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Abstract
We discuss a supersymmetric generalization of the Sachdev-Ye-Kitaev model. These are quantum

mechanical models involving N Majorana fermions. The supercharge is given by a polynomial expression

in terms of the Majorana fermions with random coe�cients. The Hamiltonian is the square of the

supercharge. The N = 1 model with a single supercharge has unbroken supersymmetry at large N , but

non-perturbatively spontaneously broken supersymmetry in the exact theory. We analyze the model by

looking at the large N equation, and also by performing numerical computations for small values of N .

We also compute the large N spectrum of “singlet” operators, where we find a structure qualitatively

similar to the ordinary SYK model. We also discuss an N = 2 version. In this case, the model preserves

supersymmetry in the exact theory and we can compute a suitably weighted Witten index to count the

number of ground states, which agrees with the large N computation of the entropy. In both cases, we

discuss the supersymmetric generalizations of the Schwarzian action which give the dominant e↵ects at

low energies.
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I. INTRODUCTION

The Sachdev-Ye-Kitaev (SYK) models (or their variants) realize non-Fermi liquid states of

matter without quasiparticle excitations [1–4]. They also have features in common with black

holes with AdS
2

horizons [5, 6], and this connection has been significantly sharpened in recent

work [7–25].

In this paper, we introduce supersymmetric generalizations of the SYK models. Like previous

models, the supersymmetric models have random all-to-all interactions between fermions on N

sites. There are no canonical bosons in the underlying Hamiltonian, and in this respect, our

models are similar to the supersymmetric lattice models in Refs. [26–32]. As we describe below,

certain structures in the correlations of the random couplings of our models lead to N = 1 and

N = 2 supersymmetry. Supersymmetric models with random couplings that include both bosons

and fermions were considered in [33].

Let us discuss now the model with N = 1 supersymmetry, and defer presentation of the N = 2

case to Section V. For the N = 1 case, we introduce the supercharge

Q = i
X

16i<j<k6N

Cijk 
i j k , (1.1)

where  i are Majorana fermions on sites i = 1 . . . N ,

{ i, j} = �ij, (1.2)

and Cijk is a fixed real N ⇥N ⇥N antisymmetric tensor so that Q is Hermitian. We will take the

Cijk to be independent gaussian random variables, with zero mean and variance specified by the

constant J :

Cijk = 0, C2

ijk =
2J

N2

(1.3)

where J is positive and has units of energy. As is the case in supersymmetric theories, the

Hamiltonian is the square of the supercharge

H = Q2 = E
0

+
X

16i<j<k<l6N

Jijkl  
i j k l (1.4)

where

E
0

=
X

16i<j<k6N

C2

ijk , Jijkl = �1

8

X

a

Ca[ijCkl]a, (1.5)

with [ ] representing all possible anti-symmetric permutations. Note that the Jijkl are not inde-

pendent gaussian random variables, and this is formally the only di↵erence from the Hamiltonian

of the non-supersymmetric SYK models [7, 10–17, 19, 23]. These particular correlations change

the structure of the large N equations and lead to a solution where the fermion has dimension
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�f = 1/6. In addition, there is a supersymmetric partner of this operator which is bosonic and

has dimension �b = 2/3 = 1/2 + �f . This large N solution has unbroken supersymmetry, and

we have checked this numerically by comparing with exact diagonalization of the Hamiltonain.

We have also computed the large N ground state entropy from a complete numerical solution of

the saddle-point equations. In the exact diagonalization we find that the lowest energy state has

non-zero energy, and therefore, broken supersymmetry. However, this energy is estimated to be

of order e�↵N where ↵ is a numerical constant. We have also generalized the model to include

a supercharge of the schematic form Q ⇠  q̂, and we also solved this model in the large q̂ limit.

We also formulated the model in superspace, and show that the large N equations have a super-

reparameterization invariance, which is both spontaneously as well as explicitly broken by the

appearance of a superschwarzian action, which we describe in detail.

We have also analyzed the eigenvalues of the ladder kernel which appears in the computation

of the four point function. There are both bosonic and fermionic operators that can propagate on

this ladder. There is a particular eigenvalue of the kernel which is a zero mode and corresponds

to the degrees of freedom described by the Schwarzian. They are a bosonic mode with dimension

h = 2 and a fermionic one with h = 3/2. The other eigenvalues of the kernel should describe

operators appearing in the OPE. These also come in boson-fermion pairs and have a structure

similar to the usual SYK case. One interesting feature is the appearance of a boson fermion pair

with dimensions h = 1 and h = 3

2

, which is associated to an additional symmetry of the low energy

equations. These do not give rise to extra zero modes but simply correspond to other operators in

the theory.

We have also analyzed the N = 2 version of the theory. In this case we can also compute a kind

of Witten index. More precisely, the model has a discrete Zq̂ global symmetry that commutes with

supersymmetry, so that we can include the corresponding discrete chemical potential in the Witten

index, which turns out to be non-zero. These are generically expected to be lower bounds on the

large N ground state entropy; it turns out that the largest Witten index is, in fact, equal to the

large N ground state entropy. The model also has a U(1)R symmetry. The exact diagonalization

analysis also suggests a conjecture for number of ground states for each value of the U(1)R charge.

For the q̂ = 3 case, they are concentrated at very small values of the U(1) R-charge, within

|Q|  1/3.

This paper is organized as follows. In section II we define the N = 1 supersymmetric model,

write the large N e↵ective action and the corresponding classical equations. We determine the

dimensions of the operators in the IR and we derive a constraints imposed by unbroken supersym-

metry on the correlators. We also present a generalization of the model where the supercharge is

a product of q̂ fermions and solve the whole flow in the q̂ ! 1 limit. In section III we present

some results on exact numerical diagonalization of the Hamiltonian. This includes results on the
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ground state energy and two point correlation functions. In section IV we discuss the physics of

the low energy degrees of freedom associated to the spontaneously and explicitly broken super-

reparameterization symmetry of the theory. In section V we define and study a model with N = 2

supersymmetry. We compute the Witten index and use it to argue that the model has a large exact

degeneracy at zero energy. We also discuss the superspace and super-reparameterization symme-

try in this case. In section VI we discuss the ladder diagrams that contribute to the four point

function. We use them to determine the eigenvalues of the ladder kernel and use it to determine

the spectrum of dimensions of composite operators.

II. DEFINITION OF THE MODEL AND THE LARGE N EFFECTIVE ACTION

To set up a path integral formulation of H, we first note that the supercharge acts on the

fermion as

{Q, i} = i
X

16j<k6N

Cijk 
j k. (2.1)

We introduce a non-dynamical auxiliary boson bi to linearize the supersymmetry transformation

and realize the supersymmetry algebra o↵-shell. The Lagrangian describing H is

L =
X

i

"
1

2
 i@⌧ 

i � 1

2
bibi + i

X

16j<k6N

Cijkb
i j k

#
. (2.2)

Under the transformation Q i = bi, Qbi = @⌧ i it changes as

QL = @⌧

 
�1

2

X

i

 ibi +
i

3

X

16j<k6N

Cijk 
i j k

!
+ i

X

16j<k6N

Cijkb
ibj k. (2.3)

This implies that the action is invariant as long as the structure constants Cijk in (2.2) are totally

anti-symmetric.

Now we proceed to obtain the e↵ective action. This can be done by averaging over the Gaussian

random variables Cijk in the replica formalism. In this model, as in SYK, the interaction between

replicas is suppressed by 1/N2, so that we can simply average over disorder by treating it as an

additional field with time indepedent two point functions as in (1.3). Averaging over disorder, we

obtain

S
e↵

=

Z �

0

d⌧(
1

2
 i@⌧ 

i � 1

2
bibi)� J

N2

Z �

0

d⌧
1

d⌧
2

�
bi(⌧

1

)bi(⌧
2

)
��
 j(⌧

1

) j(⌧
2

)
�
2

+

� 2J

N2

Z �

0

d⌧
1

d⌧
2

�
bi(⌧

1

) i(⌧
2

)
��
 j(⌧

1

)bj(⌧
2

)
��
 k(⌧

1

) k(⌧
2

)
�
. (2.4)
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Note that this action contains terms in which the bosons and fermions carry the same index, and

which should be omitted e.g. bi(⌧
1

)bi(⌧
2

) i(⌧
1

) i(⌧
2

) j(⌧
1

) j(⌧
2

); however they are subdominant

in the large N limit, and so we ignore this issue.

Notice further that the relative coe�cient between the last two terms is determined by the

supersymmetry requirement that the structure constants Cijk are totally anti-symmetric, so that

hCijkCi0j0k0i ⇠ �ii0�jj0�kk0 + �ij0�jk0�ki0 + �ik0�ji0�kj0 + (j $ k) (2.5)

The purpose of this section is to discuss the large N saddle-point equations for the diagonal

Green’s functions

G  (⌧1, ⌧2) =
1

N
 i(⌧

1

) i(⌧
2

),

Gbb(⌧1, ⌧2) =
1

N
bi(⌧

1

)bi(⌧
2

), (2.6)

where we have a sum over i. We will thus drop the last term in (2.4), which only a↵ects the

saddle-point equations for the o↵-diagonal Green’s functions

Gb (⌧1, ⌧2) =
1

N
bi(⌧

1

) i(⌧
2

),

G b(⌧1, ⌧2) =
1

N
 i(⌧

1

)bi(⌧
2

), (2.7)

We will restore it in a later section IV, where we write the saddle-point equations in a manifestly

super-symmetric fashion.

We introduce the Lagrange multipliers ⌃  

1 =

Z
DG  D⌃  exp

⇣
� N

2
⌃  (⌧1, ⌧2)

�
G  (⌧1, ⌧2)� 1

N
 i(⌧

1

) i(⌧
2

)
�⌘

, (2.8)

and ⌃bb

1 =

Z
DGbbD⌃bb exp

⇣
� N

2
⌃bb(⌧1, ⌧2)

�
Gbb(⌧1, ⌧2)� 1

N
bi(⌧

1

)bi(⌧
2

)
�⌘

. (2.9)

As the notation suggests, these Lagrange multipliers will eventually become the self energies. In-

serting these factors of 1 in the fermion path integral with the action (2.4), using the delta functions

implied by the integration over ⌃ ,b to express the interaction terms in (2.4), and integrating out

the fermions we obtain

Z =

Z
DG  D⌃  e�Seff (G ,Gbb,⌃  ,⌃bb)

S
e↵

(G , Gbb,⌃  ,⌃bb)/N = � log Pf[@⌧ � ⌃  (⌧)] + 1

2
log det[�1� ⌃bb(⌧)] + (2.10)

+
1

2

Z
d⌧

1

d⌧
2

⇥
⌃  (⌧1, ⌧2)G  (⌧1, ⌧2) + ⌃bb(⌧1, ⌧2)Gbb(⌧1, ⌧2)� J Gbb(⌧1, ⌧2)G  (⌧1, ⌧2)

2

⇤
,
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which becomes a classical action when N is large. Let us look at the classical equations for the

action in (2.10). Taking derivatives with respect to G and Gbb, we obtain

⌃  (⌧1, ⌧2) = 2JGbb(⌧1, ⌧2)G  (⌧1, ⌧2)

⌃bb(⌧1, ⌧2) = JG  (⌧1, ⌧2)
2, (2.11)

Taking derivatives with respect to ⌃  and ⌃bb, assuming time translation symmetry and going

to Fourier space, we obtain

G (i!)
�1 = �i! � ⌃  (i!)

