 ® 1 ( ! ) + finite. (C3)

2me

The other vertex gives the same correction:

! > + finite. (C4)

2me

Fig. 12d =27(pp) 1 ® 1 <

One internal gauge-like disorder line and one photon line: Figs. 12¢ and 12f

The diagrams are both convergent. We see this by writing

—e 2 D s o ; B8
. 1 g dk 1 ( ikay®) _ . L i(k+q)py
Fig. 12¢ = o6 (ko) —— iy~ ) gy jan A TAIB T
& TN ) et (ko) \k\ 2 2 T g
—€ 2 d
g [ A% . 1
T ) el O (@ )
= finite, (C5)

where we have assumed that ¢ = (g, 0). The same reasoning shows that Fig. 12f is convergent as

well.

Vertex correction from photon: Figs. 129 and 12h

16p=g* [ d°q . gy ilg+p)s7” . » 1o
2N (2m)P ¢ (q¢+p)? ”!fJ\

16:u_6 2 o dD ! Qaq 1 — X)PaP

Fig. 12g = 27d(po)

2 (2m)P @t o —a)p
2447
=2 11| ————— finite.
70 (po)1 ® ( 772(2]\7)6) + finite (C6)
Similarly,
. 244° .
Flg. 12h = 27’(’5(}90)]1 & 1 _W]\[)E + ﬁmte. (C?)
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ooo

FIG. 15: Fermion loop subdiagrams which appear in the O(gg, ge/2N) bilinear counter terms.

Internal fermion loop with two photon legs: Figs. 12i and 12

Because of the sum over N in the internal fermion loop, several two-loop diagrams contribute
to the order in perturbation theory we are considering. Since the frequency d-function which
renormalizes disorder must come entirely from the single disorder leg in Figs. 12i and 12j, we can
determine the divergence by sending zero (spatial) momentum through this diagram. Therefore,

it becomes easier to first calculate the vertices shown in Figs. 12i and 12j.

We have

Fig. 15a = —

o g? / dPq o gy igsn” myi(q—k)wp i
2N (2m)P ¢ ¢ (q — k)2

oo [ dPq o, ags(q = F),
=7 [ G b G

7 dPq (q—k) N dPq [* 2etP(1 — x)k
— 9 € 2 ,u,up/ P _ _ ¢ 2/ / d P Cs
et O L R R B O L S PR s T (C8)

We note that since the photons are diagonal in flavour space, the mass disorder in the loop must
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also be diagonal. It follows that this diagram will only contribute to disorder coupling to the
singlet mass operator, 1), and, for this reason, we have taken the flavour trace to be 2N. The full

diagram is then

d’k ik +p)oy” . ,(16)* [ dPq [ 2e"(1—a)k
Fig. 12i = _27”5(1)0)]1@”262]\]/ _ Lk 4 D)oy i . (16) /( )q / dx[ e'P(1 —x)k,
0

k+p? kP 2m)P ¢+ (1 — x)k?]?
(C9)
We set p =0 and use an IR cutoff. Then, we can take k,k, — d,,k%/d and
i Va0l 1 v opuA
_c_ﬂ VY €uve = Eﬂ M€ Copp = 1. (ClO)
Inserting this into the expression above, we find
de dD 1—x
Fig. 12i = —2m6(po)1 ® 1 - 2(16)2u 22— / /
2 (po)t 120160 > 2 3795 BT o ST
218 (po) 1 ® 1 1077 4 i (C11)
pr— —_— nl .
oo m2(2N)e ¢
For the second diagram, we calculate the vertex in Fig. 15b.
—€ 2 D ; a B ; p
: 1y d”q  [igay"ige” . ilg+ k)",
Fig. 15b = ——=2N t " C12
BT TN /(QW)D r[ @ @ (qg+k? (C12)
This is identical to Eq. (C8) except with k — —k and p <> v:
dPq [, 2er(1—2)k,
Fig. 15b =y~ / 4 / dp 2PAZ Ok g 5 (C13)
@m)P Jo  [¢? + (1 - 2)k??
It follows that
Fig. 12j = Fig. 12i = 276 (po)1 ® 1 V700 R (C14)
ig. ig. 121 = 2mwd(po Z2N)e nite