Gbb(i!)
�1 = �1� ⌃bb(i!), (2.12)

which confirms that ⌃ ,b are the self energies.

In temporal space, the saddle point equations take the form

@⌧1G  (⌧1, ⌧3)�
Z

d⌧
2

(2JGbb(⌧1, ⌧2)G  (⌧1, ⌧2))G  (⌧2, ⌧3) = �(⌧
1

� ⌧
3

)

�Gbb(⌧1, ⌧3)�
Z

d⌧
2

�
JG  (⌧1, ⌧2)

2

�
Gbb(⌧2, ⌧3) = �(⌧

1

� ⌧
3

), (2.13)

These equations can be solved numerically, and we can see some plots in figure (5). Once we

find a solution to these equations, we can compute the on-shell action, which can be written as

logZ

N
= �Seff

N
=

1

2
log 2�

X

n2half integer

1

2
log [�i!nG  (i!n)] +

X

n2integer

1

2
logGbb(i!n)

� J�

2

Z �

0

Gbb(⌧)G  (⌧)
2 (2.14)

where !n are the Matsubara fequencies for the fermion and boson cases. From this we can compute

the entropy through the usual thermodynamic formula. A plot of the entropy as a function of the

temperature can be found in figure (1).

We can now determine the low energy structure of the solutions of (2.11) and (2.12), as in [1],

by making a power law ansatz at late times (1 ⌧ J⌧ ⌧ N)

G  / 1

⌧ 2� 
, Gbb / 1

⌧ 2�b
, (2.15)

where � and �b are the scaling dimensions of the fermion and the boson. We then insert (2.15)

into (2.11), (2.12) in order to fix the values of � and �b. Matching the power-laws in the saddle

point equations yields only the single constraint

2� +�b = 1. (2.16)

As we will see later the dimension can be determined by looking at the constant coe�cients. Before

showing this, let us discuss a simpler way to obtain another condition.
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FIG. 1. Thermal entropy obtained by numerically solving the large N equations of motion (2.11)(2.12).

At high temperatures we have just the log of the dimension of the Hilbert space, S
N = 1

2

log 2. The

zero temperature entropy is approximately S
N ⇠ 0.2745 + 0.0005, where the error is estimated by the

convergence of the FFT (Fast Fourier Transform) algorithm. The analytical result S
N = 1

2

log
⇥
2 cos ⇡

6

⇤

(2.33) also lies in this range .

A. Supersymmetry constraints

Further analytic progress can be made if we assume that the solutions of the saddle point

equations (2.11), (2.12) preserve supersymmetry. With such an assumption, we now show that

the scaling dimensions � and �b can be easily determined. Again, we refer the reader to a later

section IV for a full discussion of the supersymmetry properties of the saddle point equations.

If supersymmetry is not spontaneously broken, then

Gbb(⌧1 � ⌧
2

) = hb(⌧
1

)b(⌧
2

)i = hQ (⌧
1

)b(⌧
2

)i = h (⌧
1

)Qb(⌧
2

)i
= @⌧2h (⌧1) (⌧2)i = �@⌧1G  (⌧1 � ⌧

2

) (2.17)

This relationship together with

⌃  (⌧1 � ⌧
2

) = �@⌧1⌃bb(⌧1 � ⌧
2

). (2.18)

is compatible with the saddle-point equations in Section II.

(2.17) together with the ansatz (2.15) leads to

�b = � +
1

2
. (2.19)

Together with Eq. (2.16), we can now determine the scaling dimensions

� =
1

6
, �b =

2

3
. (2.20)
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B. Simple generalization

We now show how to derive the �b = � +
1

2

constraint directly from the saddle point equations

without assuming that the solution preserves supersymmetry.

It is useful to consider a simple generalization of Eq. (1.1) to case where the supercharge Q is

the sum over products of q̂ fermions1. The Hamiltonian H = Q2 involves sums of terms with up

to 2q̂ � 2 fermions. q̂ = 3 corresponds to the case discussed above (1.1).

The large N equations are (2.12) and

⌃  (⌧1, ⌧2) = (q̂ � 1)JGbb(⌧1, ⌧2)G (⌧1, ⌧2)
q̂�2 , ⌃bb(⌧1, ⌧2) = JG  (⌧1, ⌧2)

q̂�1 (2.21)

We can explore them at low energy by making the ansatz

G  (⌧1, ⌧2) =
b sgn(⌧12)

|⌧
12

|2� , Gbb(⌧1, ⌧2) =
bb

|⌧
12

|2�b
, ⌧

12

⌘ ⌧
1

� ⌧
2

(2.22)

where b , bb are some constants.

Again, if we assume supersymmetry we immediately derive � = 1/(2q̂) and �b = � + 1

2

.

Doing so without that assumption requires us to look at the equations for b and bb.

Using the Fourier transforms for symmetric and antisymmetric functions
Z

dtei!t
sgn(t)

|t|2� = cf (�)sgn(!)|!|2��1 ,

Z
dtei!t

1

|t|2� = cb(�)|!|2��1 , (2.23)

cf (�) ⌘ 2i cos(⇡�)�(1� 2�) , cb(�) ⌘ 2 sin(⇡�)�(1� 2�) (2.24)

The following relations are useful

cf (�)cf (1��) ⌘ � 2⇡ cos ⇡�

(1� 2�) sin ⇡�
, cb(�)cb(1��) ⌘ � 2⇡ sin ⇡�

(1� 2�) cos ⇡�
(2.25)

Then (2.21) , together with the low energy aproximation of (2.12), which isG (i!)⌃  (i!) = �1

and , Gb(i!)⌃bb(i!) = �1, gives the conditions

Jbq̂�1

 bb(q̂ � 1)cf (� )cf ((q̂ � 2)� +�b)|!|2(q̂�1)� +2�b�2 = �1 ,

Jbq̂�1

 bbcb(�b)cb((q̂ � 1)� )|!|2(q̂�1)� +2�b�2 = �1 (2.26)

Matching the frequency dependent part we get the condition �b = 1� (q̂ � 1)� . The equations

for the coe�cients reduce to

2⇡Jbq̂�1

 bb(q̂ � 1) = (1� 2� )
sin ⇡� 

cos ⇡� 
,

1 In detail Q = i
q̂�1
2
P

j1<j2<···jq̂ Cj1,j2··· ,jn 
i1 i2 · · · iq̂ , with hC2

j1,j2,··· ,jq̂ i = (q̂�1)!J
N q̂�1 .

8



2⇡Jbq̂�1

 bb = (2(q̂ � 1)� � 1)
sin ⇡(q̂ � 1)� 

cos ⇡(q̂ � 1)� 
(2.27)

The ratio between the two equations gives another condition for � , with one rational solution

obeying �b = � + 1

2

, which is also independently implied by supersymmetry, see (2.18). In the

range where � and �b are both positive there is a second, irrational solution to the equations

which has higher � . This second solution breaks supersymmetry, since it does not obey (2.19).

It would be nice to understand it further, but we leave that to the future.

We also see that the low energy equations have a symmetry

G  ! �2G  , Gbb ! �2�2q̂Gbb (2.28)

Indeed (2.26) involves only the combination Jbq̂�1

 bb. This symmetry of the IR equations is broken

by the UV boundary conditions that arise from considering the full equations in (2.12).

In fact, the supersymmetry relation (2.18) also fixes this freedom of rescaling, by setting bb =

2� b .

In the end this fixes the coe�cients to

Jbq̂�1

 bb =
tan ⇡

2q̂

2q̂⇡
, bb =

1

q̂
b , ) b =


tan ⇡

2q̂

2⇡J

� 1
q̂

(2.29)

This coe�cient (for q̂ = 3) is used in the plot of figure 4. Of course the finite temperature version

is

G  (⌧) = b 

"
⇡

� sin ⇡⌧
�

#
2� 

(2.30)

This generalization makes it easy to compute the ground state entropy. In principle this can be

done by inserting these solutions into the e↵ective action

logZ

N
=

1

2
log det(@⌧ � ⌃  )� 1

2
log det(� � ⌃bb) +

1

2

Z
d⌧d⌧ 0

h
�⌃bbGbb � ⌃  G  + JGbbG

q̂�1

  

i

(2.31)

It is slighly simpler to take the derivative with respect to q̂, ignoring any term that involves

derivatives of Gb, since those terms vanish by the equations of motion. This gives

@q̂
logZ

N
=

J

2
�

Z
d⌧Gbb(⌧)G

q̂�1

  logG  = �(constant) +
⇡2

2q̂
Jbbb

q̂�1

 = �(constant) +
⇡ tan ⇡

2q̂

4q̂2
(2.32)

Where we inserted (2.30) and used (2.29). The constant term includes UV divergencies which

are � independent. This term contributes to the ground state energy2, but not to the entropy.

2 If we computed it using the exact solution (as opposed to the conformal soution) of the equations we expect the

ground state energy to vanish due to supersymmetry.
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Integrating (2.32) we obtain the ground state entropy

S

N
=

1

2
log[2 cos⇡�f ] =

1

2
log[2 cos

⇡

2q̂
] (2.33)

where in integrating we used the boundary condition that the entropy should be the entropy of

free fermion system at q̂ = 1, a fact we will check below. For q̂ = 3 this matches the numerical

answer, see figure 1.

C. The large q̂ limit

It is interesting to take the large q̂ limit of the model since then we can find an exact solution

interpolating between the short and long distance behavior. The analysis is very similar to the

one in [17]. We expand the functions as follows

G  (⌧) =
1

2
✏(⌧) +

1

2q̂
g  (⌧) , Gbb(⌧) = ��(⌧) + 1

2q̂
gbb (2.34)

where we neglected higher order terms in the 1/q̂ expansion. We can then Fourier transform,

compute ⌃  , ⌃bb to first order in the 1

q̂ expansion. This gives ⌃  (i!) = !2

2q [sgng  ](i!), and

⌃bb(i!) =
1

2q̂gbb(i!). Replacing this the equations (2.21) we find

@2⌧g  = J 2e2g  , gbb = J eg  , J ⌘ q̂J

2q̂�2

(2.35)

where we take the large q̂ limit keeping J fixed. The solution obeying the boundary conditions

g  (0) = g  (�) = 0 is

eg  =
1

�J
v

sin(v ⌧� + b)
, �J =

v

cos v
2

, b =
⇡ � v

2
(2.36)

where v, b are integration constants fixed by the boundary conditions. It is interesting to note

that the UV supersymmetry condition gbb = �@⌧g  is only approximately true at short distances,

distances shorter than the temperature.

It is also interesting to compute the free energy. Again, this is conveniently done by taking a

derivative with respect to J and using the equations of motion.

J @J logZ

N
= � �

2(q̂ � 1)
@⌧G  

����
⌧=0

+

= � �

2q̂2
@⌧g  |⌧=0

+ (2.37)

where the first equality holds in general and the second only for large q̂. Expressing it in term of

the parameters in (2.36) we get

logZ

N
=

1

2
log 2 +

1

4q̂2

✓
�v2

4
+ v tan

v

2

◆
, with �J =

v

cos v
2
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⇠ 1

2
log 2 +

1

q̂2


�J
4

� ⇡2

16
+

⇡2

8�J � ⇡2

4(�J )2
+ · · ·

�
, for �J � 1 (2.38)

we can also easily compute the small (�J ) expansion, which, as expected, goes in powers of (�J )2.

We have used the entropy of the free fermion system, at �J ! 0, as an integration constant in

going from (2.37) to (2.38). The constant term in the large (�J ) expansion agrees with the large

q̂ expansion of the ground state entropy (2.33). The 1/(�J ) term can also be obtained form the

Schwarzian and this can serve as a way to fix the coe�icient of the Schwarzian action at large q̂.

The linear term in �J represents the ground state energy and it should be subtracted o↵.

All these results have the same form as the large q limit of the usual SYK model [17]. This is

not a coincidence. What happens is that the leading boson propagator is simply the delta function

in (2.34) which collapses the diagrams to those of the large q limit of the usual SYK model.

III. EXACT DIAGONALIZATION

This section presents results from the exact numerical diagonalization of the Hamiltonian in

Eq. (1.4). We examined samples with up to N = 28 sites, and averaged over 100 or more real-

izations of disorder. This exact diagonalization allows us to check the validity of the answer we

obtained using large N methods.

A. Supersymmetry

An important purpose of the numerical study was to examine whether supersymmetry was

unbroken in the N ! 1 limit. In Fig. 2 we test the basic relationship in Eq. (2.17) between the

fermion and boson Green’s functions. The agreement between the boson Green’s function and the

time derivative of the fermion Green’s function is evidently excellent.

We also computed the value of the ground state energy E
0

= h0|QQ|0i. Supersymmetry is

unbroken if an only if E
0

= 0. We have found that E
0

is non-zero in the exact theory, but

it becomes very small for large N . Indeed fig. 3 shows that E
0

does become very small, and the

approach to zero is compatible with an exponential decrease of E
0

with N . This is then compatible

with a supersymmetric large N solution, supersymmetry is then broken non-perturbatively in the

1/N expansion. The combination of Figs. 2 and 3 is strong numerical evidence for the preservation

of supersymmetry in the N ! 1 limit (with suppersymmetry breaking at finite N). The ground

state energy can be fitted well by E
0

/ e�↵S0 with ↵ = 1.9± .2, which is compatible with ↵ = 2.

Here S
0

is the ground state entropy, (2.33) . This is smaller that the naive estimate for the

interparticle level spacing which is e�S.
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J=
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J

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2
Gb(=)
-@
=
G
A
(=)

FIG. 2. Imaginary time Green’s function at T = 0 for N = 24 Majorana fermions averaged over 100

samples. The blue solid line is Gbb(⌧), and the pink dashed line is �@⌧G (⌧).

Note that the breaking of supersymmetry is also compatible with the Witten index of this model

which is Tr[(�1)F ] = 0. This can be easily computed in the free theory. For N odd we defined

the Hilbert space by adding an extra Majorana mode that is decoupled from the ones appearing

in the Hamiltonian.

N
8 10 12 14 16 18 20 22 24 26

lo
g(
E 0
/J
)

-16

-14

-12

-10

-8

-6

-4

FIG. 3. Ground state energy as a function of N in a log-linear plot, where we have averaged over 100

samples. The plot is compatible with an exponential decrease of E
0

with N . Notice also the structure in

E
0

dependent on N (mod 8).

As in Ref. [13], we found a ground state degeneracy pattern that depended upon N (mod 8).
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The pattern in our case is (for N � 3)

N (mod 8) 0 1 2 3 4 5 6 7

Degeneracy 2 4 4 4 4 4 2 2
. (3.1)

For odd N this degeneracy includes all the states in the Hilbert space defined by adding an extra

decoupled fermion. We also found that the value of E
0

has structure dependent upon N (mod 8),

as is clear from Fig. 3.

B. Scaling

We also compared our numerical results for the Green’s functions with the conformal scaling

structure expected at long times and low temperatures. From Eq (2.29), with q̂ = 3, we expect

that at T = 0 and large ⌧

Gc
  (⌧) =

sgn(⌧)

(2⇡
p
3)1/3

|J⌧ |�1/3 , Gc
bb(⌧) =

1

3(2⇡
p
3)1/3

J |J⌧ |�4/3. (3.2)

Fig 4 shows that Eq. (3.2) is obeyed well for large J⌧ .

J=
0 1 2 3 4 5
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2
G
A
(=)

G
A

c (=)

J=
0 1 2 3 4 5

J

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4
Gb(=)

Gb
c(=)

FIG. 4. Imaginary time Green’s function at T = 0 for N = 24 Majorana fermions averaged over 100

samples. Left panel: blue solid line is G  (⌧), red dotted-dashed line is the conformal solution Gc
  (⌧)

in Eq. (3.2); right panel: blue solid line is Gbb(⌧), red dotted-dashed line is the conformal solution Gc
bb(⌧)

in Eq. (3.2).

We also extended this comparison to T > 0, where we expect the generalization of Eq. (3.2) to

Gc
 (⌧) =

sgn(⌧)

(2⇡
p
3)1/3


⇡T

J sin (⇡⌧T )

�
1/3

, Gc
bb(⌧) =

1

3(2⇡
p
3)1/3

J


⇡T

J sin (⇡⌧T )

�
4/3

(3.3)

The comparison of these results with the numerical data appears in Fig. 5.
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=/-
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J

0

0.05

0.1

0.15

0.2

0.25

0.3
- J=5, Gb

- J=5, Gb
c

- J=5, Gb
s

- J=20, Gb

- J=20, Gb
c

- J=20, Gb
s

- J=200, Gb

- J=200, Gb
c

- J=200, Gb
s

FIG. 5. Imaginary time Green’s function at finite temperature for N = 20 Majorana fermions averaged

over 100 samples. Left panel is G  (⌧) while right panel is Gbb(⌧). Solid lines are the exact diagonalization

result; dashed lines are conformal results as in Eq. (3.3); dotted line are large N result by numerically

solving Eq. (2.11) and Eq. (2.12). Di↵erent colors correspond to di↵erent interaction strength: blue one

is �J = 5; red one is �J = 20 and black one is �J = 200.

IV. SUPERSPACE AND SUPER-REPARAMETERIZATION

So far, we have seen that the main consequence of supersymmetry was the relationship Eq. (2.17)

between the boson and fermion Green’s functions at T = 0. However, as is clear from Eq. (3.3),

this simple relationship does not extend to T > 0. Of course, this is not surprising, since finite

temperature breaks supersymmetry.

Previous work on the SYKmodels has highlighted reparameterization and conformal symmetries

[2, 7, 10, 17] which allow one to map zero and non-zero temperature correlators. This section will

describe how supersymmetry and reparameterizations combine to yield super-reparameterization

symmetries, and the consequences for the correlators.

As in the SYK model, most of this super-reparameterization symmetry is spontaneously bro-

ken. There is, however, a part of it that is left unbroken by (3.3). This unbroken part includes

both a bosonic SL(2, R) group as well as two fermionic generators, giving an OSp(1|2) global

super-conformal group. These super-symmetry generators are emergent, and are di↵erent from

the original supersymmetry of the model. In particular, they square to general conformal trans-

formations of the thermal circle rather than time translations. We will come back to this point

more explicitly later.
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A. Superspace

Superspace o↵ers a simple way to package together the degrees of freedom and equations of

motion for Eq. (1.4) while making supersymmetry manifest. Concretely, we define a super-field

 (⌧, ✓) =  (⌧) + ✓b(⌧) (4.1)

which is a function of both time and an auxiliary anticommuting variable ✓.

Supersymmetry transformations combine with translations into a group of super-translations

⌧ ! ⌧ 0 = ⌧ + ✏+ ✓⌘ ✓ ! ✓0 = ✓ + ⌘ (4.2)

It is well-known that a Grassman integral of the form

Z
d✓d⌧F (✓, ⌧) (4.3)

for some function of ✓ and ⌧ is invariant under super-translation: if we expand F (✓0, ⌧ 0) = F
1

(⌧ 0)+

✓0F
2

(⌧ 0) then, by definition, Z
d✓0d⌧ 0F (✓0, ⌧ 0) =

Z
d⌧ 0F

2

(⌧ 0) (4.4)

and we find that
Z

d✓d⌧F (✓, ⌧) =

Z
d✓d⌧F (✓ + ⌘, ⌧ + ✏+ ✓⌘) =

Z
d⌧ (F

2

(⌧ + ✏) + ⌘@⌧F1

(⌧ + ✏)) (4.5)

are the same up to total derivatives.

The Lagrangian Eq. (2.2) can be written in a manifestly supersymmetric form

L =

Z
d✓(�1

2
 iD✓ 

i � iCijk 
i j k) (4.6)

by introducing the super-derivative operator

D✓ ⌘ @✓ + ✓@⌧ D2

✓ = @⌧ (4.7)

which is invariant under super-translations. Indeed,

D✓F (⌧ + ✏+ ✓⌘, ✓ + ⌘) = @✓0F + (✓ + ⌘)@⌧ 0F = D✓0F (⌧ 0, ✓0) (4.8)

We can now derive the super equations of motion. Let us define

G(⌧
1

, ✓
1

; ⌧
2

, ✓
2

) = h (⌧
1

, ✓
1

) (⌧
2

, ✓
2

)i (4.9)
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This super-field includes both the bosonic bilinears G  and Gbb and the fermionic bilinears Gb 

and G b. The equations of motions of the disorder-averaged Lagrangian L can now be expressed

in a manifestly supersymmetric way as

D✓1G(⌧1, ✓1; ⌧3, ✓3) +
Z

d⌧
2

d✓
2

G(⌧
1

, ✓
1

; ⌧
2

, ✓
2

)
�
JG(⌧

2

, ✓
2

; ⌧
3

, ✓
3

)2
�
= (✓

1

� ✓
3

)�(⌧
1

� ⌧
3

) (4.10)

The right hand side is the supersymmetric generalization of the delta function:

F (✓
1

, ⌧
1

)(✓
1

� ✓
2

)�(⌧
1

� ⌧
2

) = F (✓
2

, ⌧
2

)(✓
1

� ✓
2

)�(⌧
1

� ⌧
2

) (4.11)

Some useful super-translation invariant combinations are ✓
1

�✓
2

and ⌧
1

�⌧
2

�✓
1

✓
2

, which satisfies

D
1

(⌧
1

�⌧
2

�✓
1

✓
2

) = ✓
1

�✓
2

. In a translation-invariant, supersymmetric vacuum of definite fermion

number, the solution must take the form

G(⌧
1

, ✓
1

; ⌧
2

, ✓
2

) = G  (⌧1 � ⌧
2

) + ✓
1

✓
2

Gbb(⌧1 � ⌧
2

) = G  (⌧1 � ⌧
2

� ✓
1

✓
2

) (4.12)

If we use a vacuum that does not have definite fermion number, supersymmetry imposes thatG b =

Gb , so in a translation-invariant, supersymmetric vacuum (without definite fermion number) we

have

G(⌧
1

, ✓
1

; ⌧
2

, ✓
2

) = G  (⌧1 � ⌧
2

) + ✓Gb (⌧1 � ⌧
2

)� ✓
2

G b(⌧1 � ⌧
2

) + ✓
1

✓
2

Gbb(⌧1 � ⌧
2

)

= G  (⌧1 � ⌧
2

� ✓
1

✓
2

) + (✓
1

� ✓
2

)Gb (⌧1 � ⌧
2

� ✓
1

✓
2

) (4.13)

Of course, the whole derivation of the e↵ective action can be re-cast in superspace, starting

from

S
e↵

=

Z
d✓d⌧(�1

2
 iD✓ 

i) +
J

3N2

Z
d✓

1

d⌧
1

d✓
2

d⌧
2

�
 i i

�
3

(4.14)

and introducing Lagrange multipliers ⌃(✓
1

, ⌧
1

; ✓
2

, ⌧
2

) = ⌃bb(⌧1, ⌧2) + · · · .
One point to note is that this e↵ective action contains also the fermionic bilinears G b, Gb ,

which are important for making the action supersymmetric. Of course, such terms are also im-

portant when we compute correlation functions, as will be done in section VI. These terms can be

consistenly set to zero when we consider the classical equations, as was done in section II.