Internal fermion loop with one photon and one disorder line: Figs. 12k and 121

As above, we approach the two-loop diagrams by first calculating the relevant fermion loop

vertices, shown in Figs. 15¢ and 15d. We have

—€/2 2 dD ; a g B8 (g — k o
: g q . [igay*igey? . i(q— K)oy }
Fig. 15¢ = ———=tr |O tr o C15

& v ol ﬂ]/ (2m)P { @ ¢ (g—k)? (C13)

Here, we leave the flavour index behaviour of the vertices arbitrary by letting Oy be a general

2N x 2N Hermitian matrix. Similarly

—€/2 2 aP ; k) ~° 0B G~
. n g q . [ilg+k)o . L igs7” iqay ]
Fig. 15d = ————=tr|O / tr [ iyt C16



Taking ¢ — —q and noting that tr[y7y#7%7?] = tr[y*y?y#~?], this becomes

Fig. 15d =

—€/2 2 aP ; aga~B (g — k).~
P94 [Oﬂ]/( Tt {um 1957y 10— D0T] g, 150

P (q—k)?

It follows that the divergences in Figs. 12k and 121 cancel.

2. Diagrams with gauge-like disorder and photon lines: Fig. 13

Two internal gauge-like disorder lines, no crossing: Fig. 13a

1 | 1
Fig. 13a = 2m(po)5 ) 7"v'7" ® 717" (—2—7“) + finite
J

_Z]”yj@,}/jv (%V):(an)
1 .
= 27(po) (4—7TE) 101 —7"94°, (uv)=(0,0),(0) + finite

_Zj7j®7ja (M,V):(ﬁ,k)

Two internal gauge-like disorder lines, with crossing: Fig. 130

1 . 1
Fig. 13b = 27T(p0)§ 27“737” ® ¥ yv* (2_7Te) + finite
J

Zj’yj@’yj? (/‘L7V):(O’0)
1 .
= 27 (po) (Tm) 121++"®4% (u,v)=(0,£),(¢0) + finite
> ® (1,v) = (k, 0)
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Vertex correction from gauge-like disorder: Figs. 13¢ and 13d

dP gy ila—plpn”
Fig. 13c :/ a 27‘(‘6((]0)271'5(])0)2’)/”2(1 7 e [ ]L;J 1Y, & 1,
p

(2m)P g (¢ —
1 ddq 1 q2 e , .
0 (May):(&o)?(&l{:)
1 .
= 27 (po) (2_7%) X924 (p,v)=(0,0) + finite
Yo" () =1(0,0)
— 27 (po)7° ® ¥ (2 > S 25”9] (C20)

The other vertex gives the same correction:

1
Fig. 13d = 27 (po)y’ @ 7° (%) 50 + finite (C21)

Y YU Z SHI
J

One internal gauge-like disorder line and one photon line: Figs. 13e¢ and 15h

This situation is identical to the one in Eq. (C5) except for some  matrices: both Fig. 13e and

Fig. 13h are finite.

Vertex correction from photon: Figs. 15f and Fig. 139

16~ ¢ 2 dD GV . B 1
Fig. 13f = 270 (pp) — - /( q_, %" e+ D)’

iy Y @Y
2N 2m)P q? (¢ +p)? lq

16/f652 . dD QQQB ( )papﬂ
= 2m0(po) iy @ / / dx —\/ -
2N y (2m)P [q +z(1—x)p ]5/2
842

=2 ’ Pl ———— finite. 22

0 (po) Y @ 7y ( 372(2N)e) -+ finite (C22)
Similarly,
: 84 :

Fig. 13g = 27w (po) " @ ~* (—m) + finite. (C23)
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Internal fermion loop with one disorder and two photon legs: Figs. 131 and 13)

None of the gauge-like disorder terms are diagonal in the flavour indices. As we remarked above,
this is because the global U(1) current has scaling dimension 3, making it extremely irrelevant.
Therefore, the gauge-like disorder in Figs. 13i and 13j inserts an 2N x 2N traceless Hermitian

matrix into the fermion loop. Upon taking the trace, both vanish.