B. Super-reparameterization

We now turn to a discussion of the reparameterization symmetry, discussed previously [2, 7, 10,

17] for the non-supersymmetric SYK model.

If we drop the first term, the supersymmetric equations (4.10) have a large amount of symmetry:

general coordinate transformations

⌧ ! ⌧ 0(⌧, ✓) ✓ ! ✓0(⌧, ✓) (4.15)
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accompanied by a re-scaling

G(⌧
1

, ✓
1

; ⌧
2

, ✓
2

) = Ber(✓0
1

, ⌧ 0
1

, ✓
1

, ⌧
1

)
1
3Ber(✓0

2

, ⌧ 0
2

, ✓
2

, ⌧
2

)
1
3G(⌧ 0

1

, ✓0
1

; ⌧ 0
2

, ✓0
2

) (4.16)

where the Berezinian

Ber(✓0, ⌧ 0, ✓, ⌧) ⌘ Ber

 
@⌧⌧ 0 @⌧✓0

@✓⌧ 0 @✓✓0

!
(4.17)

is a generalization of the Jacobian which encodes the change in the measure d✓d⌧ and in the

supersymmetric delta function.

These transformations generalize the usual re-parameterization symmetry of the standard SYK

model. They include two bosonic and two fermionic functions of ⌧ . The second bosonic generator is

a generalization of the scaling symmetry (2.28) and we expect it to be broken by the UV boundary

conditions. More precisely, we can Taylor expand

⌧ 0
1

� ⌧ 0
2

� ✓0
1

✓0
2

= (✓
1

� ✓
2

) (D✓2⌧
0
2

� ✓0
2

D✓2✓
0
2

) + (⌧
1

� ⌧
2

� ✓
1

✓
2

) [@⌧2⌧
0
2

� ✓0
2

@⌧2✓
0
2

+ · · · ] (4.18)

where the ellipsis indicate higher order terms.

We observe that the short-distance singular behaviour of G(⌧
1

, ✓
1

; ⌧
2

, ✓
2

) will only be preserved

if the coordinate transformations satisfy

D✓⌧
0 = ✓0D✓✓

0 (4.19)

and furthermore the square of the Berezinian factors coincide with the coe�cient of (⌧
1

�⌧
2

�✓
1

✓
2

)

in (4.18), which simplifies to (D✓✓0)2 thanks to (4.19).

These constraints define a well known set of transformations: super-reparameterizations. 3 We

will now review their basic properties and discuss their implications for the low-energy physics.

The supersymmetric generalization SDi↵ of the reparameterization group Di↵ can be defined

as the set of coordinate transformations (⌧, ✓) ! (⌧ 0, ✓0) on the super-line which preserve the

super-derivative D✓ up to a super-Jacobian factor D✓✓0:

D✓ = D✓✓
0D✓0 (4.20)

The bosonic part of SDi↵ is the usual di↵eomorphism group Di↵, acting as

⌧ ! ⌧ 0 = f(⌧) ✓ ! ✓0 =
p
@⌧f✓, (4.21)

where f(⌧) is the usual reparameterization. Indeed, D✓✓0 =
p
@⌧f and

D✓F (f(⌧),
p
@⌧f✓) =

p
@⌧f@✓0F + ✓@⌧f@⌧ 0F =

p
@⌧fD✓0F (4.22)

3 The invariance of the equations of motion under the group of general coordinate transformations, rather than

super-reparameterizations only, was noticed independently by E. Witten after we submitted an earlier version of

this paper.
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In general,

D✓F (⌧ 0, ✓0) = D✓⌧
0@0⌧F +D✓✓

0@0✓F = D✓✓
0D✓0F + (D✓⌧

0 � ✓0D✓✓
0) @⌧ 0F (4.23)

and thus super-reparameterizations are coordinate transformations constrained by

D✓⌧
0 = ✓0D✓✓

0 (4.24)

Infinitesimally, the super-reparameterizations, generated by a bosonic function ✏(⌧) and a

fermionic function ⌘(⌧), are

�⌧ = ✏(⌧) + ✓⌘(⌧) �✓ = ⌘(⌧) +
✓

2
@⌧ ✏(⌧) (4.25)

A useful parameterization of finite transformations is

⌧ 0 = f(⌧ + ✓⌘(⌧)) ✓0 =
p
@⌧f(⌧)


✓ + ⌘(⌧) +

1

2
✓⌘(⌧)@⌧⌘(⌧)

�
. (4.26)

This is just the composition of a general fermionic transformation of parameter ⌘ followed by a

di↵eomorphism. The original supersymmetry transformation (4.2) acts in these variables as

f ! f + f 0✏⌘ , ⌘ ! ⌘ + ✏+ ✏⌘0⌘ (4.27)

Finally, we note that global super-conformal transformations are generated by super-translations

and the inversion

⌧ ! ⌧ 0 = �1

⌧
✓ ! ✓0 =

✓

⌧
(4.28)

They form an OSp(1|2) group with three bosonic generators and two fermionic generators. These

are fractional linear transformations

⌧ 0 =
a⌧ + ↵✓ + b

c⌧ + �✓ + d
✓0 =

�⌧ + e✓ + �

c⌧ + �✓ + d
(4.29)

with coe�cients subject to appropriate quadratic constraints:

(�⌧ + e✓ + �)(e+ ✓�) + (a⌧ + ↵✓ + b)(�� + ✓c)� (c⌧ + �✓ + d)(�↵ + ✓a) = 0 (4.30)

i.e.

e� � a� + ↵c = 0 e2 + �� + 2↵� + bc� ad = 0 e� � �b+ ↵d = 0 (4.31)

Choosing an arbitrary overall scale for the coe�cients we can also write this as

0

B@
e �↵ ��
� a c

� b d

1

CA

0

B@
1 0 0

0 0 �1

0 1 0

1

CA

0

B@
e � �

↵ a b

� c d

1

CA =

0

B@
1 0 0

0 0 �1

0 1 0

1

CA (4.32)
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We will now show that the Berezinian factor involved the super-reparameterization symmetry

of the equation of motion in Eq. (4.10) without the first derivative term can be simplified to the

super-Jacobian factor and thus the symmetries are compatible with the UV boundary conditions.

The result follows from a basic fact about superspace integrals: under super-reparameterizations,
Z

d⌧ 0d✓0F (⌧ 0, ✓0) =

Z
d⌧d✓D✓✓

0F (⌧ 0(⌧, ✓), ✓0(⌧, ✓)) (4.33)

Indeed, the integration measure changes by the Berezinian

Ber

 
@⌧⌧ 0 @⌧✓0

@✓⌧ 0 @✓✓0

!
= Ber

 
@⌧⌧ 0 @⌧✓0

D✓⌧ 0 � ✓@⌧⌧ 0 D✓✓0 � ✓@⌧✓0

!
= Ber

 
@⌧⌧ 0 @⌧✓0

D✓⌧ 0 D✓✓0

!

= (D✓✓
0)�1Ber

 
@⌧⌧ 0 @⌧✓0

✓0 1

!
= (D✓0)�1 (@⌧⌧

0 � @⌧✓
0✓0)

= (D✓✓
0)�1

�
D2

✓⌧
0 �D2

✓✓
0✓0
�
= D✓✓

0 (4.34)

That means that we can make the equations of motion and e↵ective actions invariant under

SDi↵ as long as we transform

G(⌧
1

, ✓
1

; ⌧
2

, ✓
2

) = (D✓1✓
0
1

)
1
3 (D✓2✓

0
2

)
1
3G(⌧ 0

1

, ✓0
1

; ⌧ 0
2

, ✓0
2

) (4.35)

The power becomes 1

q̂ for the generalized model.

This is our proposal for the IR symmetries of the equations of motion

D✓G(⌧, ✓; ⌧ 00, ✓00) +
Z

d⌧ 0d✓0G(⌧, ✓; ⌧ 0, ✓0)�JG(⌧ 0, ✓0; ⌧ 00, ✓00)2� = (✓ � ✓00)�(⌧ � ⌧ 00) (4.36)

Under bosonic reparameterizations, G  and Gbb transform independently, with the expected

weight. The fermionic generators, though, mix G  and Gbb with G b and Gb .

C. Super-Schwarzian

For the non-supersymmetric SYK model, following a proposal by Kitaev [7], Maldacena and

Stanford [17] showed that the fluctuations about the large N saddle point are dominated by a

near-zero mode associated with reparameterizations of the Green’s function, and the action of

the this mode is the Schwarzian. Here, we generalize this structure to the supersymmetric case.

SuperSchwarzians have been previously discussed in [34, 35].

The Schwarzian derivative S[f(⌧), ⌧ ] is a functional of the reparameterization f(⌧) which van-

ishes if f(⌧) is a global conformal transformation. A direct way to produce S[f(⌧), ⌧ ] is to consider

the expression

@⌧1@⌧2 log
⌧ 0
1

� ⌧ 0
2

⌧
1

� ⌧
2

=
@⌧1⌧

0
1

@⌧2⌧
0
2

(⌧ 0
1

� ⌧ 0
2

)2
� 1

(⌧
1

� ⌧
2

)2
(4.37)
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which vanishes if ⌧ ! ⌧ 0 is a global conformal transformation. In the limit ⌧
2

! ⌧
1

we recover (up

to a factor of 6) the usual Schwarzian

S[f(⌧), ⌧ ] =
f 000

f 0 � 3

2

✓
f 00

f 0

◆
2

(4.38)

This definition makes the chain rule manifest:

S[g(f(⌧)), ⌧ ] = (@⌧f(⌧))
2 S[g(f(⌧)), f(⌧)] + S[f(⌧), ⌧ ] (4.39)

The expression

D
1

D
2

log
⌧ 0
1

� ⌧ 0
2

� ✓0
1

✓0
2

⌧
1

� ⌧
2

� ✓
1

✓
2

=
D

1

⌧ 0
1

D
2

⌧ 0
2

⌧ 0
1

� ⌧ 0
2

� ✓0
1

✓0
2

� 1

⌧
1

� ⌧
2

� ✓
1

✓
2

(4.40)

vanishes when (⌧ 0, ✓0) are obtained from (⌧, ✓) by a global superconformal transformation. This is

evident for super-translations and easy to check for inversions. Taking another super-derivative

D
1

and the limit (⌧
1

, ✓
1

) ! (⌧
2

, ✓
2

) gives us the super-Schwarzian derivative

S[⌧ 0, ✓0; ⌧, ✓] =
D4✓0

D✓0
� 2

D3✓0D2✓0

(D✓0)2
= Sf (⌧

0, ✓0; ⌧, ✓) + ✓Sb(⌧
0, ✓0; ⌧, ✓) (4.41)

which satisfies a chain rule of the form

S[⌧ 00, ✓00; ⌧, ✓] = (D✓0)3 S[⌧ 00, ✓00; ⌧ 0, ✓0] + S[⌧ 0, ✓0; ⌧, ✓] (4.42)

The bosonic piece Sb reduces to the usual Schwarzian derivative for standard reparameterizations.

That means that the super-space action

�
Z

d⌧d✓S[⌧ 0, ✓0; ⌧, ✓] = �
Z

d⌧Sb(⌧
0, ✓0; ⌧, ✓) =

= �1

2

Z
dtS(f, ⌧) + ⌘⌘000 + 3⌘0⌘00 � S(f, ⌧)⌘⌘0 (4.43)

is a natural supersymmetrization of the Schwarzian action. In the second line we used (4.26) to

write the action in component fields. Infinitesimally, f(⌧) = ⌧ + ✏(⌧), we get 1

4

(✏00)2 + ⌘0⌘00. And

around the thermal solution, with � = 2⇡, f(⌧) = tan ⌧+✏(⌧)
2

, we get 1

4

(✏002� ✏02)+⌘0⌘00� 1

4

⌘⌘0. This

contains solutions with the expected time dependence to be associated to the generators of the

superconformal group. The bosonic ones as as in [17]. The fermion zero modes have a behavior

⌘ ⇠ e±i⌧/2 (or ⌘ ⇠ e±i⇡⌧/�).

The action of supersymmetry on these variables (4.27) would suggest that supersymmetry is

always broken since ⌘ shifts under supersymmetry as a goldstino. More explicitly a configuration

that preserves supersymmetry is a solution that is left invariant under (4.27). For example, consider

the configuration f = ⌧ and ⌘ = 0, which is the zero temperature solution and is expected
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to be invariant under supersymmetry. But we see that this is not the case since (4.27) shows

that the transformation leads to a non-zero value of ⌘. However, it is possible to combine this

supersymmetry with one of the OSp(1|2) transformations, which acts as a super translation on

t0, ✓0 so as to cancel this term and leave the solution invariant. Thus, the f = ⌧ , ⌘ = 0 solution is

invariant under supersymmetry. On the other hand, when we expand around the thermal solution,

it is no longer possible to cancel the supersymmetry variation of ⌘ at all points on the thermal

circle. So supersymmetry is broken in this case. A similar issue arises with ordinary translations,

under ⌧ ! ⌧ + b. The solution f = ⌧ is not invariant. On the other hand, if we combine this

translation with one of the SL(2, R) transformations f ! f�b, then we find that the combination

of the two leave the solution invariant.

Notice that even though the original supersymmetry of the model is broken by the finite tem-

perature, the low energy configuration is invariant under a global OSp(1|2) subgroup of all super-

reparameterizations. These transformations involve also fermionic generators, under full rotations

along the thermal circle, these generators pick up a minus sign, compatible with the fermionic

boundary conditions on the circle4. The situation is somewhat similar to the purely bosonic case,

where the finite temperature breaks the scaling symmetry in physical time, but we still have

a symmetry of correlators under a full SL(2) symmetry, the symmetry leaving the Schwarzian

invariant.

These zero modes are unphysical and should not be viewed as degrees of freedom of the model.

In particular, when we compute the one loop determinant for fluctuations around the classical

large N solution, their absence from the path integral, gives an interesting �J dependence to the

low temperature partition function (1 ⌧ �J ⌧ N)

Z
1�loop

⇠ �J

(�J)3/2
eS0+c/(2�J) �! ⇢(E) ⇠ 1p

EJ
eS0+

p
2cE/J (4.44)

The denominator comes from the three bosonic zero modes and the numerator from the fermionic

ones5. Here S
0

is the ground state entropy and the temperature independent contribution to the

one loop partition function and the term c/(2�J) is the contribution to the free energy coming

from the Schwarzian action (c is of order N). We have also indicated the implication for the density

of states, which is obtained by integrating over � (along a suitable contour), considering both the

saddle point contribution as well as the gaussian integral around the saddle.

4 This is conceptually similar to the way in which a 1+1 dimensional supersymmetric CFT preserves supersym-

metry in the NS sector. The preserved supercharges have non-zero energy and momentum.
5 The net prefactor of ��1/2 in (4.44) implies that the partition function |Z(� + it)| should go like t�1/2 for large

times in the “slope” regime in [36]. Numerically we found that the “slope” is �0.54 ± 0.08 in a regime which

is naively outside the regime of validity of our derivation of (4.44), which can be viewed as an indication that

perhaps (4.44) would not receive corrections, as in the purely bosonic case [36].
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V. N = 2 SUPERSYMMETRY

This section turns to the generalization to N = 2 supersymmetry. The real fermion  i is

replaced by complex fermions  i and  ̄i, and the supercharge Q in Eq. (1.1) is replaced by a pair

of charges Q and Q̄. The defining relations are

{ i,  ̄j} = �ij , { i, j} = 0 , { ̄i,  ̄j} = 0

Q = i
X

1i<j<kN

Cijk 
i j k

Q̄ = i
X

1i<j<kN

C̄ ijk ̄i ̄j ̄k (5.1)

which imply Q2 = Q̄2 = 0. The theory has a U(1)
R

R-symmetry, under which the fermions  i

and  ̄i carry charges 1/3 and �1/3. As is customary, we normalize the U(1)R charge so that the

supercharges carry charge ±1. The supersymmetry acts on the fermionic variables as

[Q, i] = 0 [Q,  ̄i] = b̄i ⌘ i
X

1j<kN

Cijk 
j k (5.2)

The Hamiltonian replacing Eq. (1.4) is now

H = {Q, Q̄} = |C|2 +
X

i,j,k,l

Jkl
ij  

i j ̄k ̄l (5.3)

We note this Hamiltonian has the same form as the complex SYK model introduced in Ref. [10],

but now the complex couplings Jkl
ij are not independent random variables. Instead we take the

Cijk to be independent random complex numbers, with the non-zero second moment

CijkC̄ ijk =
2J

N2

(5.4)

replacing Eq. (1.3).

The subsequent analysis of Eq. (5.3) closely parallels the N = 1 case. The main di↵erence

is that we now introduce complex non-dynamical auxiliary bosonic fields bi and b̄i to linearize

the supersymmetry transformations. The model can also be generalized so that Q is built from

products of q̂ fermions so that the Hamiltonian involves up to 2q̂ � 2 fermions.

The equations of motion are a complexified version of the N = 1 equations. We will describe

them momentarily. The fermion also has scaling dimension � = 1/(2q̂) and R-charge 1/q̂. Notice

that the R-charge of  is twice its scaling dimension, which is as expected for a super-conformal

chiral primary field. As is conventional the U(1)R charge is normalized so that the supercharge

has charge one. The U(1)R charge does not commute with the supercharges. There is however a

Zq̂ group of this U(1) symmetry that acts on the fermions as  j ! e
2⇡ir
q̂  i which does leave the
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supercharge invariant and is a global symmetry commuting with supersymmetry. Note that the

quantization condition on the U(1)R charge, QR, is that q̂QR should be an integer.

This fact enables us to compute an simple generalization of the Witten index defined as

Wr = Tr[(�1)F e2⇡irQR ] = Tr[(�1)Fgr] =
h
1� e

2⇡ir
q

iN
= eiN⇡(

r
q̂�

1
2 )


2 sin

⇡r

q̂

�N
(5.5)

where g is the generator of the Zq̂ symmetry, and QR is the U(1)R charge. In the third equality

we have used that the index is invariant under changes of the coupling and computed it in the free

theory, with J = 0. The Witten index is maximal for r = (q̂ ± 1)/2 where its absolute value is

greatest and equal to

log |Wr= q̂±1
2
| = N log[2 cos

⇡

2q̂
]. (5.6)

The right hand side happens to be the same as the value of the ground state entropy computed

using the large N solution, which is the same as (2.33), up to an extra overall factor of two because

now the fermions are complex. In general, these Witten indices should be a lower bound on the

number of ground states, and also a lower bound on the large N ground state entropy (recall that

in the N = 1 case we had that the Witten index was zero). The fact that the bound is saturated

tells us that most of the states contributing to the large N ground state entropy are actually true

ground states of the model. Thus, in this case supersymmetry is not broken by e�N e↵ects.

We have also looked at exact diagonalization of the theory, and computed the number of states

for di↵erent values of the U(1)R charge. 6 Let us define the R-charge so that it goes between

�N/q̂  QR  N/q̂, in increments of 1/q̂. We have looked at the case q̂ = 3 and we found the

following degeneracies, D(N,QR), as a function of N and the charge

D(N, 0) = 2 3N/2�1 , D(N,±1

3
) = 3N/2�1 , for N even

D(N,±1

6
) = 3(N�1)/2 , for N = 3mod 4

D(N,±1

6
) = 3(N�1)/2 , D(N,±3

6
) = 1 or 3 , for N = 1mod 4 (5.7)

And we have D(N,QR) = 0 outside the cases mentioned above. Therefore, we see that the

degeneracies are concentrated on states with very small values of the R charge. Of course, these

values are consistent with the Witten index in (5.5) for q̂ = 3.

A. Superspace and super-reparameterization

Generalizing previous discussions, we now expect that the fluctuations about the large N saddle

point are described by spontaneously broken N = 2 super-reparameterization invariance, which

6 Recall that the ground states of a quantum mechanics with N = 2 supersymmetry are in one-to-one correspon-

dence with the cohomology of the Q supercharge. This is easier to compute than the eigenvalues and eigenstates

of the Hamiltonian.
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includes a U(1)
R

current algebra. The U(1)
R

is similar to the emergent local U(1) symmetry that

is present also for for the non-supersymmetric complex SYK [10]. In the low energy e↵ective

theory, this local symmetry is broken down to a global U(1), and so there is an associated gapless

phase mode [37].

Consider a N = 2 super-line, parameterized by a bosonic variable ⌧ and a fermionic variables

✓ and ✓̄. The super-translation group consists of the transformations

⌧ ! ⌧ 0 = ⌧ + ✏+ ✓⌘̄ + ✓̄⌘ ✓ ! ✓0 = ✓ + ⌘ ✓̄ ! ✓̄0 = ✓̄ + ⌘̄ (5.8)

They preserve the super-derivative operators

D ⌘ @✓ + ✓̄@⌧ D̄ ⌘ @
¯✓ + ✓@⌧ (5.9)

Notice the super-translation invariant combination �
12

= ⌧
1

� ⌧
2

� ✓
1

✓̄
2

� ✓
2

✓̄
1

which satisfies

D
1

�
12

= ✓̄
1

� ✓̄
2

and D̄
1

�
12

= ✓
1

� ✓
2

. There is also an obvious U(1) symmetry rotating ✓ and ✓̄

in opposite directions.