Internal fermion loops with two disorder and one photon leg: Figs. 13k and 151

As we did for the two loop diagrams with mass-like disorder above, we first calculate the fermion

loop vertices. The vertices relevant to our diagrams are shown in Figs. 15¢ and 15f. We have

76/2 dD . 5 . o . o k’ o
. p g q . ligey” . Liqan®™ . ilg — k)’ .
Fig. 15e = ———=+tr[O / tr{ iyt ) 7
° v O] Gt e e vy
—€/2 dP —k
H 4 q v o, B o qaq5<q )U
=2 _ _Jd4r 10 — 1t P H = /2 C24
N ﬂ]/(%)Drhwywyﬂ(qﬂ%q—k)?’ (©24)

where Oy; is the matrix in flavour space coming from disorder vertices. Similarly, reversing the

direction of the fermion loop, we have

—6/2 dD . o . B . l{} o
K ‘gtr[Ofl]/( gy {qu iy 5 o Ua+ k)Y iy”

Fig. 15f= -2 _ 4
& V2N 2m)P q? 2 (gt k)
—€/2 D
p%g dPq o B o o 1ads(q+k)s
= ——=1tr|O /—tr # P — . C25
oI [ 2m)? o e e o COECEE (C25)
Noting that

fr [y g2t ] = (1)t [yt (€26)

and taking ¢ — —q, we have

—¢/2 dD —k
: - w g q b o o1 9098(q — K)o .
Fig. 15f = — tr [O / tr P Bk — = _Fig. 15e. C27
g. 15 N (O] (2m)P (VAP e (@2(q = h? g. 15 (C27)

We conclude that Figs. 13k and 131 cancel one another.
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3. Both potential and mass disorder diagrams

One internal mass-like and gauge-like disorder lines, no crossing: Fig. 1/a

d"q i, o Lilg +p)s”
Fig. 14da = | —==2n¢d 216 (q + b—2 @ iy
1g a /(27_(_)1) ™ (qO) ™ (q p) vy q2 vy (q+p)2

) 5 ddq 1 q2
= =276 (po)Y" Y ® “]-ﬂ/ /dx -+ finite
(Po)y* v @7y - 2 Jy i — 0P

, 1
— 2716(po) Z Vil @ Ay (_> + finite

4re
J

1 _Z‘ryj@’y'? p =0,
T 1e1-1"®4°, p=t¢
One internal mass-like and gauge-like disorder lines, with crossing: Fig. 1/b
. ) . 1 .
Fig. 14b = —2(po) ;Wﬁ ® Y (R) i finite
1 _Z'Pyj@f)/'a p =0,
= 27d(po) (4—) ! ’ (C29)
101 -9 ®4°, p=t
Mass disorder vertex correction from potential disorder: Figs. 14c and 14d
: 1 :
Fig. 14c =27(py) 1 ® 1 (—2—) + finite (C30)
e
and
: 1 :
Fig. 14d =27(pp) 1 ® 1 (—2—> + finite (C31)
mE
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Potential disorder vertex correction from mass disorder: Figs. 14e and 14f

aPq iy ila—plg7”
Fig. 14e = 27 (qo)2md jyH '
1g e /(ZW)D Q (QO) n (pO) qg ¢ (q_p)g ®Z7,u
1 dd(] /1 q2 } )
=27 - [ —= dx Tk~ @ v 4 finite
w |3 f 5 |, il e
1
= 27(p)0"°~° @ 4° (—) + finite (C32)
2me
Similarly,
1
Fig. 14f = 216(po)0"°7° @ 4° (5——) + finite (C33)
e

Internal fermion loop with internal gauge and photon legs: Figs. 1/g and 14h

In order to calculate Figs. 14g and 14h, we being by determining the subdiagrams in Figs. 15g

and 15h:

—€/2 D ; « , B (0 — o
: Yy d”q  [igaY* . iqey” . ilg — K)o
Flg. 15g = —Wtr [Ofl] / (27‘[‘)Dtr |: q2 Z’y“ q2 1y (q — k)Z

(C34)

where Oy is the matrix in flavour space resulting from disorder vertices. Similarly, the other

diagram gives

_6/2 dD . a . B . o
: ng q . [igay” . wwy.ydq+k%7}
Fig. 15h = ———=tr |O / tr [ iyt i
g /—2N [ fl] (27T)D q2 7 q2 v (q+ k)2

1=y dPq | Tigay® . igen” . (g — K)oy .
= —=t t i v = —Fig. 15h
V2N rionl | (2m)P [ e e gy B ()

where in the last line we took ¢ — —q. It follows that these diagrams cancel with each other.