We can package the complex fermions and scalars into a chiral superfield, i.e. a superfield  i

constrained to satisfy

D̄ i = 0 (5.10)

which is solved by

 i(⌧, ✓, ✓̄) =  i(⌧ + ✓✓̄) + ✓bi (5.11)

Notice that both the conjugate  ̄i and D i are anti-chiral, i.e. are annihilated by D.

The bi-linear G =  i ̄i is thus chiral-anti-chiral, annihilated by D̄
1

and by D
2

. The equations

of motion:

D✓G(⌧, ✓, ✓̄; ⌧ 00, ✓00, ✓̄00)+
Z

d⌧ 0d✓0Ḡ(⌧, ✓, ✓̄; ⌧ 0, ✓0, ✓̄0)�JG(⌧ 0, ✓0, ✓̄0; ⌧ 00, ✓00✓̄00)2� = (✓̄�✓̄00)�(⌧�✓✓̄�⌧ 00+✓00✓̄00)
(5.12)

are anti-chiral both in the first and the last set of variables. The equations involve the integral of

chiral functions of the middle set of variables over the chiral measure d⌧ 0d✓0 and is thus invariant

under supersymmetry. Furthermore, even the delta function is anti-chiral.

The analysis of re-parameterization invariance proceeds as before. If we consider a general

coordinate transformation, we have

D✓F (⌧ 0, ✓0, ✓̄0) = D✓⌧
0@0⌧F+D✓✓

0@0✓F+D✓✓̄
0@

¯✓0F = D✓✓
0D✓0F+D✓✓̄

0D
¯✓0F+

�
D✓⌧

0 � ✓̄0D✓✓
0 � ✓0D✓✓̄

0� @0⌧F
(5.13)

The N = 2 super-reparameterizations are coordinate transformations constrained by

D✓✓̄
0 = 0 D✓⌧

0 = ✓̄0D✓✓
0

D
¯✓✓

0 = 0 D
¯✓⌧

0 = ✓0D
¯✓✓̄

0 (5.14)
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with super-Jacobian factor D✓✓0.

These transformations map chiral super-fields to chiral super-fields. The converse is also true. In

particular, in the N = 2 case we do not have the freedom to do general coordinate transformations

of ⌧ , ✓, ✓̄ which would violate the chirality constraints on the superfields. Extra symmetries which

generalize (2.28) still appear, thought, and we will discuss them momentarily.

The bosonic transformations, including re-parameterization and a position-dependent U(1)

transformation, are

✓0 = eia(⌧)
p
@⌧f(⌧)✓

✓̄0 = e�ia(⌧)
p
@⌧f(⌧)✓̄

⌧ 0 = f(⌧) (5.15)

There are also chiral and anti-chiral fermionic transformations

✓0 = ✓ + ⌘(⌧ + ✓✓̄)

✓̄0 = ✓̄

⌧ 0 = ⌧ + ✓̄⌘ (5.16)

and

✓0 = ✓

✓̄0 = ✓̄ + ⌘̄(⌧ � ✓✓̄)

⌧ 0 = ⌧ + ✓⌘̄ (5.17)

We can obtain the most general transformation by applying a fermionic transformation followed

by a bosonic transformation. We will come back to that later.

The N = 2 transformations are a symmetry of the (5.12) equations of motion (without the first

derivative term) with

G(⌧
1

, ✓
1

, ✓̄
1

; ⌧
2

, ✓
2

, ✓̄
2

) = (D
¯✓1 ✓̄

0
1

)
1
3 (D✓2✓

0
2

)
1
3G(⌧ 0

1

, ✓0
1

; ⌧ 0
2

, ✓0
2

) (5.18)

Notice that the Jacobian factors are chiral and anti-chiral respectively.

This follows from the observation that the chiral measure d⌧d✓ ' d(⌧ + ✓✓̄)d✓ transforms with

a factor of D✓✓0:

Ber

 
@⌧ (⌧ 0 + ✓0✓̄0) @⌧✓0

@✓(⌧ 0 + ✓0✓̄0) @✓✓0

!
= Ber

 
@⌧ (⌧ 0 + ✓0✓̄0) @⌧✓0

D✓(⌧ 0 + ✓0✓̄0) D✓✓0

!
= (D✓✓

0)�1Ber

 
@⌧ (⌧ 0 + ✓0✓̄0) @⌧✓0

2✓̄0 1

!

= (D✓0)�1

�
@⌧⌧

0 � @⌧✓
0✓̄0 � @⌧ ✓̄

0✓0
�
= D

¯✓✓̄
0

(5.19)
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If we define the auxiliary (anti)chiral variables ⌧± = ⌧±✓✓̄, then theN = 2 super-reparameterizations

can be thought of as a subgroup of the product of groups of chiral and anti-chiral general coordinate

transformations

⌧
+

! ⌧ 0
+

(⌧
+

, ✓) ✓ ! ✓0(⌧
+

, ✓)

⌧� ! ⌧ 0�(⌧�, ✓̄) ✓̄ ! ✓̄0(⌧�, ✓̄) (5.20)

which satisfy ⌧ 0 ⌘ ⌧ 0
+

� ✓0✓̄0 = ⌧ 0� + ✓0✓̄0.

The (5.12) equations of motion (without the first derivative term) are actually invariant under

the larger symmetry group, with chiral and anti-chiral coordinate transformations acting separately

on the two entries of the two-point function

G(⌧
1

, ✓
1

, ✓̄
1

; ⌧
2

, ✓
2

, ✓̄
2

) = (D
¯✓1 ✓̄

0
1

)
1
3 (D✓2✓

00
2

)
1
3G(⌧ 0

1

, ✓0
1

; ⌧ 00
2

, ✓00
2

)

Ḡ(⌧
1

, ✓
1

, ✓̄
1

; ⌧
2

, ✓
2

, ✓̄
2

) = (D✓1✓
00
1

)
1
3 (D

¯✓2 ✓̄
0
2

)
1
3 Ḡ(⌧ 00

1

, ✓00
1

; ⌧ 0
2

, ✓0
2

) (5.21)

with ⌧ 00 = (⌧ 0)⇤, etc. These extra transformations are incompatible with the UV boundary condi-

tion.

Global super-conformal transformations are generated by super-translations, U(1) rotations and

the inversion

⌧ ! ⌧ 0 = �1

⌧
✓ ! ✓0 =

✓

⌧
✓̄ ! ✓̄0 =

✓̄

⌧
(5.22)

Observe that the inversion maps ⌧± ! � 1

⌧±
. Obviously, super-conformal transformations only mix

⌧
+

with ✓ and ⌧� with ✓̄. We can thus write

⌧ 0
+

=
a⌧

+

+ ↵✓ + b

c⌧
+

+ �✓ + d
✓0 =

�⌧
+

+ e✓ + �

c⌧
+

+ �✓ + d

⌧ 0� =
ā⌧� + ↵̄✓̄ + b̄

c̄⌧� + �̄✓̄ + d̄
✓̄0 =

�̄⌧� + ē✓̄ + �̄

c̄⌧� + �̄✓̄ + d̄
(5.23)

These are sensible if and only if ⌧ 0
+

� ⌧ 0� = 2✓0✓̄0, i.e.

(a⌧
+

+↵✓+ b)(c̄⌧�+ �̄✓̄+ d̄)� (ā⌧�+ ↵̄✓̄+ b̄)(c⌧
+

+�✓+d) = 2(�⌧
+

+ e✓+ �)(�̄⌧�+ ē✓̄+ �̄) (5.24)

i.e.

ac̄� āc = 2��̄ bd̄� b̄d = 2��̄ ↵c̄� ā� = 2e�̄

a�̄ � c↵̄ = 2�ē ↵d̄� b̄� = 2e�̄ b�̄ � ↵̄d = 2�ē

ad̄+ bc̄� ād� b̄c = 2��̄ + 2��̄ ad̄� ↵�̄ � bc̄+ ād� ↵̄� � b̄c = 2��̄ + 2eē� 2��̄ (5.25)

i.e. in matrix form
0

B@
a c �

b d �

↵ � e

1

CA

0

B@
0 1 0

�1 0 0

0 0 2

1

CA

0

B@
ā b̄ ↵̄

c̄ d̄ �̄

��̄ ��̄ �ē

1

CA =

0

B@
0 x 0

�x 0 0

0 0 2x

1

CA (5.26)
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where x is undetermined and can be set to 1 as a choice of overall normalization of the coe�cients.

They form an SU(1, 1|1) group with four bosonic generators and four fermionic generators.

The N = 2 super-Schwarzian derivative is

S(⌧ 0, ✓0, ✓̄0; ⌧, ✓, ✓̄) =
@⌧D̄✓̄0

D̄✓̄0
� @⌧D✓0

D✓0
� 2

@⌧✓0@⌧ ✓̄0

(D̄✓̄0)(D✓0)
= · · ·+ ✓✓̄Sb(⌧

0, ✓0, ✓̄0; ⌧, ✓, ✓̄) (5.27)

which satisfies a chain rule of the form

S[⌧ 00, ✓00, ✓̄00; ⌧, ✓, ✓̄] = (D✓0)
�
D̄✓̄0
�
S[⌧ 00, ✓00, ✓̄00; ⌧ 0, ✓0, ✓̄0] + S[⌧ 0, ✓0, ✓̄0; ⌧, ✓, ✓̄] (5.28)

The super-space action
Z

d⌧d✓d✓̄S[⌧ 0, ✓0, ✓̄0; ⌧, ✓, ✓̄] =

Z
d⌧Sb(⌧

0, ✓0, ✓̄0; ⌧, ✓, ✓̄) (5.29)

is a natural N = 2 supersymmetrization of the Schwarzian action.

If we parameterize the super-Jacobians as

D✓✓
0 = ⇢(⌧ � ✓✓̄)(1 + ✓̄�) D

¯✓✓̄
0 = ⇢̄(⌧ + ✓✓̄)(1 + ✓�̄) (5.30)

so that

@⌧✓0

D✓✓0
= ✓@⌧ log ⇢(⌧) +

1

2

�(⌧ + ✓✓̄)

1 + ✓̄�
@⌧ ✓̄0

D
¯✓✓̄0

= ✓̄@⌧ log ⇢̄(⌧) +
1

2

�̄(⌧ � ✓✓̄)

1 + ✓�̄
(5.31)

then we have

Sb(⌧
0, ✓0, ✓̄0; ⌧, ✓, ✓̄) = @2⌧ log(⇢⇢̄)�

1

2
(@⌧ log(⇢⇢̄))

2 +
1

2
(@⌧ log(⇢/⇢̄))

2 � 1

2
@�(⌧)�̄(⌧) +

1

2
�(⌧)@�̄(⌧)

(5.32)

In order to go further, we need to pick a specific parameterization of the general super-

reparameterization symmetry transformations. If we choose

✓0 = ⇢(⌧ + ✓✓̄)
�
✓ + ⌘(⌧ + ✓✓̄)

�

✓̄0 = ⇢̄(⌧ � ✓✓̄)
�
✓̄ + ⌘̄(⌧ � ✓✓̄)

�

⌧ 0 = f(⌧) + ✓ḡ(⌧) + ✓̄g(⌧) + h(⌧)✓✓̄ (5.33)

then we have

ḡ(⌧ � ✓✓̄) + (h(⌧) + @⌧f)✓̄ = ⇢̄(⌧ � ✓✓̄)
�
✓̄ + ⌘̄(⌧ � ✓✓̄)

� �
⇢(⌧ � ✓✓̄) + 2✓̄@⌧ (⇢(⌧)⌘(⌧)

�

g(⌧ + ✓✓̄) + (�h(⌧) + @⌧f)✓ = ⇢(⌧ + ✓✓̄)
�
✓ + ⌘(⌧ + ✓✓̄)

� �
⇢̄(⌧ + ✓✓̄) + 2✓@⌧ (⇢̄(⌧)⌘̄(⌧)

�
(5.34)
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i.e.

g(⌧) = ⇢(⌧)⇢̄(⌧)⌘(⌧)

ḡ(⌧) = ⇢(⌧)⇢̄(⌧)⌘̄(⌧)

@⌧f = ⇢(⌧)⇢̄(⌧)� ⇢̄(⌧)⌘̄(⌧)@⌧ (⇢(⌧)⌘(⌧))� ⇢(⌧)⌘(⌧)@⌧ (⇢̄(⌧)⌘̄(⌧))

h(⌧) = ⇢(⌧)⌘(⌧)@⌧ (⇢̄(⌧)⌘̄(⌧))� ⇢̄(⌧)⌘̄(⌧)@⌧ (⇢(⌧)⌘(⌧)) (5.35)

The phase ⇢/⇢̄ = e2i�(⌧) controls U(1)R rotations and defines an axion field. The norm ⇢⇢̄ equals

@⌧f plus fermionic corrections:

@⌧f = ⇢(⌧)⇢̄(⌧) (1� ⌘(@⌧ � i@⌧�)⌘̄ � ⌘̄(@⌧ + i@⌧�)⌘) (5.36)

Finally, � = 2@⌧ (⇢⌘)⇢ .

Thus the bosonic part of the action consists of the usual Schwarzian plus a standard kinetic

term for �, with a specific relative coe�cient:

Sb(⌧
0, ✓0, ✓̄0; ⌧, ✓, ✓̄) =

@3f

@f
� 3

2

✓
@2f

@f

◆
2

� 2(@⌧�)
2 + · · · (5.37)

The relation between these two coe�cients has some implications for the low energy near ex-

tremal thermodynamics. Setting f = tan ⌧
2

, and setting ⌧ = 2⇡u/�, where u is physical euclidean

time, we get
logZ

N
=
↵s

J

Z
du
⇥{f, u}� 2(@u� � iµ)2

⇤! ↵s

J


2⇡2

�
+ 2�µ2

�
(5.38)

where we also included a small chemical potential µ for the R-charge and we set @u� = 0. Small

µ means that µ ⌧ J , and we have �µ that can be of order one. From this we can compute the

energy and charge and entropy, logZ = S � �E + �µQR,

E

N
= ↵s

✓
2⇡2

�2J
+

2

J
µ2

◆
,

QR

N
= 4

↵s

J
µ ,

S

N
= ↵s4⇡

2

1

�J
(5.39)

and we can express the entropy as a function of the energy and the charge as

S � S
0

N
= ⇡

s
8↵sE

JN
�
✓
QR

N

◆
2

(5.40)

where S
0

is the ground state entropy. This is correct only for very small values of the energy and

the charge E
JN ⌧ 1 and QR/N ⌧ 1 . Recall that we are normalizing the charge of the fermion to

QR = ±1

q̂ . This means that the period of the field � is � = � + 2⇡q̂.

In any charged SYK model (expanded around a zero charge background) we have similar for-

mulas but with an extra coe�cient in front of the (@u� � iµ)2 term. N = 2 supersymmetry fixes

this extra coe�cient.
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As in the discussion around (4.44), we can now consider the e↵ects of the bosonic and fermionic

zero modes. Since there is an equal number of boson and fermion zero modes in this case (four of

each) we find that there are no � dependent prefactors in the low temperature partition function

(1 ⌧ �J ⌧ N)

Z
1�loop

⇠ eS0e
N ↵s

J

h
2⇡2

� +2�µ2
i

(5.41)

This leads to the following prefactor in the density of states

D(E,QR) =

Z
d�dµ�e�E��µQRZ(�, µ) / 1

(�S)2
eS0+�S (5.42)

where �S = S � S
0

is given by the left hand side of (5.40).

In this case we do not expect the result (5.41) to be exact. In fact, already we expect to be

multiplied by a sum over “windings” of the � rotor degree of freedom of the form

1X

n=�1
e�

2↵s�
J (

2⇡
� q̂n�iµ)2 (5.43)

VI. FOUR POINT FUNCTION AND THE SPECTRUM OF OPERATORS

(a) (b)

(c) (d) (e) (f)

FIG. 6. (a) Diagram contributing to a correction to the fermion propagator. Full lines are fermions and

dotted lines are bosons. (b) Correction to the boson propagator. (c) A simple ladder diagram contributing

to the four point function in the fermionic channel, where the intermediate state obtained when we cut

the ladder is a fermion. (d), (e), (f) Diagrams contributing in the bosonic channel, with either a pair of

bosons or a pair of fermions. The full ladders are obtained by iterating these diagrams. These are the

diagrams for q̂ = 3 and they look similar in the general case.

The four point function can be computed by techniques similar to those discussed in [7, 12, 17].

We should sum a series of ladder diagrams, see figure 6. There are various types of four point

functions we could consider. The simplest kind has the form

h i(⌧
1

)�i(⌧
2

) j(⌧
3

)�j(⌧
4

)i (6.1)
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In this case the object propagating along the ladder is fermionic, produced by a boson and fermion

operator. We will not present the full form of the four point function in detail, but we will note

the dimensions of the operators appearing in the singlet channel OPE (the ⌧
1

! ⌧
2

limit). As in

[7, 12, 17] these dimensions are computed by using conformal symmetry to diagonalize the ladder

kernel in terms of a basis of functions of two variables with definite conformal casimir specified by

a conformal dimension h. Then setting the kernel equal to one gives us the spectrum of dimensions

that can appear in the OPE. The problem can be sepated into contributions where the intermediate

functions are essentially symmetric or antisymmetric under the exchange of variables. This gives

us two sets of fermionic operators specified by the conditions

1 = ks(h) ⌘ �2�1+

2
q̂
�(2� 1

q̂ )

�(1 + 1

q̂ )

�(1
4

+ 1

2q̂ � h
2

)�(1
4

+ 1

2q̂ +
h
2

)

�(5
4

� 1

2q̂ � h
2

)�(1
4

� 1

2q̂ +
h
2

)

1 = ka(h) ⌘ �2�1+

2
q̂
�(2� 1

q̂ )

�(1 + 1

q̂ )

�(3
4

+ 1

2q̂ � h
2

)�(�1

4

+ 1

2q̂ +
h
2

)

�(3
4

� 1

2q̂ � h
2

)�(3
4

� 1

2q̂ +
h
2

)
(6.2)

From the first and second we get eigenvalues of the form

hs,m =
3

2
, 3.3211..., 5.2409..., , · · · hs,m = � +�b + 2m+ �m

ha,m =
3

2
, 3.5659..., 5.5949..., · · · ha,m = � +�b + 2m+ 1� �̃m (6.3)

Except for h = 3/2 the numbers do not appear to be rational. They approach the values we

indicated above for large m, with small positive �m or �̃m for large m. These operators can be

viewed as having the rough form  i@n�i with n = 2m, 2m+ 1 respectively.

It is also possible to look at the ladder diagrams corresponding to four point functions of the

form h i i j ji. When we compute the ladders these are mixed with ones with structures like

h i ibjbji or hbibibjbji, see figure 6. So the kernel even for a given intermediate h is a two by two

matrix. Diagonalizing this matrix we find that the operators split into two towers which are the

partners of the above one. These bosonic partners have conformal dimensions given by hs,m + 1

2

and ha,m � 1

2

for each of the two fermionic towers. Of course, it should be possible to directly use

super-graphs so that we can preserve manifest supersymmetry.

Now, we expect that the case where hs = 3/2 and its bosonic partner with h = 2 lead to a

divergence in the computation of the naive expression for the four point function and that the

proper summation would reproduce what we obtain from the super-Schwarzian action discussed

in section IVC.

The pair of modes with ha = 3/2 and its bosonic partner at h = 1 are more suprising. The

origin of the h = 1 mode is due to the rescaling symmetry of the IR equations mentioned in (2.28).

In fact, one can extend that symmetry to a local symmetry of the form

G  (t, t
0) ! �(t)�(t0)G  (t, t

0) , Gbb(t, t
0) ! [�(t)�(t0)]1�q̂Gbb(t, t

0) (6.4)
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which would naively suggest the presence of an extra set of zero modes. However, we noted that

this symmetry is broken by the UV boundary conditions. Of course this was also true of the

reparameterization symmetry. However, (6.4) changes the short distance form of the correlators,

which leads us to expect terms in the e↵ective action of the form J
R
d⌧(�(t)� 1)2, which strongly

suppress the deviations from the value of � given by the short distance solution. Thus, in the low

energy theory we do not expect a zero mode from these. Indeed, when we look at the ladders with

the boson exchanges, we see that the basis of functions we are summing over when we express the

four point function should be the same as the one for the usual SYK model, (see [17]). Namely,

the expansion for the four point function can be expressed as an integral over h = 1/2 + is and

a sum over even values of h. Since h = 1 is not even, it does not lead to a divergence. Then we

conclude that it corresponds to an operator of the theory. It looks like a marginal deformation,

since it has h = 1. In the UV, it looks like the operator corresponds to a relative rescaling of the

boson and fermion field. We think that the transformation simply corresponds to a rescaling of J ,

which breaks the original supersymmetry but preserves a new rescaled supersymmetry. We have

not studied in detail the meaning of its supersymmetric partner which is a dimension 3/2 operator.

The case with N = 2 supersymmetry leads to similar operators in the singlet channel with

zero U(1)R charge. The fermions have the same dimensions as in (6.2), (6.2), but each with a

factor of two degeneracy arsing from the fact that now we change  ibi !  ib̄i and  ̄ibi. The

the bosonic operators fill a whole N = 2 multiplet with dimensions (hs,m � 1

2

, hs,m, hs,m + 1

2

) and

(ha,m � 1

2

, ha,m, ha,m + 1

2

). In this model the functions we need to sum over in order to get the

four point function are more general than the ones in the SYK model, since now that the basic

two point function h i(t
1

) ̄i(t
2

)i does not have a definite symmetry. So now the expression for

the four point function should include a sum over all values of h, includding both even and odd

values, depending on whether we consider symmetric or antisymmetric parts. Though we have not

filled out all the details we expect that by supersymmetry we will have that the multiplet coming

from the symmetric tower with dimensions (1, 3/2, 2) should lead to the superschwarzian while the

second one, coming from ha,m, also with dimensions (1, 3/2, 2) should correspond to operators in

the IR theory. As before these arise from symmetries of the low energy equations, namely (5.21).