Internal fermion loop with internal mass and gauge disorder and photon lines: Figs. 1/i and 1/j

We start by evaluating the fermion loop vertices in Figs. 15i and 15j. Actually, it’s not difficult
to see that up to the photon vertex coupling, x~24/v/2N, these diagrams are identical to the
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vertices in Figs. 15a and 15a, determined in Egs. (C8) and (C13):
Fig. 151 = Fig. 15]

—€/2 D 1 wp(1 _
_ o, [ [y 22k, (C36)
f ( o g2 2

Proceeding as we did for this case, we have

Fig. 14i = Fig. 14

—€ 2 D ; o D 1 v
L ng d°k - ik .16 / d”q / 2P (1 — x)k,
= 27r5(p0)1®—2N tr [Oﬂ]/—(2 526 (ko)iy” 2n7 J, dx[ 5

) 2 ) @ ¢+ z(1 — 2)k?]
32 _652
dk [ dPq (! 500 1 1 — 2
X / (27‘(‘)d / (27{)D / dx (—Z)’Y ’7 ’Y €uvp d |k’| [q2 4 1’(1 — x)ka}z (037>

where tr [Oy] indicates that, in order to allow disorder vertices which are off-diagonal in the flavour
indices, we have not yet explicitly taken the trace over the flavours. Moreover, we sum over v, o,
and p but not p. With this in mind, we note

i v_ o i 1 vj
d 27 VIV €p0y0] = i Z e e =

oprj 2}

(d—6)1. (C38)

SN

Performing the ¢, k, and x integrals, we obtain,
Fig. 14i = Fig. 14]

2 1
— 278 (po)1 ® 1tr [Of)] Qﬂ—N <R> (2 — 5,,;) + finite

2md(po)tr (O] 5 ﬁ)l@]l, =0,

5_
2N
2

( (C39)
276 (po)tr (O] ”—N (ﬁ) 1®1, pu==uxy

Appendix D: 4-point diagrams contributing to fermion bilinear counter terms

The diagrams which contribute to the g-functions at O(gg, ge/N) are shown in Fig. 6 and in
Tables. I through III. The divergences are based on the integrals determined in Sec. C and only

7

diagrams which do not vanish are shown. The label “n,” indicates the degeneracy of the diagram
or else the existence of a diagram with a nearly identical form.
Some of the diagrams result in divergences proportional to [y* ® v#] [1 ® 1] and would appear

to imply that disorder coupling to the U(1) gauge current J* is generated. While counter terms are
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(a) (b)

FIG. 16: Diagrams which enter into the photon self-energy at leading order. (a) will not

renormalize the disorder and (b) vanishes.

technically required to render the theory finite, we emphasize that it is not necessary to consider

them since J# already has a large scaling dimension at the QEDj fixed point.

Appendix E: Diagrams renormalizing flux disorder, g and gp

The renormalization of g and gg result from terms in the photon self-energy which are propor-
tional to 2md(pg). It follows that the usual 1/2N corrections to the photon propagator, like shown
in Fig. 16a, do not renormalize the flux disorder.

In order to renormalize g¢ and gz we must have a disorder line going through the middle. This
would allow a diagram like that shown in Fig. 16b. The trace over fermion flavours means that the
only disorder we could place between the two loops is the singlet mass-like disorder, with coupling

gs. This diagram is O(2Ngs) ~ O(1) and so thankfully it vanishes:

D S a 8 D SR p
d”q [anv g +p)sr” #}/ d°k | [Zk‘ﬂ i(k+p)yy i

Flg 16b = 27?5(]90)2]\7,&_265295/

JeoP T arp? )P TR ()
I’:Ep) Z;(rp)
(E1)
where
I"(p) = —itr [y*7"7"] / - / agtlet e (E2)
(2m)P J, [ +x(1 — m)p2]2 .

We next consider the situation with two internal disorder lines. These lines must go between
the two bubbles otherwise they will be cancelled by a vertex or a field strength renormalization
and will not lead to a renormalization of the flux disorder. Furthermore, one of the internal lines

must correspond to a flux disorder interaction since otherwise the divergence will be cancelled by
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TABLE I: Feynman diagrams which determine the bilinear counter terms.
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TABLE II: Feynman diagrams which determine the bilinear counter terms.

one of the bilinear disorder counter terms we determined in the previous two sections. This leaves
the diagrams with one internal disorder line coupling to the topological current and one to the
mass since all other bilinear disorder types will vanish upon tracing over the flavour indices. These

diagrams are shown in Fig. 17. Depending on whether the internal indices (o, p) are (0,0) or (i, 7)
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FIG. 17: Diagrams which renormalizes the flux disorder at O(ge, g¢/2N). Depending on whether

the internal indices are (o, p) = (0,0) or (7, ), the coupling constant are —gp or gg¢ respectively.

the diagrams are proportional to —g?g.gs or g*gsge respectively. They therefore contribute at the
same order as the diagrams in the previous two sections. We note that diagrams which two internal
flux disorder lines appear at a order in g¢ and 1/2N.

Ignoring coupling constants for the moment, for any give u, v, o, and p, it’s easy to check that

the four diagrams being added in Fig. 17 all have the same value. Therefore, their sum is equal to

“iqa'ya m”i(q + ]{3)5 Z(Q + p))\’}/)\ 2(£ + p)A/'y)‘/ Z(g + k’)ﬂ/ i,ypiga”ya/ i’y” (E3)
¢ (g+k)? (q¢+p)? (q+p)? (E+k)? e

X tr [m
Noting that

i+ i+ k) ilay™ iy i+ k) (0 p)ayY
i ’ Y| =t iy ’ Ed
' { (a+p? (+r2 e B I T CR P e (B4

we define a function

o N oo o(q+ k) p(g +
Fr(k,p) :/ Wq tr [1#7%y7 7] ‘22((3 )s(q +p)x (E5)



It follows that

Fig. 17 = 4(16)% - 2m6(po) / (;li’;dfﬂd(k,p)f@(k,p) <5gp - %) : (E6)

By dimensional analysis and gauge invariance, we know that any divergence arising from the sum

of these diagrams must take the form

Fig. 17 = C*™" x 216(po ) p* (5uv - p“?”) + finite (E7)
D

where C*7” is a constant proportional to 1/e. It follows that our problem can be significantly
simplified by differentiating twice with respect to p, setting it to zero, and using a cuttoff ur to

regulate the IR divergence. That is

CHviop 4(16)2/% (50;) . k;’;ﬁ) ain [.F“U(/{,O)flfp<k,0)], (ES)

up to finite pieces. Noting that we should only differentiate with respect to p* = p? + pz, since

po = 0, we have

2
1 4 4 )
86—])2 [FH(k,0)F"*(k,0)] = 5 Z (0,00 FrOFve + FrO 0, F"P + 20, FH & F*°] . (E9)

J
where 0; = 0/0p;,.
We start by finding F*7(k,0):

d"q ga(q+k)sqs
T (k,0) =t MU“/ . 2
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_ Hom/ O n O A qu 1 xr 2(1_$)
=tr [7 YAy } / (27T)D/0 d (2 + 2(1 —x)k‘Q]g
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X (% [— 280k — 20pak, + (1 — 2)danks) + (1 — l‘)k?ak/gk)\)

tr [y#y*y7yP 4] kakgky
= 35& k - 5& k - 5 ka
128 [k| ARG — Oaphin — OpARa + —5

= 0. (E10)

Here, we have set D = 3 since the integral is finite; we will continue to do so below. So the first

two terms in the derivative of F#?F"? vanish, leaving only the third. We are left to find

dq qalq+k) 20xq
0P =i [ () oy
J ( ) jntT h T } (27T) (q2)2(q+k)2 nA q2 ( )

20



We separate this into two terms:

(057 (k, 0)] 4 = djtr ["7*777"7"] / (dz:) (52&)(;1@+ f 35)2

(0,77 (k, 0)] = =28 tr [y**777"7*] / éiq) qég);zqkf%gn' (E12)
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The “B” part is slightly more complicated,
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and so we further separate this into three pieces:
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The second piece evaluates to
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Adding the three contributions, we find
0,77 (0] = 8y o (3607 = ekt 4 e 4 ]} (E2)
and, upon including [0;F"?(k,0)] ,, we obtain
] 1
0; F" (k,0) = 0, 32#“{:‘ (e“"” + = ("o kT + €T ko kM 4 e“”o‘k:ak:"]) . (E22)