Let us discuss in detail the ones corresponding to the dimension two operators. The low energy

equations have the form

Gb¯b ⇤Gq̂�1

¯  
= �� , G ¯ ⇤ [(q̂ � 1)G

¯b,bG
q̂�2

¯  
] = �� (6.5)

where ⇤ is a convolution and we think of each side as a function of two variables. The right

hand side is a delta function that sets these two variables equal. We also have complex conjugate

equations obtained by replacing G ¯ $ G
¯  , Gb¯b $ G

¯bb. We can then check that the following is
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a symmetry

G ¯ ! G0
 ¯ 

(⌧
1

, ⌧
2

) = [f 0(⌧
1

)h0(⌧
2

)]� G ¯ (f(⌧1), h(⌧2))

G
¯  ! G0

¯  
(⌧

1

, ⌧
2

) = [h0(⌧
1

)f 0(⌧
2

)]� G
¯  (h(⌧1), f(⌧2))

Gb¯b ! G0
b¯b
(⌧

1

, ⌧
2

) = [f 0(⌧
1

)h0(⌧
2

)]�bGb¯b(f(⌧1), h(⌧2)) (6.6)

and similarly for G
¯bb. If G is a solution of (6.5), then G0 is also a solution. The reparameterizations

which are nearly zero modes of the full problem are those that obey h = f . The ones where they

are di↵erent, are far from being zero modes of the full problem. The reality condition sets that

h(⌧) = f(⌧)⇤. These look similar to two independent coordinate transformations that preserve

conformal gauge in a two dimesional space, with a boundary condition that restricts them to be

equal.

VII. CONCLUSIONS

We have studied supersymmetric generalizations of the SYK model. We studied models with

N = 1, 2 supersymmetry. Both models are very similar to the SYK system, with a large ground

state entropy and a large N solution that is scale invariant in the IR. In these super versions,

the scale invariance becomes a superconformal symmetry and the leading order classical solutions

preserve supersymmetry. These large N solutions were also checked against numerical exact diag-

onalization results. As in SYK, there is also an emergent superconformal symmetry that is both

spontaneously and explicitly broken. This action gives the leading corrections to the low energy

thermodynamics and should produce the largest contributions to the four point function. Besides

the ordinary reparameterizations, we have fermionic degrees of freedom and, in the N = 2 case,

a bosonic degree of freedom associated to a local U(1) symmetry, which is related to the U(1)R

symmetry. A similar bosonic degree of freedom arises in other situations with a U(1) symmetry,

such as the model studied in [10]. Here supersymmetry implies that the coupling in front the

schwarzian action is the same as the one appearing in front of the action for this other bosonic de-

gree of freedom. This fixes the low energy thermodynamics in terms of only one overall coe�cient,

see (5.38).

We also analyzed the operators in the “singlet” channel. These operators have anomalous

dimensions of order one. Therefore, in these models, supersymmetry is not enough to make those

dimensions very high.

In the N = 1 case, the exact diagonalization results allowed us to show that the ground state

energy is non-zero and of order E
0

/ e�2S0 . This means that supersymmetry is non-perturbatively

broken. On the other hand, in the N = 2 case, supersymmetry is not broken and there is a large

number of zero energy states which matches the ground state entropy computed using the large N
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solution. Furthermore, these zero energy states can have non-zero R charge, but with an R charge

parametrically smaller than N , and even smaller than one.

These results o↵er some lessons for the study of supersymmetric black holes. In supergravity

theories there is a large variety of extremal black holes that are supersymmetric in the gravity

approximation. The fact that supersymmetry can be non-perturbatively broken o↵ers a cautionary

tale for attempts to reproduce the entropy using exactly zero energy states (see eg. [38, 39]). Of

course, in situations where there is an index reproducing the entropy, as in [40], this is not an issue.

The authors of [41] have argued that the ground states of supersymmetric black holes carry zero R

charge, where the R charge is the IR one that appears in the right hand side of the superconformal

algebra. In our case there is only one continuous U(1)R symmetry and we find that the ground

states do not have exactly zero charge. A possible loophole is that the R-symmetry appearing

in the superconformal algebra leaves invariant the thermofield double, not each copy individually.

Perhaps a modified version of the argument might be true since in our case the R charges are

relatively small. Also the discrete chemical potential we introduced in (5.5), looks like a discrete

version of the maximization procedure discussed in [41]. It seems that this is a point that could

be understood further.

Another surprise in the model is the emergence of additional local symmetries of the equations,

beyond the ones associated to super-reparameterizations. Similar symmetries arise in some of the

non-supersymmetric models discussed in [42]. A common feature of these IR symmetries is that

they change the short distance structure of the bilocals. Namely, they change the functions G(t, t0)

even when t ! t0. Since this is a region where the conformal approximation to the e↵ective action

develops divergencies, we see that now these divergencies will depend on the symmetry generator.

For this reason these symmetries do not give rise to zero modes, but are related to operators of the

IR theory. Amusingly, in the N = 2 case we also have an additional reparameterization symmetry

of this kind. This symmetry together with the usual reparameterization symmetry look very similar

to the conformal symmetries we would have in two dimensional AdS
2

space in conformal gauge.

We can wonder whether we can get models with N > 2 supersymmetry. It would be interesting

to see if one can find models of this sort with only fermions. A model with N = 4 supersymmetry

that also involves dynamical bosons was studied in [33].
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[24] M. Cvetič and I. Papadimitriou, “AdS
2

Holographic Dictionary,” (2016), arXiv:1608.07018 [hep-th].

[25] Y. Gu, X.-L. Qi, and D. Stanford, “Local criticality, di↵usion and chaos in generalized Sachdev-Ye-

Kitaev models,” (2016), arXiv:1609.07832 [hep-th].

[26] P. Fendley, K. Schoutens, and J. de Boer, “Lattice Models with N = 2 Supersymmetry,” Phys.

Rev. Lett. 90, 120402 (2003), hep-th/0210161.

[27] P. Fendley, B. Nienhuis, and K. Schoutens, “Lattice fermion models with supersymmetry,” J. Phys.

A Math. Gen. 36, 12399 (2003), cond-mat/0307338.

[28] P. Fendley and K. Schoutens, “Exact Results for Strongly Correlated Fermions in 2+1 Dimensions,”

Phys. Rev. Lett. 95, 046403 (2005), cond-mat/0504595.

[29] L. Huijse, J. Halverson, P. Fendley, and K. Schoutens, “Charge Frustration and Quantum Criticality

for Strongly Correlated Fermions,” Phys. Rev. Lett. 101, 146406 (2008), arXiv:0804.0174 [cond-

mat.str-el].

[30] L. Huijse and K. Schoutens, “Supersymmetry, lattice fermions, independence complexes and coho-

mology theory,” Adv. Theor. Math. Phys. 14, 643 (2010), arXiv:0903.0784 [cond-mat.str-el].

[31] L. Huijse, N. Moran, J. Vala, and K. Schoutens, “Exact ground states of a staggered supersymmetric

35

http://dx.doi.org/10.1103/PhysRevB.94.035135
http://arxiv.org/abs/1603.05246
http://dx.doi.org/10.1007/JHEP07(2016)007
http://arxiv.org/abs/1603.06246
http://arxiv.org/abs/1608.07567
http://arxiv.org/abs/1604.07818
http://arxiv.org/abs/1606.01857
http://arxiv.org/abs/1606.02454
http://arxiv.org/abs/1607.08560
http://arxiv.org/abs/1606.03438
http://arxiv.org/abs/1605.06098
http://dx.doi.org/10.1016/j.nuclphysb.2016.08.002
http://arxiv.org/abs/1607.00694
http://arxiv.org/abs/1608.07018
http://arxiv.org/abs/1609.07832
http://arxiv.org/abs/hep-th/0210161
http://arxiv.org/abs/cond-mat/0307338
http://dx.doi.org/10.1103/PhysRevLett.95.046403
http://arxiv.org/abs/cond-mat/0504595
http://dx.doi.org/10.1103/PhysRevLett.101.146406
http://arxiv.org/abs/0804.0174
http://arxiv.org/abs/0804.0174
http://dx.doi.org/10.4310/ATMP.2010.v14.n2.a8
http://arxiv.org/abs/0903.0784


model for lattice fermions,” Phys. Rev. B 84, 115124 (2011), arXiv:1103.1368 [cond-mat.str-el].

[32] L. Huijse, D. Mehta, N. Moran, K. Schoutens, and J. Vala, “Supersymmetric lattice fermions on the

triangular lattice: superfrustration and criticality,” New J. Phys. 14, 073002 (2012), arXiv:1112.3314

[cond-mat.str-el].

[33] D. Anninos, T. Anous, and F. Denef, “Disordered Quivers and Cold Horizons,” (2016),

arXiv:1603.00453 [hep-th].

[34] D. Friedan, “Notes on String Theory and Two Dimensional Conformal Field Theory,” in Workshop

on Unified String Theories Santa Barbara, California, July 29-August 16, 1985 (1986) pp. 162–213.

[35] J. D. Cohn, “N=2 SuperRiemann Surfaces,” Nucl. Phys. B284, 349 (1987).

[36] Jordan Cotler, Guy Gur-Ari, Masanori Hanada, Joseph Polchinski, Phil Saad, Stephen Shenker,

Douglas Stanford, Alexandre Streicher, and Masaki Tezuka, to appear.

[37] R. Davison, W. Fu, Y. Gu, K. Jensen, and S. Sachdev, “Thermoelectric transport in SYK and

holographic models,” to appear (2016).

[38] J. Kinney, J. M. Maldacena, S. Minwalla, and S. Raju, “An Index for 4 dimensional super conformal

theories,” Commun. Math. Phys. 275, 209 (2007), arXiv:hep-th/0510251 [hep-th].

[39] C.-M. Chang and X. Yin, “1/16 BPS states in N = 4 super-Yang-Mills theory,” Phys. Rev. D88,

106005 (2013), arXiv:1305.6314 [hep-th].

[40] A. Strominger and C. Vafa, “Microscopic origin of the Bekenstein-Hawking entropy,” Phys. Lett.

B379, 99 (1996), arXiv:hep-th/9601029 [hep-th].

[41] F. Benini, K. Hristov, and A. Za↵aroni, “Black hole microstates in AdS
4

from supersymmetric

localization,” JHEP 05, 054 (2016), arXiv:1511.04085 [hep-th].

[42] D. J. Gross and V. Rosenhaus, “A Generalization of Sachdev-Ye-Kitaev,” (2016), arXiv:1610.01569

[hep-th].

36

http://arxiv.org/abs/1103.1368
http://arxiv.org/abs/1112.3314
http://arxiv.org/abs/1112.3314
http://arxiv.org/abs/1603.00453
http://dx.doi.org/10.1016/0550-3213(87)90039-3
http://dx.doi.org/10.1007/s00220-007-0258-7
http://arxiv.org/abs/hep-th/0510251
http://arxiv.org/abs/1305.6314
http://arxiv.org/abs/hep-th/9601029
http://arxiv.org/abs/1511.04085
http://arxiv.org/abs/1610.01569
http://arxiv.org/abs/1610.01569

	Supersymmetric SYK models
	Abstract
	I Introduction
	II Definition of the model and the large N effective action
	A Supersymmetry constraints 
	B Simple generalization 
	C The large   limit 

	III Exact diagonalization
	A Supersymmetry
	B Scaling

	IV Superspace and super-reparameterization
	A Superspace
	B Super-reparameterization
	C Super-Schwarzian

	V N=2 supersymmetry
	A Superspace and super-reparameterization

	VI Four point function and the spectrum of operators 
	VII Conclusions
	 Acknowledgements

	 References