We can now extract the divergence. When we only consider the magnetic disorder, the internal

indices in Eq. (E8) are fixed at (o, p) = (0,0). In this case, we have

dk 1 2 ; . 4 dk 1
u,00 — 41 2 e J Fho (L VP ([ — —(5‘”(5'}](51-'2 1 2 / _
¢ 0o Gry ke 2 2 07T I OOTTE0) 206037563 | @ryie
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When we have (o, p) = (i,7) we find
g d% 1 2 , . kik;
mii _ A(1 2 -~ 14 aes Vi (L 5ii — 1lvjy
1L,J=,y L, j=x,y
1
= §10§v0 (-) : (E24)
e
Multiplying by the corresponding coupling constants, we obtain the counter terms cited in Eq. (43):
4 1 4 1
0e =g"9s95 ( — |, 05 =4g"9s9¢ | — |- (E25)
e e
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FIG. 18: Subdiagrams which contribute to the flavour conductivity.

Appendix F: Current-current correlators

In this appendix we review our calculation of the Feynman diagrams shown in Figs. 10a to 10e.

Since no divergences are present in these diagrams, no counter-terms will be necessary.

1. Bare loop

The leading term is shown in Fig. 10a. It is simply
dD

Fig. 10a = (—1)tr [T°T*) tr [00"] / @2m)P

__ __fTs abm uu_p#py
= =33 <5 _p2) (F1)

where we used tr [T77T*] = %. Setting p = 0 and u = v = z,we have

. ’p()’
Fig. 10a = ——- F2
ig. 10a G (F2)

2. Vertex diagrams

a. Contribution proportional to g; .

We begin by calculating the 1-loop vertex contribution shown in Fig. 18a:

g+ Py ila+k+p)p)”. | i(a+k)or” ign”
¢ ¢

(F3)

dPk
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=ig.T" @ 0°00° @ Yy " —5155(q0, Do)
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where

d'k do(do + o) 0305:0" / d'k K’ .
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The full diagram in Fig. 10b is then

: TS zZ a2 a x .0 T : d3q Q+p aq
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where 7, = +1 and 7,, = —1.
We perform the integral over k in Iy and Iy 4 and analytically continuing to d = 2 + € spatial

dimensions:
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Performing the q integral, we have

/ d*q q0(g0 + po) _ 1 (g0 +po) o [ a } (F7)
(2m)* [(q0 +po)* + @* g5 + @°] 4w polpo +2q0) [ (g0 + po)?
Plugging these into Eq. F'5 and integrating over gy we find,
Fig. 10b = 1,0"6% - gtzm- (F8)
T 96T
b. Contribution proportional to g4, .
The diagram in Fig. 10d vanishes. We can see this by noting that
d"k (g +p)ar”. ila+k+p)sy” . Lilg+k)y"  ig”
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where I3,(qo, po) is defined in Eq. F4. The full diagram is therefore

B
: / S z a __zZ +
Fig. 10d = (=1)% x 2 x ga tr[T"T*]tr[o* 0% o”Jtr [7 VAP iy } © )2/ 2 )BE n ; qpl,ga(CIo»po)
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Gtz

Fig. 1()b> : (F10)

Noting that Fig. 10b has no epsilon pole, when ¢ — 0, this diagram vanishes: Fig. 10d = 0.

3. Self-energy diagram
a. Contribution proportional to gy .

The self-energy subdiagram is

Ak k)s7” d’k

(2m)P (q + k)? (2m)% g3 + k°
1 1 1
= 91170 {—2— + Elog [47re 'YE] — Elog q(z)} . (F11)
I;(;o)

The full diagram is therefore
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We see that the constant (and divergent) portion of Iy (pg) integrate to zero since it is odd. The

term proportional to the log on the other hand, can be rewritten and solved:

1 [ dgo 4t + (g0 + po)* @ q0(qo + po) @
Fig. 10c = g;.6"0""— / <1 + log lo
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b.  Contribution proportional to ga .

This diagram is nearly identical to the previous one:

dBq . [igay™ . igsY? . Lilg+p),”
Fig. 10e = —1 x 2 X g.tr|T"T*tr [0%0? tr | 2004y AT e LI in ! gol
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P Z@- F14
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where Ix(qo) is given in Eq. F11.
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